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Abstract
A novel method to solve certain solvable septic equations is described. The method involves
conversion of the given septic to an octic equation by adding a root to it, and then decomposing
the octic equation into two fourth-degree polynomial factors. The resulting quartic equations
are solved to obtain the roots of the given septic. The condition for the coefficients to satisfy in
order that the given septic is solvable in such fashion is derived. The behavior of roots of the
septic is discussed.
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1 Introduction

From the pages of history on polynomial equations, we note that several math-
ematicians struggled to solve general polynomial equations of degree five and
above, by the methods similar to that adopted for cubics and quartics, but didn’t
succeed. Ehrenfried Walther Von Tschirnhaus (1683) while attempting to solve
the general quintic equation, ended up in reducing it to the form, x5 +ax+ b = 0,
using a transformation, which now bears his name [1]. Later from the works of
Paolo Ruffini (1799), Niels Hendrik Abel (1826), and Evariste Galois (1832) it
became clear that it is impossible to solve the general polynomial equations of
degree five and above in radicals [2]. This does not mean there is no algebraic
solution to these equations. In 1870 Camille Jordan [3] proved that algebraic
equations of any degree can be solved in terms of modular functions, and in 1877
Felix Klein [4] provided solution to principal quintic in terms of hypergeometric
functions. Fairly recently (in 1984) Hiroshi Umemura [5] has shown that theta
functions can be employed for solving the algebraic equations without resorting
to Tschirnhausen transformations. From the works of Lill [6] and Riaz [7] we note
that the polynomial equations of any degree could be solved geometrically, how-
ever the geometric method of finding the roots is inherently an approximate one.
A paper on septic equations by Radford (1898) discusses the solution to certain
septic equations with the L(3, 2) Galois group [8]. Lau Jing Feng (2003) has used
elliptic functions to solve solvable septic equations [9].

In this paper, a method is described for solving certain septic equations in
radicals, wherein the given septic is converted to an octic by adding a root to it,
and then decomposing the octic into two fourth-degree polynomials as factors, in
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a novel fashion. These factors are equated to zero, and then solved by the well-
known methods [10], resulting in the extraction of the seven roots of the given
septic along with the added root.

2 Formulation of equations

Consider the following septic equation, for which roots are to be found out:

x7 + a6x
6 + a5x

5 + a4x
4 + a3x

3 + a2x
2 + a1x+ a0 = 0 (1)

where a0, a1, a2, a3, a4, a5, and a6 are the real coefficients. The septic equation
(1) is converted to an octic equation by adding a root at the origin (x = 0) to it,
or in other words, equation (1) is multiplied with x to make it an octic equation,
as shown below:

x8 + a6x
7 + a5x

6 + a4x
5 + a3x

4 + a2x
3 + a1x

2 + a0x = 0 (2)

We now attempt to represent the above octic equation (2) in the form of another
octic equation formed by the two fourth-degree polynomials as given below:

[(x4 +b3x
3 +b2x

2 +b1x+b0)2−p2(x4 +c3x
3 +c2x

2 +c1x+c0)2]/(1−p2) = 0 (3)

where b0, b1, b2, b3, and c0, c1, c2, c3 are the unknown coefficients of the respective
fourth-degree polynomials in the equation (3). The parameter p, linking the two
fourth-degree polynomials, is also an unknown to be determined (p2 6= 1). The
merit of representing octic (2) in the form of (3) is obvious: the octic (3) can be
easily factorized as:

{[(x4+b3x3+b2x2+b1x+b0)−p(x4+c3x
3+c2x

2+c1x+c0)]/(1−p)}{[(x4+b3x3

+ b2x
2 + b1x+ b0) + p(x4 + c3x

3 + c2x
2 + c1x+ c0)]/(1 + p)} = 0 (4)

Hence if octic (2) can be represented in the form of (3), then it can be factored
as shown in (4). In an attempt to represent the octic equation (2) in the form
of equation (3), first we expand and rearrange the equation (3) in a descending
order of powers of x, as shown below, so that it can be easily compared with the
octic equation (2).

x8 + [2(b3 − c3p
2)/(1− p2)]x7 + {[(b23 + 2b2)− (c2

3 + 2c2)p2]/(1− p2)}x6

+{2[(b1 + b2b3)− (c1 + c2c3)p2]/(1− p2)}x5

+{[(b22 + 2b0 + 2b1b3)− (c2
2 + 2c0 + 2c1c3)p2]/(1− p2)}x4

+{2[(b0b3 + b1b2)− (c0c3 + c1c2)p2]/(1− p2)}x3

+{[(b21 + 2b0b2)− (c2
1 + 2c0c2)p2]/(1− p2)}x2

+[2(b0b1 − c0c1p
2)/(1− p2)]x+ [(b20 − c2

0p
2)/(1− p2)] = 0 (5)
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Now the coefficients of equation (2) are equated with that of (5) leading to the
following eight equations.

[2(b3 − c3p
2)/(1− p2)] = a6 (6)

{[(b23 + 2b2)− (c2
3 + 2c2)p2]/(1− p2)} = a5 (7)

{2[(b1 + b2b3)− (c1 + c2c3)p2]/(1− p2)} = a4 (8)

{[(b22 + 2b0 + 2b1b3)− (c2
2 + 2c0 + 2c1c3)p2]/(1− p2)} = a3 (9)

{2[(b0b3 + b1b2)− (c0c3 + c1c2)p2]/(1− p2)} = a2 (10)

{[(b21 + 2b0b2)− (c2
1 + 2c0c2)p2]/(1− p2)} = a1 (11)

[2(b0b1 − c0c1p
2)/(1− p2)] = a0 (12)

[(b20 − c2
0p

2)/(1− p2)] = 0 (13)

There are nine unknowns (b0, b1, b2, b3, c0, c1, c2, c3, and p), but only eight
equations [(6) to (13)] to solve, which are not sufficient to determine the unknowns.
Therefore one more equation is to be introduced so that all the unknowns can be
determined. The equation introduced is:

b3 = c3 (14)

The equation (14) decides the type of septic that can be solved with this method.
The salient features of such solvable septic are discussed in a separate section. In
order to determine the unknowns we adopt elimination method, as described in
the next section.

3 Elimination method

Using the equation (14) in (6), we determine b3 and c3 as:

b3 = (a6/2), c3 = (a6/2) (15)

We now substitute the values of b3 and c3 in equations, (7) to (10), to obtain the
following new expressions. Thus (7) gets converted as:

b2 = c2p
2 + F2(1− p2) (16)

where F2 = (a5/2)− (a2
6/8). Similarly (8) becomes:

b1 = c1p
2 + [a4(1− p2) + a6c2p

2 − a6b2]/2 (17)

Expression (9) gets modified as:

b0 − c0p
2 = [a3(1− p2)− (b22 − c2

2p
2)− a6(b1 − c1p

2)]/2 (18)
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Expression (10) becomes:

a6(b0 − c0p
2) = a2(1− p2)− 2(b1b2 − c1c2p

2) (19)

The new set of equations to be considered is: {(11), (12), (13), (16), (17), (18),
(19),}; and the unknowns to be determined from these equations are: b0, b1, b2,
c0, c1, c2, and p. Consider equation (13), which after simplification yields two
expressions for b0 as: b0 = ±c0p ; and we choose one of them as given below.

b0 = c0p (20)

Using (20) b0 is eliminated from expressions, (11), (12), (18), and (19), resulting
in the following new expressions respectively.

2c0p(b2 − c2p) = a1(1− p2)− (b21 − c2
1p

2) (21)

2c0p(b1 − c1p) = a0(1− p2) (22)

2c0p(1− p) = a3(1− p2)− (b22 − c2
2p

2)− a6(b1 − c1p
2) (23)

a6c0p(1− p) = a2(1− p2)− 2(b1b2 − c1c2p
2) (24)

The latest set of equations to be considered is: (16), (17), (21), (22), (23), (24);
and the unknowns in these equations are: b1, b2, c0, c1, c2, and p. Using (16)
we eliminate b2 from equations, (17), (21), (23), and (24), obtaining the following
new expressions respectively.

b1 = c1p
2 + F1(1− p2) (25)

where F1 = (a4 − a6F2)/2.

2c0c2p
2(p− 1) = a1(1− p2)− (b21 − c2

1p
2)− 2F2c0p(1− p2) (26)

2c0p(1− p) = (1− p2)[a3 − F 2
2 + p2(c2 − F2)2]− a6(b1 − c1p

2) (27)

a6c0p(1− p) = a2(1− p2) + 2c1c2p
2 − 2b1[c2p

2 + F2(1− p2)] (28)

At this stage the new equations to be considered are, (22), (25), (26), (27), and
(28), containing the unknowns, b1, c0, c1, c2, and p. We use (25) to eliminate b1
from equations, (22), (26), (27), and (28), resulting in the respective expressions
as shown below. Thus (22) gets converted as:

2c0c1p
2(p− 1) = (1− p2)(a0 − 2F1c0p)

which after further simplification becomes:

(1− p)[2c0c1p
2 + (1 + p)(a0 − 2F1c0p)] = 0 (29)
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In the above expression [(29)], (1− p) emerges as a factor; however as noted from
equation (3), p 6= 1. Therefore, (1 − p) 6= 0. Equating the remaining factor in
(29) to zero, we obtain the following expression.

2c0c1p
2 + (1 + p)(a0 − 2F1c0p) = 0 (30)

In the same manner (26) gets converted as:

2c0c2p
2(p− 1) = (1− p2)(a1 − F 2

1 − 2F2c0p+ c2
1p

2 − 2F1c1p
2 + F 2

1 p
2)

Again we recognize (1 − p) as factor in the above expression and rearrange ac-
cordingly as shown below.

(1− p){2c0c2p
2 + (1 + p)[F4 − 2F2c0p+ p2(c1 − F1)2]} = 0 (31)

where F4 = a1 − F 2
1 . As in the earlier case, the factor (1− p) in (31) is not zero.

Equating the other factor in (31) to zero, we obtain the following equation.

2c0c2p
2 + (1 + p)[F4 − 2F2c0p+ p2(c1 − F1)2] = 0 (32)

Equation(27) gets converted as:

2c0p(1− p) = (1− p2)[a3 − F 2
2 + p2(c2 − F2)2 − a6F1]

After further simplification the above expression becomes:

(1− p){2c0p− (1 + p)[F0 + p2(c2 − F2)2]} = 0 (33)

where F0 = a3 − F 2
2 − a6F1. Here [in (33)] also the term (1 − p) emerges as a

factor, and since (1− p) 6= 0, the other factor in (33) is equated to zero resulting
in an expression for c0 as follows.

c0 = [(1 + p)/(2p)][F0 + p2(c2 − F2)2] (34)

Similarly (28) gets modified as:

a6c0p(1− p) = a2(1− p2) + 2(1− p2)(c1c2p
2 −F2c1p

2 −F1c2p
2 +F1F2p

2 −F1F2)

After recognizing (1 − p) as a factor in the above expression, and accordingly
rearranging the expression we obtain:

(1− p){a6c0p− (1 + p)[a2 − 2F1F2 + 2p2(c1 − F1)(c2 − F2)]} = 0 (35)

As noted in the earlier cases, (1− p) 6= 0, and therefore equating the other factor
in (35) to zero, we obtain another expression for c0 as shown below.

c0 = [(1 + p)/(a6p)][F3 + 2p2(c1 − F1)(c2 − F2)] (36)
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where F3 = a2 − 2F1F2.
The latest set of equations to be considered for elimination method is: (30),

(32), (34), (36), and the unknowns in these equations are: c0, c1, c2 and p. Using
expression (34), we eliminate c0 from the remaining equations obtaining the new
equations as shown below. Thus eliminating c0 from (36) results in:

p(c1 − F1) = [F5 + a6p
2(c2 − F2)2]/[4p(c2 − F2)] (37)

where F5 = a6F0 − 2F3. Similarly (32) gets converted as:

p2(c1 − F1)2 = F2p
2(c2 − F2)2 − [p3(c2 − F2)3 + F0p(c2 − F2) + F6] (38)

where F6 = F4 − F0F2. Elimination of c0 from (30) results in:

p(c1 − F1) = [F1p
2(c2 − F2)2 − F7]/[p2(c2 − F2)2 + F0] (39)

where F7 = a0 − F0F1.
Now we are left with three equations, (37), (38), and (39), and three unknowns,

c1, c2, and p. Continuing the process of elimination, we use (37) to eliminate the
term p(c1−F1) from equations, (38) and (39). The resulting respective equations
are as shown below.

16p5(c2 − F2)5 − (16F2 + a2
6)p4(c2 − F2)4 + 16F0p

3(c2 − F2)3

+(16F6 − 2a6F5)p2(c2 − F2)2 − F 2
5 = 0 (40)

a6p
4(c2 − F2)4 − 4F1p

3(c2 − F2)3 + (F5 + a6F0)p2(c2 − F2)2

+4F7p(c2 − F2) + F0F5 = 0 (41)

At this stage there are two equations [(40) and (41)] to determine two unknowns
[c2 and p]; and this may appear quite simple. However notice that the unknowns,
c2 and p, in the product term p(c2 − F2) are inseparable in both the equations;
thus the term p(c2 − F2) manifests itself as a single variable. Therefore with
the classical elimination method adopted so far, the two unknowns cannot be
separately determined from these equations. The product p(c2 − F2) can be
determined from (41), since equation (41) is a quartic in variable, p(c2 − F2).
However the real challenge is to determine c2 and p separately, when there is no
equation available. We attempt to solve this tricky situation bit later. Meanwhile
let us denote the product p(c2 − F2) as follows.

g = p(c2 − F2) (42)

and substitute in equations (40) and (41) to obtain a quintic and a quartic in g
as shown below.

16g5 + (a2
6 − 16F2)g4 + 16F0g

3 + (16F6 + 2a6F5)g2 + F 2
5 = 0 (43)
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a6g
4 − 4F1g

3 + (F5 + a6F0)g2 + 4F7g + F0F5 = 0 (44)

Four values of g are obtained by solving the quartic (44), and the desired value
of g is the one, which satisfies the quintic (43) also. Thus with the determination
of g, we now express the unknowns, c0, c1, c2, b0, b1, and b2, in terms of g and p
as follows (note that p is still an unknown). Using (42) we express c2 in terms of
p as shown below.

c2 = F2 + (g/p) (45)

Likewise, using (34), (37), and (42), c0 and c1 are expressed in terms of p as
follows.

c0 = [(1 + p)/(2p)]F8 (46)

c1 = F1 + (F9/p) (47)

where F8 = F0 + g2, and F9 = (F1g
2 − F7)/F8.

We express b0 in terms of p using (20) and (46) as follows.

b0 = (1 + p)F8/2 (48)

Similarly b1 is expressed using (25) and (47) as shown below.

b1 = F1 + F9p (49)

Using (16) and (45), b2 is expressed as:

b2 = F2 + gp (50)

Since our ultimate aim is to represent the octic (2) in the form of (4), which
requires determination of all the coefficients of the two quartic polynomial factors
in (4); our next task is to find expressions for these coefficients using the above
obtained results for b0, b1, b2, c0, c1, and c2. For this purpose equation (4) is
rearranged so that the coefficients of its quartic factors are explicitly expressed as
shown below [note from (15) that b3 = c3 = (a6/2)].

[x4 + (a6/2)x3 + h2x
2 + h1x+ h0][x4 + (a6/2)x3 + k2x

2 + k1x+ k0] = 0 (51)

where h0, h1, h2, k0, k1, and k2 are given by:

h0 = (b0 − pc0)/(1− p), h1 = (b1 − pc1)/(1− p), h2 = (b2 − pc2)/(1− p) (52)
k0 = (b0 + pc0)/(1 + p), k1 = (b1 + pc1)/(1 + p), k2 = (b2 + pc2)/(1 + p) (53)

The expressions for the coefficients, h0, h1, h2, k0, k1, and k2 are further simplified
as indicated below, by making use of the expressions for b0, b1, b2, c0, c1, and c2,
which are in terms of p [see the equations (45), (46), (47), (48), (49), and (50)].
Thus we obtain:

h0 = 0 h1 = F1 − F9 h2 = F2 − g
k0 = F8 k1 = F1 + F9 k2 = F2 + g (54)
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Notice an interesting point from (54) that the parameter, p, which is an unknown,
altogether disappears from the expressions for coefficients, h0, h1, h2, k0, k1, and
k2, implying that these coefficients are no more unknowns. Therefore there is no
need to determine the value of p. Thus using the results of (54), the factored octic
(51) can be expressed as shown below.

x[x3 + (a6/2)x2 + (F2 − g)x+ F1 − F9][x4 + (a6/2)x3

+(F2 + g)x2 + (F1 + F9)x+ F8] = 0 (55)

Note that, equation (55) contains a linear factor, x, which represents the added
root at the origin, to the given septic (1). Taking out this term from (55) results
into a factored septic equation as shown below.

[x3 + (a6/2)x2 + (F2 − g)x+ F1 − F9][x4 + (a6/2)x3

+(F2 + g)x2 + (F1 + F9)x+ F8] = 0 (56)

Thus we have successfully decomposed the given septic equation (1) into a fac-
tored septic equation with cubic and quartic polynomial factors as shown in (56).
Equating each of the factors in (56) to zero, we obtain a cubic equation and a
quartic equation as indicated below.

x3 + (a6/2)x2 + (F2 − g)x+ F1 − F9 = 0 (57)

x4 + (a6/2)x3 + (F2 + g)x2 + (F1 + F9)x+ F8 = 0 (58)

Solving the above equations [10], all the seven roots of the septic equation (1) are
determined.

4 Behavior of roots

Observing the cubic (57) and the quartic (58), one thing that immediately catches
our attention is; the coefficient of x2 in the cubic is equal to the coefficient of x3 in
the quartic, implying that the sum of three roots (of cubic) is equal to the sum of
four roots (of quartic). Thus the septic solvable in this fashion has the property
that sum of its three roots is equal to the sum of its remaining four roots.

5 Condition for the coefficients

A close look at equations (43) and (44) reveals that, the quintic (43) is a function
of all coefficients of septic (1) except a0, whereas the quartic (44) is function of all
coefficients of (1) except a1. The quintic (43) is rearranged to obtain an expression
for a1 as shown below (notice that F6 is substituted by the term: a1−F 2

1 −F0F2,
while deriving this expression).

a1 = F 2
1 + F0F2 − (a6F5/8)− F0g + [(16F2 − a2

6)/16]g2 − g3 − (F 2
5 /16g2) (59)
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If a septic equation has to be checked for solvability using the method given here,
first we form the quartic equation (44) using the coefficients, a0, a2, a3, a4, a5,
and a6, and then determine its four roots. At least two roots of (44) have to
be real, since g is a real number [if g is complex, then (56) will contain complex
coefficients, which is not permissible since these coefficients are rational as stated
in the beginning of the paper]. Each of the real values of g is then used in (59) to
see whether RHS of equation (59) yields correct value of a1 or not. If at least one
value (of g) gives correct a1, then it can be concluded that the septic is solvable
with this method. Therefore we note that the equations (43) and (44) together
form a condition for the coefficients of septic to satisfy, so that it is solvable.

To synthesize such septic equation, the six (rational) coefficients, a0, a2, a3, a4,
a5, and a6, can be chosen arbitrarily initially; using these coefficients the quartic
(44) is formed and solved to obtain its roots. If there are no real roots, then it
is concluded that the chosen set of six coefficients is not suitable for synthesis of
such septics, and therefore one or more coefficients in the set have to be changed.
This exercise continues till real roots of (44) are obtained. With one real root, one
value of a1 is obtained from the expression (59), and one septic is synthesized.
Thus a set of six coefficients (a0, a2, a3, a4, a5, and a6) can have up to four
solvable septic equations. In the following numerical example we show how to
synthesize such septic and determine its the roots.

6 Numerical example

Consider the septic equation given below, in which the coefficient a1 is an unknown
while others are arbitrarily chosen.

x7 + 4x6 + 6x5 + 2x4 − 4x3 − x2 + a1x+ 2 = 0 (60)

The synthesis of septic equation implies determination of a1. For this purpose the
parameters, F0, F1, F2, F3, F5, and F7, are evaluated as shown below, using the
respective expressions given in the paper.

F0 = −1, F1 = −1, F2 = 1, F3 = 1, F5 = −6, F7 = 1

Using the above results the quartic equation (44) is formed as shown below.

g4 + g3 − 2.5g2 + g + 1.5 = 0

Solving the above quartic equation [10], its two real roots are extracted as given
below.

g = −2.201391,−0.579286

. Let us choose the second root (−0.579286), and using it in expression (59), a1

is determined as: a1 = −4.089859 Thus the septic equation synthesized is:

x7 + 4x6 + 6x5 + 2x4 − 4x3 − x2 − 4.089859x+ 2 = 0 (61)
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Our next task is to decompose the above septic, and determine its roots. To do
this we need to find some more parameters (F8 and F9). These are evaluated
as: F8 = −0.6644278, and F9 = 2.010109. Using these values the septic is
decomposed as [(56)]:

(x3 + 2x2 + 1.579286x− 3.010109)(x4 + 2x3

+0.420714x2 + 1.010109x− 0.6644278) = 0 (62)

To verify whether the factors obtained as above are correct or not, the factors are
multiplied and rearranged in descending powers of x. We obtain back the same
synthesized septic equation (61). Equating the factors in (62) to zero, following
cubic and quartic equations are obtained.

x3 + 2x2 + 1.579286x− 3.010109 = 0

x4 + 2x3 + 0.420714x2 + 1.010109x− 0.6644278 = 0

Solving these equations [10] all the seven roots of septic (61) are determined as:
−1.3966, −0.3017± 0.80346i, 0.1329187, −2.051865, −0.040527± 0.7323i, where
i =
√
−1.

7 Conclusions

A method to solve certain septic equations is described, which first converts the
given septic into an octic equation, by adding a root at the origin, then decomposes
the octic equation into three factors; one linear (corresponding to the added root),
one cubic, and one quartic. The septic solved here has sum of its three roots being
equal to the sum of its remaining four roots. The condition for the coefficients of
such solvable septic is derived.
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