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Abstract
We use the Hessian - Weitzenböck formula to simplify the exposition of several well known
theorems. We present a uni�ed treatment of the theorems of Lichnerowicz - Obata, Reilly
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1 Introduction

In this article we use the Hessian - Weitzenböck formula introduced in the
author's Ph.D. thesis [4] to simplify the proofs of several well known theorems.

In section 2 we introduce the notation and prove the Hessian - Weitzen-
böck formula. We then use it to provide a simple proof of the Hessian com-
parison theorem based on the observation that the maximal and the minimal
eigenvalues of the Hessian of a distance function t restricted to the orthogonal
complement of ∂t = ∇t satisfy a di�erential equation that involves certain
radial curvature. A comparison theorem for ordinary di�erential inequalities
required in the proof of the Hessian comparison theorem is provided in section
7.

In section 3 we discuss warped products and prove Theorem 3.1 that
establishes the equivalence of three conditions of rotational symmetry about
a point p : of the metric, of the Hessian of the distance from p, and of the
radial curvatures.

In section 4 we provide Theorem 4.3 that plays a key role in the study
of manifolds admitting concircular �elds. From it we derive Obata's theorem
that characterizes the sphere as the only complete manifold with nonconstant
solutions to the equation Hu+ug = 0.We synthesize some results of Ishihara
and Tashiro in Theorem 4.9. We prove that a manifold that admits n−1 lin-
early independent concircular vector �elds is a manifold of constant sectional
curvature. This generalizes a theorem of Tandai.

Section 5 deals with manifolds with boundary and section 6 contains a
uni�ed treatment of the theorems of Lichnerowicz - Obata, Reilly, and Esco-
bar regarding the �rst nonzero eigenvalue of the Laplacian under a positive
lower bound on the Ricci curvature and suitable conditions of convexity of
the boundary.
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2 Notation and preliminaries

(M, g) denotes a Riemannian manifold. All the manifolds in this article are
assumed to be of class C∞.

If X is a vector �eld, Xpf will denote the directional derivative of f in
the direction of the tangent vector Xp. All the vector �elds in this article are
assume to be of class C∞ unless speci�ed otherwise.

The di�erential df of a smooth function f is the one-form de�ned by
df(X) = Xf.

The gradient of a function f will be denoted by ∇f. It is the vector �eld
de�ned by the condition g(∇f,X) = df(X) = Xf for all smooth vector �elds
X.

The covariant derivative DXY of the vector �eld Y in the direction of the
vector �eld X is the one de�ned by the Levi-Civita connection with the main
properties that

Xg(Y, Z) = g(DXY, Z) + g(Y,DXZ)

and

[X,Y ] = DXY −DYX,

where [X,Y ] is the vector �eld that acts on functions by the formula

[X,Y ]f = X(Y f)− Y (Xf).

DXY can be computed from

2g(DXY, Z) = Xg(Y, Z) + Y g(X,Z)− Zg(X,Y )
+g(X, [Z, Y ]) + g(Y, [Z,X]) + g(Z, [X,Y ]). (1)

A local orthonormal frame {e1, . . . , en} around a point p is a system of
vector �elds de�ned on a open neighborhood of p that forms an orthonormal
basis for the tangent space at each point of the neighborhood.

If {e1, . . . , en} is a local orthonormal frame and f is a smooth function
then ∇f =

∑n
i=1 ei(f)ei.

The Hessian of a function f, denoted by Hf, is the symmetric 2−form
associated to the covariant derivative of the gradient of f according to the
formula

Hf(X,Y ) = g(DX∇f, Y ) = g(X,DY∇f).

The norm of the Hessian of f is the scalar |Hf | de�ned by |Hf |2 =
∑n

i=1 λ
2
i ,

where λ1, . . . , λn are the eigenvalues of Hf.

The norm |X| of a vector is given by |X| =
√
g(X,X). An important

observation is that ∇|∇f |2 = 2D∇f∇f. Indeed, g(X,∇|∇f |2) = X(|∇f |2) =
2g(DX∇f,∇f) = 2g(D∇f∇f,X), where the last identity follows from the
symmetry of the Hessian.
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Given a vector �eld X and a point p ∈M the mapping

(DX)p : Yp ∈ TpM → DYpX ∈ TpM

is a linear transformation of the tangent space at p that we call the covariant
derivative of X at the point p. The divergence of a vector �eld X is a scalar
�eld divX that at each point p equals the trace of the covariant derivative of
X at p. In other words, if {e1, . . . , en} is a local orthonormal �eld, then

divX =
n∑

i=1

g(DeiX, ei).

The Laplacian of a function f is denoted by ∆f and is de�ned to be the
divergence of the gradient ∇f or, equivalently, the trace of Hf. If λ1, . . . , λn

are the eigenvalues of Hf then ∆f =
∑n

i=1 λi. It follows that |Hf |2 ≥ (∆f)2

n
with equality if and only if λ1 = · · · = λn.

For any vector �elds X,Y we denote by R(X,Y ) the operator DXDY −
DYDX−D[X,Y ]. The Riemann curvature tensor is de�ned by R(X,Y, Z,W ) =
g(R(Z,W )Y,X). Being a tensor, R(X,Y, Z,W ) at a point p depends only on
the speci�c vectors Xp, Yp, Zp, and Wp. If Xp and Yp are orthogonal and of
unit length then R(Xp, Yp, Xp, Yp) is called the sectional curvature along the
given vectors and is usually denoted by K(X,Y ). If Xp is a unit vector, the
Ricci curvature of the manifold at the point p and in the direction of X is the
number Ric(X) =

∑n−1
i=1 R(X, ei, X, ei), where e1, . . . en−1 is any orthonormal

basis of the orthogonal complement of Xp in TpM. We will write RicM ≥ c
to indicate that Ric(X) ≥ c|X|2 for every vector in TM.

Given a point p in a Riemannian manifold M, and a tangent vector X ∈
TpM we will denote by γX the geodesic emanating from p with initial velocity
γ′(0) = X. If (M, g) is a complete Riemannian manifold, the mapping Expp :
X ∈ TpM → γX(1) ∈ M is well de�ned and di�erentiable on the whole
space TpM [[14]; Proposition 2.3]. The di�erential of the mapping Expp at
the origin 0 ∈ TpM, viewed as a map from TpM to TpM, is the identity
map. It follows from the inverse function theorem that Expp maps an open
neighborhood O of 0 ∈ TpM di�eomorphically onto an open neighborhood U

of p inM. In this case, if the neighborhood O is star-shaped from 0, it is called
a normal neighborhood of 0 in TpM and the corresponding neighborhood U

of p is called a normal neighborhood of p inM. Clearly for every q ∈ U there
is a unique minimizing geodesic in M that connects q to p and all the points
on this geodesic are also contained in U. If e1, . . . , en is any orthonormal basis
of TpM, and q ∈ U, then there exists a unique n−tuple (x1, . . . , xn) of real

numbers such that Exp−1
p (q) =

n∑
i=1

xiei. The numbers x1, . . . , xn are called

the normal coordinates of q.
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The geodesic ball of radius a and center p in a manifoldM is the set Bp(a)
of all the points q ∈ M that are at a distance less than a away from p. The
injectivity radius of a manifold M at a point p is the supremum of the set
of real numbers a such that the geodesic ball Bp(a) is contained in a normal
neighborhood of p. It will be denoted by injp(M).

Lemma 2.1. Let r denote the distance function from a �xed point p in a
Riemannian manifold (M, g). Then, in a neighborhood of p, H(1

2r
2) = g+o(1),

where o(1) is a symmetric two-tensor whose eigenvalues approach zero as r
approaches zero.

Proof. Let x1, . . . , xn be normal coordinates around p. Then r2 =
∑n

i=1(x
i)2,

∇(1
2r

2) =
∑n

i=1 x
i∇xi, and therefore, H(1

2r
2) =

∑n
i=1 dx

i⊗dxi+
∑n

i=1 x
iHxi

= g + (
∑n

i=1 dx
i ⊗ dxi − g) +

∑n
i=1 x

iHxi = g + o(1).

We point out that if r is a distance function then D∇r∇r = 0 which
implies that ∇r is an eigenvector of the Hessian of r with eigenvalue zero.
Therefore, the eigenvalues of Hr restricted to the orthogonal complement of
∇r are also eigenvalues of the Hessian of r.

Corollary 2.2. If λ is any of the eigenvalues of the Hessian of r restricted to
the orthogonal complement of ∇r then λ = 1

r + o(1
r ), where o(1

r ) is a function

such that lim
r→0

r · o(1
r
) = 0.

A local orthonormal frame {X1, . . . , Xn} is said to be normal at p if
(DXi)p = 0 for 1 ≤ i ≤ n. Around any point p of a manifold M one can
always �nd a local orthonormal frame that is normal at p.

Lemma 2.3. Let u be a smooth function and X a vector �eld de�ned on a
neighborhood of a point p ∈M and such that D∇uX(p) = 0. Then at p

H|∇u|2(Xp, Xp) =

2
[
|DXp∇u|2 +R(∇u,Xp,∇u,Xp) +∇u(Hu(X,X))

]
. (2)

Proof. First we observe that the condition (D∇uX)p implies that at p

g(D∇uDX∇u,Xp) = ∇u(DX∇u,X) = ∇u(Hu(X,X))

and

g(D[X,∇u]∇u,Xp) = g(DXp∇u, [X,∇u]) = g(DXp∇u,DXp∇u) = |DXp∇u|2.

Therefore,

H|∇u|2(Xp, Xp) = g(DXp∇|∇u|2, Xp) = 2g(DXpD∇u∇u,Xp) =
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2
[
R(Xp,∇u,Xp,∇u) + g(D∇uDX∇u,Xp) + g(D[X,∇u]∇u,Xp)

]
=

2
[
|DXp∇u|2 +R(Xp,∇u,Xp,∇u) +∇u(Hu(X,X))

]
.

We will refer to formula (2) as the Hessian-Weitzenbock formula. This
formula was introduced in [4] in connection to a simple proof of the Hessian
comparison theorem.

Lemma 2.4. ([4]; Lemma 1) Let (M, g) be a complete Riemannian manifold
and p a point in M. Let r(x) denote the distance from x to p. Assume that q
is not in the cut locus of p. Along the minimizing geodesic connecting q to p
we consider the function λ equal to the maximal or to the minimal eigenvalue
of Hr restricted to the orthogonal complement of ∂r. Then

λ2(x) +K(∂r, Xx) + (∂r)xλ = 0, (3)

where Xx is a unit length eigenvector corresponding to the eigenvalue λ(x).
In other words, DXx∂r = λ(x)Xx.

Proof. We extend the vectorXx to a vector �eldX de�ned on a neighborhood
of x and parallel along the geodesic connecting x to p.We apply the Hessian-
Weitzenböck formula (2) to the function u = r and the vector �eld X to
obtain

0 = λ2(x) +K(∂r, Xx) + (∂r)x g(DX∂r, X).

If λ is the maximal eigenvalue then along the geodesic connecting x to
p we have g(DX∂r, X) ≤ λ with equality at the point x. Therefore,
(∂r)x g(DX∂r, X) = (∂r)xλ and this implies (3). Similar argument works
for the minimal eigenvalue.

Theorem 2.5. (Hessian Comparison Theorem) Let (Mm, g) and (Nn, h) be
two Riemannian manifolds, γ, α be geodesics parametrized by arc-length in M
and N respectively, with γ(0) = p and α(0) = q, and such that they don't hit
the cut locus of their respective initial points. Assume further that for every
unit vector X orthogonal to γ′(t) and every vector Y orthogonal to α′(t) we
have KM (γ′(t), X) ≥ KN (α′(t), Y ). Then HM t(X,X) ≤ HN t(Y, Y ) for all
unit vectors X orthogonal to γ′(t) and Y orthogonal to α′(t). Here t denotes
the distance function from p in M and also the distance function from q in
N.

Proof. Let λ be the maximal eigenvalue of HM t restricted to the orthogonal
complement of γ′(t), and µ be the minimal eigenvalue HN t restricted to the
orthogonal complement of α′(t). According to Lemma 2.4 these functions
satisfy the ordinary di�erential equations

λ2(t) +KM (γ′(t), X) +
dλ(t)
dt

= 0
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DXY TM TN

TM DM
X Y Xf

f Y

TN Y f
f X DN

XY − k(X,Y )∇f
f

Table 1: Main covariant derivatives

µ2(t) +KN (γ′(t), Y ) +
dµ(t)
dt

= 0

for appropriate unit vector �elds X,Y. Besides, by Corollary 2.2, they satisfy
the initial conditions λ(t), µ(t) = 1

t + o(1
t ) as t → 0+. It follows from a

comparison theorem for ODE's that λ(t) ≤ µ(t) for all t. (See Lemma 7.4 and
the remark 3. after it.)

The Weitzenbock formula

∆|∇u|2 = 2
[
|Hu|2 +Ric(∇u,∇u) + 〈∇u,∇∆u〉

]
(4)

follows immediately from the Hessian-Weitzenböck formula when the latter
is applied to all the vectors of a local orthornormal frame normal at p.

3 Warped Products

Let M and N be two di�erentiable manifolds. Then for any points p ∈ M
and q ∈ N the tangent space T(p,q)M × N is identi�ed with the direct sum
TpM ⊕ TqN in a canonic way. If X is a vector �eld on M × N then the
notation XM , XN will refer to the components of the vector �eld X relative
to the mentioned identi�cation.

We say that a vector �eld X is independent ofM if for every point (p, q) ∈
M ×N the vector X(p,q) equals

d
dt |t=0

γ(t) for a curve γ(t) = (p, α(t)), where
α is a curve on N with α(0) = q. Vector �elds independent of N are de�ned
in a similar way. When X is independent of N we will say that it belongs to
TM, and when it is independent of M that it belongs to TN.

Let (Mm, g), and (Nn, h) be two Riemannian manifolds, and f a positive
function de�ned on M. The warped product M ×f N is the Riemannain
manifold (M×N, k), with k de�ned by k(X,Y ) = g(XM , YM )+f2h(XN , YN ).
Using formula (1) one can compute the covariant derivatives DXY when the
vector �elds involved are in TM or in TN. They are summarized in Table 1.

Using this table and the de�nition of sectional curvature one can compute
the sectional curvatures along pairs of orthonormal vectors that are indepen-
dent from M or from N. They are summarized in Table 2, where K(X,Y ) is
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K(X,Y ) TM TN

TM KM (X,Y ) −
∣∣∣Xf

f

∣∣∣2 − k(DM
X
∇f
f , X)

TN . . . −
∣∣∣∇f

f

∣∣∣2 + 1
f2K

N (fX, fY )

Table 2: Main sectional curvatures

used to denote the sectional curvature R(X,Y,X, Y ), and KM ,KN to denote
the corresponding sectional curvatures on the manifolds M and N.

We will say that a manifold (Mn, g) is rotationally symmetric about p, if
there exists an interval I and a positive function f de�ned on I such that
(M \ {p}, g) is isometric to the warped product I ×f S

n−1, where Sn−1 is
the sphere of constant sectional curvature 1. The map f must satisfy the
conditions f(t) → 0, f ′(t) → 1 as t→ 0, for the metric g to be smooth at p.

Theorem 3.1. Let (Mn, g) be a Riemannian manifold, and Bp(a) the
geodesic ball of radius a centered at p. Assume further that a is not greater
than the injectivity radius of M at p. We denote by t(q) the distance function
from q to p. Then the following three statements are equivalent

1. There exists a function ϕ(t) de�ned on (0, a) such that R(∂t, X, ∂t, X) =
ϕ(t) for all unit vectors X ∈ TBp(a), that are orthogonal to ∂t.

2. There exists a function ψ(t) de�ned on (0, a) such that Ht(X,X) = ψ(t)
for all unit vectors X ∈ TBp(a) that are orthogonal to ∂t.

3. The manifold (Bp(a), g) is rotationally symmetric about p. More pre-
cisely, the manifold (Bp(a) \ {p}, g) is isometric to the warped product
I ×f S

n−1, where I = (0, a), f is a positive function on I, and Sn−1 is
the sphere of constant sectional curvature 1.

The functions ϕ,ψ, and f are related by ϕ = −f ′′

f , and ψ = f ′

f .

Proof. It is obvious that (3) implies both (1) and (2). Moreover, from Table
1 we see that if X is a unit vector orthogonal to ∂t, then DX∇t = ∂tf

f X. This

implies that ψ = f ′

f .
If (1) holds, then according to Lemma 2.4, along the geodesics emanating

from p the maximal and the minimal eigenvalues of Ht restricted to the
orthogonal complement of ∂t satisfy the same ordinary di�erential equation
λ′ = −λ2 − ϕ(t), with the same asymptotic initial conditions as t → 0+.
Lemma 7.4 and the remarks after it imply that the above mentioned maximal
and minimal eigenvalues coincide, and therefore that (2) holds.
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We assume now (2) and will prove (3). Let I = (0, a), and consider the
hypersurface S given by t = b, where b is a positive constant less than a. For
every point q ∈ S there is a unique unit vector ξ = ξ(q) ∈ TpM such that
q = Expp(bξ). We use the di�eomorphism (t, q) ∈ I × S −→ Expp(tξ(q)) ∈
Bp(a) \ {p} to identify Bp(a) \ {p} with I × S. Let Xq, Yq be vectors tangent
to S at some point q. We extend these vectors to obtain two vector �elds
X,Y independent of I. Then, along the normal geodesic γ connecting p to q
in Bp(a) the function w(t) := g(Xγ(t), Yγ(t)) satis�es the equation

w′(t) = ∇t (g(X,Y )) = g(D∇tX,Y ) + g(X,D∇tY )
= g(DX∇t, Y ) + g(X,DY∇t) = 2Ht(X,Y ) = 2ψg(X,Y ) = 2ψw(t)

with initial condition w(b) = g(Xq, Yq). Integrating this equation we ob-

tain w(t) = w(b) exp (−
∫ b
t 2ψ(s) ds). This shows that (Bp(a) \ {p}) is isomet-

ric to a warped product I×F S, where F (t) = exp (−
∫ b
t ψ(s) ds). The function

F (t) approaches zero as t approaches zero because ψ(t) behaves like 1
t near

zero. The manifold S is di�eomorphic to the sphere in the Euclidean space
because Bp(a) is contained in a normal neighborhood of p. We only need to
prove now that S with the induced metric from g is isometric to a round
sphere, i.e., that it is a manifold of constant sectional curvature. Assume now
that Xq, Yq are orthonormal and tangent to S at q, and that X and Y are
extensions of Xq, Yq that are independent of I. Along the geodesic connecting

q to p the vector �elds X̃ = 1
FX, Ỹ = 1

F Y are orthonormal. From Table 2 we
have

K(X̃, Ỹ ) =
1
F 2

[
K(Xq, Yq)− |F ′(t)|2

]
. (5)

Letting t approach zero, we conclude that K(Xq, Yq) = lim
t→0+

|F ′(t)|2, which
shows that the sectional curvatures are constant along S. In addition to this
the principal curvatures of S are constant and therefore, by the Gauss equa-
tion, S with the metric induced by g is a manifold of constant sectional
curvature.

The arguments in the proof of Theorem 3.1 can be applied with very
minor changes to obtain the following theorem

Theorem 3.2. Let (Mn, g) be a Riemannian manifold, S an oriented hy-
persurface in M with constant principal curvatures. We denote by t(q) the
oriented distance from q to S, and let BS(−b, a) = {x ∈M : −b < t(x) < a}.
Assume further that for every point q ∈ BS(−b, a) there is only one minimiz-
ing geodesic from q to S. Then the following three statements are equivalent
(1) There exists a function ϕ(t) de�ned on (−b, a) such that R(∂t, X, ∂t, X) =
ϕ(t) for all unit vectors X ∈ TBS(−b, a), that are orthogonal to ∂t. (2) There
exists a function ψ(t) de�ned on (−b, a) such that Ht(X,X) = ψ(t) for all
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unit vectors X ∈ TBS(−b, a) that are orthogonal to ∂t. (3) The manifold
(BS(−b, a), g) is isometric to the warped product I ×f S where I is the inter-

val (−b, a) and f(t) = exp (
∫ t
0 ψ(s) ds).

4 Constant Energy and Distinguished Vector Fields

In this section we introduce the notion of manifolds with constant energy,
prove Theorem 4.3 from which Obata's theorem follows readily and discuss
certain classes of vector �elds whose covariant derivatives have special prop-
erties.

Proposition 4.1. Let u be a smooth function de�ned on (M, g). Let Ω =
{x ∈ M : ∇u(x) 6= 0}. The integral curves of the unit vector �eld T = ∇u

|∇u|
are geodesics in Ω if and only if ∇u is an eigenvector of D∇u at every point
in Ω.

Proof. We observe that

DTT =
1

|∇u|

[
∇u
(

1
|∇u|

)
∇u+

1
|∇u|

D∇u∇u
]

from where it is clear that ∇u is an eigenvector of D∇u if and only if DTT
is proportional to ∇u and hence proportional to T. Since T is of unit length
this is possible if and only if DTT = 0.

We say that a smooth function de�ned on an open subset Ω of (M, g) has
a constant energy in Ω if there exists a real valued function Φ such that
|∇u|2 + Φ(u) ≡ C for some constant C.

Corollary 4.2. If a function u has a constant energy on Ω and has no critical
points there then the integral curves of T = ∇u

|∇u| are geodesics.

Proof. Since |∇u|2 + Φ(u) ≡ C in Ω then D∇u∇u = 1
2∇|∇u|

2 = −1
2Φ′(u)∇u

which shows that ∇u is an eigenvector of D∇u and consequently the integral
curves of T are geodesics in Ω.

Theorem 4.3. Let (M, g) be a Riemannian manifold, and u a smooth func-
tion on M that satis�es the equation Hu = ϕ(u)g for some di�erentiable
real-valued function ϕ. Then (1) The integral curves of ∇u are geodesics in
the set of regular points of u. (2) |∇u| is constant along level surfaces of u. (3)
If X is a unit vector orthogonal to T = ∇u

|∇u| then R(X,T,X, T ) = −ϕ′(u).
(4) If p is an isolated point of local maximum or local minimum of u then
(Bp(a), g) is rotationally symmetric about p for every a < injb(M).
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Proof. Let Φ(t) be any antiderivative of −2ϕ(t). Then

∇
[
|∇u|2 + Φ(u)

]
= 2D∇u∇u− 2ϕ(u)∇u = 0

which shows that the function u is a function of a constant energy |∇u|2 +
Φ(u) ≡ C. Thus (1) follows from Corollary 4.2 and (2) from the constancy of
energy.

(3) follows directly from the Hessian - Weitzenböck formula when the
terms involved in it are expressed through ϕ(u) as follows: H|∇u|2(X,X) =
−Φ′(u)Hu(X,X) = 2ϕ2(u), |DX∇u|2 = ϕ2(u), and ∇uHu(X,X) =
∇uϕ(u) = ϕ′(u)|∇u|2.

Assume that u(p) is a local maximum. Then, for a and δ su�ciently small
the set S = {x ∈ Bp(a) : u(x) = u(p)− δ} is an oriented closed hypersurface.
The geodesics perpendicular to S must concur at the point p. This and (2)
imply that the function u is a function of t, where t is the distance from p,
and this will hold as long as t ≤ injb(M). But then the radial curvatures
R(X,T,X, T ) = −ϕ′(u(t)) are also functions of t and hence (4) follows from
Theorem 3.1.

Corollary 4.4. (Obata's Theorem [9]) Let (M, g) be a complete Riemannian
manifold and let u be a smooth non constant function on M such that Hu =
−ug. Then M is isometric to the unit sphere (Sn, can) of constant sectional
curvature 1.

Proof. By Theorem 4.3 the integral curves of ∇u are geodesics and along any
of these geodesics γ(t), parametrized by arc-length, the function u satis�es
the equation u′′ + u = 0. It follows that u must have at least one isolated
local maximum at some point p. The geodesics γ(t) emanating from p are
integral curves of ∇u and therefore, any two of them cannot meet at a point
q unless ∇u(q) = 0. It follows that geodesics emanating from p minimize
distance as long as t < π. By parts (3) and (4) of Theorem 4.3, (Bp(π), g) is
rotationally symmetric with radial curvatures identically equal to 1. Theorem
3.1 implies now that the eigenvalues of the Hessian Ht, of the distance function
from p restricted to the orthogonal complement of ∇t satisfy the equation
λ′ + λ2 = −1 with λ(t) = 1

t + o(1
t ) as t approaches zero. Therefore, λ(t) =

cot t. It follows again from Theorem 3.1 that (Bp(a) \ {p}, g) is isometric to
(0, a) ×f S

n−1, where f = sin t. It follows from here that (M, g) is isometric
to (Sn, can).

A vector �eld X is called concurrent if DYX = Y for every vector �eld Y.
The following theorem follows from results in [7]. It was clearly stated and
proven in [1] and in [3]. We provide a new proof.
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Theorem 4.5. Assume that a complete Riemannian manifold (Mn, g) admits
a concurrent vector �eld X. Then M is isometric to the Euclidean space Rn

and X = r∇r, where r is the distance function from a point p ∈M.

Proof. The function u = 1
2 |X|

2 satis�es ∇u ≡ X and Hu = g. By Theorem
4.3 the integral curves of ∇u are geodesics and along any of these geodesics
γ(t), parametrized by arc-length, the function ϕ(t) = u(γ(t)) satis�es the
equation ϕ′′ = 1. It follows that ϕ has a minimum at some real number τ.
At p = γ(τ) we have ∇u(p) = ϕ′(τ) = 0. So p is a critical point for u. It
is clear that u has an isolated minimum equal to zero at p. The geodesics
emanating from p minimize distance up to in�nity, hence the exponential
map at p is a di�eomorphism. By Theorem 4.3 the radial curvatures are all
equal to zero. By Theorem 3.1 (M \ {p}, g) is isometric to (0,∞) ×f S

n−1,

where 0 = −f ′′(t)
f(t) and f(t) = t + o(t) as t approaches zero. It follows that

f(t) = t and therefore that (M, g) is isometric to the Euclidean space Rn. If
(x1, . . . , xn) are Cartesian coordinates around p then the function u satis�es

∂u
∂xi∂xj

= δij with initial conditions ∂u
∂xi

= 0, u(0) = 0. It follows that u = 1
2r

2

where r is the distance from p, and, consequently, X = r∇r.

We will call a vector �eld X concircular if there exists a smooth function
v such that for every vector �eld Y, DYX = vY. We call v the weight of
X. A smooth function u is called a concircular scalar �eld if there exists
a smooth function v such that Hu = vg. We will call v the weight of u.
Concircular �elds are associated to conformal transformation that preserve
geodesic circles and were introduced by Yano in the forties.

Proposition 4.6. Let X be a concircular vector �eld with weight v. Then the
gradient of the function v is proportional to X whenever X 6= 0.

Proof. Let u = |X|2. Then ∇u = 2vX, and

Hu(Y, Z) = g(DY∇u, Z) = g(DY (2vX), Z) = 2Y (v)g(X,Z) + 2vg(vY, Z).

Hence Y (v)g(X,Z) = Z(v)g(X,Y ) for all vectors Y, Z in virtue of the sym-
metry of the Hessian. This is possible at a point where X 6= 0 if and only if
∇v is proportional to X.

Corollary 4.7. Assume that a vector �eld X is de�ned on a neighborhood U

of a point p, and that it is concircular with non vanishing weight v. Assume
also that Xp 6= 0. Then there exists a real valued function F such that, perhaps
in a smaller neighborhood of p, the vector �eld X is the gradient of the function
w = F (|X|2). The function w is then a concircular scalar �eld with the same
weight v.
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Proof. Since ∇|X|2 = 2vX and ∇v is proportional to X nearby p, then
∇|X|2 is proportional to ∇v and therefore there is a function ϕ such that v =
ϕ(|X|2) in some neighborhood of p. Let F be any antiderivative of 1

2ϕ . Then

∇F (|X|2) = F ′(|X|2)∇|X|2 = 2vF ′(|X|2)X = 2ϕ(|X|2)F ′(|X|2)X = X.

If u is a function such that Hu = vg for some function v then ∇u is
concircular with DY∇u = vY for every vector �eld Y. Therefore we have

Corollary 4.8. Let Hu = vg and ∇u(p) 6= 0. Then there exists a real valued
function ϕ such that v = ϕ(u) on a neighborhood of p.

The following theorem is contained in the works of Ishihara and Tashiro
[7], [10].

Theorem 4.9. (Ishihara-Tashiro) Let (M, g) be a connected compact Rie-
mannian manifold, and u : M → R a nonconstant smooth function such that
Hu = vg for some function v. Then the function u has exactly two isolated
critical points p, q, and (M, g) is rotationally symmetric. More precisely, if S
is any of the nonsingular level surfaces of u then (M \ {p, q}, g) is isometric
to the warped product I × |∇u|

c

S, where I is some open bounded interval, c

is the common value of the gradient of u at the points of S, and S with the
induced metric from g is isometric to a sphere of constant sectional curvature.
In particular, the manifold (M, g) is conformally equivalent to (Sn, can).

Proof. Let S be any nonsingular level surface of u, Ŝ one of its connected
components, and Ω the connected component of the set of regular points of
u that contains Ŝ. By Corollary 4.8 and Theorem 4.3 we know that Hu =
ϕ(u)g, the integral curves of ∇u are geodesics that minimize the distance t

to Ŝ in Ω, and Ht =
ϕ(u)
|∇u|

g =
u′′(t)
u′(t)

g. Besides, the principal curvatures of Ŝ

are constant. Therefore Theorem 3.2 applies and we conclude that (Ω, g) is
isometric to I × u′(t)

u′(0)
Ŝ, where I is some open interval (−b, a). It follows that

all the geodesics perpendicular to Ŝ converge at a critical point p at distance
a on one side, and to a critical point q at distance b on the opposite side of
Ω relative to Ŝ. Since the directions of geodesics emanating from p or from
q and hitting Ŝ perpendicularly form an open and closed subset of directions
and therefore they are all, we conclude that actually Ω = M \ {p, q} and
Ŝ = S. Finally, Theorem 3.1 implies that S with the metric induced from g
is isometric to a sphere of constant sectional curvature.

We observe that Obata's theorem can be derive as a corollary to Ishihara-
Tahshiro's theorem.

If in Theorem 4.9 the manifold is complete but not compact then the
function u has at most one critical point. For a classi�cation of complete
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manifolds admitting concircular scalar �elds we refer the reader to the article
[10].

Tandai [11] proved that a manifold admiting (n− 1) linearly independent
solutions of Hu + c2ug = 0 is a manifold of constant sectional curvature c2.
Here we provide a generalization of Tandai's theorem.

Theorem 4.10. Let (Mn, g) be a Riemannian, not necessarily complete,
manifold of dimension n ≥ 3 that admits n − 1 concircular vector �elds
Y1, . . . Yn−1 such that (Y1)q, . . . , (Yn−1)q are linearly independent vectors in
TqM for every q ∈M. Then M is a manifold of constant sectional curvature.

Proof. Let p be any point of M. Let e1, e2, . . . , en be an orthonormal basis of
TpM, where en is orthogonal to each of (n − 1) linearly independent concir-
cular vector �elds at p. We can choose n− 1 linearly independent concircular
vector �elds X1, . . . , Xn−1 such that (Xi)p = ei for i = 1, . . . , n−1. According
to Corollaries 4.7 and 4.8 each of these vector �elds has an associated concir-
cular scalar �eld wi with Hwi = ϕi(wi)g, where the ϕi are certain real-valued
functions. By Theorem 4.3 we have K(ei, ej)(p) = −ϕ′i(wi(p)) = −ϕ′j(wj(p))
for 1 ≤ i < j ≤ n − 1. Therefore, ϕ′(w1(p)) = · · · = ϕ′(wn−1). This readily
implies that all the sectional curvatures at p are equal to the same num-
ber. Schur's lemma implies that (M, g) is a manifold of constant sectional
curvature.

Gallot [6] provided examples of manifold of variable curvature and di-
mension n that admit (n− 2) linearly independent solutions to the equation
Hu+ ug = 0.

5 Manifolds with boundary

Let (M,∂M, g) be a Riemannian manifold with smooth boundary. If X is
a vector �eld on M such that for each p ∈ ∂M the vector Xp is tangent
to the boundary we will say that X is a vector �eld tangent to the bound-
ary. We recall that if X,Y are vector �elds tangent to the boundary then
DXY = D∂M

X Y + h(X,Y )η where, D is the covariant derivative on M, D∂M

is the covariant derivative on ∂M, η is the outer normal vector to ∂M, and
h is a symmetric bilinear form �eld called the second fundamental form.
The operator −Dη : X ∈ Tp(∂M) → DXpη ∈ Tp(∂M) is symmetric with
g(−DXη, Y ) = h(X,Y ). The mean curvature of the boundary at p is the
number H(p) = −

∑n−1
i=1 h(ei, ei), where e1, . . . , en−1 is any local orthonor-

mal frame of ∂M around p. In other words, H is the trace of Dη when this
is viewed as an operator acting on the tangent bundle of the boundary.

When the second fundamental form vanishes everywhere in ∂M it is said
that this boundary is totally geodesic. In this case it is known that any
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geodesic emanating from a point p of the boundary with initial velocity tan-
gent to the boundary will remain on the boundary forever. Therefore, all the
geodesics coming from the interior hit the boundary transversally.

Lemma 5.1. Let (Mn, g) be a compact manifold with smooth totally geodesic
boundary ∂M. Let u be a nonconstant smooth function such that Hu = −ug,
and p ∈ M be a point of local maximum such that ∇u(p) = 0. Then M is
isometric to the unit upper hemisphere (Sn

+, can).

Proof. If p is in the interior of the manifold one proceeds as in the proof of
Corollary 4.4 to show that M can be isometrically embedded into the unit
sphere (Sn, can). Since ∂M is then a totally geodesic hypersurface in Sn one
concludes that M is isometric to (Sn

+, can). The case when p is a boundary
point is similar. One needs to observe that the geodesic emanating from
p towards the interior cannot hit the boundary as long as |∇u| 6= 0. This
implies that they all meet at a point q that is at distance π away from p.
From here, and from the expression of the metric computed as in Corollary
4.4 one obtains the desired result.

Proposition 5.2. (Reilly [12]) Let (Mn, ∂M, g) be a compact Riemannian
manifold with smooth boundary. Assume that the mean curvature H of the
boundary is everywhere nonnegative. If there exists a nonconstant smooth
function u such that Hu = −ug on M, and u ≡ 0 on the boundary of M then
∂M is totally geodesic and M is isometric to the upper hemisphere (Sn

+, can).

Proof. This follows from the same arguments used in the proof of Corollary
4.4. Alternatively, one can prove that the boundary is totally geodesic by
observing that η = ± ∇u

|∇u| from where it readily follows that DXη = 0 for any
X tangent to the boundary. Then Lemma 5.1 applies yielding the desired
result.

Finally we state Escobar's generalization of Obata's theorem. The proof
is embedded in the proof of Theorem 6.4.

Lemma 5.3. (Escobar [5]) Let (Mn, ∂M, g) be a compact Riemannian man-
ifold with smooth boundary. Assume that the boundary is convex in the sense
that h(X,X) ≤ 0 for every vector X tangent to the boundary of M. If there
exists a nonconstant smooth function u such that Hu = −ug on M, and
∂u
∂η ≡ 0 on the boundary of M then ∂M is totally geodesic and M is isometric
to the upper hemisphere (Sn

+, can).

6 From Lichnerowicz to Escobar

In this section we present a uni�ed treatment of the theorems of Lichnerowicz
- Obata, Reilly, and Escobar regarding the Laplacian on closed manifolds, and



Hessians, warped products and eigenvalues 27

the Dirichlet and Neumann Laplacians on manifolds with boundary. These
theorems characterize the sphere, in the �rst case, and the hemisphere, in the
other two cases, as the unique manifolds with the smallest possible (nonzero)
�rst eigenvalue given a lower bound on the Ricci curvature and suitable con-
vexity conditions on the boundary. For simplicity we assume the lower bound
of the Ricci curvature to be (n−1), where n is the dimension of the manifold.
The general statements follow immediately by scaling.

Theorem 6.1. Let (Mn, g) be a complete connected Riemannian manifold
with smooth or empty boundary ∂M and η the exterior normal vector to ∂M.
Let RicM ≥ (n− 1), let u be a smooth nonconstant function on M, and let λ
a positive number such that

∆u+ λu = 0 on M, (6)∫
∂M

u
∂u

∂η
≤ 0, (7)

and ∫
∂M

η(|∇u|2) ≤ 0. (8)

Then λ ≥ n with equality if and only if the function u satis�es Hu = −ug.

Proof. Using the Weitzenböck formula

∆|∇u|2 = 2
[
|Hu|2 +Ric(∇u,∇u) + g(∇∆u,∇u)

]
,

the equation (6), and the inequality |Hu|2 ≥ (∆u)2

n we obtain

∆|∇u|2 ≥ 2
[(∆u)2

n
+Ric(∇u,∇u)− λ|∇u|2

]
. (9)

On the other hand, we observe that in virtue of (7)∫
M

(∆u)2 = −λ
∫

M
u∆u = λ

∫
M
|∇u|2 − λ

∫
∂Ω
u
∂u

∂η
≥ λ

∫
Ω
|∇u|2. (10)

Integrating (9) over M taking into account (8), the lower bound of the
Ricci curvature, and inequality (10), we obtain

0 ≥
[
(n− 1) + λ(

1
n
− 1)

] ∫
M
|∇u|2 = (n− 1)(1− λ

n
)
∫

M
|∇u|2 .

It follows that λ ≥ n . The �rst part of the theorem is proven.
Assume now that λ = n. Then all the inequalities above are actually

equalities. In particular |Hu|2 = (∆u)2

n which is possible only if the Hessian
of u is diagonal everywhere. In this case all the eigenvalues of Hu must be
equal to −u because of equation (6). In other words, Hu = −ug .
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The theorem of Lichnerowicz and Obata is now an immediate corollary of
Theorem 6.1 and Theorem 4.4.

Theorem 6.2. (Lichnerowicz - Obata [8], [9]) Let Mn be a complete Rie-
mannian manifold with RicM ≥ (n− 1)k. Then the �rst eigenvalue λ1 of the
Laplace operator is greater than or equal to nk with equality if and only if M
is isometric to the Euclidean sphere of constant sectional curvature k.

The bound on the eigenvalue is due to Lichnerowicz and the characteri-
zation of the extremal case is due to Obata.

Theorem 6.3. (Reilly [12]) Let (M, g) be a Riemannian manifold with
smooth boundary ∂M. Assume that RicM ≥ (n− 1), and that the mean cur-
vature H of the boundary is nonnegative. Then the �rst eigenvalue λ1 of the
Laplacian with Dirichlet boundary condition is greater than or equal to n with
equality if and only if M is isometric to the unit upper hemisphere (Sn

+, can).

Proof. Condition (7) is obviously met. We will prove that the condition (8)
is also satis�ed. First we observe that we may assume that u is positive
in the interior of M. Let e1, . . . , en−1 be a local orthonormal frame tangent
to ∂M. Then η = − ∇u

|∇u| and η|∇u|
2 = −2Hu(η,∇u) = −2|∇u|Hu(η, η) =

−2|∇u|
(
∆u−

∑n−1
i=1 h(ei, ei)

)
= −2|∇u|H ≤ 0. Theorem 6.1 applies and

says that λ1 ≥ n with equality if and only if Hu = −ug. In this case the
manifold is isometric to (Sn

+, can) thanks to Proposition 5.2.

Theorem 6.4. (Escobar [5]) Let (M, g) be a Riemannian manifold with
smooth boundary ∂M. Assume that RicM ≥ (n − 1), and the boundary is
strongly convex in the sense that h(X,X) ≤ 0 for every X ∈ T∂M. Then the
�rst nonzero eigenvalue ν1 of the Laplacian with Neumann boundary condi-
tion is greater than or equal to n with equality if and only if M is isometric
to the unit upper hemisphere (Sn

+, can).

Proof. Condition (7) is obviously met. On the other hand, the gradient of u is
tangential to the ∂M because of the Neumann boundary condition. η|∇u|2 =
2g(D∇u∇u, η) = 2h(∇u,∇u) ≤ 0, where the last inequality follows from the
convexity of the boundary. This shows that (8) holds and Theorem 6.1 applies
saying that ν1 ≥ n with equality if and only if Hu = −ug. Let p be the point
of ∂M where u attains the absolute maximum relative to all the values of u
in ∂M. It is clear that ∇u(p) = 0 and that p is an isolated local maximum for
u. As in the proof of Corollary 4.4 we have that all geodesics emanating from
p are integral curves of ∇u. We observe that, because ∇u is tangential to
the boundary, any geodesic starting at a point q of the boundary with initial
velocity proportional to ∇u will remain on the boundary forever. It follows
that the geodesics emanating from p with initial velocity toward the interior
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of the manifold cannot meet the boundary as long as |∇u| 6= 0. Therefore,
they all will meet at a point q at a distance π away from p. It follows from
the expression of the metric computed as in Corollary 4.4 thatM is isometric
to (Sn

+, can).

7 Comparison Theorems For Di�erential Inequalities

In this section we prove two lemmas on comparison of solution of ordinary
di�erential inequalities that are important in applications to comparison ge-
ometry. These lemmas and some applications of them are contained in an
unpublished manuscript [2].

Lemma 7.1. Let u and v be two functions in C1(0, T ) ∩C([0, T ]) for some
T > 0. Assume further that u(0) = v(0) = z, and that for all t ∈ (0, T )

u′(t) ≥ F (u(t)) (11)

and
v′(t) ≤ F (v(t)), (12)

where F : R → R is a continuous function that is locally Lipschitz at z in the
sense that there exist two positive numbers δ = δ(z) , L = L(z) such that

|F (x)− F (y)| ≤ L|x− y|

whenever x and y belong to the open interval of radius δ centered at z. If
u(t) 6= v(t) for all t ∈ (0, T ), then

u(T ) > v(T )

Proof. We consider the function w(t) = u(t)−v(t) which equals zero at t = 0.
We will prove that w(t)′ ≥ 0 for all t ∈ (0, T ) which implies that u(T ) > v(T )
because u(t) 6= v(t) for all t ∈ (0, T ).

We subtract inequality (12) from inequality (11) to obtain, for all t ∈
(0, T )

w′(t) + a(t)w ≥ 0, (13)

where a(t) = −F (u(t))− F (v(t))
u(t)− v(t)

which is continuous on (0, T ) . This func-

tion a(t) is also bounded near zero because of the Lipschitz property of F at
z. Indeed, if t is su�ciently small, then u(t) and v(t) will both lie inside the
interval (z − δ, z + δ) and therefore,

|a(t)| ≤
∣∣∣F (u(t))− F (v(t))

u(t)− v(t)

∣∣∣ ≤ L . (14)

For each interval (0, τ) on which a(t) is de�ned and bounded we can de�ne the
function f(t) = e

∫ t
0 a(s) dsw(t) which belongs to C1(0, τ)∩C([0, τ)). Moreover,
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f(0) = w(0) = 0 , and f ′(t) ≥ 0 in virtue of (13). It follows that w(t) ≥ 0 ,
and that w(τ) > 0. It also follows that a(t) is de�ned and bounded on the
whole (0, T ). Therefore, w(T ) > 0.

Remark 7.2. If in Lemma 1 we require that u(0) > v(0) then we just need the
function F to be continuous to obtain the same conclusion that u(T ) > v(T ).

Corollary 7.3. Let F : R → R be locally Lipschitz at each point, and u, v
be two functions in C1(0, T ) ∩ C([0, T ]) for some T > 0. Assume further
that u(0) = v(0) = z, and that for all t ∈ (0, T ), u′(t) ≥ F (u(t)) and
v′(t) ≤ F (v(t)). Then u(T ) ≥ v(T ) with equality if and only if u(t) ≡ v(t) on
[0, T ].

Proof. Consider the set {t |u(t) = v(t)} and let τ be the maximum of the
connected component of 0 in this set. If τ = T it means that u(t) ≡ v(t)
on [0, T ]. If τ is less than T then we can apply Lemma 7.1 to the functions
u(t+ τ), v(t+ τ) to conclude that u(T ) > v(T ).

Lemma 7.4. Let u and v be two functions in C1(0, T ) ∩ C(0, T ] for some
T > 0. Assume further that

lim
t→0+

u(t) = lim
t→0+

v(t) = ∞,

and that for all t ∈ (0, T )
u′(t) ≥ F (u(t))

and

v′(t) ≤ F (v(t)) ,

where F : R → R is a continuous function that is locally Lipschitz and
such that the function G(s) = s2F (1

s ) can be extended to zero by continuity
and becomes locally Lipschitz at zero. Then u(t) ≥ v(t) for all t ∈ [0, T ).
Moreover, if u(T ) = v(T ) then u(t) ≡ v(t) for all t ∈ [0, T ].

Proof. For su�ciently small positive values of t both u and v are positive.
For these values we de�ne the functions

x(t) =
1
u(t)

and y(t) =
1
v(t)

and set x(0) = y(0) = 0. A direct computation shows that x′(t) ≤ G(x(t))

and y′(t) ≥ G(y(t)), where G(s) = −s2 F
(1
s

)
. Lemma 1 or its corollary

applies and we conclude that x(t) ≤ y(t) for all su�ciently small positive
values of t. Therefore, u(t) ≥ v(t) for small values of t. The Lemma follows
now from the remark or Corollary 7.3.
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Remark 7.5. All the proofs above apply to the cases when the di�erential
inequalities are of the form u′(t) ≥ F (u(t), t) and v′(t) ≤ F (v(t), t), provided
that F (x, t) is a continuous function of two variables and that the Lipschitz
conditions on F (z, t) with respect to the �rst argument hold uniformly with
respect to t whenever such conditions are required.

Remark 7.6. The Lipschitz condition required above can be replaced with
some weaker conditions but cannot be removed completely. This is so because
just continuity of F does not guarantee the uniqueness of a solution to the
initial value problem u′(t) = F (u(t)), u(0) = 0. For instance u(t) ≡ 0 and
v(t) = t2 provide a counterexample to Lemma 1 with the Lipschitz condition
removed. Here F (s) = 2

√
s which is not locally Lipschitz at 0.

Remark 7.7. The function F (s) = −s2+K(t) , where K(t) is any continuous
function, satis�es the conditions of Lemma 7.4. This is the type of function
that appears in the proof of the Hessian comparison theorem.
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