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Abstract
In this paper we show some results about the dynamics of a Boost converter when it is con-
trolled by lateral PWM (Pulse Width Modulator) and ZAD (Zero Average Dynamics) strategy.
Different nonlinear phenomena like bifurcations and chaos are reported when the parameters
associated to the system are varied. Finally, chaos present in the converter is controlled using
FPIC (Fixed Point Induced Control) and TDAS (Time-Delay Autosynchronization) techniques.
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1 Introduction

Nonlinear phenomena in power electronics (including bifurcations and chaos) has
been reported in [1, 2, 3, 4, 5, 6, 7, 8, 9]. Boost converters are one of the most
widely used circuits in Power Electronics. One of its main drawbacks occurring
in the design of this converter is the stability of the system to input and out-
put disturbances. For this reason it is necessary to understand the dynamics,
specially when some parameters are varied. In the last decades several papers
on the dynamics of Buck, Boost and Buck-Boost converters with different con-
trol techniques have appeared [10, 11, 12, 13, 14, 15, 16, 17, 18, 19] but no one
reports a study on the dynamics of a Boost converter with ZAD strategy. The
benefits of the ZAD strategy include simplicity and practicality. The ZAD con-
troller yields a converter performance more robust than those usually obtained
by PID (proportional-integral-derivative) controllers, specifically with respect to
nonlinear loads. It involves the direct design of the duty cycle and is implemented
in a single updated lateral PWM [20]. In [21], ZAD strategy control is used in
a Buck converter and an analysis of stability and transition to chaos is studied.
ZAD control scheme, proposed in [22], tries to conjugate the advantages of fixed
frequency implementations and the inherent robustness of sliding control modes.
It is based on an appropriate design of the output that guarantees the fulfillment
of the specifications and on a specific design of the PWM duty cycle in such
a way that the output average in each PWM-period is zero. Due to the exis-
tence of chaotic behavior in the boost converter with this ZAD scheme, among
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others [23] some chaos control techniques known as TDAS [24, 3, 25] and FPIC
[21, 25, 26, 27, 28] have been designed.

The rest of the paper is outlined as follows. Section 2 is devoted to the
basic description of the dynamical model to the boost converter driven with a
PWM lateral pulse and ZAD strategy. In Section 3 one-parameter bifurcation
diagrams are derived numerically using MATLAB. Section 4 and 5 deal with the
performance of chaos control techniques in the boost converter. Namely FPIC in
section 4 and TDAS in section 5. Conclusions in section 6 end this paper.

2 Boost converter with ZAD strategy

In this section we introduce the DC/DC boost converter with ZAD strategy.
The dynamics of a Boost converter is controlled by the solutions of the following
differential equations system

dv

dτ
= − 1

RC
v + (1− u)

1

C
i

di

dτ
= −(1− u)

1

L
v +

Vin
L

(1)

here the control input u takes discrete values in the set {0, 1} corresponding to
the lateral PWM case. Parameter values are chosen as, R = 20 Ω, C = 40µF ,
L = 2mH, Vin = 40V and Tc = 50µs (corresponding to sampling period). Also,
we consider the voltage v on the capacitor and the current i on the inductor as
the state variables.

The system (1) becomes nondimensional (eq. (2)) after a simple change of
variables given by [29]

x1 =
v

Vin
, x2 =

i

Vin

√
L

C
, τ =

√
LCt

which is transformed into the following system:

ẋ1 = −γx1 + x2(1− u)

ẋ2 = −x1(1− u) + 1
(2)

where γ = 1
R

√
L
C = 0.35, or

(
ẋ1

ẋ2

)
=

(
−γ 1− u
u− 1 0

)(
x1

x2

)
+

(
0
1

)
(3)

For each topology, with i = 1 we have u = 1 (first topology) and with i = 2 we
have u = 0 (second topology) then the system (3) can be expressed as

ẋ = Aix +B (4)
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with

A1 =

(
−γ 0
0 0

)
, A2 =

(
−γ 1
−1 0

)
, B =

(
0
1

)
(5)

The solution of the system (4)–(5) for each topology is given by

x(t) = eAi(t−t0)x(t0) +

∫ t

t0

eAi(t−τ)Bdτ,

for i = 1, 2. Or,
x(t) = φi(t− t0)x(t0) + ψi(t− t0) (6)

where

φi(t− t0) = eAi(t−t0) and ψi(t− t0) =

∫ t

t0

eAi(t−τ)Bdτ. (7)

The system will be controlled by lateral pulse width modulator that provides zero
average dynamics on the commutation surface s(x) in a commutation period.

The design for the commutation surface is based on the theory of variable-
structure systems with sliding mode [30]. In order to make the output of the
system vo to follow a certain desired signal vref > 0, one can use the ZAD
strategy. Setting x1ref = vref/Vin one defines the error surface

s(x) = (x1 − x1ref ) + k1(x2 − x2ref ) + k2

∫ t

kT
(x1 − x1ref )dt (8)

where x1 and x2 are the variables we are going to control, x1ref and x2ref the
reference signals and k1, k2 the constants associated with first order dynamics of
the error surface s(x(t)) = 0 given by the commutation surface Eq. (8).

The control lateral pulse sketches (see figure 1) are defined by

• Case u = {1, 0}

u =

{
1, if kT ≤ t ≤ kT + d

0, if kT + d ≤ t ≤ (k + 1)T
(9)

In this case d is the time in which the system is in u = 1.

• Case u = {0, 1}

u =

{
0, if kT ≤ t ≤ kT + d

1, if kT + d ≤ t ≤ (k + 1)T
(10)

In this case d is the time in which the system is in u = 0.

In both cases, the value of d is called duty cycle. The goal is that there exist a
duty cycle that provides zero average dynamic on the commutation surface s(x)
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(a) Case u = {1, 0}. (b) Case u = {0, 1}.

Figure 1: Control signal u for lateral PWM.

in each sampling period. In (9) and (10), the ZAD strategy determines the duty
cycle d and guarantees that the output x1 follows the reference x1ref . The duty
cycle d is calculated using the equation (zero average)

∫ (k+1)T

kT
s(x(t)) dt = 0 (11)

If we want to compute the exact duty cycle in each iteration, it implies solving a
trascendental equation which is a serious inconvenient for a physical implemen-
tation. To simplify computing we will use a simpler technique.

2.1 Linear approximation of s(x(t))

For this approximation, we assume the following [21]:

1. The commutation surface behaves like a piecewise-linear function.

2. The commutation surface slopes are given by the slopes calculated at the
switching instant.

These hypothesis can be easily verified (see figure 2).
Following these considerations, we obtain the duty cycle expression at the

instant [0, T ] for both control laws.

d =


1−

√
ṡ1 + 2s/T

ṡ1 − ṡ2


T (12)

The difference between both cases is in the computation of slopes ṡ1 and ṡ2.

3 Nonlinear dynamics

In this section the nonlinear dynamics of the boost converter are briefly described
by the analysis of bifurcation diagrams when key parameters are varied in a con-
venient range. Later, we show the existence of chaos in the system by Lyapunov
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Figure 2: Linear approach of s(x).

exponents. A way to analyze nonlinear phenomena in the boost converter con-
trolled by Lateral PWM and ZAD is by bifurcation diagrams. In the bifurcation
diagrams we only consider the behavior of the system in steady state. Now we
will show some bifurcation diagrams for x1, x2 and d varying parameters k1 and
k2 using the control signal u for cases {1, 0} and {0, 1}, where the values for x1ref

and x2ref are respectively 2.5 and 2.1875.

3.1 Bifurcations analysis with k1

Neimark Sacker bifurcation (NSB)

Figure 3a shows a bifurcation diagram for x1 when the control signal is u = {1, 0}.
For this case, we observe a stable periodic orbit which loss stability due to a NSB.
Figure 3b shows eigenvalues loci of the Jacobian matrix of the Poincaré map when
parameter k1 is increased and we can appreciate that eigenvalues cross the unit
circle being complex conjugates. Neimark-Sacker bifurcation occurs approxima-
tively for k1 = −1.9603. After this bifurcation, the trajectory of the system in the
steady state is a torus (quasi-periodic behavior) which, after another change of
the bifurcation parameter, can experiment a nonsmooth bifurcation called Border
Collision (BC) obtaining a 15-periodic orbit. This bifurcation occurs when the
duty cycle is saturated.

Flip bifurcation (FB)

We can observe in Figure 4a a bifurcation diagram for x1 when the control signal
is u = {0, 1}. Here, we can appreciate a periodic orbit for a wide range of values
of k1. When parameter k1 is increased, a flip bifurcation occurs, and the steady
state of the system goes from a 1-periodic to a 2-periodic orbit. This bifurcation
occurs for k1 = −1.0656.
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Figure 5: Bifurcation diagram. d vs k1. Control u = {0, 1}

As we said for the previous bifurcation, eigenvalues of the Jacobian matrix of
the Poincaré map are showed when the parameter k1 is increased. This parameter
varies in (−1.2,−0.92). In Figure 4b results are shown and we can appreciate that
eigenvalues cross the unit circle in (−1, 0) deducing that the system presents a FB
for k1 = −1.0656. Note that a nonsmooth bifurcation which can be characterized
as a BC occur afterwards (this for k1 = −0.9618) and finally the system presents
chaotic behavior. If we observe Figure 5 we can see that one of the duty cycles of
the 2-periodic orbit is saturated to 0 for k1 = −0.9618. Then, a border collision
bifurcation produces chaotic behavior.

3.2 Bifurcation analysis with k2

In this case, we have a bifurcation diagram for x1 in a wide range of values of k2

(see Figure 6) when control law is u = {1, 0}. Bifurcation diagrams show a stable
1-periodic orbit for values less than k2 = −7.1476 where it loses stability and a
2-periodic orbit is born.

Nonsmooth characteristics for the 2-periodic can be explained observing Fig-
ure 7. For values k2 in the interval (−7.1476,−7.1406) the system presents two
non-saturated duty cycles. For the value k2 = −7.1406 one of the duty cycles is
saturated in d = T where the 2-periodic orbit remains stable with a saturated
duty cycle. When k2 takes the value of 21.1322 the saturation of the other duty
cycle in d = 0 appears, obtaining therefore a 2-periodic orbit with both saturated
duty cycles.
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Figure 6: Bifurcation diagram. x1 vs k2. Control u = {1, 0}
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Figure 7: Bifurcation diagram. d vs k2. Control u = {1, 0}
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3.3 Existence of chaos by Lyapunov exponents

In this section we are going to determine the existence of chaotic behavior in
the system using Lyapunov exponents. Lyapunov exponents are a generalization
of the characteristic multipliers. They measure the radius of separation of two
close orbits in the space state. We will use the Lyapunov exponents to determine
the stability of quasi-periodic orbits and the chaotic behavior of the system, since
the presence of a positive Lyapunov exponent in a system where their trajectories
evolve within a finite zone of the space state guarantees chaotic behavior [6].

In order to calculate the Lyapunov exponents we must consider the solution
of the system given by (4) with the ZAD strategy (11) in [kT, (k + 1)T ]. Using
(6) and (7) the solution x((k + 1)T ) is easily shown to be

x((k + 1)T ) = φ2((k + 1)T − dk)φ1(dk)x(kT )

+ φ2((k + 1)T − dk)ψ1(dk) + ψ2((k + 1)T − dk) (13)

with dk like in (12). We will express equation (13) as

x(k + 1) = P(x(k)) (14)

On the other hand, DP(x) is the Jacobian matrix of Poincaré map P, and
vi(DP(x)) is the i-th eigenvalue of DP(x). The Lyapunov exponent λi associate
for every eigenvalue. It is defined as [31]:

λi = lim
n→∞

[
1

n

n∑

k=0

ln |vi(DP(x(k)))|
]

(15)

In Figure 8 we observe the evolution of Lyapunov exponents when the bifurcation
parameter k1 is increased. This figure shows us that in the bifurcation diagram
that was showed in Figure 3b for the evaluation range of the bifurcation parameter
k2 when it is varied between −2.01 and −1.81 the system does not present chaotic
behavior. Therefore we have quasi-periodicity.

Figure 9 shows the evolution of the Lyapunov exponents when the parameter
for bifurcation k2 is increased. Here, we observe that there is no presence of
a positive Lyapunov exponent. Then, the stability of the system when k2 ∈
(−15, 25) is verified as it was mentioned in the previous subsection by diagrams
6 and 7.

In Figure 10 we observe the existence of positive Lyapunov exponents in the
interval (−1.0512,−0.9114). This can be due to the presence of chaos in this zone.
However, Figure 5 shows that in the interval (−1.18,−0.9618) there is no chaotic
behavior. This phenomena can be explain by the following:

• Presence of a secondary chaotic atractor with a stable manifold so small that
it is not possible to reach it numerically, after the given initial conditions.

• The existence of unstable periodic orbits of sufficiently large periods, which
can not be detected numerically, which would not imply presence of chaos.
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Figure 8: Lyapunov exponents PWML. Control u = {1, 0}.

−15 −10 −5 0 5 10 15 20 25

−1.6

−1.4

−1.2

−1

−0.8

−0.6

−0.4

−0.2

0

k
2

k
1
 = −2 , γ = 0.35 , x

1
0 = 2.5 , x

2
0 = 2.1875 , T = 0.18

E
x
p
o
n
e
n
te
s
 d
e
 L
y
a
p
u
n
o
v

Figure 9: Lyapunov exponents PWML. Control u = {1, 0}.



ZAD strategy applied to a Boost converter 13

−1.15 −1.1 −1.05 −1 −0.95 −0.9
−0.05

0

0.05

0.1

0.15

0.2

0.25

0.3

k
1

k
2
 = 5 , γ = 0.35 , x

1
0 = 2.5 , x

2
0 = 2.1875 , T = 0.18

L
y
a
p
u
n
o
v
 e
x
p
o
n
e
n
ts

Figure 10: Lyapunov exponents PWML. Control u = {0, 1}.

4 Chaos control with FPIC

This section describe FPIC technique which is used to stabilise 1-periodic orbits
close to the chaotic attractor. In this technique the system is forced to converge
to a fixed point. Based on that point, the control strategy is designed. With the
use of this strategy, we look for a fixed switching frequency (with zero average on
the commutation surface) and a low output error. Considering the duty cycle of
the system as the controlled variable, it is enough modify the duty cycle according
to

d(k) =
d+Ndss
N + 1

(16)

where d(k) is the duty cycle to be applied, d is the value calculated in (12), dss
is the steady-state duty cycle and N is an arbitrary nonnegative constant.

4.1 FPIC control for the case u = {1, 0}

For this case, the steady-state duty cycle is dss = 0.592672, considering that
the duty cycle is normalized taking values between 0 and 1. According to the
value of dss and the expression calculated in (16) we have bifurcation diagrams
for different values of the constant N. Parameter k1 takes values in the interval
(−2.01,−1.82). Figure 11a shows a bifurcation diagram for a value of N = 1. The
stable 1-periodic orbit occurs for k1 values less than −1.892, while in Figure 3a
1-periodic orbit occurs for values less than −1.9603.

Now, taking N = 10, we can see in Figure 11b that the 1-periodic orbit keeps
stable for every value of parameter k1 in the interval (−2.01,−1.82).
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Figure 11: Bifurcation diagram. x1 vs k1. FPIC control.

4.2 FPIC control for the case u = {0, 1}
For this case, the steady state duty cycle is dss = 0.392213. As it was mentioned in
the last case, according to the expression (16), we obtained bifurcation diagrams
for different values of N. Figure 12 shows bifurcation diagrams for N = 1 and
N = 10. If we compare these diagrams with the ones shown in Figure 4 we can
see that the 1-periodic orbit keeps stable for all values of parameter k1 in the
interval (−1.2,−0.92).

The difference from considering N = 1 and N = 10, is that in the first value
of N, x1 moves away from the reference value, while for N = 10, x1 approaches
to the reference value.

5 Chaos control with TDAS

This section describe TDAS technique. This technique looks for the stabilization
of unstable periodic orbits. The goal is to feedback a time-delayed variable. Since
the variable that induces stability in the system can be associated with the duty
cycle, it is possible to derive a new expression for the duty cycle computation in
order to stabilize the periodic orbit [26]:

d(k) = d+ η(d(k)− d(k − 1)) (17)

where d(k) is the duty cycle to be applied, d is the duty cycle obtained in (12),
d(k − 1) is the duty cycle of the last iteration and η is the feedback constant.

5.1 TDAS control for the case u = {1, 0}
In Figure 13 we observe the bifurcation diagrams for x1 when we apply TDAS
control technique for values of η as 0.2 and 0.4 respectively. In Figure 13a we can
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Figure 12: Bifurcation diagram. x1 vs k1. FPIC control.
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Figure 13: Bifurcation diagram. x1 vs k1. TDAS control.

appreciate that the 1-periodic orbit keeps stable for values of parameter k1 less
than −1.8824. When η = 0.4 we can see in Figure 13b that this technique has a
better performance for this value of the feedback constant, since it stabilizes the 1-
periodic orbit in the interval (−2.01,−1.82). Regarding regulation, the maximum
regulation error is 0.8%. Therefore, in these cases this technique shows good
performance in the sense that it maintains stable the periodic orbit for a wide
range of values of k1.

When we apply the FPIC and TDAS techniques when k2 = −35, and k2 ∈
(−2.01,−1.82) we see good performances since they stabilize the 1-periodic orbit
and the maximum regulation error is less than 1%. A difference between both
techniques is that when one stabilize the orbit with FPIC, it is only necessary to
increase the value of parameter N, whereas with TDAS, the feedback constant
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can take positive and negative values.

5.2 TDAS control for the case u = {0, 1}
Figure 14 shows the bifurcation diagrams of x1 when the feedback constant η
is −0.01 and −0.02 respectively. In the diagram of Figure 14a we observe that
this technique obtains a good performance since the presence of chaos disappears
and the 1-periodic orbit keeps stable for values k1 < −0.951. If η = −0.02, the
diagram of Figure 14b shows that the 1-periodic orbit keeps stable for all the
evaluation range of the bifurcation parameter k1 obtaining a regulation error of
8%.
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Figure 14: Bifurcation diagram. x1 vs k1. TDAS control.

6 Conclusions

• The expression of the duty cycle was calculated when the system is con-
trolled with PWML and ZAD by a linear approach of the commutation
surface.

• The system presented two smooth bifurcations: Neimark - Sacker and flip
and a nonsmooth bifurcation characterized like border collision.

• Numerical calculation of the stability by Lyapunov exponents was done,
which allows to conclude the presence of chaos in the system.

• FPIC technique had a better performance than TDAS technique for both
possible cases of the control signal u, in the sense that it stabilizes the
1-periodic orbit. For FPIC the stabilization of the 1-periodic orbit is ob-
tained for a greater rank of values of parameters k1 and k2, and also better
regulation is obtained.
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[22] Fossas E., Griñó R. and Biel D. Quasi-sliding control based on pulse width
modulation, zero average and the L2 norm. In Advances in Variable Structure
System, Analysis, Integration and Applications. Ed. World Scientific. (2001),
pp. 335–344.

[23] Cevantes, I. and Alvarez-Ramirez, J. A simple chaos control strategy for
DC-DC power converters. Industrial Electronics Society, Vol. 1, pp. 193–
198, (2004). IECON 2004.

[24] Pyragas, K. Continuous control of chaos by self-controlling feedback. Physics
Letters, Vol. A, No. 170, pp. 421–428, (1992).

[25] Angulo F. Burgos J.E. and Olivar G. Chaos Stabilization with TDAS and
FPIC in a Buck Converter controlled by Lateral PWM and ZAD. Mediter-
ranean Conference on Control and Automation, (2007).



ZAD strategy applied to a Boost converter 19

[26] Angulo, F. Fossas, E. Olivar, G Técnica ZAD Aplicada a un Convertidor
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