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Abstract

The aim of this work is to analyze the stability of solitary waves of the one-dimensional
Benney-Luke equation. We prove that the null solution is asymptotically stable due to
the presence of a Hamiltonian structure and to the existence of invariant quantities with
regard to time. In the case of a non—null solitary wave, we find the Hamiltonian structure
but the verification that some quantities are conserved with respect to time has turned out
to be a difficult numerical calculation. We show that the criteriom of stability and orbital
instability of M. Grillakis, J. Shatah and W. Strauss is not applicable and we present
numerical evidence for unstable solitary waves.
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1 Introduction

In this paper we shall study the stability of solitary waves of the Benney-Luke
equation

(I)tt - (I):c:c + aq):c:c:c:c - bq)mctt + (I)tq):c:c + 2q)zq)zt = 07 (1)

where a and b are positive numbers such that a — b = o — 1/3 (¢ is named
Bond’s number).

M. Grillakis, J. Shatah and W. Strauss in [5] established a result that
characterizes the stability and orbital instability of solitary waves for problems
framed as abstract Hamiltonian systems of the form

up = JOH(u),

defined on a space of Hilbert X, where J is a skew-symmetric linear operator
in X.

This class of problems has special solutions called solitary waves of the
form u(x,t) = uc(x —ct), where ¢ > 0 is denominated speed-wave. Due to the
translation invariance of the motion equation, we can show the existence of
a quantity N that is conserved with respect to time (see [4]). This quantity
is fundamental in the study of the stability of solitary waves since these are
characterized as stationary points of the functional of energy F = H + cV.
The criterion of Grillakis, Shatah and Strauss in [5] for stability and orbital
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instability of a solitary wave wu. requieres the second variation of F in wu,,
62F (ue), to be positive definite around u.., except possibly in two directions.
Once all the hypotheses of the criteria have been verified we conclude that
the solitary wave wu, is orbitally stable if and only if the function d defined as
d(c) = F(u.) is strictly convex.

In an interesting work Peter Smereka [13| considers the study of the
Boussinesq type equation

1
n+1

Ut = Ugg + (un—i-l)rr + Ugatt- (2)
In this case the corresponding energy functional F is such that 62 (w,)
is negative in an infinite number of directions around w., where w. is the
solitary wave. This fact makes it impossible to use the result of Grillakis et
al. to obtain nonlinear stability of the solitary waves. Before noticing this
difficulty, Smereka makes a linear analysis of stability. First he proves the
stability of the null solution of equation (2) using the Hamiltonian structure
and a quantity IV; that is conserved with respect to time. Following a similar
analysis to establish stability as in the previous case, Smereka tries to prove
the stability of solitary waves considering the linearization of the Boussinesq
equation and determining its Hamiltonian structure. However, he can not
prove that the corresponding quantity V; is conserved with respect to time.
Finally Smereka presents heuristic arguments for the linear stability of solitary
waves of equation (2), showing numerical evidence of unstable solitary waves.

On the other hand,using the results of Grillakis, Shatah and Strauss in
[5], Quintero in [8] showed that solitary waves of the Benney-Luke equation
(1) are orbitally stable when 0 < ¢ < y/a/b < 1 and orbitally unstable when
0<c<+/a/b<1.

In this paper we will consider the case ¢ > 0 and ¢® > max (1, a/b) studied
by Quintero in [8]. We make an analysis similar to the one carried out by
Smereka in [13].

The paper is organized in the following way. In the second section we
deduce the Hamiltonian structure of the Benney-Luke equation (1), we find
its solitary waves solutions and we show the non applicability of the criterion
of Grillakis, Shatah and Strauss. In the third section we make the linear
analysis of stability. In the fourth section we present the numerical work.

2 Hamiltonian Structure

In order to discuss the Hamiltonian structure, it is convenient first to perform
in equation (1) the following change of variables ¢ = ®,, r = ®,;. Thus,
equation (1) becomes the system

qg = Tz

T = Aqgc —Tqz — 2Tzq + brmcta
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where A = I — ad?. In particular if we define the operator B = I — bd?, we
have that

[r +B7! (%q2>]t = 8,87 (Ag —rq)

Equation (1) is the Euler-Lagrange equation for the action functional

t1
S= [ (@, o)d,

to

where the Lagrangian is given by
1
EGDJO::§h/(rBr——®wA(®z)+4(®xf)¢u
R

Now we introduce the conjugate momentum variable

1
p=r+ B! <—q2> .
2
In terms of these variables, a Hamiltonian structure for equation (1) is given
by

H( Z ) = JgrBpdx — L(q,r)
=3 o {(p=B7"(3¢°) B(p— B (3¢°)) + aAq} dz.

A straightforward calculation shows that the first variation of the Hamiltonian
is given by
. —lp=B7 (3a")]a+Aq
(1) e
~1(1
Blp— B (3¢°)]
Note that
0B [B(p— B~ (3¢°)] =2 = a-
On the other hand

8B (= [p— B ' ()] g+ Aq) = 8. B (—qr + Aq) = pr.

This implies that the Benney-Luke equation (1) is equivalent to the system
in canonical Hamiltonian form

<Z>5:<%24 %§4>6H<Z>. (4)

Due to the translation invariance of the equation of motion, Noether’s Theo-
rem assures the existence of the following conserved quantity

N(g.p) = /R B(p)qdr.
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This quantity is crucial in the study of solitary waves with speed ¢ > 0
because they can be characterized as the stationary points of the functional
F =H + cN. Note that 6F = 0 is equivalent to the following system

0 —lp =B (3¢"))g + Ag+ cBp
(b)

Blp— B~ (3¢°)] +cBg
From the second equation, we get
p=—cq+B7" (3¢°).
Using the previous equation into the first equation, we get
—cBp=—[p—B'(3¢*)] ¢+ Ag = c¢® + Aq.

Therefore
—c(—eBq+ 1q%) = cg® + Aq.

But this equation is the same as
2 3 2 _
c Bq—Aq—Ecq =0
or equivalently
2 2 3 9
(be” = a)gza — (" = 1)g + 5eq” = 0. (5)

Since we assume that ¢ > 0 and ¢? > max(1,a/b), then we can define \? =
(bc? —a)p%, A2 —1 = c? — 1 and 3ca = 1. Thus the function 7 defined by
q(x) = an(z), where z = [z, satisfies the equation

1
A2+ (1= A+ 5772 =0,

which for A > 1 has the solution

n(z) = 3(\% - 1) sezch (% [%] z> .

Therefore, equation (5) has for ¢ > 0 and ¢ > max(1,a/b) the following

solution
-1 2 (1] [2-1
qc(l‘) = c sech 5 m x| . (6)

Since p = —cq + B~1(¢?/2), the stationary point of F is

$e = < ” ) = < gt BEP) > |




A remark on the stability of solitary waves 5

As we mentioned in the introduction, Grillakis, Shatah and Strauss estab-
lished a general result which characterizes orbital stability for a class of sys-
tems with a special Hamiltonian structure, as in the case considered here. We
will see that the result of Grillakis et al fails in this case. In fact, a direct
computation of §2F around the solitary waves ¢, shows that

res)25e) () -

[ins) (A ) (),

This is more easily studied with the transformation

()= (ol 1) (W),

which simplifies §°F to

D< s >T52]?(¢C)D< n ) :/R(R,W)j< i >daz,

where

A= ( _OL g > , with L= —(bc® —a)0uz + (> — 1 — 3cq.).

Now, we can easily verify that zero is an eigenvalue of L with eigenfunction
(gc)z- On the other hand, Ibarguen [6] shows that there is a single eigen-
function of L with a negative eigenvalue. Also, the essential spectrum of L
is on the positive real axis bounded away from zero by ¢ — 1 (recall ¢ > 1).
Therefore we see that L is strictly positive except for two directions which
are associated with the two degrees of freedom of the solitary waves, namely
phase and speed. Since B is a positive definite operator we see that 62F
is negative in an infinite number of directions. Thus we can not use the
criterion of Grillakis et al to establish orbital stability of solitary waves for
Benney-Luke equation.

3 Linear Stability

In order to recognize the mechanism of stability we start by analysiing the
stability of the linear part of the Benney-Luke equation. We consider the
equation

Dy — Py + aPppae — b(I):c:ctt = 07

which is equivalent to

(1 - bam)CI)tt = (1 - aam)@m (7)
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We will see that for this equation there exists a quadratic form E (energy)
which is conserved in time, but F is indefinite. This means that E can not
be used to obtain stability at the linear level. However, we will see that the
Hamiltonian structure is enough to establish stability.

We consider equation (7) in a frame of reference moving in the positive
direction with speed ¢, that is

t=1 , z=ux—ct (8)
And we consider U(7,z) = ®(t,z). By differentiating we get that

(I)x - \Ij27 (I)wx - \Ijzz
Oy =T, —cV,, by =V, —2cT,, +T,.

Using this we see the equation (7) is reduced to
(1= 00..) (U, — 20, +2V,.) = (1 —ad..)V... (9)

This first attempt to establish stability of the trivial solution ¥ = 0 is to try
the energy method. Using Fourier transform we found that equation (9) gives
that U satisfies

U, — 20kiV, — ARV + b0, — 2bck’iW, — bk = —k*(1 + ak?)U
or equivalently
(14 bW, — 2cki(1 + bk*) W, + (1 + ak® — A(1 + bk?)) k*¥ = 0.

Consequently

\IJTT—2ckz\I/T+<1+bk2—c>k: v = 0. (10)

Now suppose that U = u + iv. Then equation (10) is written as

1+ ak?
1+ bk?

Urr + 10 — 2¢ki(ur + tv;) + < — c2> k2(u +w) =0,

which, in terms of the real and the imaginary part, becomes the system

1+ ak?
uTT+20kUT+/€2<1+bk2 —c2>u = 0

1+ ak?
vTT—2ckuT+kz2<1+Zk2—c2>v = 0.

Take 7 = ky/c? — % s and define u(7) = U(s) y v(7) = V(s). Then

1+ ak? 1+ ak’
_ 1.2 2 — 1.2 2_ - %Y
Urr = k <c T bk2> Uss, Vrr =k <c 5 bk2> Vis.
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Thus we conclude that U and V satisfy the system

Uss +2aV, — U =0,
Vis — 20U, — V =0, (11)

~1/2
where o = ¢ <c2 — ii‘;’,zj) > 1, since @ < b and ¢ > 1. Note that by

defining W = Us end Z = V;, we see that system (11) becomes

U W

v 7z

w | T vo2z |- (12)
A 5 V 4+ 2aW

As we know, the analysis of stability of the zero solution depends on the
eigenvalues of the constant coefficient system associated with the linearization
of (12). In this case, the Jacobian matrix is given by

0 0 1

0 0 O 1

10 0 -2« |’ (13)
0 1 2« 0

whose characteristic equation is
M4+202a2 —1)A2+1=0,
This equation has the following roots

Mo=1-2a%+2ya2(a? — 1), \2 =120 —2/a2(a? - 1).

The first observation is that we have that A2 < 0, since a > 1. Moreover,
)\i < 0. This follows by noticing that

1\? 1 1
<0z2—§> :a4—a2+1>a2(a2—1), ora2—§> a?(a? —1),

which implies that A2 =1 —2 (a2 + v a2(a? — 1)) < 0.

In other words, the eigenvalues of (13) have zero real part, and so with
respect to the Euclidean norm, the criterion is enough to establish stability of
the trivial solution, but not asymptotic stability. Note that we have the exis-
tence of the conserved energy F for the system (11) defined as the quadratic
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form
U
V _1 2 2 1 2 2
El | = W42 -5 U+ V) (14)
VA
U\ /-1 0 00 U
1l v 0 -1 0 0 Vv
2l W 0 0 10 %78
Z 0O 0 01 Z

We observe that this quadratic form is indefinite. So, it can not be used to
establish stability of the trivial solution of the system (11). This means that
the energy method also fails to obtain stability of the trivial solution of the
system (11). The last approach is to see if this problem has a Hamiltonian
structure which allows us to prove the desired stability result of the trivial
solution of the system (11). We start by considering the new set of variables
U, V, P and P, where P; corresponds to a type of the momentum conjugate
variable. Note that the system (11) has the following Hamiltonian structure

dA

— =JH. (A 1
ds Ha ( ) ) ( 5)
where A = (U, V, P, Pg)T and J is the antisymmetric operator
0 0 -1 O
00 0 -1
J= 1 0 0 0 ’
01 0 O

and H; is of the form
Hi(A) = % (PE+P3)+ % (a® = 1) (U* + V?) + alNy,

being N1 (A) = VPl - UP2
In fact, from (15)

U 00 -1 0 a =

14 oo 0o 1 e

Py “ 10 0 o0 L otz |

r)o oo o)\ g )\ 2

then

Uy — (P +aV), (16)
Vi = —(Py—al), (17)
Py = (a?=1)U—ab, (18)
Py = (> =1)V+aP (19)
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Solving for P; in (16) we have that
P =-U,—aV, (20)

and differentiating (20)
(P1)s = —Uss — aVs. (21)

Now matching equations (20) and (21) we conclude that
(® = 1)U — aPy = —Us — oV,
and substituting P» into equation (17) we find that
Uss +2aV, — U = 0.

In a similar way

Ves —2aUs =V = 0.

Using equations (16)-(19) we verify that N; as H; are conserved quantities
on the solutions of systems (11). As a consequence, we have that I, defined
by

Ko =Hi —aNy = % (PE+ P} + % (a® = 1) (U* +V?) (22)

is also a conserved quantity on any solutions of the system (11). In other
words Ko, (A(s)) = Ko (A(sg)) for all s € R.

The most important feature is that for a > 1, K, defines a norm for
R* for which the trivial solution of system (11) is asymptotically stable. In
other words, we have found that the mechanism of stability at the linear level
is based on the existence of a Hamiltonian structure and the existence of a
positive conserved quantity K, (norm) which depends on the quantity Ny
that is conserved for solutions of system (11).

We want to establish some sort of criterion of stability of the solitary
wave for the Benney-Luke equation (1) for speed wave ¢ > 1 at least from
the numerical point of view. We proceed as in the linear case by linearization
of equation (1) around the solitary wave solution. Once this is done, we
determine the existence of a Hamiltonian structure and analogous conserved
quantities H, N and K. The final analysis will depend on finding a meaning
for N being a conserved quantity.

A straightforward computation of 6H around the solitary wave shows

e 2o (@ _(catB Hal)Da+A —q
5H<p> < —q B >

Then the linearization of (4) around any solution is given by

(2),= (o ™0 (77502 )(2) e
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In terms of the variables (7,z) defined by (8) system (23) takes the form

Q _ 0 aZB_1 chQ + B_I(QQ)QC + AQ - QCP
P — \aeBt o0 —q.Q + BP

—i—cc‘)z( g >

It is not hard to see that the Hamiltonian is given by

O

).

" < ng ) = /R % [00:Q* + 4.QB "~ (4.Q) + QAQ + PBP] dz + N(
where

N( g > :/R(CBQ—qCQ)sz.

Now we consider the operator K defined by

(7)) = ()~ (%)

= [ 3 laQ® + 4B~ Q) + QaQ + PEP] d-.

We observe that as in the linear case, K is positive. If we differentiate with
respect to 7, we conclude that

dH

w =

Z—N = / {(CBQT - chT) P+ (CBQ - QCQ) PT} dz
T R

= /R {5(qe)-P?* + 5¢*(¢2)-Q% + c(4c)-QB* (¢cQ) } dz.
+ / {0: (4:Q) B™! [¢cB™ (¢.Q) + AQ] } d=.
R

In case that we are dealing with the trivial solution g. = 0 (which is also a
travelling wave solution), we have
dN
dr
But this implies that K is also conserved with respect to the time variable 7,
and

0.

2

— 1/R<Q2—|—a(Q')2+P2+b(P,)2) dz,

/€< g) = 1/R(QAc,2+PBP)dz

2
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We observe that K defines a norm in H2(R) on which the trivial solution is
stable, as in the linear case discussed above.

Now in case we are dealing with a trivial norm of the solitary wave we
find that

(fi—]j = /R {%(qC)ZPQ + %CQ(QZ)ZQ2 + C(Qc)zQB_l (QCQ)} dz.

+/ {0: (4.Q) B! [¢.B™ (¢.Q) + AQ] } dz.
R

which is not necessarily zero, as it occurred in the work of Smereka. The
perturbations P and ) are unknown functions that depend 7 as z, for this
reason it is quite difficult to estimate dN /dr. In the next section we will show
numeric evidence of instability of the solitary waves for certain range of the
wave speed.

4 Numerical Experiments

Note that ¢. = (g, pe)? is also a stationary point of the functional 7 =
—F = —(H + cN). In this case again §°7 (¢.) is negative in an infinite
number of directions; this is due to the fact that the operator — B is negative
definite . Even in this situation, there is some work suggesting that the sign
of dN(¢.)/dc can be used to establish some sort of stability or instability at
the linear level (see [13], [10]).

In the case of the Benney-Luke equation (1), the quantity N evaluated in
the solitary wave is given by

/B(pc)chx
R
= 2 )P —a) P 32+ 2) e

15
—18—5 (CQ — 1)5/2 (ch — a)71/2 bt

N(¢e)

Let us notice that
d 8 1/2 -3/2 _
%N(cﬁc) = (02 -1) (b02 —a) c 1Y (a,b,c),
where the function Y comes defined by
Y(a,b,c) = 3(bc*— a,)2 (3¢ +2)
+bc* (¢ —1) (b—a) + bc® (¢* — 1) (b — a) (2¢° + 3)
+4bc* (02 — 1) (bc2 — a) + 6¢2 (02 — 1) (bc2 — a)2
= 3 (b02 — a,)2 (362 + 2) +b%ct (62 — 1) (462 +1- 5a/b)

+be (2 = 1) (b® — a) (26 +3) +6¢° (¢ — 1) (b® — a)?
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A direct observation shows that if ¢ > b/a > 1 or ¢? > 5a/4b — 1/4, then
Y (a,b,c) > 0.

In the two previous cases we have that dN(¢C) < 0. According to the work

of Pego and Weinstein [10], this means that stablhty of the solitary waves of
equation (1) is likely to occur, at least at the linear level. Following the same
idea, we observe the existence of cy(a,b) such that for 1 < ¢? < ¢, we have

dN(‘z’c) > 0, which would imply instability of linear type.

Now, we will consider some experiments where we establish the numerical
evidence of instability for a > b. In the first place, fixing a and b, we can find
numerically ¢y > 1 with 0 < ¢ < ¢g such that dN(¢C) > 0. We will illustrate

with some examples in which a > b and ¢ > /a/b.

Experiment 1: In the graphic Ia we take a = 0.7 and b = 0.1, in this
case dN(¢.)/dc > 0if 0 < ¢ < 2.8. In the graphic 1b we take a = 0.5 and
b = 0.3333, in this case dN(¢.)/dc > 0if 0 < ¢ < 1.247.

40
600
30
400 20
10
200
0 -10
3 3.5 4 4.5 5 1.4 1.6 1.8 2
G aphic a Gaphic b

Fig. 1: Graphic of dN/dc vs wave speed c.

To complement our observation on the numerical evidence of instability,
the following graphs of the evolution in time of a solitary wave of Benney-Luke
equation (1) for the values of the experiments la and 1b are presented. For
the numerical implementation we will use the results of Mu'l'(;%z in [7] with
the software MATLAB. To study the Benney-Luke equation (1) numerically
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=100

=80

q(x.t)

L L L L
-10 -5 0 5 10 15 20

a=05, b=0.3333, C=1.23 x=Ct

Figure 2: Evolution of an unstable solitary wave

we solve the system

g = Tz

T = Aqgc — Ty — 2rpq + Orpg,

=

where ¢ is the parameter that determines the interference of the solitary wave.
Figures 2-4 show the graph of an unstable solitary wave for different values
of a, b and c in the in the moving frame x — ct.

Experiment 2 (instability): In figure 2 we take a = 0.5, b = 0.3333,
c = 1.23 and € = 0.02. In this case we observe that the initial solitary wave
breaks down in a wave front that maintains its form but, its speed increases
and it shows a deflection component. This deflection is due to the fact that
the superficial tension is big because of being a > b and the speed of the
deflection being small.

subject to the initial conditions

2

q(z,0) = (1+6)C C_lse2ch<%(1+e)

’I"(QS‘, 0) = _CQ($7 0)7

Experiment 3 (instability): In figure 3 we take a = 0.7, b = 0.1,
¢ = 2.7 and € = 0.02. The behavior of the solution is similar to that of figure
2. The fact that the wave speed c is bigger than in the previous case causes
the decomposition of the solitary wave to occur in a shorter time.

Experiment 4 (instability): In figure 4 we take a = 0.7, b = 0.1,
¢ = 2.7 and ¢ = —0.02. In this case the behavior of the solitary wave changes
completely. It loses its form and maintains the speed.
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a=07,b=01, C=2.7 x-Ct 2=07,b=01, C=2.7

Figure 3: Evolution of an unstable Figure 4: Evolution of an unstable
solitary wave solitary wav
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