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Abstract
Quantum nonlocality is a cornerstone property for the development of the socalled quantum protocols as well as for the characterisation, and possible generalisation of quantum theory. However, there are still fundamental aspects
of this property that need to be addressed; in particular, its relation with the
property of quantum entanglement. It is well known that every nonlocal state is
an entangled one, yet there exist entangled local states. Therefore, within their
original definitions, these two properties are not equivalent. The study of this
relationship has been put forward by means of the generalisation of nonlocality
through the so-called activation of nonlocality scenarios. The idea is to only
work with these entangled local states in order to try to recover (activate) nonlocality. In this Thesis, we have numerically addressed the properties of entanglement, nonlocality (mostly by means of the violation of the CHSH-inequality),
as well as the following generalisations of nonlocality: k-copy nonlocality, hidden
nonlocality, and the combination of these two scenarios, namely, hidden k-copy
nonlocality and tensor/filter activation of hidden nonlocality. We have studied
these properties for some bipartite entangled local states, and some two-qubit
not CHSH-inequality violating states of interest. In particular, we have analysed these properties for two-qubit states that come from the study of quantum
games’ strategies and the dynamics of open quantum systems.
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Resumen
Nolocalidad Cuántica es una propiedad crucial para el desarrollo de los llamados
protocolos cuánticos, ası́ como para la caracterización y posible generalización
de la teorı́a cuántica. Sin embargo, todavı́a permanecen aspectos fundamentales de ésta propiedad los cuales necesitan ser abordados; en particular, su
relación con la propiedad de Entrelazamiento Cuántico. Es bien sabido que
cada estado nolocal es uno entrelazado, aún ası́, existen estados entrelazadoslocales. Por lo tanto, dentro de sus definiciones originales, éstas dos propiedades
no son equivalentes. El estudio de ésta relación ha sido extendido a través de
la generalización de la nolocalidad cuántica a través de los llamados escenarios de activación de la nolocalidad. La idea es trabajar unicamente con estos
estados entrelazados-locales para tratar de recuperar (activar) nolocalidad. En
esta Tesis, hemos abordado numericamente las propiedades de: entrelazamiento,
nolocalidad (principalmente través de la violación de la desigualdad CHSH), ası́
como las siguientes generalizaciones de nolocalidad: nolocalidad a k-copias, nolocalidad oculta, y la combinación de éstos dos escenarios, a decir, nolocalidad a
k-copias oculta, y activación de la nolocalidad oculta a través de producto tensorial y filtrado local. Hemos estudiado estas propiedades en algunos estados
bipartitos entrelazados-locales, y algunos estados de dos qubits que no violan
la desigualdad CHSH. En particular, hemos analizado estas propiedades para
sistemas de dos qubits en: el estudio de estrategias de juegos cuánticos y la
dinámica de sistemas cuánticos abiertos.
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Introduction
Historical Background
Quantum mechanics alongside with general relativity were two revolutionary
theories the origins of which can be dated to the beginning of the 20th century. They both meant independent generalisations of classical mechanics, and
changed the way we understand how the universe works at a fundamental level.
During the 20th century, these two theories expanded into more fundamental
and practical levels, being the development of the standard model of particles, and practically, in one way or another, most of nowadays technologies,
respectively, two clear examples of these achievements. However, there are still
many fundamental and practical challenges to be addressed. In particular, the
unification of these two generalisations, quantum theory and general relativity,
stands out as one of these long-standing unsolved fundamental problems (this
considered by many, the holy grail of nowadays theoretical physics), whilst the
realisation of the so-called quantum computer (a novel way to do computation
which is expected to outperform any classical computer), stands out as a current
practical challenge. Let us now take a look at these two particular challenges
from the point of view of the field of quantum information theory
The road toward quantum information can be traced back to an article published in 1935 by A. Einstein, B. Podolsky, and N. Rosen, coined the EPR
article [1] (also called the EPR Paradox). There, they were worried about
the conceptual implications of the mathematical formalism underlying quantum mechanics. Using current terminology, their result can be stated as follows
[2]: Considering together the properties of completeness and locality within the
formalism of quantum mechanics, they generated a contradiction. Since EPR
regarded locality as a natural property that quantum mechanics should respect,
they concluded that quantum mechanics was not a complete theory. In 1964,
J. S. Bell derived an experimentally-testable result showing that the property
of locality (alone) within quantum mechanics generated a contradiction. Therefore, either quantum mechanics is a nonlocal theory or there were flaws in the
formalism of quantum theory [3]. The very first experimental confrontation
of these ideas was carried out by S. J. Freedman and J. F. Clauser [4], which
came out in favour of a quantum nonlocal theory. These experiments have been
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greatly improved since then: in an initial stage by A. Aspect, J. Dalibard and
R. Gérard [5], and very recently, by an experimentally free-of-loopholes test [6].
All of these experiments are in accordance with quantum theory and therefore,
settling nonlocality as a fact of nature. As a parenthesis, the property of completeness was generalised to the property of ψ-onticity, and it is still focus of
intense debate [7], whether quantum mechanics should be refereed as ψ-ontic or
not. Although terribly interesting by itself, ψ-onticity is not the focus of this
Thesis. We now address the role of quantum information theory with respect
to the particular current challenges addressed in the previous paragraph, this,
by means of the property of quantum nonlocality.
On the one hand, from a fundamental point of view, quantum nonlocality
led to the study of correlations, which has led us to better understand, and
could possibly help us to generalise quantum theory. The remarkable result by
S. Popescu and D. Rohrlich [8] (which was actually a rediscoverement [9, 10]),
establishes the existence of the so-called superquantum, non-signalling correlations (correlations that cannot be achieved by quantum mechanics yet obeying
the non-signalling principle from relativity). A natural concern is then, to try
to explain why these correlations cannot be produced with quantum mechanics.
In this regard, there have been attempts to tighten the constraints imposed by
the non-signalling principle with additional ones, namely, information causality
[11], local orthogonality [12], almost quantum correlations [13], and triviality of
communication [14], as well as to try to generalise quantum theory itself [15, 16].
This is an active area of research, and hopefully, it is going to shed light on the
long-standing unification problem.
On the other hand, the discussion around properties like nonlocality and
entanglement (which as well as nonlocality, is a property inspired by the EPR
article) was of a purely fundamental character, until R. Feynman [17] and D.
Deutsch [18] (amongst others [19, 20]) proposed the idea of the quantum computer. Even though there are many stages before a physical realisation of a
quantum computer (what precisely makes of it a challenging endeavour), they
are mainly pushed forward by the scope of what a quantum computer can actually do, this, by means of the so-called quantum protocols. There are quantum
protocols that could outperform any of their classical counterparts, namely,
quantum cryptography [21, 22], factorisation algorithm (or Shor’s algorithm)
[23], search algorithm (or Grover’s algorithm) [24], as well as protocols which
do not even have a classical counterpart to begin with, like quantum teleportation [25]. Most of these protocols explicitly make use of quantum nonlocality
as a resource, and therefore, a full understanding of this property is completely
necessary.
We have then seen some fundamental and practical goals which have quantum nonlocality as a common factor. In this Thesis, we are going to focus at
the very heart of the discussion, by addressing some fundamental aspects of
this cornerstone property. In this regard, it was first noted that in order to
8
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generate nonlocality with quantum theory, first entanglement was needed [26].
However, these two properties are not equivalent, since there exist entangled
but local states [26, 27]. Even though these states might not seem useful to
nonlocality-based protocols at a first glance, they are still of interest, because
they could potentially help us to clarify the difference between these two properties. Following this line of thought, one might also ask whether there is a way
to activate (recover/create) nonlocality by only working with entangled local
states. It turned out that this is actually possible, and the procedures in order
to achieve this goal have been termed activation of nonlocality scenarios [28].
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Generalities of this Thesis
We have already narrowed the aim of this thesis to the activation of nonlocality
scenarios. Let us now clarify some generalities regarding our particular goals
here. First, we do not attempt to cover all of these scenarios, but rather those
which we can numerically approach. Second, we have focused on (though not
limited to) the simplest-non-trivial quantum systems, namely, two-qubit systems. We have worked under these two constrains, mainly because measures
are usually easier for two-qubit systems, and because our group has mostly
worked with two-qubit states that come from the dynamics of open quantum
systems, so part of our motivation was to study this activation phenomenon over
these sort of systems. Therefore, this Thesis should be seen as a theoreticalcomputational approach to the study of nonlocality and its activation, with
special focus on (though not limited to) arbitrary two-qubit states. All the numerical calculations were performed with MATLAB, and we have left several
two-qubit properties ready to be calculated for arbitrary two-qubit states. The
latter allowed us to make a couple of collaborations, by studying the activation of nonlocality for two-qubit states that come from both the study of game
strategies and the dynamics of an open quantum system. Without further ado,
let us present the aimroad of this Thesis.
In Chapter 1, we introduce the standard formalism of quantum theory, and
its generalisation to the density matrix formalism, this, with a focus on entanglement. We then move on to the concept of correlations (which have also been
called behaviours or boxes), featuring; non-signalling, quantum, local, and deterministic correlations. Finally, we address the main theorem that relates the
two worlds of; states-measurements and correlations. In Chapter 2, we start by
introducing some two-qubit measures, namely, the entanglement of formation,
the CHSH-inequality violation, and the usefulness for teleportation, and we then
list some entangled local states. In Chapter 3, we discuss some of the known
activation of nonlocality scenarios, and focus on the four which we explicitly
work with, namely; k-copy nonlocality, hidden nonlocality, hidden k-copy nonlocality, and tensor/filter activation of hidden nonlocality, taking down to earth
these scenarios to the particular case of two-qubit systems. In Chapter 4, we
analyse these scenarios for some bipartite entangled local states (those from the
third chapter) as well as for some not CHSH-inequality violating states. We
finally present some Conclusions, some Appendices, and a couple of collaborative Publications & Preprints with some of the results presented here.
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Chapter 1

Quantum Mechanics &
Correlations
In this chapter, we introduce the physical objects we are interested in, with
their mathematical representation. We first introduce the standard formalism
of quantum mechanics, followed by its generalisation to the so-called density
matrix formalism, focusing on the concepts of states, measurements, and entanglement. We then move on to the objects called correlations, which have
also been called behaviours or boxes. The concept of quantum nonlocality is
first defined for these correlations, and then extended to the quantum statemeasurement domain. Finally, we address the main theorem that relates these
two worlds of; states-measurements and correlations. Even though quantum
nonlocality has been the subject of study for philosophers of science, physicists,
and mathematicians, we will focus on a pragmatical mathematical approach
to the subject, as it is also depicted in references [28, 29], rather than in a
historical-philosophical approach (see a nice unification of the notation and a
general discussion around nonlocality from these branches in [30]). Let us start
by introducing quantum mechanics.

1.1

Quantum Mechanics

In this section, we first review the standard formalism of quantum mechanics,
followed by its generalisation to the density matrix formalism, and the introduction of the concept of entanglement. For a more detailed discussion see
references [31, 32, 33, 34].

1.1.1

Standard Formalism

Quantum mechanics deals with Hilbert Spaces. A Hilbert space is a Complete
Inner Product Space. An inner product space is a structure (H, +, ∗, K, h|i), being (H, +, ∗, K) a Vector Space over a Field K, and h|i an Inner Product. Taking
11
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into account that the inner product h|i induces a norm ||.||, that consequently
induces a metric d(, ), the inner product space in question is Complete, if this
metric d(, ) is Complete [31, 32]. For simplicity, we will denote this complete
inner product space (Hilbert space) by H.
We now set a couple of restrictions on the Hilbert spaces we will work with,
and establish the notation we will use throughout the text. By H, we will mean
one of the following Hilbert spaces. First, we use complex Hilbert spaces, i. e.,
K = C. Second, we put the restriction of finite-dimensional spaces, therefore,
our Hilbert spaces are going to be isomorphic to the Hilbert space Cd with d ≥ 2.
The vectors of these Hilbert spaces are denoted by greek letters inside the socalled “ket”-“Dirac” notation, namely, |ψi ∈ H. Since we are dealing with vector
spaces, there always exists an orthonormal basis (orthogonal normalised basis)
d−1
for these Hilbert spaces, which we write as {|ii}i=0
. By basis, we will always
mean one of these orthonormalised basis. Third, we use the so-called
Pd−1 HilbertSchmidt inner product, which for two arbitrary vectors; |φi = i=0 φi |ii, and
Pd−1
Pd−1
|ψi = j=0 φj |ji, being φi , ψj complex numbers, it reads; hφ|ψi := i=0 φ∗i ψi .
We also make use of the set of linear operators on H, denoted LO(H). In particular, we define the linear operator |ψi hψ| as: |ψ ih ψ|(|φi) := |ψi (hψ|φi). For
further details and more generalities about these topics, see references [31, 32].
Let us now assign some of these mathematical objects to the physical concepts
we are interested in.
States: In order to define a quantum state, we consider a vector |ψi ∈ Cd , writPd−1
ten in a particular basis; |ψi := i=0 αi |ii, with αi ∈ C. We want to interpret
|ψi as a quantum state, being in a superposition of states {|ii}, where |αi |2
represents the probability for the physical system to be in the state |ii, therePd−1
fore, we need to impose the normalisation condition hψ|ψi = i=0 |αi |2 = 1.
Thus, the vectors of interest form an equivalence-class of vectors [ψ] := {|φi ∈
Cd | |φi = β |ψi , hφ|φi = 1 or |β| = 1}, commonly called a ray. A quantum
state is going to be an arbitrary vector of that ray, say |ψi, that is going to
represent that whole equivalence-class of vectors [ψ].
Observables, Measurements, and Projections: We now consider the set
of linear operators LO(H), and define some special kinds of operators. Given
a linear operator A ∈ LO(H), its adjoint operator, denoted as A† , is defined as
the operator such that ( φ|A† )|ψ = hφ|(A|ψi), ∀ |φi , |ψi ∈ H (this operator
always exists, see [31]). A linear operator A is a normal operator if [A, A† ] :=
AA† − A† A = 0. A linear operator A is a self-adjoint operator if A† = A
(also called an Hermitian operator). We can check that any self-adjoint is a
normal operator but not viceversa. Given Ox , a self-adjoint operator (the x
acts only as a counter), we have the so-called spectral decomposition theorem

12
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which establishes that Ox can be written as:
x

O =

d−1
X

oxa Pax ,

(1.1)

a=0

being {oxa } its eigenvalues that turn out to be real, and Pax = |ai ha| with
x
x
{|ai}d−1
a=0 a basis. We remark that the set M := {Pa } also satisfy the properties:
d−1
X

Pax = 1,

Pax ≥ 0, ∀a,

Pax Pax0 = Pax δa,a0 ,

∀a, a0 .

(1.2)

a=0

Self-adjoint operators are important because they give us real eigenvalues, and
therefore, they are suitable to represent properties of physical systems, that
is why, they receive the title of observables. The set M x = {Pax } is called a
measurement, and the operators Pax are called projections. We now present the
standard interpretation of quantum mechanics or Copenhagen interpretation.
Standard Interpretation: Given an observable OxP
, and an arbitrary state
|ψi written in the eigenbasis of Ox , that is |ψi =
a ψa |ai, this state has
probability |ψa |2 of having a value of oxa for the property represented by Ox . If
we define ψ := |ψi hψ|, we can check that this probability can also be written
as:
|ψa |2 = hψ|Pax |ψi = Tr(Pax ψ) =: p(a|x),

(1.3)

which is also called the Born Rule. We can also interpret this probability as
the conditional probability function p(a|x) (the probability of obtaining output
a, given input measurement x), notation which will come in handy in the next
section. This is then, a purely statistical interpretation of quantum mechanics
[33, 34]. There are however, interesting alternatives, and several consequences
have been derived by means of the study of these concerns, being precisely nonlocality one of these consequences. However, we are going to further address
this when we define nonlocality.
Remark: The standard formalism of quantum mechanics usually also invokes
a postulate which indicates how to introduce space-time, and how to derive a
temporal evolution, for either states or observables in the Schrödinger or Heisenberg pictures, respectively, usually arriving to the Schrödinger equation (in the
non-relativistic regime) [34]. However, we opted to skip this part, since we are
not going to explicitly make use of either space or time (with the little exception
of the temporal evolution of a state in the last chapter).
So far, we have only considered one physical system. However, we might also
consider the fact that measurements are somehow representing another system
(be it a measurement apparatus, an experimentalist, or simply the rest of the
universe), which should also be addressed as a system, and therefore, modelled
13
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with a Hilbert space too. Furthermore, the physical system of interest could also
be composed of subsystems. These considerations lead us to introduce multipartite systems.
Multipartite Systems: In order to assign a Hilbert space to a multipartite
system, a natural way to do so, it is by considering the tensor product of
Nindividn
ual systems. Considering an n-partite system represented by H⊗ = i=1 Cdi
with d = d1 d2 ...dn , where ⊗ stands for the tensor product, it can be shown
that the structure (H⊗ , +⊗ , ∗⊗ , C, h|i⊗ ), with +⊗ , ∗⊗ element-wise extensions,
and hψ1 ⊗ ψ2 |φ1 ⊗ φ2 i⊗ := hψ1 |φ1 i hψ2 |φ2 i, is also a Hilbert space, and therefore, suitable and desirable to represent the n-partite system in question. In
particular, we are going to deal with bipartite systems, i. e., H = Cd1 ⊗ Cd2 , (or
A −1
B −1
CdA ⊗ CdB ). Considering bases for each system as {|ii}di=0
, and {|ji}di=0
, we
dA −1,dB −1
write the general basis as {|iji}i,j=0
, with |iji := |ii ⊗ |ji. We are going to
work with qubit states, or states in C2 , and particularly, with two-qudit states
Cd ⊗ Cd , and two-qubit states C2 ⊗ C2 . Let us now address the motivation for
multipartite systems, in the so-called density matrix formalism.

1.1.2

Density Matrix Formalism

Considering multipartite systems, we now focus on the case when we are not
interested in the whole system, but rather in subsystem of it. We will rename
the two parts as system and environment. In doing so, we are going to see
that we have to generalise the concepts of states and measurements to density
matrices and Positive-Operator-Valued-Measurements (POVM’s), respectively
[33, 34] (the temporal evolution of the system needs also to be modified [34]).
Finally, we also consider the case when the system is composed by more than
one part, and introduce the property of entanglement for these general bipartite
density matrices. Let us address these generalisations.
Density Matrix and POVM’s: We start by introducing Hilbert spaces for
the system and environment as HS and HE , respectively. The Hilbert space
for the whole system is then H := HS ⊗ HE , and a general state for the whole
system-environment as |ψSE i. If we consider bases for the system and environment as {|ii},{|ji},
respectively, we have that any state in H can be written as:
P
|ψSE i = ij αij |iji , αij ∈ C, ∀i, j. However, we are now only interested in the
system S. Inspired by Eq. 1.3, we would like to find a matrix, ρs , such that
after local measurements {Pax ⊗ 1}, being Pax a projection on HS , we get:
!

hψSE |Pax ⊗ 1|ψSE i = Tr [(Pax ⊗ 1) ψSE ] = Tr(Pax ρs ).
P
After
algebra, one finds that if we propose ρS := ik βik |ii hk| with βik :=
P some
∗
x
j αij αkj , and calculate Tr(Pa ψs ), we obtain this desired probability [34] (this
can also be obtained by means of the so-called Partial Trace TrE (ψSE ) = ρS ).
This matrix ρS is called a density matrix. Analysing ρS , we can check that it
satisfies the following two properties: Tr(ρ) = 1, and that is positive semidefinite
14
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ρ ≥ 0, which means that ∀ |φi ∈ H : hφ| ρ |φi ≥ 0 (which also implies that ρ is
self-adjoint). We then define the set of density matrices as:
D(H) := {ρ ∈ LO(H)|ρ ≥ 0 ∧ Tr(ρ) = 1}.

(1.4)

Since we have a self-adjoint matrix,
it can alsoPbe written in its spectral deP
composition (Eq. 1.1) as ρs = l pl |li hl| with l pl = 1, and pl ≥ 0. We now
consider another representation of these matrices by considering:
X
ρ=
pi ψi ,
ψi := |ψi i hψi | .
(1.5)
i

being {|ψi i , pi } an ensemble of the states that we initially
P introduced, and that
we now redefined as pure states, with pi > 0 ∀i, and i pi = 1. Then, Eq. 1.5
can be seen as a statistical mixture of those pure states, and that is why they
are called mixed states. We can check that this matrix also belongs to the set
D(H), so we can address general density matrices as mixed states by considering Eq. 1.5. A similar construction can be made in order to generalise projective measurements to the so-called Positive-Operator-Valued-Measurements
(POVM’s) as the set M x = {Eax }, satisfying the properties [34]:
X
Ea = 1,
Eax ≥ 0.
(1.6)
a

These operators can be seen as generalisations of the projections, without considering the third condition in Eq. 1.2. Now that we have generalised states
and measurements, let us address a property that comes out from considering
multipartite systems.
Entanglement for General Mixed Systems: We consider that the system
of interest is now composed by two subsystems, and define the property
P of entanglement. Given aP
general bipartite mixed state as in Eq. 1.5: ρ = i pi |ψi ih ψi |
with pi ≥ 0 and
pi = 1, we say that this bipartite state is separable, if each
one of the pure states from the mixture is separable, or that |ψi i = ψi1 ⊗ ψi2 ,
or |ψi ih ψi | = ψi1 ⊗ ψi2 ∀i, and therefore having:
X
ρ=
pi ψi1 ⊗ ψi2 ,
(1.7)
i

with ψi1 := |ψi1 ih ψi1 | and ψi2 := |ψi2 ih ψi2 |. If we cannot write ρ as in Eq. 1.7, we
then say that ρ is entangled, or that it has entanglement. Given a general quantum state, it is not a trivial task to know whether it is possible to decompose
it as in Eq. 1.7. There are criteria to detect whether there is entanglement or
not, and measures to additionally determine the amount of entanglement there
is [29].
In this subsection, we have then introduced density matrices, POVM’s, and
the property of entanglement for multipartite quantum states. We now aim to
15
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introduce the property of nonlocality for quantum states. However, nonlocality
is originally a property of some objects called correlations, and from then, it can
be extended to the quantum states domain. That is why we now first address
the concept of correlations.

1.2

Correlations

In this section, we are going to introduce the concept of correlations, which
have also been called behaviours or boxes. Since we have already introduced
quantum mechanics, we first introduce quantum correlations. We then extend
this structure to general and non-signalling correlations, local and deterministic
correlations, and we finally describe some geometrical properties of all of these
correlations, and extend the concept of nonlocality from correlations to states.
This section is mainly based on the references [28, 35, 36, 37]. Let us then first
introduce quantum correlations.

1.2.1

Quantum Correlations Q(s)

We have already seen that the quantum-mechanical probabilities given by Eq. 1.3,
can be seen as conditional probability functions. Let us further formalise this.
Given a general bipartite system ρ ∈ D(CdA ⊗ CdB ), the first part of the whole
system is sent to experimentalist A (Alice), whilst the second to experimentalist
B (Bob). Each of them has a set of local measurements given by local POVM’s
M x := {Eax }, and M y := {Fby }, where x and y (called Inputs) act as counters
which could arbitrarily run as x = 1, ..., IA , and y = 1, ..., IB , with IA , IB ∈ N,
and a = 1, ..., OA , b = 1, ..., OB (called Outputs), Oa , OB ∈ N. The amount of
inputs and outputs define a scenario as:
s := (IA , IB , OA , OB ),

(1.8)

and the magnitude |s| := IA IB OA OB . After receiving their respective part of
the quantum state ρ, Alice and Bob make measurements x and y, obtaining
outcomes a and b, respectively. After repeating this experiment enough times,
eventually, they are able to establish the probability of obtaining outcomes
a, b after measuring x and y, which could be written as the joint conditional
probability function pρ (ab|xy). This procedure is usually called a Bell test, and
we can see a sketch of it in Fig. 1.1. According to Quantum Mechanics, these
statistics follows from the Born Rule Eq. 1.3 as:
pρ (ab|xy) := Tr [(Eax ⊗ Fby )ρ] .

(1.9)

We now define the quantum correlation generated by the state ρ and local
measurements M x = {Eax } and N x = {Fby }, as the vector p~ρ = [pρ (ab|xy)] with
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p
Figure 1.1: Schematics of a standard Bell test. Experimentalists Alice and Bob,
share a bipartite quantum state ρ. They then make measurements x and y and
obtain outcomes a and b, respectively. After repeating the experiment enough
times, they determine the joint conditional probability function pρ (ab|xy).
elements given by Eq. 1.9, which should be understood as:


pρ (00|00)


..


.


 ∈ R|s| .
p
(ab|xy)
p~ρ = 
ρ




..


.
pρ (OA OB |IA IB )

(1.10)

We will later see that we can further constrain the dimension of this vector, by
considering only the independent values. For the moment, let us define the set
of quantum correlations generated by the quantum state ρ as:
Qρ (s) := {~
pρ ∈ R|s| | ∃M x ∧ N x s. t. Eq. 1.9 holds},

(1.11)

with M x = {Eax }, and N x = {Fby }. We will also distinguish the set QP
ρ (s)
when these POVM’s are only projections. We now define the set of all quantum
correlations as:
Q(s) := {~
pρ ∈ R|s| | ∃H ∧ ρ ∧ M x ∧ N x s. t. Eq. 1.9 holds}.

(1.12)

Let us now extract the fundamental properties from these quantum correlations,
and extend them to general and non-signalling correlations [35, 36, 38, 39].

1.2.2

General C(s) & Non-Signalling N S(s) Correlations

Considering the set of quantum correlations (Eq. 1.12), we now first extract its
general properties in order to define general correlations, and then, by imposing
a natural condition, we introduce the non-signalling correlations.
General Correlations C(s)
Considering the scenario s := (IA , IB , OA , OA ), we consider vectors as in Eq. 1.10,
with values given by the joint conditional probability functions pρ (ab|xy) (Eq. 1.9).
17
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These joint conditional probability functions satisfy the properties:
0 ≤ p(ab|xy) ≤ 1, ∀x, y, a, b.
X
p(ab|xy) = 1, ∀x, y.

(1.13)
(1.14)

a,b

Whilst the first condition (Eq. 1.13) defines a hyperplane. The second condition
(Eq. 1.14) constrains the vector p~ to live in an hypercube in R|s| , which is a
polytope (a convex set with a finite amount of vertices). Therefore, p~ lives
in the intersection of these sets, which is still a polytope. Even though these
vectors initially live in R|s| , the second condition (Eq. 1.14) reduces the effective
dimensionality of the vectors to |c| := IA IB (OA OB − 1). We now define the the
set of general correlations as:
C(s) := {~
p ∈ [0, 1]|c| | Eq. 1.14 holds}.

(1.15)

Coming back to the quantum set, we first can check that Q(s) ⊂ C(s). Even
though it is possible to show that Q(s) is a convex set, it is not a polytope
[35, 36, 39]. Let us now introduce a property for these general correlations
inspired from the theory of relativity.
Non-Signalling Correlations N S(s)
Considering general correlations (Eq. 1.15), we want to model physically motivated correlations, so as a requirement, we should consider that our two systems
respect the non-signalling principle, or that they cannot communicate instantaneously. Given a scenario s and p~ ∈ C(s), we represent this constraint by
imposing the properties [28]:
X
!
p(ab|xy) = p(b|xy) = p(b|y), ∀x,
(1.16)
a

X

!

p(ab|xy) = p(a|xy) = p(a|x),

∀y.

(1.17)

b

The probabilities p(b|xy) (Eq. 1.16) should be independent of x, because if we
consider otherwise, it would mean that the input of Alice (x), would be somehow
influencing the output of Bob (b). This is not possible because these correlations,
in principle, could represent spatially separated systems as far away of each
other as desired, so the influence x −→ b would take place instantaneously,
which would enter in conflict with the non-signalling principle from the theory
of relativity. We then define the non-signalling correlations set as:
N S(s) := {~
pN S ∈ C(s)| Eq. 1.16 and Eq. 1.17 hold}.

(1.18)

The non-signalling conditions define hyperplanes (linear conditions), and since
C(s) is already a polytope, we have that N S(s) is still a polytope. However,
the dimension of the set gets reduced to certain value ns < c [35]. Let us now
introduce the concept of locality and nonlocality for correlations.
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1.2.3

Local L(s) & Deterministic D(s) Correlations

In order to introduce locality and nonlocality as properties of correlations, we
first need to introduce the concept of an ontological model. We then introduce
the locality condition, local correlations, and deterministic correlations. Let
us then start by addressing a brief historical background about the ontological
models, followed by the formalism itself.
Quantum Ontological Models
Historical Background: Let us come back to the interpretation of quantum
mechanics. The Einstein-Podolsky-Rosen (EPR) article [1] is arguably the first,
but definitely the most popular article addressing the conceptual implications
of the mathematical formalism underneath quantum mechanics. In particular,
they addressed concepts as realism, determinism, and completeness, concluding
that quantum mechanics is not a complete theory. In a modern language, following reference [2], their result can be established as follows: Assuming the
properties of locality and completeness, it is possible to derive a contradiction.
Therefore, in order to avoid this contradiction, either locality or completeness
should be dropped. EPR considered that locality was a natural condition to
keep, so completeness was discarded. Let us now briefly review the road that
these two properties have taken, since the EPR article until nowadays.
On the one hand, the discussion regarding the property of completeness led
to a generalisation of it, which has been called ψ-ontic realism [2], where the
Pusey-Barrett-Rudolph (PBR) theorem [40] and related ones [7], have addressed
this property. However, the reality of the quantum state is still an open issue,
and it is still unknown if it could lead to practical applications as the property
of nonlocality has already done.
On the other hand, regarding the property of locality, John S. Bell formally
introduced it within the so-called ontological models formalism, where it was
then taken to a testable form [3]. Even though Bell himself wanted to prove
quantum theory wrong, this was not the case, as experiments have shown [4,
5, 6]. Therefore, we have to rather accept a nonlocal quantum theory. After
humankind started to digest this result, practical applications have come out
[28].
In order to introduce the property of locality, we now take a glimpse on the
quantum ontological models formalism [2] (even though the completeness and
related properties are also of interest, this is not the focus of this work, see [7]).
Formalism: Given a scenario s, and considering general correlations p~ ∈ C(s)
as in Eq. 1.15, we now want to introduce a set of hidden variables λ ∈ Λ,
extra joint conditional probability functions ξ(ab|xyλ) and µ(λ) that relate these
elements as it is depicted in Fig. 1.2. The triplet (Λ, µ, ξ) is then called a
Quantum Ontological Model (QOM) [2, 7]. Since we want to address quantum
mechanics, so µ(λ|ρ) = µ(λ). General correlations p~ ∈ C(s), as in Eq. 1.15, can
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be rewritten here as [2]:
Z
p(ab|xy) =

dλµ(λ)ξ(ab|xyλ),

(1.19)

Λ

We can see a diagram of this result also in Fig. 1.2. Let us now address what we

μ
p

ξ

Figure 1.2: Schematics of an ontological model, featuring the ontic states
space Λ, the measurements space M , the states space P , and joint conditional
probabilities ξ, µ, p that relate these spaces. The joint conditional probability
pρ (ab|xy) can be written by following the inner arrow as in Eq. 1.19.
can talk about within this formalism. We first note that it can model nonsignalling correlations, which conditions now translate to conditions for the
functions ξ1 and ξ2 . We also note that it can reproduce quantum correlations by
explicitly defining: µ(λ|ρ) =R δ(λ−λρ ), ξ(ab|xyλ) = Tr[Eax ⊗Eby λ], and replacing
them in Eq. 1.19, obtaining Λ dλµ(λ|ρ)ξ(ab|xyλ) = Tr[(Eax ⊗Eby )ρ] = pρ (ab|xy).
The interesting feature of introducing ontological models is that we can now
talk about properties of the functions µ, ξ, and Λ. Some of these properties have
led to the so-called impossibility or no-go theorems. For instance, the properties
of completeness [2], ψ-onticity [2], and preparation independence [40, 7], which
are properties defined on the function µ, led to the PBR theorem, and similar
no-go theorems [40, 7]. The property of locality on the other hand, which is a
property defined for the function ξ, led to the Bell’s theorem [3, 28]. There are
more properties that can also be defined for these ontological models, that have
whether led to other no-go theorems, or are simply interesting by themselves
[7, 41]. However, in this document, we are going to concentrate our efforts on
the property of locality, which we detail in what follows.
Local Correlations L(s)
The locality condition, and therefore local correlations read [3, 28]:
ξ(ab|xyλ) = ξ1 (a|xλ)ξ2 (b|yλ),

(1.20)
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Z
pL (ab|xy) =

dλµ(λ)ξ1 (a|xλ)ξ2 (b|yλ).

(1.21)

Λ

Eq. 1.20 means that the function ξ is probabilistically independent on the sides
a, x and b, y. The structure Λ, µ, ξ1 , ξ2 is now called a Local Hidden Variable
(LHV) model. In order to give a clear physical interpretation of these local
correlations, let us first see how they form a polytope. For the moment, we
define the set of local correlations as:
L(s) := {~
pL ∈ C(s)| Eq. 1.21 holds}.

(1.22)

By means of the so-called Fines’ theorem [42] (see Appendix A for a derivation
of this result), these local correlations (Eq. 1.21) can be written as:
I

I

OAA OBB

pL (ab|xy) =

X X

µ(λ1 , λ2 ) δax (λ1 )δby (λ2 ).

(1.23)

λ2 =1 λ2 =1

being Λ, µ, δax , δby a new LHV model, and δax , δby the so-called deterministic correlations. This result is telling us that local correlations are a finite convex
IA IB
combination of OA
OB deterministic correlations. Therefore, the set of local
correlations form a polytope, being the deterministic correlations its vertices.
Let us now address the meaning of these deterministic correlations.
Deterministic Correlations D(s)
Given inputs x and y, we are interested in the outcomes a and b. From a
classical-deterministic point of view, there should be a way to determine outcomes a, b from inputs x, y. Analysing this for Alice, let us suppose there exists
a function (λ1 ) such that, given the input of Alice, it predicts the outcome, i. e.
(λ(x) = ax ). In other words, p(a|x) = δax (λ1 ), where the latter function takes
the value 1 only when a = ax = λ(x). Doing similarly for Bob, we have that
the joint deterministic correlations are given by:
pD (ab|xy) = δax (λ1 )δby (λ2 ).

(1.24)

These correlations are representing the fact of (somehow) knowing about the
outcomes, given the inputs, even before performing the experiment. Therefore,
in this case, there would not even be the need of a probabilistic theory. However,
we have already seen that quantum mechanics only tells us about the probability
of obtaining outcomes a, b by means of the Born rule (Eq. 1.9), rather than an
explicit way to calculate them using inputs x and y. Therefore, in quantum
theory, we do not have access to these functions (λ1 , λ2 ), and since they appear
as variables in Eq. 1.23 , they have received the name of hidden variables. Even
though we do not expect these deterministic correlations to be all in quantum
mechanics, a natural way to try to generalise this idea, is precisely by considering
convex combinations of them, which are ones we have called local correlations
(Eq. 1.23).
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The fact that these variables are hidden, does not mean that they could not
exist, or be derived by, perhaps, a more general deterministic theory. However,
as we are going to see in the next section, these LHV theories cannot exist (at
least as a more general theory including quantum mechanics), because quantum theory does not respect this idea of local-determinism; quantum theory
generates correlations that cannot be understood in a local-deterministic fashion (Eq. 1.23).
To wrap up, that local correlations (Eq. 1.23) can be seen as convex combinations of deterministic correlations (Eq. 1.24), which in turn encapsulate
the intuitive feature of a deterministic theory, somehow explaining/deriving the
outputs of a measurement when given the inputs. For the moment, let us now
address some extra geometric properties of the polytopes N S(s) and L(s).

1.2.4

Some Properties of Sets of Correlations

We have already seen that these sets of correlations N S(s) and L(s) form polytopes; additionally, it can be proved that both of them lie in the same dimension
(ns) given by ns < |s| [35]. Since we are dealing with polytopes, they can be
characterised whether by their vertices or their facets (also called Bell Inequalities) [35, 36]. In particular, we are going to work with the simplest nontrivial
scenario (2, 2, 2, 2). It can be proved that in simpler scenarios, the non-signalling
correlations become equivalent to the local ones, and therefore they are of no
interest [36]. Let us end up the section by extending this nonlocality property
from correlations to quantum states.

1.2.5

Nonlocality for Quantum States

We have already introduced the properties of locality and nonlocality for general correlations. Now, in order to extend this idea to the quantum statemeasurement domain, we consider the quantum correlations as a bridge. Given
ρ ∈ D(H) and a scenario (s), we have the set of correlations generated by the
state in question and by all possible general POVM’s as Qρ (s) (Eq. 1.11), and
when considering only projections as QP
ρ (s). On the one hand, we have that
if Qρ (s) ⊂ L(s), we say that the quantum state ρ is local in the scenario s, if
QP
ρ (s) ⊂ L(s), we say that ρ is local-projective in the scenario s. On the other
hand, if there exists at least a quantum correlation p~ρ ∈ Qρ (s) or p~ρ ∈ QP
ρ (s)
lying outside the polytope L(s), we say that ρ is nonlocal. With this, we have
extended the property of nonlocality from correlations to quantum states. Let
us now address the relationship amongst all of these sets of correlations.
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1.3

Relationship Between Sets of Correlations

In this section, we establish the main theorem regarding the relationship between
the concepts of states-measurements and correlations which we introduced in
the previous sections. The main theorem in question establishes the following:
given a scenario s = (IA , IB , OA , OB ) (Eq. 1.8), we have the chain of relations:
S(s) = L(s) ( Q(s) ( N S(s), featuring: separable S(s), local L(s), quantum
Q(s), and non-signaling N S(s) correlations. In Fig. 1.3, we illustrate this result
as well as other properties of the sets themselves. We now explicitly point out
some remarks about this theorem.

Figure 1.3: Two-dimensional representation of the main theorem L(s) ( Q(s) (
N S(s) (the simplest-non-trivial scenario S = (2, 2, 2, 2) deals with these sets in
R8 [28]). Whilst N S(s), Q(s), and L(s) are all convex sets, only N S(s) and
L(s) are polytopes. It also illustrates that some facets of que quantum set do
coincide with facets of the local one (This has been shown for multipartite setups
[43, 44].
On the one hand, correlations generated with separable states can only produce local correlations S(s) ⊆ L(s). Furthermore, we can reproduce local correlations with separable correlations L(s) ⊆ S(s), having S(s) = L(s). However,
there exist entangled states that generate nonlocal correlations L(s) ( Q(s),
which is the general conclusion from the Bell’s Theorem [3]. One might also
have the feeling that every entangled state must generate nonlocal correlations,
however, there exist entangled states that can only (as separable states) produce
local correlations [26, 27].
On the other hand, all quantum correlations respect the non-signalling principle Q(s) ⊆ N S(s), even the quantum-nonlocal correlations, being therefore, in
accordance with the theory of relativity. However, there exist correlations that
we cannot achieve with quantum mechanics yet satisfying the non-signalling
principle Q(s) ( N S(s), the so-called superquantum correlations [8].
In Appendix B we provide a proof of this theorem. In Appendix B.1, we
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write down the proof of the proper subsets part, i. e., that given any scenario
(s), we have S(s) = L(s) ⊆ Q(s) ⊆ N S(s), in Appendix B.2 we explicitly
show the respective counterexamples for particular scenarios, i. e., that given
any scenario (s), we have L(s) ( Q(s) ( N S(s). First, regarding L(s) (
Q(s), we consider the so-called Werner-Isotropic states; entangled two-qubit
mixed states which generate only local correlations in the scenario (IA , IB , 2, 2)
[26]. Second, regarding Q(s) ( N S(s), we present the so-called PR box: a
non-signalling correlation in the scenario (2, 2, 2, 2) that cannot be reproduced
quantum-mechanically [8]. Now, for the so-called Bell’s theorem, L(s) ( Q(s),
we present a summary in what follows.
We consider the so-called Bell state, an entangled two-qubit pure state generating a correlation outside the polytope L(2, 2, 2, 2), and therefore being nonlocal
in that scenario [3]. We then also introduce the so-called Horodecki criterion
for the violation of the CHSH-Inequality for general two-qubit systems [45],
and the so-called Gisin theorem [46, 47, 48], which give us more examples of
entangled-nonlocal states for the scenario (2, 2, 2, 2).

1.3.1

Bell’s Theorem: L(2, 2, 2, 2) ( Q(2, 2, 2, 2)

In order to show that local correlations form a proper subset of quantum correlations in the scenario (2, 2, 2, 2), we have to provide a quantum correlation
p~Q such that cannot be reproduced by any LHV model. In other words, we
have to generate nonlocality with quantum theory. In this regard, we have already seen that separable states are local for any scenario (s), therefore, we
should consider entangled states. We have also seen that the facets of the local
polytope (Bell-inequalities) fully characterise the polytope in question [35, 36].
Following this line of thought, it is enough for a quantum correlation to violate
a Bell-inequality, in order to show nonlocality. This is essentially what John
S. Bell initially proved [3], by showing the existence of quantum nonlocality
by generating a quantum correlation with a two-qubit pure state that violated
a Bell-inequality. This inequality was later refined to the so-called ClauserHorne-Shimony-Holt (CHSH) inequality [49] which would correctly characterise
the polytope L(2, 2, 2, 2) (In Appendix C we further address some features of
this inequality). We first introduce the CHSH-inequality [49] for the scenario
s = (2, 2, 2, 2), and then we show how the so-called two-qubit Bell state violates it [3]. We then build on more entangled-nonlocal states by introducing
the Horodecki criterion for arbitrary two-qubit states [45], which in particular
shows us that any two-qubit pure entangled state violates this CHSH inequality
[46]. Furthermore, we present the Gisin theorem [46, 47, 48], which establishes
that multipartite pure entangled states are nonlocal by means of the CHSH
inequality. Let us now address the CHSH inequality in question.
CHSH Inequality
We first consider the simplest-non trivial local scenario, given by the local polytope L(2, 2, 2, 2) [49, 28]. This local polytope has been completely characterised
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(see a nice review in [36]). It turns out that in this scenario there is only one
(up to relabelling transformation [36]) non-trivial Bell-inequality, known as the
CHSH-Inequality. Considering the scenario (2, 2, 2, 2), and following the notation for correlators introduced in Appendix B.2.1, the CHSH-inequality takes
the form [28]:
E 00 + E 01 + E 10 − E 11 ≤ 2,

(1.25)

(See Appendix C.1 for a derivation). This inequality is then representing the
facets of the local polytope L(2, 2, 2, 2). We also remember that these correlators can be produced quantum-mechanically by considering two dichotomic
(eigenvalues ±1) observables per party, namely, {A0 , A1 , B 0 , B 1 }, so the correlators read Eρxy := Tr [(Ax ⊗ B y ) ρ], x, y = 0, 1. Therefore, if we can propose
a quantum correlation that violates the CHSH-inequality (Eq. 1.25), we have
a nonlocal quantum correlation in the scenario (2, 2, 2, 2). Let us now present
how this is indeed possible.
Bell’s Theorem: p~ψ− ∈
/ L(2, 2, 2, 2)
We now present a quantum correlation that violates the aforementioned CHSHinequality (Eq. 1.25), and therefore, it is a nonlocal quantum correlation. In
order to generate this quantum correlation, we consider the pure two-qubit
ψ − ∈ D(C2 ⊗ C2 ) state:
ψ− = ψ−

ψ− ,

1
ψ − = √ (|01i − |10i).
2

(1.26)

By using the so-called PPT criterion for entanglement (See details in Eq. B.1),
we can check that this is an entangled state. In order to build our quantum
correlation in term of the correlators (Eq. B.2), we can also check that Eψxy− :=
Tr [(Ax ⊗ B y )ρ] = −âx · b̂y with Ax = ~σ · âx , B y = ~σ · b̂y , and âx , b̂y arbitrary
vectors in R3 . Replacing this in the CHSH-inequality (Eq. 1.25), we obtain
â0 · (b̂0 + b̂1 ) + â1 · (b̂0 − b̂1 ). We now want to maximise this function over these
four vectors. If we choose these four vectors as in Fig. 1.4,

Figure 1.4: Set of possible vectors â0 , â1 , b̂0 , b̂1 lying in a plane that maximise
the CHSH-inequality violation (Eq. 1.25).
we obtain the desired violation since:
√
â0 · (b̂0 + b̂1 ) + â1 · (b̂0 − b̂1 ) = 2 2 > 2,

(1.27)
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which is beyond the local bound given by 2, and therefore violating the CHSHinequality (Eq. 1.25). Thus, these correlations generated by the Bell state
/
(Eq. 1.26) cannot be reproduced by any LHV model or p~ψ− = [pψ− (ab|xy)] ∈
L(2, 2, 2, 2) with pψ− (ab|xy) in terms of the correlators given by Eq. B.4. Therefore, p~ψ− is a nonlocal correlation, making of the Bell state ψ − (Eq. 1.26) a
nonlocal state.
Relevance of the Bell’s Theorem & Generalisations
Bell’s theorem is showing us that quantum theory predicts the existence of nonlocal quantum correlations. These predictions were experimentally confirmed
[5, 6], and we must then drop locality, and embrace a nonlocal quantum theory.
This nonlocality property has been gradually digested, and practical applications have started to come out [28]. As a very fundamental example of these
applications, in Appendix C.2 we address the so-called CHSH game, which gives
us a glimpse on how nonlocality is useful in the field of quantum game theory.
From a technical point of view, Bell’s theorem leaves us with several questions regarding the generation of nonlocality with quantum theory. Bell’s theorem provides a quantum nonlocal correlation generated with an entangled pure
two-qubit state (Eq. 1.26), this, together with certain projections given by the
considered vectors in Fig. 1.4. One might then ask questions like: What sort
of entangled two-qubit states allow the construction of nonlocal correlations?
Could we generate nonlocality with high dimensional entangled states? Given
an entangled two-qubit state, could we find (in general) the measurements that
maximise the CHSH-inequality violation?
In what follows, we are going to briefly mention partial answers to the aforementioned questions. We first present the so-called Horodecki criterion for the
violation of the CHSH-inequality, which explicitly tells us what sort of entangled two-qubit states could possibly violate the CHSH-inequality (by providing
the measurements that maximise the violation), which will let us conclude that
any entangled pure two-qubit state can violate the CHSH inequality. We then
consider a generalisation of the latter result to multipartite systems, called the
Gisin theorem. Let us now address these considerations.
Horodecki Criterion, Tsirelson Bound & Gisin Theorem
Given ρ ∈ D(C2 ⊗ C2 ), we have the following characterisation for its CHSHinequality violation by means of the so-called Horodecki Criterion [45]:
ρ violates the CHSH-inequality (Eq. 1.25)

[45]
⇐===⇒

µρ + µ
eρ > 1, (1.28)

being µ, µ
e the two biggest eigenvalues of the matrix Uρ := TρT Tρ ∈ M3×3 (R),
with Tρ the matrix with elements given by [Tρ ]ij = Tr[(σi ⊗ σj )ρ], and σk
the Pauli matrices (See Appendix C.3 for a derivation). This result is then
completely characterising the CHSH-inequality violation for general two-qubit
systems.
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There is however, a bound called the Tsirelson’s bound which establishes that
the maximal
√ violation of the CHSH-inequality (Eq. 1.25) allowed by quantum
theory is 2 2 [50]. Interestingly, this was the value achieved by the Bell state
in the Bell’s theorem (Eq. 1.27).
As a corollary of the Horodecki criterion, we have that every pure entangled
two-qubit state violates the CHSH inequality (Eq. 1.25), and therefore, being
nonlocal [46, 37]. This particular corollary was previously independently discovered by Nicolas Gisin [46], which was then generalised to bipartite high dimensional pure systems [47], and then to multipartite pure systems [48]. Therefore,
nonlocality and entanglement are equivalent for general multipartite pure states,
result which has been coined the Gisin Theorem. However, as we have already
seen, this is not the case for general mixed states, since there exist mixed entangled but local states [26, 27] (as the ones in Appendix B.2.1, Eq. B.5). The
moral is then, that there exist nonlocal quantum correlations.

1.4

Final Considerations

We have introduced entanglement as a property of quantum states, and the
property of nonlocality also for quantum states, this, by considering whether a
quantum state can generate a quantum correlation that cannot be reproduced
locally. We also addressed the relationship between quantum mechanics and
correlations (See Appendix B for a proof). In particular, we pointed out the
existence of entangled local states and the existence of superquantum correlations. We further detailed the existence of nonlocality, mostly in regards of the
CHSH-inequality, for which more detailed issues can be found in Appendix C.
In the next chapter, we are going to focus on entanglement and nonlocality for
two-qubit systems, and further enquire on entangled local states.
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Some Two-qubit Measures
& Bipartite Entangled
Local States
In this chapter, we first introduce some two-qubit measures, namely, the entanglement of formation, the CHSH-inequality violation, and the usefulness for
teleportation. We then consider some entangled local states, as a generalisation
of the Werner-Isotropic states given in Eq. B.5, which are going to be of interest
when studying the activation of nonlocality in the next chapter. Let us then
begin by addressing some two-qubit measures.

2.1

Some two-qubit Measures

In this section, we first introduce the measures of entanglement of formation, and
a CHSH-inequality violation measure based on the Horodecki criterion (Eq. 3.6).
We then introduce the property of usefulness for teleportation which is going to
be of relevance when studying the activation of nonlocality in the next chapter.
For the moment, this property is going to be of interest because it lies between
entanglement and nonlocality, and because it allows us to determine whether
a state is useful for the teleportation protocol. Finally, we present a theorem
relating these three measures. Let us then address a measure for two-qubit
entanglement.

2.1.1

Entanglement of Formation (EoF)

We have already addressed that the PPT criterion (Eq. B.1) which is a necessary and sufficient entanglement criterion for two-qubit systems [51]. However, we might also be interested in having a measure of entanglement, which
in addition to telling us whether a state is entangled, it would also tell us
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the amount of entanglement it has (see a review of entanglement measures
in [29]). For pure bipartite states ψ = |ψi hψ|, we can define a measure as
E(ψ) := S(ψA ) = −Tr(ψA log2 ψA ) with ψA := TrB (ψ) the partial
P trace, and
S the von Neumann
entropy
[52].
For
general
mixed
states
ρ
=
i pi ψi with
P
pi ≥ P
0, and i pi = 1 (Eq. 1.5), it is natural to consider the possible generalisation i pi E (ψi ). However, since ρ has infinite possible ensemble decompositions
(Eq. 1.5), this definition will depend on the chosen ensemble. In order to avoid
this, the following measure, known as the Entanglement of Formation (EoF),
has been introduced [52]:
"
#
X
EoF (ρ) := min
pi E(ψi ) .
(2.1)
{ψi ,pi }

i

In 1998, an analytical expression of Eq. 2.1 for the particular case of two-qubit
states has been derived [53]. Given ρ ∈ D(C2 ⊗ C2 ), its EoF is given by:
!
p
1 + 1 − C(ρ)2
,
(2.2)
EoF (ρ) = h
2
h(x) := −xlog2 x − (1 − x)log2 (1 − x),

(2.3)

C(ρ) := max{0, λ1 − λ2 − λ3 − λ4 },

(2.4)

where the λi ’s are the square roots of the eigenvalues of the product matrix ρρ̂,
in decreasing order, with: ρ̂ = (σy ⊗ σy ) ρ∗ (σy ⊗ σy ), ρ∗ the complex conjugate
of ρ and, σy the Pauli matrix. The function h is the so-called binary entropy,
and C is the so-called concurrence. Both, C and EoF go from 0 to 1, so
as a measure we could use any of them, however, we opt for the EoF, since
it has a physical motivated interpretation [52]. There is no known compact
analytical expression (as Eq. 2.2) for general high-dimensional systems, except
for a couple of classes of two-qudit states, the so-called Werner and Isotropic
states [54, 55, 56]. The EoF (Eq. 2.2) is the explicit entanglement measure we
are going to use throughout the document. We now continue with a measure
for the CHSH-inequality violation for general two-qubit systems.

2.1.2

CHSH-inequality Violation (CHSH)

We have already seen the Horodecki criterion for the violation of the CHSHinequality (Eq. 1.28), which establishes that it is enough to check M (ρ) > 1,
being M (ρ) := µρ + µ̂ρ with µρ , µ̂ρ the biggest two eigenvalues of the matrix
TρT Tρ (Eq. 1.28). This M function goes like 0 ≤ M (ρ) ≤ 2, showing nonlocality
in the region 1 < M (ρ) ≤ 2. However, instead of M (ρ), we could also work with
p
B(ρ) := max {0, M (ρ) − 1},
(2.5)
showing nonlocality in 0 < M (ρ) ≤ 1. This new function B(ρ) is desirable
because it now looks as a measure, and also because for pure states (ψ = |ψi hψ|),
it turns out to be equal to the concurrence (Eq. 2.4), i. e., C(ψ) = B(ψ) [57].
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Now, in order to analyse nonlocality through the CHSH-inequality and make a
direct comparison with the EoF (Eq. 2.2), we will plot:
!
p
1 + 1 − B(ρ)2
CHSH(ρ) = h
,
(2.6)
2
being h the binary entropy as defined in Eq. 2.3. To wrap up, we search for nonlocality by means of this measure for the CHSH-inequality violation (Eq. 2.6).
In order to introduce the two-qubit measure of usefulness for teleportation, let
us first briefly review the quantum teleportation protocol.

2.1.3

Teleportation Protocol

The teleportation protocol was first introduced in reference [25]. It works as
follows. A quantum pure state |φi ∈ Cd can be teleported by means of a
channel built with a bipartite quantum state ρ ∈ D(Cd ⊗ Cd ). In order to
check how useful for the protocol ρ is, a function Fd (ρ) called the Fidelity of
Teleportation (FoT) was proposed [58]. A seminal result regarding this function
[59] establishes that:
Fd (ρ) =

dfd (ρ) + 1
,
d+1

(2.7)

where fd is the so-called Fully Entangled Fraction (FEF) (sometimes also called
Entanglement Singlet Fraction) given by:
fd (ρ) := max hψ|ρ|ψi ,

(2.8)

ψ∈M E

where M E stands for the set of maximally entangled
states, i. e., the states ψ :=
Pd−1
|ψi hψ|, defined as: |ψi := (U1 ⊗ U2 ) √1d i=0 |iii, with U1 , U2 local unitary
1
operations [59]. Taking a look at Eq. 2.8, we have the range d+1
< Fd < 1. If we
1
use separable states in Eq. 2.8, we obtain that fd (ρsep ) = d [59]. Consequently,
we have the following characterisation:
ρ is useful to teleportation

⇐==⇒

fd (ρ) >

1
.
d

(2.9)

In particular, for a two-qubit state (d = 2), we first rename these functions as:
F (ρ) := F2 (ρ) and f (ρ) := f2 (ρ). We then have the general range 13 < F (ρ) < 1,
and ρ being useful for teleportation if and only if f (ρ) > 21 or F (ρ) > 32 . We
now address a full characterisation of the fidelity of teleportation (Eq. 2.7) for
general two-qubit systems.

2.1.4

Usefulness for Teleportation (UfT):

Following [60] and [61], we now summarise the fidelity of teleportation (FoT)
(Eq. 2.7) characterisation for general two-qubit systems. Given ρ ∈ D(C2 ⊗ C2 ),
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we have that f (ρ) = max{ηi , 0}, where the ηi ’s are the eigenvalues of the matrix
i

M = [Mmn ], with elements Mmn = Re (hψm | ρ |ψn i), where
√ {|ψn i} is the socalled magic basis |ψab i := i(a+b) (|0, bi + (−1)a |1, 1 ⊕ bi)/ 2. If we consider
P3 √
the function N (ρ) := i=1 µi , being µi the eigenvalues of the matrix TρT Tρ
(which also turns out to be N (ρ) = −1 + 4f (ρ)), we have that the FoT (Eq. 2.7)
is given by


2f (ρ) + 1
1 1
F (ρ) =
=
N (ρ) + 1 .
(2.10)
3
2 3
We have already seen that ρ is useful for teleportation if and only if F (ρ) >
2
1
3 , which translates to f > 2 and N > 1. It should be pointed out that
1
the bound f = 2 also defines usefulness for other two-qubit protocols besides
teleportation [60]. We are going to see that usefulness for teleportation lies in
between entanglement and nonlocality. Since for pure states we have C = B.
Then, in order to enquire about this property, we will work with the function


N (ρ) − 1
D(ρ) := max 0,
.
(2.11)
2
By calculating whether f (ρ) or N (ρ) we can obtain D(ρ). However, in order to
make a direct comparison with the EoF (Eq. 2.2) and our CHSH-inequality violation measure (Eq. 2.6), we define the measure of Usefulness for Teleportation
(UfT) as:
!
p
1 + 1 − D(ρ)2
U f T (ρ) = h
,
(2.12)
2
being h the binary entropy as defined in Eq. 2.3. For high-dimensional or
multipartite systems, there is no general explicit relation for f (Eq. 2.8), except
for the so-called Werner and Isotropic states [62] (which we are going to address
in the next section). We then have the fidelity of teleportation as a measure for
general two-qubit systems, which gives us information if the state in question is
useful for teleportation. We already have these three measures, we now address
the main theorem that relates them.

2.1.5

Main Theorem: CHSH ⇒ UfT ⇒ EoF

We have already seen that we need entanglement in order to generate both
CHSH-nonlocality (Eq. 2.6), and usefulness for teleportation (Eq. 2.12). In
other words, both nonlocal and useful-for-teleportation states define subsets of
the entangled ones. The main result here establishes that the usefulness for
teleportation (Eq. 2.12) covers the set of nonlocality (Eq. 2.6), and therefore, it
lies in between nonlocality and entanglement [61]. Formally, given a two-qubit
state ρ ∈ D(C2 ⊗ C2 ), we have the hierarchy of properties depicted by the
following chain of implications:
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ρ violates
the CHSH
inequality

[59]
========⇒

ρ is useful
for
teleportation

[61]
========⇒

ρ
(2.13)
is
Entangled

Additionally, we have already seen that for pure states we get C(ψ) = B(ψ) =
D(ψ), then also for pure states we will get EoF (ψ) = CHSH(ψ) = U f T (ψ),
though they become different when considering mixed states. The first implication is restrictive in the sense that there exist entangled local states (states that
do not violate any Bell inequality, in particular, the CHSH-inequality), although
useful for teleportation [58, 61]. The second implication states that usefulness
for teleportation does not cover all the entangled states set, i. e., there exist
entangled states not useful for teleportation [61, 59]. Putting together what we
have seen in this chapter, in Fig. 2.1 we consider a diagram for two qubits and
we can also extend it for two-qudit states.

a)

b)

Figure 2.1: Venn-like representation of several results concerning the properties
of entanglement, nonlocality, and usefulness for teleportation for: a) two-qubit
states, and b) two-qudit (d > 2) states. Featuring: S as Separable states, E
as entangled states, P E as pure-entangled states, N L as nonlocal states, and
T as states useful for teleportation. We have depicted the following results.
First, N L ⊂ E (Appendix B.1.1). Second, P E ⊂ N L (by the Gisin theorem
section 1.3.1 which holds true even for multipartite states). Third, for two-qubit
states a) we have N L ⊂ T (Eq. 2.13); this is not longer true when d > 2 b).
The latter is due to the existence of bound entangled (and therefore not useful
for teleportation) nonlocal states [63] (these states disproved the so-called Peres
Conjecture [63]), so now N L and T become independent. Fourth, P E ⊂ T
holds for two-qubit states a) as an immediate consequence of P E ⊂ N L and
N L ⊂ T , whilst for two-qudit states (d > 2) b), it holds true if we first extract
nonlocality by means of the Gisin theorem.
We have already seen three measures for general two-qubit states and the relationship between each other. Let us now address some entangled local states
that are going to be of interest when studying the activation of nonlocality.
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2.2

Some Bipartite entangled local States

We have already addressed the existence of some entangled local states, namely,
the two-qubit Werner-Isotropic (WI) states in Eq. B.5. In this section, we start
by further enquiring about these WI states, and then listing some additional
bipartite entangled local states, which can be seen generalisations of the WI
states. First, we present two generalisations toward two-qudit systems: Werner
[26], and Isotropic States [64], and then, two to two-qubit states, the so-called
Hirsch states [65], and some noisy states which we will call Game states. We
now depict the notation we will use and the relationship between these states
in Fig. 2.2. We are going to check for entanglement, locality, and the fully
entangled fraction (Eq. 2.8). It should be pointed out, that there are not that
many entangled local states, since locality is not an easy property to guarantee
(see a recent review in [27])1 .

Figure 2.2: Some bipartite entangled local states, namely; Werner states ρW (p),
Isotropic states ρI (p, d), Hirsch states ρH (p, q, σ), and Game states ρG (p, q).
These states can be seen as generalisations of the Werner-Isotropic (WI) states
ρW I (p) (Eq. B.5). Starting from any of these generalisations, we can recover
the ρW I by assigning the values depicted in the arrows.

2.2.1

Werner-Isotropic (WI) States

We start by further addressing the Werner-Isotropic (WI) states (see also Eq. B.5)
[26], which are defined as:
ρW I (p) = p ψ − +

(1 − p)
1,
4

(2.14)

with 0 ≤ p ≤ 1, and ψ − := |ψ − i hψ − |, |ψ − i := √12 (|01i − |10i). By using the
PPT criterion (Appendix B.2.1), these states are entangled if and only if p ≥
1 There has been a recent breakthrough toward numerical constructions of LHV models for
entangled states [66, 67].
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1/3, and local (projective) if p ≤ 1/2. One can also check that these WI states
are useful for teleportation if and only if p ≥ 1/3 (same than the entanglement
region). We summarise further results regarding locality in Fig. 2.3.
Local projective [2006Acín et. al.]

Local general [2002Barrett]
Separable

0

||

Nonlocal [2015Hua et. al.]

Local projective [1989Werner]

Entangled-Local

|

|

|

1
__
3

5
__
12

1
__
2

0.6595

Nonlocal [2008Vérseti]
Nonlocal-CHSH

||

1/√2~07071
0.705596
0.705428

1

Figure 2.3: Properties of entanglement, nonlocality, and locality for the WernerIsotropic (WI) states (Eq. 2.14). These states are entangled if and only if 1/3 <
p. These states were first proved to be local (projective) if p ≤ 1/2 [26]. Then,
they were proven to be local (general) if p ≤ 5/12 [68]. Then, it was proven that
these states are local (projective) if and only if p ≤ 1/KG (3), being KG (3) the
Grothendieck constant of order three [69]. Even though this latter result would
fully characterise the local(projective) region for these states, the exact value
of KG (3) is not known, and there are only calculations for its lower and upper
bounds. The best known upper bound reads KG (3) ≤ 1.5163, and therefore,
the WI states are√local(projective) if p ≤ 0.6595. The CHSH-inequality imposes
the lower bound 2 ≤ KG (3), or that the WI states are nonlocal if 0.7071 < p.
In 2008, this lower bound was improved to 1.417241 ≤ KG (3), or that the WI
states are nonlocal if 0.705596 < p [70]. So far, the best known lower bound
reads 1.41758 ≤ KG (3), or that the WI states are nonlocal if 0.705428 < p [71].
Therefore, leaving the gap 1.41758 ≤ KG (3) ≤ 1.5163 or 0.6595 < p ≤ 0.705428
where it is not known whether these states are local (projective).

2.2.2

Werner States

We now consider the two-qudit Werner states ρdW ∈ D(Cd ⊗ Cd ) which were
actually introduced at the same time than the Werner-Isotropic states [26], and
in terms of a parameter p, they are defined as:
ρdW (p) =

1−

2d
≤ p ≤ 1,
d+1

p
(1 − p)
2P − +
1,
d(d − 1)
d2


d
X
1
P − := 1 −
|ii hj| ⊗ |ji hi| .
2
ij
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We now consider another parametrisation as:
ρdW (f ) =
f = Tr(ρW V ),

d−f
df − 1
1+ 3
V,
d3 − d
d −d

−1 ≤ f ≤ 1,

V =

(2.16)
d
X

|iji hji| ,

i,j=1

with |ψd i :=

√1
d

Pd−1
i=0

|iii the maximally entangled state of dimension d. The

relation with the previous parameter is given by p = 1−df
d+1 . We now list the
properties of entanglement, nonlocality and fully entanglement fraction for these
Werner states. In terms of the parameters p and f we have:
1
[26]
←→
Entangled,
(2.17)
←→
f < 0,
d+1
2
d−1
−d + d + 1
[26]
p≤
←→
f ≥
−→
Local (Projective),
(2.18)
d
d2
(d−1)
d
(d−1)
(3d − 1)(d − 1)
d − (d − 1)
(3d − 1) [68]
p≤
←→ f ≥
−→ Local (General). (2.19)
(d + 1)dd
dd+1
p>

It should be pointed out that there is also a multipartite generalisation to
three-qubit entangled local states ρI ∈ D(C2 ⊗ C2 ⊗ C2 ) [27]. We now consider
the property of fully entangled fraction (Eq. 2.8) for these Werner states which
reads [62]: (the first column represents d even, whilst the second represents d
odd)
 1−f d2 −d2 f +df +d−2
if − 1 ≤ f < d1 ,

 d(d−1) ,
d2 (d2 −1)
fd [ρdW (f )] =
(2.20)


f +1
1
if d ≤ f ≤ 1.
d(d+1)
We can check that this function is always less than 1/d, so we cannot guarantee
(by Eq. 3.1) that these Werner states (Eq. 2.15) are useful for teleportation. Let
us now consider the so-called Isotropic states.

2.2.3

Isotropic States

The two-qudit Isotropic states ρdI ∈ D(Cd ⊗ Cd ) [64] which in terms of a parameter p they are defined as:
ρdI (p) = p |ψd i hψd | +

(1 − p)
1,
d2

(2.21)

d

0 ≤ p ≤ 1,

1 X
|ψd i = √
|iii .
d i

We also introduce another parametrisation as:
ρdI (f ) =

1−f
d2 f − 1
1
+
|ψd i hψd | ,
d2 − 1
d2 − 1
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f=

ψd |ρdI (f )|ψd

,

1
≤ f ≤ 1,
d2

d

1 X
|ψd i = √
|iii ,
d i

being |ψd i the maximally entangled state of dimension d. The relation between
these two parameters is f = p + (1−p)
d2 . We now consider the properties of
entanglement, locality, and fully entanglement fraction for these Isotropic states
in terms of the parameters p and f [64]:
1
,
d+1
Pd
−1 + k=1

←→

p>
p≤

p≤

d−1

1
k

←→ f ≤

f >

1
,
d

←→

Entangled,

d
−1
(d + 1) X 1
+
−→ Local (Projective),
2
d
d
k
k=1

(3d − 1)(d − 1)(d−1)
(d − 1)d (3d − 1) + dd
←→ f ≤
−→
d
(d + 1)d
dd+2

Local (General).

(2.23)
(2.24)

(2.25)

Let us now address the fully entangled fraction FEF (Eq. 2.8), which for these
Isotropic states reads: [62]

1−f
1

 d2 −1 if 0 ≤ f < d2 ,
d
fd [ρI (f )] =
(2.26)


1
f
if d2 ≤ f ≤ 1.
We have already seen all entangled Isotropic states are entangled if and only if
f > 1/d (Eq. 2.23), and therefore (because of Eq. 2.9), all of them are useful for
teleportation. Let us now come back to consider some entangled local two-qubit
states.

2.2.4

Hirsch States

We now analyse the two-qubit states studied by Hirsch, Quintino, Bowles and
Brunner [65] which for simplicity we will call Hirsch states and are defined as:


1
1
⊗ ,
(2.27)
ρH (p, q, σ) = p ψ − + [1 − p] qσ + (1 − q)
2
2
with 0 ≤ p ≤ 1, 0 ≤ q ≤ 1, ψ − := |ψ − i hψ − | , |ψ − i := √12 (|01i − |10i), and σ an
arbitrary one-qubit state. These states can also be thought as a generalisation
of the two-qubit WI states (Eq. 2.14); in fact, we recover them by putting q = 0.
Putting σ = |0i h0|, and q = 1, these states become
ρH (p) = p ψ − + (1 − p) |0i h0| ⊗

1
,
2

(2.28)

which are entangled for all 0 ≤ p. Interestingly, the authors of Ref. [65] were able
to prove locality (projective) for p ≤ 1/2. Even more interestingly (though we
are not going to cover these subjects here) they derived a method to transform
local (projective) states into local (general) states [65].
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2.2.5

Game States

We now consider another two-qubit generalisation of the WI states (Eq. 2.14)
which we will call game states (for reasons we are about to explain) and are
defined as:
ρG (p, δ) = p ψ +i (δ) +

(1 − p)
1,
4

(2.29)

with 0 ≤ p ≤ 1, ψ +i (δ) := ψ +i (δ) ψ +i (δ) , with ψ +i (δ) = cos 2δ |00i +
i sin 2δ |11i, δ ∈ [0, π2 ]. We are interested in these states for two reasons: First,
there is a locality bound for the joint correlation (as defined in Eq. B.4), pL ≈
0.6009 [69]; which means that these game states with p ≤ pL are local (for
the joint correlator). Actually, this locality bound holds for general two-qubit
0
states of the form ρ := pρ0 + (1−p)
4 I, 0 ≤ p ≤ 1, being ρ an arbitrary two-qubit
state [69]. Second, these states have been studied in games’ strategies2 , and
in particular, it has
q been
 proven that regardless of the value of p, whenever
2
∼ 0.6847, these states turn out to be useful for the
δ ≥ δ2 := sin−1
5
quantum version of the so-called prisoner-dilemma game.

2.3

Final Considerations

We have already seen some measures for two-qubit states for the properties of
entanglement, nonlocality and usefulness for teleportation, and we have also
addressed the relationship between them. We have also already seen some bipartite entangled local states. There are a few multipartite generalisations of
these LHV models (see a recent review [27]), and there has also been a recent
breakthrough toward the numerical generation of LHV models for entangled
local states [66, 67]. Having introduced these entangled local states, we have
now gathered all the needed ingredients in order to address main subject of this
work, the activation of nonlocality scenarios which we are going to address in
the next chapter.

2 Preprint titled: Quantum locality in game strategy by C. Susa, C. A. Melo, A. F. Ducuara,
A. Barreiro and J. H. Reina.
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Activation of Nonlocality
Scenarios
In this chapter, we address the activation of quantum nonlocality scenarios. We
have already seen that whilst for pure states, entanglement and nonlocality are
equivalent (by means of the Gisin theorem [46, 47, 48]), this is not the case for
general mixed states (particular examples from the last chapter). This, in principle, would settle the question about the relationship between entanglement
and nonlocality within their original definitions. However, in the mid nineties,
Sandu Popescu was able to transform an entangled local Werner state (Eq. 2.15)
into a nonlocal state by means of local filters [72], this particular phenomenon
has been called hidden nonlocality [28]. This triggered similar results by means
of other procedures, which were coined activation-of-quantum nonlocality scenarios. Let us address their relevance.
From a fundamental point of view, these phenomena raised again the question about the relationship between entanglement and what we could call new
definitions (generalisations) of nonlocality inspired by these activation scenarios. The question is whether these generalisations may be equivalent to entanglement. We are going to see some instances for which the latter is indeed possible.
Therefore, it is of interest to explore the aforementioned new relationships.
From a practical point of view, even though entanglement has been regarded
as a resource for many tasks [29], it is also well known that there are protocols
that explicitly require either nonlocality or the violation of certain Bell inequalities [28, 73]. Let us consider the following situation: suppose that an experimentalist is able to prepare entangled local states only; however, she needs to
implement protocols that require nonlocality, therefore; she should address the
activation of nonlocality scenarios.
We are going to focus on the activation of nonlocality scenarios based on
the original Local Filtering (LF) procedure, and the so-called Tensoring (T)
procedure, as well as combinations of them (there are more activation of nonlocality procedures [28], however, we are only going to focus on some of them, in
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particular, those which we can numerically approach). We now briefly describe
these two general procedures.
Local Filtering (LF): S. Popescu in Ref. [72] took Werner entangled local
states (Eq. 2.15), and after applying a local filter , an operation that could be
thought as a projection onto a two-qubit system, namely, P ⊗ Q with P :=
|0 ih 0| + |1 ih 1|, and Q := |0 ih 0| + |1 ih 1|, he found that the final state violated
the CHSH-inequality (Eq. 2.6), whenever d > 5. We can see a sketch of this
scenario in Fig. 3.1.

Figure 3.1: Activation of nonlocality through the Local Filtering procedure [72].
Experimentalists Alice and Bob receive a part of a bipartite quantum state ρ.
They both first apply locals filters each, obtaining the new state ρ0 with certain
probability, if ρ0 is the desired state, they then proceed with an standard Bell
test. If they do not obtain the desired state, they repeat the experiment until
they get so.
Soon after this result, N. Gisin [74] proposed another example, but this time
with states that, even though it was not known whether they were local, at least
they did not violate the CHSH-inequality. Recently, a complete characterisation
of the hidden nonlocality for two-qubit states has been derived [75]. Let us now
address the procedure known as tensoring.
Tensoring (T): Here, the question is: is it possible to find entangled local
states ρ1 and ρ2 such that ρ1 ⊗ ρ2 is entangled nonlocal? If ρ2 = ρ1 , or in general, if ρ⊗k is nonlocal, the phenomenon is called superactivation of nonlocality,
similarly, we could also say that the state ρ is k-copy nonlocal or that we have
activation through the k-tensoring procedure. We can see this scenario depicted
in Fig. 3.2. It is also natural to think about the combination of tensoring with
local filtering. Historically, the first tensoring procedure appeared as a combination of k-tensoring with LF [76, 77]. Then, general tensoring and LF arose
[78, 79]. The activation through tensoring alone (without LF) was reported in
2008 [80], and three years later (2011) superactivation was put forward [81].
Remark: We are going to see that these procedures are interesting to be applied only on entangled local states. This is because, if we apply either of these
two procedures on separable states, they would generate only separable states
again (and therefore local states). If we want to activate nonlocality on separa-
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Figure 3.2: Activation of nonlocality through the Tensoring procedure. Experimentalists Alice and Bob prepare the state ρ1 ⊗ ρ2 . They then make a standard
Bell test.
ble states, we would first have to consider procedures for entanglement creation
before thinking in nonlocality activation [29]. We then focus our efforts on
entangled local states, and in particular, the bipartite states addressed in the
previous chapter.
This chapter is organised as follows. First, we consider the tensoring procedure alone, in particular, the so-called k-tensoring procedure, which works for
two-qudit states [81, 82], and will also let us consider a two-qubit measure in
order to look for k-copy Nonlocality (kNL). Second, we consider hidden nonlocality, in particular, the full characterisation for two-qubit states [75], which
would let us define the two-qubit measure of Hidden CHSH-inequality Violation
(HCHSH). Third, we consider a composed scenario where we first apply a local
filter and then k-tensoring [83]. Here, we will consider the two-qubit measure of
Hidden k-copy Nonlocality (HkNL). Fourth, we consider the scenario where we
first apply general tensoring, and then local filtering [78, 79]. This procedure
works for general multipartite systems, though we are only going to be interested into bipartite ones, for which we will consider the two-qudit measure of
Tensor/Filter activation of Hidden Nonlocality (TFHN). We have chosen these
particular scenarios because they can be numerically approached, in particular,
for arbitrary two-qubit states (bipartite states in the case of TFHN). Let us now
start by addressing the k-tensoring procedure.

3.1

k-Tensoring (kT)

In this section, we focus on the case of the activation of nonlocality through
tensor product only; in particular, when the state is capable of activating nonlocality by itself, i. e., superactivating [81, 82]. We start by considering the
main theorem regarding this scenario which will let us consider a measure to
look for k-copy nonlocality of general two-qubit states. We then address the
extraction of the superactivation tensoring factor (k).
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3.1.1

Main Theorem

Given ρ ∈ D(Cd ⊗ Cd ), we have already addressed the fully entangled fraction
fd (ρ) given by Eq. 2.8 which determines the usefulness of ρ for the teleportation
protocol (Eq. 2.9). The main theorem regarding k-copy nonlocality establishes
the second implication of the following chain of relationships:
fd (ρ) >

1
d

ρ is useful
ρ is
[59]
[81, 82]
⇐====⇒
for
=======⇒ k-copy
teleportation
nonlocal

(3.1)

In particular, for a two-qubit state ρ ∈ D(C2 ⊗ C2 ), we have the range 0 <
f (ρ) < 1, and that ρ is useful for teleportation if and only if f > 1/2. Therefore,
ρ is k-copy nonlocal for the same region (Eq. 3.1). If we now combine this result
(Eq. 3.1) with the one we already had for two-qubit states in relation with the
CHSH-inequality violation (Eq. 2.13), we now have the chain of relationships:
ρ violates
ρ is useful [81, 82]
ρ is
ρ
[61]
[81, 82]
(3.2)
the CHSH =======⇒
for
=======⇒ k-copy =======⇒ is
inequality
teleportation
nonlocal
Entangled
We had already remarked that usefulness for teleportation does not cover
all the entangled states set, i. e., there exist entangled states not useful for
teleportation [61]. However, with the introduction of k-copy nonlocality lying in between usefulness for teleportation and entanglement, it is natural to
wonder about the following two instances; first, regarding the existence of an
entangled never k-copy nonlocal state, and second, regarding the existence of
a k-copy nonlocal, not useful to teleportation state. Both instances are, up to
our knowledge, currently open questions.
Since usefulness for teleportation is a property which is possible to numerically search for, by means of the measure U f T (Eq. 2.12), it would consequently
also allows us to enquire about k-copy nonlocality, in a necessary, though not
sufficient fashion.
It turns out that from the second implication of Eq. 3.1, it is also possible
to extract the k-value necessary for the superactivation [81, 82]. This k value is
a minimum, since it is only necessary to achieve a nonlocal state once, in order
to activate nonlocality through k-tensoring [48]. We call this minimum k-value
the superactivation tensoring factor, which we now show how to calculate.

3.1.2

The Superactivation Tensoring Factor k(d, fd ):

By means of the above-mentioned theorem (second implication in Eq. 3.1), it
is possible to extract the explicit value of k, in terms of the dimension d of
the two-qudit states, and their fully entangled fraction fd . From the second
implication in Eq. 3.1, those k’s must satisfy the following inequality:


k
C0
(fd d)
> 1,
(3.3)
C(ln d)2
k2
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with constants C := e4 and C 0 := 4. Since in Eq. 3.3, we have a function to
the power of k over a quadratic polynomial function of k, we have that the
activation goes from f > 1/d. In Fig. 3.3 (a), we numerically see the behaviour
of k(d, fd ). For most of the d − f region, k < 10 is enough (as it is depicted by
the white curve in the left); just when fd is close to the boundary d1 , it becomes
asymptotically more difficult to superactivate it. In Fig. 3.3 (b), we see cuts for
d = 2, 3, 4 and 5.
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Figure 3.3: (a) Superactivation tensoring factor k(d, fd ) in terms of the fully
entangled fraction (FEF) (Eq. 2.8) 0 ≤ fd ≤ 1 and the dimension d ≥ 2 of
the two-qudit system. The white curves represent the threshold for k < 10
and k < 3 from left to right respectively. (b) Transversal cuts of Fig 3 (a) for
d = 2, 3, 4 and 5.
We have seen that we can look for k-copy nonlocality by means of the usefulness for teleportation measure. In order to do so, we first calculate the value
of fd as in Eq. 2.8, and we then come to Fig. 3.3, in order to extract the k-value
necessary for the superactivation. Let us now move on to the local filtering
scenario.

3.2

Local Filtering (LF)

In this section, we address the complete characterisation of hidden nonlocality
for two-qubit systems, from which we define the measure of Hidden CHSHinequality violation for general two-qubit states.

3.2.1

Hidden Nonlocality for Two Qubits (HCHSH)

A complete characterisation of hidden nonlocality for two-qubit systems has
been recently derived [75]. Given ρ ∈ D(C2 ⊗C2 ), ρ possesses hidden nonlocality
(or ρ can be transformed into a CHSH-violating state ρ0 by means of local filters)
if and only if: λ1ρ + λ2ρ > λ0ρ , where the λiρ ’s are the eigenvalues of the matrix
Cρ := ηTρ ηTρT organised in decreasing order, with η := diag(1, −1, −1, −1)
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and Tρ := [tnm ] a matrix with elements tnm := Tr[(σm ⊗ σn )ρ], as defined
for the CHSH-inequality violation measure (Eq. 2.6). The CHSH-inequality
violation of that new state ρ0 is given by the Horodecki criterion (Eq. 1.28) as
HM (ρ) := M (ρ0 ) =

λ1ρ +λ2ρ
λ0ρ .

Instead of HM (ρ), we could work with

HB(ρ) :=

p

max {0, HM (ρ) − 1},

(3.4)

because this function will let us make a direct comparison with the CHSHinequality violation (Eq. 2.6), and the EoF (Eq. 2.6) we have already introduced.
Then, in order to analyse hidden nonlocality, we will plot:
!
p
1 + 1 − HB(ρ)2
HCHSH(ρ) = h
,
(3.5)
2
being h the binary entropy (Eq. 2.3). This generalisation of nonlocality does
not cover the whole set of entangled states, and therefore, it is not equivalent
to entanglement [75]. We now consider some combinations of the already mentioned scenarios. In a first instance, we consider the scenario where we first
apply a local filter, and then k-tensoring.

3.3

Hidden k-copy Nonlocality (HkNL)

In this section, we are going to combine the two procedures we have already
introduced: tensoring and local filtering. Particularly, by first considering local
filtering, and only then, k-tensoring. We will define the measure of Hidden
Usefulness for Teleportation (HUfT) for general two-qubit states, which will let
us look for hidden k-copy nonlocality. Finally, we discuss the behaviour of the
EoF (Eq. 2.2) after local filters, which has been coined the Maximum Extractable
Entanglement of Formation (MEEoF), showing that this MEEoF turns out to
be equivalent to the HUfT. Let us then start by defining the HUfT.

3.3.1

Hidden Usefulness for Teleportation (HUfT → HkNL)

Given ρ ∈ D(C2 ⊗ C2 ), we have already seen that if ρ is useful for teleportation, then it is k-copy nonlocal (Eq. 3.1), i.e., ρ admits superactivation of
nonlocality [81, 82], and that usefulness for teleportation can be numerically
tested by considering the UfT measure (Eq. 2.12). This UfT measure is written
in terms of the D function (Eq. 2.11) which can consequently be written in
terms of whether the f (ρ) function (Eq. 2.8) or the N (ρ) function (Eq. 2.10).
As in the case of hidden nonlocality (Eq. 3.5), we now wonder what happens
with these functions when trying to maximise them with local filters. It turns
out that the filters that maximise the CHSH-inequality violation, also maximise these teleportation-related functions [83]. The D function of the new
state ρ0 can be written as HD(ρ) := D(ρ0 ) = max{0, (HN (ρ) − 1)/2} with
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HN = −1 + 4(1/2(1 + HC(ρ))), where the HC function is the maximised
concurrence which reads
HC(ρ) =

C(ρ)
,
λ4 + λ3 + λ2 + λ1

being C the concurrence (Eq. 2.4), and the λi ’s referring to the square root of
the eigenvalues belonging to the auxiliary operator ρρ̃ arranged in decreasing
order, and ρ̃ = (σy ⊗ σy )ρ∗ (σy ⊗ σy ), as defined for the EoF (Eq. 2.2). The HD
function could have also be written in terms of Hf := 21 [1 + HC(ρ)]. However,
for our purposes, in terms of HN is enough. If we replace HN into HD we
obtain HD = HC, a result that we are going to address later. In order to
make a direct comparison with the measures of EoF (Eq. 2.2), CHSH (Eq. 2.6),
UfT (Eq. 2.12), and HCHSH (Eq. 3.6), we now define the Hidden Usefulness
for Teleportation (HUfT) measure as:
 h
i
p
1
1 + 1 − HD(ρ)2 ,
(3.6)
HU f T (ρ) = h
2
being h the binary entropy (Eq. 2.3). This measure is characterising the scenario
where we first apply a local filter, and then considering the k-tensoring. We
sketch this procedure in Fig. 3.4.

Figure 3.4: Activation of nonlocality through the combination of local filtering
and k-tensoring. Experimentalist Alice and Bob start by preparing states ρ1
and ρ2 . They then apply local filters in order to get the states ρ01 and ρ02 . They
then consider the tensor product ρ01 ⊗ ρ02 , and proceed with a standard Bell test.
We have already seen the behaviours of the CHSH (Eq. 2.6) and UfT (Eq. 2.12)
under local filters, which led us to define their hidden counterparts HCHSH
(Eq. 2.6) and HUfT (Eq. 3.6). It is then also natural to consider the maximisation of the EoF (Eq. 2.2) through local filters. This new function has been
called the maximum extractable entanglement.
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3.3.2

On the Maximum Extractable Entanglement

We now address the maximisation of the EoF (Eq. 2.2) under local filters as we
have already done for the CHSH and UfT. One might be tempted to term this
new function as Hidden EoF ; however, one can check that local filters cannot
create entanglement (they cannot transform a separable state into an entangled one), but rather they could increase the amount of it [83]. Because of this
reason, this new measure has received the name of Maximum Extractable Entanglement of Formation (MEEoF), instead of Hidden EoF. It turned out that
the local filters that maximise the CHSH-inequality violation and the usefulness
for teleportation, also maximise the entanglement of formation [83, 84]. Given
ρ ∈ D(C2 ⊗ C2 ), its MEEoF is given by:
 h
i
p
1
1 + 1 − HC(ρ)2 ,
(3.7)
M EEoF (ρ) = h
2
being HC the maximum extractable concurrence. We have already seen that
HD = HC, and therefore by directly comparing Eq. 3.6 and Eq. 3.7, we obtain
HU f T (ρ) = M EEoF (ρ).

(3.8)

From this result, we can see that every two-qubit entangled state is hidden kcopy nonlocal, and therefore making of hidden k-copy nonlocality (unlike hidden
nonlocality alone) an equivalent property to entanglement.
We have considered some activation of nonlocality scenarios, and defined
some two-qubit measures to look for them. First, the usefulness for teleportation (Eq. 2.12) let us explore for k-copy nonlocality. Second, hidden-CHSH
nonlocality (Eq. 3.5). Third, we have considered the hidden k-copy nonlocality (Eq. 3.6). However, from another perspective, we could say that we have
analysed the three properties from last chapter (EoF, UfT, and CHSH) under local filtering, though maximum extractable entanglement turned out to be
equal to hidden k-copy nonlocality, so effectively considering two new properties
(HUfT=MEEoF, HCHSH).
In the hidden k-copy nonlocality scenario (Eq. 3.6), we have performed first
the local filter and only then the k-tensoring procedure. It is natural to wonder
about the opposite procedure, namely, when first considering tensoring and only
then the local filter. Let us address this scenario.

3.4

Tensor/Filter Activation of Hidden Nonlocality (TFHN)

In this section, we present the activation scenario as the result of first considering general tensoring (not necessarily with itself) and then local filtering. We
start by defining the set of states that do not violate the CHSH inequality even
after any possible local filter, in other words, states that are not hidden nonlocal. Second, we present the main theorem regarding this scenario. Third, we
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present a numerical approach that will let us define the measure of Tensor/Filter
activation of Hidden Nonlocality (TFHN) which works for general multipartite
systems, though we are only going to focus on bipartite systems.

3.4.1

0
PCHSH & PCHSH
sets

Let us start by defining the set PCHSH ⊂ D(H) formed by the states that do not
violate the CHSH-inequality (Eq. 1.25) even after any possible local filter (onto

two qubits) [78]. Formally, ρ ∈ PCHSH ⇐==⇒ ∀Ω : D (H) −→ D C2 ⊗ C2 ,
Ω (ρ) does not violate the CHSH inequality (Eq. 1.25), being Ω a Local
P Filter
which should be understood as a separable map of the form Ω(ρ) = i (Ai ⊗
Bi )ρ(Ai ⊗ Bi )† , with Ai , Bi Kraus operators [78]. This PCHSH set has been
characterised for two-qubit systems [78, 75].
0
⊂ D(H) as the set of states that do not
Let us now define the set PCHSH
violate the CHSH-inequality for any local filter Ω, and not even after first ktensoring the state with itself and then applying a local filter. If a state ρ
0
does not belong to PCHSH
, it is said that ρ asymptotically violate the CHSH0
0
inequality [77]. By the definition of PCHSH
, we have the relationship PCHSH
⊂
PCHSH . There is an equivalence between this asymptotically violation of CHSH
[77] and the property called distillability [85], which will let us search numerically
for states in PCHSH . For the moment, let us address the main theorem regarding
the activation of the states in PCHSH .

3.4.2

Main Theorem

The main theorem regarding the activation of nonlocality for states in PCHSH
works for general multipartite systems [79]. However, since we are focused on
two-qubit systems, we highlight this main theorem for bipartite systems [78].
The main theorem establishes the following:
" 2
#
O


d1
d2
di
2
ρ∈D C ⊗C
∃τρ ∈ D
C ⊗C
i=1

is

⇐===⇒

s.t. τρ ∈ PCHSH ,

(3.9)

ρ ⊗ τρ ∈
/ PCHSH .

entangled

On the one hand, since the result holds for any entangled state ρ, it also applies
for entangled states ρ ∈ PCHSH . In this case, the theorem guarantees the existence of another state τρ ∈ PCHSH such that ρ ⊗ τρ ∈
/ PCHSH . In other words, for
this new state ρ⊗τρ , there exist an integer k and a local filter lf (onto two-qubit
states), such that the two-qubit state lf [(ρ ⊗ τρ )k ] is a CHSH-inequality violating state. Because of this reason, we address this procedure as Tensor/Filter
activation of Hidden Nonlocality. Therefore, this theorem is characterising the
activation scenario depicted in Fig. 3.5.
On the other hand, the theorem provides the local filter (lf ) in question,
and even though it also guarantees the existence of the ancillary matrix τρ , it
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Figure 3.5: Activation of nonlocality through the combination of first general
tensoring and then local filtering. Experimentalists Alice and Bob prepare the
state ρ1 ⊗ ρ2 . They then apply a particular local filter that takes the bipartite
state to a two-qubit state. They then proceed with an standard Bell test.
does not explicitly tell us how to calculate it. In this regard, let us address a
numerical approach to try to find this auxiliary matrix.

3.4.3

Numerical Approach

Given ρ ∈ D(Cd1 ⊗ Cd2 ) an entangled state, we would like to find the aforementioned ancillary density matrix τρ . In order to do so, we follow the approach
reported in [79]. From the proof
of the main theorem [79], it is enough to look

for a density matrix τρ ∈ D (CdA ⊗ C2 ) ⊗ (CdB ⊗ C2 ) with the following characteristics. First, in order to have the condition ρ ⊗ τρ ∈
/ PCHSH , the τρ matrix
must satisfy the inequality


(3.10)
Tr τρ ρT ⊗ Hπ/4 < 0,
with:

Hθ := 1 ⊗ 1 − cos θσx ⊗ σx − sin θσz ⊗ σz .

(3.11)

Second, we have to check that τρ ∈ PCHSH which, in principle, is not numerically possible (with the exception of two-qubit systems [75]). Fortunately, we
have some results that partially allow us to search for this condition. First, we
0
0
have already pointed out that PCHSH
⊂ PCHSH . Second, PCHSH
is equivalent to
Bound Entanglement (BE) [77]. Third, we have that the Positive Partial Transpose (P P T ) (Appendix B.2.1) are bound entangled states [51, 86]. Therefore,
putting all of this together, we have the following hierarchy of properties:
0
P P T =⇒ BE ⇐⇒ PCHSH
=⇒ PCHSH .

Hence, we could look for a matrix τρ with a positive partial transpose (PPT)
respect to the first subsystem CdA ⊗ C2 in order to guarantee that it belongs to
PCHSH . We then could consider the following minimisation problem:


minimise:
σ(ρ) := Tr τρ ρT ⊗ Hπ/4 ,
(3.12)
over{ρτ }

47

Chapter 3: Activation of Nonlocality Scenarios

and constraints:

τρ ≥ 0,

τρT1 ≥ 0.

A problem with these characteristics is a Semidefinite Programming (SDP) problem that is numerically solvable [79, 87]. We implemented it by using MATLAB
[88] with the YALMIP toolbox [89], and the SeDuMi solver [90]. In what follows,
we define a measure for this activation scenario.

3.4.4

Bipartite Measure

Given ρ ∈ D(Cd1 ⊗ Cd2 ), the main theorem (Eq. 3.9) provides the necessary
filter (lf ) for the activation, and even though it does not explicitly provide the
ancillary matrix τρ as a function of ρ, we can numerically search for this matrix
by means of the numerical procedure we have just addressed (Eq. 3.12). We
want to define a measure for this scenario. In order to do so, let us write the
final two-qubit state state as ρ0 := (U ⊗ V )(τρ ⊗ ρ)(U ⊗ V ) being U, V the
local filters used in the protocol, explicitly given in Ref [78]. We can now apply
the Horodecki criterion (Eq. 3.6) for the CHSH-inequality violation which reads
M 0 (ρ) := M (ρ0 ) = µ012 + µ022 > 1. Because of the form of the filters U, V [78],
these two biggest eigenvalues can be calculated as:
 

µ01 = Tr[ρ0 (σx ⊗ σx )] = γTr τρ ρT ⊗ (σx ⊗ σx ) ,
 

µ02 = Tr[ρ0 (σz ⊗ σz )] = γTr τρ ρT ⊗ (σz ⊗ σz ) ,
 

γ := 1/Tr τρ ρT ⊗ (1 ⊗ 1) ,
being σx , σz the Pauli matrices. Instead of M 0 , we could consider the function:
p
(3.13)
F (ρ) = max{0, M 0 (ρ) − 1}.
In order to make a direct comparison of this activation scenario with all of the
measures we have already introduced, we define the Tensor/Filter activation of
Hidden Nonlocality (TFHN) measure as:
!
p
1 + 1 − F (ρ)2
TFHN(ρ) = h
,
(3.14)
2
being h the binary entropy (Eq. 2.3). This activation scenario works for general
bipartite systems, and furthermore, for general multipartite systems [79].

3.5

Final Considerations

We have already seen that entanglement and nonlocality are not equivalent
for general mixed states (particular examples of entangled local states from the
previous chapter). However, we could now ask the same with the generalisations
of nonlocality we have considered here, for which we have the following results.
First, hidden nonlocality is not equivalent to entanglement. Second, hidden
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k-copy nonlocality and tensor/filter activation of hidden nonlocality are, on
the other hand, equivalent to entanglement. Third, k-copy nonlocality is not
known whether it is equivalent to entanglement or not. Finally, putting all of
these results together, and taking into account a previous diagram from the
previous chapter (Fig. 2.1), we have the following diagram (Fig. 3.6).

a)

b)

Figure 3.6: Venn-like representation of several results concerning some generalisations of nonlocality for: a) two-qubit states, and b) two-qudit (d > 2) states.
This diagram should be seen as an extension of the diagram in Fig. 2.1 (where
the definition of E, S, P E, N L, T and their relation with each other is established). We now focus on generalisations of nonlocality and their relationship
with entanglement. First, hidden nonlocality HNL (Eq. 3.5) is not equivalent to
entanglement. Second, hidden k-copy nonlocality HkNL (Eq. 3.6) is equivalent
to entanglement for two-qubit a) states. Third, tensor/filter activation of hidden nonlocality TFHN (Eq. 3.14) is equivalent to entanglement for two-qubit
a) and two-qudit (d > 2) states b) and furthermore, for multipartite systems.
Fourth, k-copy nonlocality kNL (Eq. 2.12), for which it is not known whether
it covers the whole set of entangled states.
To wrap up, from a practical point of view, we have defined measures for
these generalisations of nonlocality for general two-qubit systems, (bipartite
systems for the case of TFHN (Eq. 3.14). In comparison with the previous
chapter, in addition of the EoF (Eq. 2.2), UfT (Eq. 2.12), and CHSH (Eq. 2.6),
we now have three extra properties to calculate, namely, HCHSH (Eq. 3.5),
HUfT (Eq. 3.6), and TFHN (Eq. 3.14), making a total of six non-locality related properties up to study for general two-qubit systems. We now point out a
couple of things: First, from a numerical point of view, all of these measures are
straightforward to calculate, with the exception of the TFHN (Eq. 3.14), which
requires an extra effort, since it involves a semidefinite programming minimisation. Second, for the activation scenarios that involve local filtering, we have
addressed the way that certain measures get transformed when transforming
the state through the local filters in question, rather than explicitly calculating
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the filters, obtaining the state, and then calculating again the measure (with
the exception of TFHN for which we have the particular filter (lf ) and the
ancillary matrix, and therefore the final state). In this regard, it should be
said that there exist general procedures for explicitly calculating the filters in
question and therefore, the final state [91, 92]. We have not implemented these
procedures, because it was not our main interest. That being said, in the next
chapter, we are going to study these properties for particular states of interest.
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Chapter 4

Activation of Nonlocality
for Some Bipartite
Entangled States
In this chapter, we shall use the formalism and tools already described in the
previous chapters, in order to analyse the quantum nonlocality-related properties that we depict in Fig. 4.1, for some particular bipartite entangled states of
interest.

Figure 4.1: Quantum nonlocality-related properties. In the first column we
present the properties of: Entanglement of Formation (EoF Eq. 2.2), CHSHinequality Violation (CHSH Eq. 2.6), and Usefulness for Teleportation (UfT
Eq. 2.12), which allows us to look for k-copy Nonlocality (kNL Eq. 3.1). In
the second column, we present these very same properties after they have gone
through the local filter that maximises them (which turns out to be the same
for the three properties [83, 84]), namely; Maximum Extractable Entanglement
of Formation (MEEoF Eq. 3.7) which becomes equivalent to the Hidden Usefulness for Teleportation (HUfTEq. 3.6), and Hidden CHSH-Nonlocality (HCHSH
Eq. 3.5). In the third column, we present the Tensor/Filter activation of Hidden Nonlocality (TFHN Eq. 3.14). The properties inside the blue frame are
equivalent to entanglement, whilst for kNL it is not known.
We start by analysing these properties (Fig. 4.1) for the Werner-Isotropic
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states. We then report TFHN activation regions for Werner states, reproducing the values reported in [79]. We then report TFHN activation regions for
Isotropic states. We then come back to two-qubit systems by analysing the
Hirsch, and Game states. Finally, we consider some not CHSH-inequality violating states that arise from the dynamics of an open quantum system. We end
up with some final considerations.
Remark on the notation: We will deal with quantum states in terms of a
parameter p, i. e., ρ = ρ(p). In these cases, we will consider the following
notation: if p > pE , then the state is entangled; if p > pN L , the state is
nonlocal; if p > pU f T , the state is useful for teleportation (an therefore k-copy
nonlocal); if p > pHN , the state contains hidden nonlocality; if p > pT F HN , the
minimisation procedure described in the previous section (Eq. 3.14) has found
an ancillary state that helps to activate the initial state by means of TFHN.
Finally, if p ≤ pL , the state is local.

4.1

Werner-Isotropic (WI) States

We first study the Werner-Isotropic states [26], which we first introduced in
Eq. B.5, and then further addressed in Eq. 2.14:
ρW I (p) = p ψ − +

(1 − p)
1,
4

(4.1)

with 0 ≤ p ≤ 1 and ψ − := |ψ − i hψ − |, |ψ − i := √12 (|01i − |10i). In Fig. 4.2, we
plot the nonlocality-related properties discussed throughout the manuscript and
summarised in Fig. 4.1, for these WI states. Regarding the TFHN activation
scenario (Eq. 3.14), we extracted the ancillary matrix τρ (p) for p = 0.6569, which
turns out to be useful for all the 0.6569 < p < 1 region, as we show in the R(p)
function plotted in Fig. 4.2. Therefore, τρ ⊗ ρW I (p) is hidden CHSH-nonlocal
after the local filter from [78], with
τρ =

3
1 X
Rij σi ⊗ σi ⊗ σj ⊗ σj ,
16 i,j=0



9
1
1
R := 
9 1
1

3
−1
−1
−1

(4.2)


3 3
3 −1
.
3 −1
3 −1

Remarks: First, even though the nonlocality limit obtained from the CHSHinequality is pN L = √12 ≈ 0.7071, there exist a better bound which reads pN L =
0.705428 [71] as we already discussed in Fig. 2.3. Second, EoF coincides with
UfT, because these WI states satisfy the criterion detailed in Ref. [82]. Third,
CHSH-nonlocality coincides with hidden nonlocality because these WI states are
already in Bell-diagonal form (see [93] for a detailed explanation). We see that
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Quantum Properties
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Figure 4.2: Quantum properties depicted in Fig. 4.1 for the WI states (Eq. 4.1).
Entanglement of Formation (EoF, blue solid thick curve Eq. 2.2), which turns
out to be equal to Usefulness for Teleportation (UfT, Eq. 2.12), and consequently
also equal to Hidden Usefulness for Teleportation (HUfT, Eq. 3.6) which is
always equal to the Maximum Extractable Entanglement (MEEoF, Eq. 3.7).
Nonlocality (CHSH, red dashed-dotted curve Eq. 2.6), which turns out to be
equal to Hidden CHSH-Nonlocality (HCHSH, Eq. 3.5). Tensor/Filter activation
of Hidden Nonlocality (TFHN, cyan dashed curve Eq. 3.14). R (orange triply
dashed curve), activation TFHN with the ancillary matrix (Eq. 4.2) obtained at
p = 0.6569. Finally, Projective-Locality (black vertical solid line) at p ≤ pL =
0.6595 according to the best known bound derived in [69] and already discussed
in Fig. 2.3. We remark that all entangled states are k-copy nonlocal, that
HCHSH could not do better that CHSH, and that TFHN slightly improved
HCHSH.
even though the states in the entangled local region 0.3333 < p < 0.6596 do not
present hidden nonlocality, they do present UfT and TFHN. To complete the
results reported in Fig. 4.2, Table 4.1 gives the limit bounds of the nonlocalityrelated properties we have addressed for these WI states. Next, we consider the
two-qudit generalisations of these WI states, the Werner and Isotropic states.
pE
0.3333

pSA
0.3333

pT F HN
0.6569

pL
0.6595

pHN
0.7054

pN L
0.7054

Table 4.1: Limit values of some quantum nonlocality-related properties for the
WI states (Eq. 4.1), extracted form Fig. 4.2.
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4.2

Werner States

We now address the so-called two-qudit Werner states [26] with the particular
parametrisation given in Eq. 2.15:
p
(1 − p)
1,
(4.3)
2Panti +
d(d − 1)
d2


d
X
2d
1
1−
≤ p ≤ 1,
Panti := 1 −
|ii hj| ⊗ |ji hi| .
d+1
2
ij
ρdW (p) =

In Fig. 4.3, we have plotted the activation TFHN by means of the minimisation
of the σ[ρdW (p)] function, according to Eq. 3.12, and up to qudits of dimension
d = 6. In Table 4.2, we report the limit values for the nonlocality-related
properties discussed throughout the paper, also up to d = 6. The entanglement
and locality limits come from Eq. 2.17 and Eq. 2.18, respectively [26]. The
UfT limit comes from Eq. 2.20 [62], from which it turns out they (as soon as
d > 2) are not useful for teleportation. Therefore, it is unknown if they are
superactivable or not, so we have marked them in the table with an X. The
activation column follows the plots shown in Fig. 4.3 and also reported in Ref.
[79]. Finally, in the last column, we present hidden nonlocality from Ref. [72].
0.08 d=2
d=3
d=4
0.04 d=5
d=6
-σ[ρdw (p)]
0

x 10 −3
2
1
0
−1
−2
0.61 0.62 0.63 0.64 0.65 0.66

−0.04
−0.08
−0.8 −0.6 −0.4 −0.2 0

0.2 0.4 0.6 0.8 1

p

Figure 4.3: Activation of nonlocality in the scenario TFHN by means of the
minimisation procedure (Eq. 3.12) of the function σ[ρdW (p)] vs parameter p from
the two-qudit Werner states ρdW (p) (Eq. 4.3). We have the following notation:
d = 2 (green dotted curve), d = 3 (red dashed-dotted curve), d = 4 (cyan
triply dashed curve), d = 5 (magenta doubly dashed curve), d = 6 (yellow
dashed curve). The inset shows a zoom of the functions close to the zero value.
We reproduce the values reported in Ref. [79], which we explicitly report in
Table 4.2.
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d
2
3
4
5
6

pE
0.3333
0.2500
0.2000
0.1429
0.1667

pU f T
0.3333
X
X
X
X

pT F HN
0.6569
0.6360
0.6247
0.6174
0.6127

pL
0.6595
0.6667
0.7500
0.8000
0.8333

pHN L
0.7054
0.7630
0.7837
0.7944
0.8009

Table 4.2: Limit values of some quantum nonlocality-related properties for the
two-qudit Werner states (Eq. 4.3).

4.3

Isotropic States

We now consider the Isotropic states [64] with the particular parametrisation
given by Eq. 2.21:
(1 − p)
ρdI (p) = p |ψd i hψd | +
1,
(4.4)
d2
Pd
with 0 ≤ p ≤ 1, and |ψd i := √1d i=1 |iii. In Fig. 4.4, we have plotted the activation TFHN by means of the minimisation of the σ[ρdI (p)] function, according to
Eq. 3.14 and up to qudits of dimension d = 6. In Table 4.3 we report the limit
values for the nonlocality-related properties discussed throughout the paper,
also up to d = 6. The entanglement and locality limits are taken from Eq. 2.23
and Eq. 2.24, respectively [64]. The UfT limit is obtained from Eq. 2.26 [62], all
of them are useful for teleportation, and therefore all them are superactivable.
Activation TFHN values come from the plots shown in Fig. 4.4. Finally, nonlocality limit values are obtained from the Collins-Gisin–Linden-Massar-Popescu
(CGLMP) inequalities [94].
0.1

d=2
d=3
d=4
d=5
d=6

0.05

-σ[ρdI (p)]
0

−0.05

−0.1

0

0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9

1

p

Figure 4.4: Activation TFHN for Isotropic states. Minimisation procedure
Eq. 3.14 of the function σ[τId (p)] vs parameter p for τId (p) high dimensional
Isotropic states Eq. 4.4. We have the following notation: d = 2 (green dotted
curve), d = 3 (red dahsed-dotted curve), d = 4 (cyan triply dashed curve),
d = 5 (magenta doubly dashed curve), d = 6 (yellow dashed curve). We report
in Table 4.3 the values we are interested in.
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d
2
3
4
5
6

pE
0.3333
0.2500
0.2000
0.1429
0.1667

pU f T
0.3333
0.2500
0.2000
0.1429
0.1667

pT F HN
0.6569
0.5606
0.4890
0.4337
0.3895

pL
0.6595
0.4167
0.3611
0.3208
0.2900

pN L
0.7054
0.6961
0.6905
0.6872
0.6849

Table 4.3: Limit values of some quantum nonlocality-related properties for the
two-qudit isotropic states (Eq. 4.4).
For the two-qudit Isotropic states, even though nonlocality-related properties
have been studied, no bounds for activation TFHN have been reported yet. In
Fig. 4.4, we have calculated these bounds, which we report in Table 4.3 column
4 (pT F HN ) in terms of the dimension d of the qudits. From these results one
can observe the following: Unlike the Werner states’ bounds, these Isotropic
states’ bounds do not cover the local states (given d > 2, values in Table 4.3
column 4 (pT F HN ) are still greater than values in Table 4.3 column 5 (pL )).
However, these new bounds now do extend the known nonlocality region (given
d > 2, values in Table 4.3 column 6 (pN L ) are greater than values in Table 4.3
column 4 (pT F HN )). Unfortunately, there is no two-qudit characterisation of
the set PCHSH (unlike two-qubit systems [75]), so we cannot say anything in
this regard1 . Let us now come back to other two-qubit states.

4.4

Hirsch States

We now analyse the two-qubit states studied by Hirsch, Quintino, Bowles and
Brunner [65] which we call Hirsch states (Eq. 2.27), defined as:


1
1
ρH (p, q, σ) = p |ψ− i hψ− | + [1 − p] qσ + (1 − q)
⊗ ,
(4.5)
2
2
0 ≤ p ≤ 1, 0 ≤ q ≤ 1, |ψi := √12 (|01i − |10i), and σ and arbitrary one-qubit
state. These states can also be thought of as a generalisation of the two-qubit
WI states (Eq. 4.1) (as we saw in Fig. 2.2) which we recover by putting q = 0.
Interestingly, these states for σ = |0i h0|, and q = 1 become:
ρH (p) = p |ψ− i hψ− | + (1 − p) |0i h0| ⊗

1
,
2

(4.6)

for which the authors of [65] were able to build a local (projective) model for
all p ≤ 1/2. Even though nonlocality-related properties have been reported for
these two-qubit Hirsch states, bounds for TFHN have not been reported yet. In
Fig. 4.5 (a), (b) we have calculated these bounds.
1 The results concerning Isotropic states are summarised in the article titled: On the activation of quantum nonlocality by Ducuara AF, Madroñero J, Reina JH, Universitas Scientiarum,
21 (2): 129-158, 2016.
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Figure 4.5: Quantum nonlocality-related properties for: (a) the two-parameter
Hirsch states from Eq. 4.5 with σ = |0i h0|, (b) the one-parameter Hirsch states
Eq. 4.6 (or two-parameter Hirsch states with σ = |0i h0| and q = 1, previous
plot (a) at q = 1). Entanglement of Formation (EoF, blue solid thick curve 2.2),
CHSH-inequality violation (CHSH, red dashed-dotted curve Eq. 2.6), Usefulness
for Teleportation (UfT, green dotted curve Eq. 2.12), Hidden CHSH-inequality
violation (HCHSH, magenta solid thin curve Eq. 3.5), Activation TFHN (cyan
dashed curve Eq. 3.14), and Projective-Locality (black vertical solid line).
Regarding Fig. 4.5, we first remark the hierarchy amongst these properties.
All of these properties are inside entanglement and all of them cover the standard
definition of nonlocality represented by the CHSH-inequality violation. Second,
we are able to report a PCHSH activation region for these qubits, here depicted
by the cyan region (TFHN) that is not covered by the magenta region (HCHSH)
in Fig. 4.5 (a).
We have depicted the particular case of Fig. 4.5 (a) for q = 1 in Fig. 4.5
(b) and Table 4.4, because there is a locality bound for these states [65]. First,
the states within the locality region (p ≤ 0.5) are usually considered useless
for quantum protocols based on nonlocality. However, they are now displaying a nice variety of generalised nonlocality-related properties. Actually, all of
the three generalisations we are considering here, unlike Werner states Fig. 4.3
which present UfT (all of the local region) and TFHN (a small region) but no
HCHSH. Second, comparing this again with the Werner states (Fig. 4.2), we can
numerically see that the relation between these generalisations of nonlocality is
not trivial. In particular, there are Werner states with UfT but no HCHSH
whilst there are Hirsch states with HCHSH but no UfT2 .
pE pHN pT F HN pU f T
pL
pN L
0
0
0.1716 0.333 0.5000 0.7071
Table 4.4: Limit values of some quantum nonlocality-related properties for the
Hirsch states (Eq. 4.6), extracted from Fig. 4.5 (b).
2 The results concerning Hirsch states are summarised in the article titled: On the activation
of quantum nonlocality by Ducuara AF, Madroñero J, Reina JH, Universitas Scientiarum, 21
(2): 129-158, 2016.
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4.5

Game States

We now consider another two-qubit generalisation of the WI states, the ones we
have called Game states (Eq. 2.29), and read:
ρG (p, δ) = p ψ +i (δ) +

(1 − p)
1,
4

(4.7)

with 0 ≤ p ≤ 1, ψ +i (δ) := ψ +i (δ) ψ +i (δ) , with ψ +i (δ) = cos 2δ |00i +
i sin 2δ |11i, δ ∈ [0, π2 ]. In Fig. 4.6, in addition of all the information already
addressed in subsection 2.2.5, we also depict the calculation of the nonlocalityrelated properties (Fig. 4.1).

δ

CHSH

~

Uf T
EoF
TF-H
N

δ2

H

HS

HC

pL

p

Figure 4.6: Quantum nonlocality-related properties for the two-qubit states
given by Eq. 4.7, and their usefulness for the prisoners-dilemma
game. Req 
gardless the value of p, whenever δ ≥ δ2 := sin−1

2
5

∼ 0.6847 (horizontal

solid black line), these states ρ(p, δ ≥ δ2 ) turn out to be useful in the prisonersdilemma game. The locality (for the joint correlator) bound (vertical solid black
line) [69] defines a region of local (for the joint correlator) states ρ(p ≤ pL , δ).
These two regions define the set of local states ρ(p ≤ pL , δ ≥ δ2 ) which becomes
useful and advantageous in the prisoners-dilemma game.
From Fig. 4.6, we first point out that the non-locality properties follow the
expected hierarchy, namely, that all of them lie inside entanglement, whilst
covering the standard definition of nonlocality. Second, that all entangled states
are useful for teleportation (which was expected [82]). Third, we define the set of
local states given by ρ(p ≤ pL , δ ≥ δ2 ) which becomes useful and advantageous
in the prisoners-dilemma game3 .
Let us now address some states for which we cannot argue whether they are
local, though they do not violate the CHSH-inequality, and therefore, are of
interest when considering the activation of nonlocality.
3 Preprint titled: Quantum locality in game strategy by C. Susa, C. A. Melo, A. F. Ducuara,
A. Barreiro and J. H. Reina, up to be submitted to Nature Communications.
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4.6

Some Not CHSH-inequality Violating States
from an open quantum system

We have already seen that all of these non-locality related properties (Fig. 4.1)
first require entanglement in order to show up. We have also seen that pure
states are desirable, since entanglement and nonlocality are equivalent for them
(Gisin Theorem), and therefore, no activation of nonlocality is needed. However,
in a realistic set-up, quantum systems do not remain pure-entangled, but rather
become mixed when interacting with an environment. Furthermore, they tend
to lose their entanglement, becoming separable, and consequently, also losing
these nonlocality-related properties. However, sometimes there are interesting
phenomena during this loss of entanglement, featuring several dynamics such as;
exponential decay, sudden death, sudden birth, and death and revival [95, 96].
Therefore, it is natural to wonder about what happens to these nonlocalityrelated properties when considering a dissipative entanglement dynamics.
Let us now address this, when considering different dynamics of entanglement for particular evolutions4 , namely; sudden death, sudden birth, and death
and revival of entanglement. Thus, we next refer to the dynamics of a physical setup addressed in [95, 96], which comprises a set of quantum emitters in
interactions with a coherent laser field.

4.6.1

Sudden Death

In Fig. 4.7 we present the system’s evolution when it displays the dynamics
of entanglement sudden death. First, since all of the nonlocality measures are
ultimately limited by entanglement, here measured by the EoF, therefore, as one
might expect, all of these nonlocality-related properties also present a sudden
death. Second, we can identify two general behaviours as follows: Whilst the
measures of CHSH, HCHSH, and TFHN go much faster to zero than the EoF,
the measures of UfT and HUfT support more entangled states, and suddenly
disappear at the same time than the EoF. We could interpret this by stating that
the entanglement is dying in an effective way, since no relevant entanglement
can be extracted by local filters (HUfT=MEEoF).

4.6.2

Sudden Birth

In Fig. 4.8 we present the system’s evolution when it displays the dynamics of
entanglement sudden birth. For initial separable states, the dissipative dynamics induces entanglement after t ∼ 30. The measures given by UfT and HUfT
start evolving different from zero just at the same time than the EoF. However, the measures of CHSH, HCHSH, and TFHN remain zero for much longer.
The original CHSH nonlocality, actually, never appears in this evolution, which
4 I warmly thank Cristian E. Susa, who kindly introduced me to these examples of entanglement dynamics, which also make part of a preprint titled: Dynamics of nonlocality-related
properties by A. F. Ducuara, C. E. Susa, and J. H. Reina.
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Quantum Properties
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Figure 4.7: Quantum nonlocality-related properties (Fig. 4.1) for states that
come from the dynamics of open quantum states [95, 96]. This particular evolution is depicting the so-called phenomenon of Sudden Death of Entanglement.
EoF (blue thick solid curve), CHSH (red dashed dotted curve), UfT (green dotted curve), HCHSH (magenta thin solid curve), MEEoF=HUfT (yellow triply
dashed curve), TFHN (cyan dashed curve).
means that the quantum state reached by the qubits system at every time does
not violate the CHSH inequality. The hidden nonlocality, on the other hand, is
born at t ∼ 40, recovering a considerably high amount of nonlocality (∼ 0.5).
The TFHN births slightly before than the HCHSH, but achieving an amount of
∼ 0.4. It is also worth noting that whilst the EoF after the birth is relatively
low (∼ 0.1), local filters are able to extract a considerably high amount of it
(∼ 0.5) HUfT=MEEoF.
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Figure 4.8: Quantum nonlocality-related properties (Fig. 4.1) for states that
come from the dynamics of open quantum states [95, 96]. This particular evolution is depicting the so-called Sudden Birth of Entanglement phenomenon. The
notation of the properties as in Fig. 4.7.
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4.6.3

Death and Revival

In Fig. 4.9, we present the system’s evolution when it displays the dynamics of
death and revival. In the first stage of the dynamics (0 ≤ t ≤ 25), all of the
nonlocality-related properties are present. In the second stage (25 ≤ t ≤ 75),
however, with the exception of the CHSH, all of the properties revive. In a third
stage (85 ≤ t ≤ 125), there only remain UfT and HUfT. Finally, in the fourth
stage (150 ≤ t ≤ 175), only HkNL is present (which is always present when
there is entanglement).
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Figure 4.9: Quantum nonlocality-related properties (Fig. 4.1) for states that
arise from the dynamics of open quantum states [95, 96]. This particular evolution is depicting the so-called Death and Revival of Entanglement phenomenon.
The notation of the properties as in Fig. 4.7.

4.7

Final Considerations

We have studied the nonlocality-related properties (Fig. 4.1) upon bipartite entangled states of interest. We first addressed some entangled local states. We
then considered some not CHSH-inequality violating states that arise from quantum open systems, addressing some preliminary results regarding the dynamics
of the nonlocality-properties when considering different dynamics of entanglement. The latter is of interest, due to the fact that even though these states did
not present the standard CHSH-nonlocality, nonlocality now can be recovered
by considering generalisations of nonlocality by means of some of the activation
scenarios.
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Conclusions
From a fundamental point of view, we have reviewed some essential aspects of
quantum nonlocality which are connected to the mathematical structure underneath it. We also reviewed some generalisations of nonlocality by means of
the activation of nonlocality scenarios. We believe that this work has let us acquire some fundamentals tools, which would potentially help us to tackle other
advanced topics.
From a practical point of view, we left several nonlocality-related properties
ready to be calculated on arbitrary two-qubit systems, namely; entanglement of
formation (EoF), usefulness for teleportation (UfT), CHSH-inequality violation
(CHSH), hidden usefulness for teleportation (HUfT=MEEoF), hidden CHSHinequality violation (HCHSH), and tensor/filter activation of hidden nonlocality
(TFHN). This allowed us to make a couple of direct applications by calculating
these properties upon some states of interest for which some of these properties
had not been calculated before. We first studied the two-qudit Isotropic and
two-qubit Hirsch states. We then moved onto two-qubit states that come from
the study of both games’ strategies and the dynamics of an open quantum
system. We highlight our findings in what follows.
• In a first instance, for the two-qudit Isotropic and two-qubit Hirsch states,
the TFHN had not been reported before, (this had only been done for
the two-qudit Werner states). For the Isotropic states, even though the
calculation of TFHN did not cover known locality regions, it did extend
the known nonlocality one. For the Hirsch states, the calculation of the
TFHN is of relevance, since we could also calculate the HCHSH, which in
turn allows us to define a region of effective TFHN.
• In a second instance, we worked with two-qubit states that come from the
study of games’ strategies. It has been proven that there exist separable
states that are useful for the particular quantum game of the prisoner
dilemma, as well as entangled states that are not useful for this game,
showing that entanglement does not fully characterise the efficiency in
this case. In this regard, it is clear that neither nonlocality nor any of its
generalisations could possibly have a role in this efficiency, this, since they
are limited by the presence of entanglement. However, in this regard, we
were able to point out some useful (for the game) entangled local states,
thus, extending the region where these states are expected to be useless
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for these particular quantum information protocols.
• Finally, we studied these nonlocality-related properties on states that come
from an open quantum system. We remark that these kind of states are
of importance since they may represent real physical processes of systems
in interaction with a decoherent environment, where we usually lose all of
these interesting quantum properties. Here, our findings are the following.
– First, within the parameter range we have worked with so far, we have
identified the following interesting common behaviour. Throughout
the dynamics of entanglement, there has not been an interesting evolution of the standard notion of nonlocality (no births nor revivals
when entanglement does it). However, when considering its generalisations, they now present an interesting behaviour, which explicitly
evidence the usefulness of considering these activation of nonlocality
scenarios. In other words, that the systems here considered do not
naturally evidence nonlocality during their evolution, though if we
work a bit more (this, by implementing local filters or/and tensor
product), we are able to extract/recover/activate nonlocality.
– Second, we remember that the role of the measures we are working
with is two-fold: whilst they first act as a criterion (by identifying
whether the property in question is present or not) they also tell us
about the amount of it. In this regard, it is therefore interesting to
achieve the highest possible values. In the dynamics of sudden birth
of entanglement, some of these measures achieve around ∼ 50% of
their maximum possible amount. We are looking forward to identifying whether these activations could become maximal (∼ 100%), and
the respective parameters range where this happens.
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Fine’s Theorem
In this appendix we present a proof of the so-called Fine’s theorem which, colloquially speaking, says that the set of local correlations (Eq. 1.22) forms a polytope. Given a scenario s = (IA , IB , OA , OB ), and a local correlation pL ∈ L(s)
with components given by:
Z
pL (ab|xy) = dλµ(λ)ξA (a|xλ)ξB (b|yλ),
with µ(λ), ξA (a|xλ), and ξB (b|yλ) probability functions, the Fine’s theorem
establishes that this local correlation can be written as the convex combination
IA IB
of OA
OB deterministic correlations as in Eq. 1.23. Let us explicitly address
the transformation to this new LHV model. Introducing a new hidden variable
0
0
defined
, ξB
λ0 := (λ, µ1 , µ2 ) with µ1 , µ2 ∈ [0, 1], µ(λ0 ) = µ(λ), and functions ξA
by:


1 if FA (a − 1|xλ) ≤ µ1 ≤ FA (a|xλ)
X
0
0
FA (a|xλ) :=
ξA (ã|xλ),
ξA (a|xλ ) :=


ã≤a
0
otherwise
and equivalently for Bob, we consider the correlations given by these functions
as:
Z
0
0
p0L (ab|xy) =
dλ0 µ(λ0 )ξA
(a|xλ0 )ξB
(b|yλ0 )
(A.1)
Z Z 1Z 1
=
dλ dµ1 dµ2 µ(λ)ξA (a|xλ)ξB (b|yλ),
0

0

Z
=

Z
dλµ(λ)

1

Z
dµ1 ξA (a|xλµ1 )

0

dµ2 ξB (b|yλµ2 ),
0
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The first integral gives us:
1

Z

Z
dµ1 ξA (a|xλµ1 )

FA (a−1|xλ)

dµ1 ξA (a|xλµ1 )

=
0

0

Z

FA (a|xλ)

dµ1 ξA (a|xλµ1 )

+
FA (a−1|xλ)
Z 1

+

dµ1 ξA (a|xλµ1 ),
FA (a|xλ)

from which only the one in the middle survives, giving FA (a−1|xλ)−FA (a|xλ) =
ξA (a|xλ). Analogously with the other part of the integral, we have:
Z
0
0
dλ0 µ(λ0 )ξA
(a|xλ0 )ξB
(b|yλ0 )
p0L (ab|xy) =
Z
=
dλ µ(λ)ξA (a|xλ)ξB (b|yλ) = pL (ab|xy).
We have then proven that it is possible to recover the initial local correlations with this new LHV model. Writing λ0 = (λ01 , λ02 ), then pD (ab|xyλ0 ) =
0
0
(b|yλ02 ), we have that any local correlation can be written as a
(a|xλ01 )ξB
ξA
convex combination of them. We now argue that the amount of correlations
IA
IB
0
0
(b|yλ02 ) correlations is OA
and OB
, repectively. Therefore,
(a|xλ01 ) and ξB
ξA
IA IB
the amount of correlations pD (ab|xyλ0 ) is OA
OB .
Let us start by analysing the new LHV model for Alice and the correlations
0
ξA
(a|xλ01 ). Given x, this correlation tells us that for certain value (say a = ax ),
we have ξ10 (a = ax |xλ01 ) = 1, so amongst the possible λ01 , there is one (say λ0ax ,
which can also be interpreted as the function λ0ax (x) = ax ), so that ξ10 (a =
0
(a|xλ01 ) = δax (λ01 ).
ax |xλ0ax ) = 1, and the correlation can also be written as ξA
0
Writing these all possible hidden variables as: λ1 = (λa1 , ..., λai , ..., λaIA ), we
IA
can check that there are only OA
different variables. Similarly doing it for bob,
we have that any local correlation can be written as:
I

I

OAA OBB

pL (ab|xy) =

X X

µ(λ01 , λ02 ) δax (λ01 )δby (λ02 ).

(A.2)

λ2 =1 λ2 =1

being Λ, µ, δax , δby a new LHV model, and δax , δby the so-called deterministic correlations.
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Relationship Between Sets
of Correlations
In this appendix, we present a proof of the main theorem that relates the two
worlds of state-measurement and correlations. In the first section, we present a
proof of the proper inclusions. In the second section. we provide the simplest
counterexamples, this, with the exception of L(s) ( Q(s), which we present in
the main body of this document (this counterexample is of unavoidable relevance, since it basically encompasses the Bell’s theorem). Let us start with the
proper inclusions.

B.1 Proper Inclusions: L(s) ⊂ Q(s) ⊂ N S(s)
In this section, we use the definitions introduced in the first chapter in order
to prove the proper inclusions from the main theorem, i. e., we show S(s) =
L(s) ⊆ Q(s) ⊆ N S(s). It should be pointed out that these three proofs hold for
any given scenario s = (IA , IB , OA , OB ).

B.1.1 S(s) ⊆ L(s): Separable are Local Correlations
Let us consider
generated by separable states. Given a separable
P the1 correlations
2
d1
state ρ =
p
ρ
⊗
ρ
∈
D(C
⊗ Cd2 ), and local POVM’s, M x = {Eax },
i
i i i
y
y
and M = {Fb } (and therefore defining a scenario s), we now analyse the
quantum correlations p~ρ = [pρ (ab|xy)] generated by this state. From the Born
rule (Eq. 1.9), we have:
pρ (ab|xy)

Tr [(Eax ⊗ Fby ) ρ] ,
"
!#
X
y
x
1
2
= Tr (Ea ⊗ Fb )
pi ρi ⊗ ρi
,
=

i

=

X


 

pi Tr Eax ρ1i Tr Fby ρ2i .

i
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In order to show that these correlations are local, we should propose a LHV
model to reproduce these correlations as in Eq. 1.22. In order to do so, let

us consider the
model given by: Λ := {i}, λ = i, ξ1 (a|xi) := Tr Eax ρ1i ,
 LHV

ξ2 (b|yi) := Tr Fby ρ2i and µ(λ) = µ(i) := pi . We can check that the functions
ξ1 , ξ2 and µ are well-defined probability functions, in the sense of Eq. 1.22.
RConsidering the correlations generated by this LHV model, i. e., pL (ab|xy) :=
µ(i)ξ1 (a|xi)ξ2 (b|yi), we can check that they indeed reproduce the considered
Λ
quantum correlations, i. e., pL (ab|xy) = pρ (ab|xy). Therefore, the quantum
correlations generated by separable states are local correlations S(s) ⊆ L(s) .
Let us continue with the next inclusion.

B.1.2 L(s) ⊆ S(s) ⊆ Q(s): Local are Quantum Correlations
In order to show that local are quantum correlations, we should take a local correlation p~L = (pL (ab|xy)), and show that there exist a Hilbert space
with a density matrix and local POVM’s such that the local correlation can be
reproduced quantum mechanically, pL (ab|xy) = pQ (ab|xy). Given a scenario
s = (IA , IB , OA , OB ), and a local correlation p~L = [p(ab|xy)] taking values
I

I

OAA OBB

pL (ab|xy) =

X X

µ(λ1 , λ2 )ξ1 (a|xλ1 )ξ2 (b|yλ2 ),

λ1 =1 λ2 =1

with µ(λ1 , λ2 ), ξ1 (a|xλ1 ), and ξ2 (b|yλ2 ) some well-defined probability functions.
We now propose the set of density matrices D(H) over the Hilbert space H :=
IA
IB
and d2 = OB
. We consider an ortonormal basis for
Cd1 ⊗ Cd2 with d1 = OA
the first subsystem and we label their elements with the hidden variables as
{|λ1 i}, we do the same with the second susbsytem {|λ2 i}. We then consider
the separable state and two local POVM’s M x = {Eax }, N y = {Fby } given by:
ρ :=

d2
d1 X
X

µ(λ1 , λ2 )|λ1 ih λ1 | ⊗ |λ2 ih λ2 |,

λ1 =1 λ2 =1

Eax :=

d1
X

ξ1 (a|xλ01 )|λ01 ih λ01 |,

Fby :=

λ01 =1

d2
X

ξ2 (b|yλ02 )|λ02 ih λ02 |.

λ02 =1

We first note that these definitions establish a well-defined density matrix and
POVM’s, since they satisfy the conditions given by Eq. 1.5 and Eq. 1.6, respectively. Putting all of this together by means of the Born rule (Eq. 1.9), we
can check that pρ (ab|xy) = Tr[(Eax ⊗ Fby )ρ] = pL (ab|xy), quantum-mechanically
reproducing the desired local correlation. We have then reproduced local correlations with separable states, so L(s) ⊆ S(s) ⊆ Q(s) .
Remark: We have already seen that separable states produce only local correlations, and that local correlations can be reproduced by separable states. One
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might be tempted to assume that entangled states must generate only nonlocal correlations. However, it turns out that some of them, as separable states,
can only generate local correlations [26, 27]. This means that there is not a
one-to-one states-correlations relationship, i. e., a local correlation in addition
of being generated by a separable state (as we just saw), it can also, possibly,
be generated by an entangled state. We are going to see an example of this
phenomenon in the counterexamples section. For the moment, let us finish with
the last inclusion of the main theorem.

B.1.3 Q(s) ⊆ N S(s): Quantum are Non-Signalling Correlations
In order to prove that quantum are non-signalling correlations, we should verify
that quantum correlations satisfy the non-signalling conditions given by Eq. 1.16
and Eq. 1.17 [8]. Given a quantum correlation p~ρ = [pρ (ab|xy)] generated
by some quantum state ρ, and local POVM’s M x = {Eax }, and N y = {Fby }
(and therefore defining a scenario s), we now check the non-signalling condition
Eq. 1.16, we have:
"
#
X
X
y
y
Tr [(Eax ⊗ Fb ) ρ]
= Tr
(Eax ⊗ Fb ) ρ ,
a

a

"
= Tr

! #
X

Eax

⊗

Fby

ρ ,

a

= Tr [(1 ⊗ Fby ) ρ] = p(b|y).
We have that the last term does not depend on the x choice, satisfying
the nonP
signalling condition. The same can be done for the other part, b Tr [(Eax ⊗ Fby )ρ] =
p(a|x). We then have that any quantum correlation satisfies the non-signalling
condition, so Q(s) ⊆ N S(s) . This result is telling us that all quantum correlations, even the nonlocal quantum correlations, respect the non-signalling principle, and therefore, cannot be used to generate faster-than-light communication,
in accordance with general relativity. Let us now address the counterexamples,
this, again, without L(s) ( Q(s) which we present in the main body of the
document.

B.2 Counterexamples: L(s) ( Q(s) ( N S(s)
In this section, we provide counterexamples. First, we address the existence
of the so-called Werner-Isotropic states (ρW I ), entangled states that are local.
Second, we address a quantum nonsignalling correlation (the so-called PR Box)
that cannot be built with quantum mechanics, evidencing the existence of the
so-called superquantum correlations. Let us start by addressing entangled local
states.
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B.2.1 QPρW I (IA , IB , 2, 2) ⊆ L(IA , IB , 2, 2)
In order to prove this, we need to provide a entangled local state. We are going
to do so in the scenario (IA , IB , 2, 2) with a two-qubit state. We first introduce
a necessary and sufficient entanglement criterion for two-qubit systems called
the Positive Partial Transpose (PPT) criterion. We then present the concept of
correlators. Finally, we address the so-called Werner-Isotropic state (ρW I ), an
entangled two-qubit state that only generates local correlations in the scenario
(IA , IB , 2, 2), having QP
ρW I (IA , IB , 2, 2) ⊆ L(IA , IB , 2, 2).
PPT criterion
P
Given ρ ∈ D(CdA ⊗ CdB ), which we can always write as ρ := ijkl ρijkl |i ih j| ⊗
|k ih l| with ρijkl complex coefficients, the partial transpose respect to the first
subsystem is defined as:
X
X
ρT1 :=
ρijkl (|i ih j|)T ⊗ |k ih l| =
ρijkl |j ih i| ⊗ |k ih l|,
ijkl

ijkl

being T the standard transposition. The state ρ is said to be a Positive Partial
Transpose (PPT) state or that it has PPT, if its partial transpose ρT1 remains
positive (ρTτ 1 ≥ 0). We can check that a separable is then a PPT state, which
allows us to define the following entanglement criterion:
If a state is not PPT then it is entangled,

(B.1)

This criterion is a necessary and sufficient criterion for two-qubit systems and
qubit-qutrit systems [51], however it does not hold for higher dimensions [97].
This is enough to study entanglement for the two-qubit state that we will see
later. For the moment, let us address the concept of correlators.
Correlators
We have already introduced and worked with the concept of correlation as a
vector which components are given by joint conditional probability functions
p~ = [p(ab|xy)], we now introduce the concept of correlator, which is going
to extend the concept of “expected value”, and it will come in handy when
giving the counterexample. First, we start by restricting the scenario (s) to
(IA , IB , 2, 2), i. e., outcomes a and b taking only two values each, which we
label as a, b ∈ {1, −1}, whilst x, y are left open. The joint correlator E xy , and
marginal correlators E x , E y become [28]:
X
E xy :=
abp(ab|xy),
(B.2)
a,b∈{1,−1}

E x :=

X

abp(a|x),

E y :=

a∈{1,−1}

X
b∈{1,−1}
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These correlators are then generalising the concept of expected value. We can
check that we can recover the probabilities in terms of the correlations as [28]:
p(ab|xy) =

1
(1 + aE x + bE y + abE xy ) .
4

(B.4)

Second, we can quantum mechanically build these correlators by considering
observables and defining Eρxy = Tr[(Ax ⊗ B y )ρ], Eρx = Tr[(Ax ⊗ 1)ρ], and Eρy =
Tr[(1 ⊗ B y )ρ]. The observables Ax and B y should be dichotomic observables,
in order to fulfil our two outcomes condition. Third, since we are going to work
with two-qubit states, these observables have to be traceless. Therefore, we can
check that our two-qubit observables
must have the form: Ax := ~σ · âx and
P
y
y
x
B := ~σ · b̂ , being ~σ :=
i=1,2,3 σi êi with σi the Pauli matrices, and â ,
b̂y ∈ R3 arbitrary normalised vectors. We take advantage of this definitions to
define locality for the joint correlator, when we can locally reproduce a given
quantum joint correlator Eρxy , regardless of the marginal correlators Eρx or Eρy .
It is clear that standard locality implies locality for the join correlator, though
not vice-versa [69]. Let us now present the first counterexample.
Two-qubit Werner-Isotropic (WI) States
We present the Werner-Isotropic (WI) states which were first introduced in
[26] as the two-qubit version of the so-called two-qudit Werner states [26]. We
have opted to address them as “Werner-Isotropic”, since they also happen to be
the two-qubit version of other two-qudit states called Isotropic states [64]. We
further detail these relationships in Chapter 3. In the meanwhile, let us then
introduce these two-qubit Werner-Isotropic states as:
ρW I (p) = pψ − +

(1 − p)
1,
4

(B.5)

with ψ − := |ψ − i hψ − |, |ψ − i := √12 (|01i − |10i), and 0 ≤ p ≤ 1. Using the PPT
criterion (Eq. B.1), we can check that these states are entangled for 31 < p. We
are now going to show that these sates are local-projective in s = (IA , IB , 2, 2) for
p ≤ 21 , and therefore, being entangled local-projective in the region 31 < p ≤ 12
[26, 37]. In order to prove so, we first prove that the state with p = 1/2 is
a local state. Then, taking into account that the state 1 is a separable (and
therefore local state) and that the linear combination of local correlations is a
local correlation, we will have proven what we want.
There are more examples of entangled local states, in particular, in Chapter 3
we are going to take a look at some more examples (a nice review could be found
in [27]). Recently, there have been breakthroughs in the numerical construction
of local models for entangled states, by means of a property called quantum
steering [66, 67]. Let us then prove that WI the state ρW I (p = 1/2) is local.
Let us redefine the state of interest as:
ρ := ρW I (p = 1/2) =

1 −
ψ
2
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ψ − + 1.
8

(B.6)
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We now consider the local scenario s = (IA , IB , 2, 2), i. e., two outcomes which
we label as a, b ∈ {1, −1}, whilst leaving x and y open. We now consider the
correlations generated by this state in that scenario QP
ρ (s). We are going to
show that QP
(s)
⊂
L(s).
From
Eq.
B.4,
we
have
that
the
quantum correlations
ρ
P
generated by this state p~ρ = [pρ (ab|xy)] ∈ Qρ (s) can be written in terms of the
correlators Eρx , Eρy , and Eρxy with certain observables Ax = ~σ ·âx , and B x = ~σ ·b̂y .
We can check that with the state in Eq. B.6 we achieve: Eρx = Eρy = 0, and
Eρxy = Eψxy− = −âx · b̂y . Replacing all of this in Eq. B.4, the quantum correlations
can be written as:


1
1
1 + ab (−âx · b̂y ) .
(B.7)
pρ (ab|xy) =
4
2
In order to prove that this state is local, we have to reproduce these correlations
with a LHV Rmodel. Let us consider the local correlation p~L with components
pL (ab|xy) = Λ d~λµ(~λ)ξ1 (a|x~λ)ξ2 (b|y~λ) given by the following LHV model. The
hidden variable set is the 2-sphere Λ = S 2 , with hidden variables parametrised
1
sin θdθdφ,
as ~λ := (cos φ sin θ, sin φ sin θ, cos θ), probability function µ(~λ) := 4π
and probabilities given by:

y ~

1 if b̂ · λ ≤ 1,


1
x
ξ1 (a|x~λ) :=
1 + aâ · ~λ ,
ξ2 (b|y~λ) :=

2

0 if b̂y · λ > 1.
We now check that this LHV model does indeed reproduce the quantum correlations generated by the state in Eq. B.6. Let us first calculate pL (a1|xy).
Choosing the spherical coordinate system such that: ~y = ~z, we have:
Z
1
pL (a 1|xy) =
d~λµ(~λ) (1 + a~ax · λ) ,
2
~by ·λ≤1
Z
1
=
d~λµ(~λ) (1 + a~ax · λ) ,
2
~by ·λ≤1
Z
1 1
=
+ a
d~λµ(~λ) (~ax · λ) ,
4 2 ~by ·λ≤1
1 1
1 1 x
− aaz = − a(1)âx · b̂y ,
=
4 2
4 2
= pρ (a 1|xy).
It is also possible to do this for pLM (a − 1|âx b̂y ). We therefore have that
pρ (ab|âx b̂y ) = pL (a, b|âx , b̂y ), showing that the state given by Eq. B.6 is local
(projective) in the scenario s = (IA , IB , 2, 2). As we mentioned earlier, we
then also have that all states in Eq. B.5 with p < 1/2 are local, since their
correlations can be though as a convex combination of the correlations from
1 ⊗ 1 and ρW I (1/2) which are both local. In other words, that QP
ρW I (s) ⊆ L(s),
with ρW I (0 < p ≤ 1/2), and therefore the states ρW I (1/3 < p ≤ 1/2) are
entangled local (projective) in the scenario s = (IA , IB , 2, 2) . Let us now
address the next counterexample.
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B.2.2 Q(2, 2, 2, 2) ( N S(2, 2, 2, 2)
In order to show this, we have to provide a non-signalling correlation that we
cannot reproduce quantum-mechanically. We have
√ already seen that quantum mechanics allows a maximal violation of 2 2 for the CHSH-Inequality
(Eq. 1.25), which is the Tsirelson’s Bound. Therefore, we need a nonsignalling
correlation violating the CHSH-Inequality beyond this bound. This correlation
was first introduced by Sandu Popescu and Daniel Rorhlich [8] (though the
correlation itself had been already introduced [9, 10]) working in the scenario
s = (2, 2, 2, 2), and it has been called the PR-box or non-signalling superquantum correlation. We write it as p~P R = [pP R (ab|xy)] ∈ C(s) with components
given by the following function. For inputs (x = 0, y = 0), (x = 0, y = 1) or
(x = 1, y = 0) we define:




1/2 if a = 0, b = 1,
1/2 if a = b = 0,
pP R (ab|xy) := 1/2 if a = b = 1, pP R (ab|11) := 1/2 if a = 1, b = 0, (B.8)




0
otherwise,
0
otherwise,
We can check that this correlation is non-signalling, by checking the conditions Eq. 1.16 and Eq. 1.17. We can also check that violates the CHSHInequality Eq. 1.25 by
√ an amount of 4, which is greater than the Tsirelson’s
bound which reads 2 2. Therefore, we cannot reproduce this correlation with
quantum mechanics, and that is why, it has been termed, a non-signalling superquantum correlation .
The PR box (Eq. B.8) leaves us with several questions. Why quantum
theory cannot generate them, since they are allowed by relativity? Why quantum theory is not more nonlocal of what it already
√ is? (quantum theory only
achieves a violation of the CHSH-inequality of 2 2). We have two options
here, we whether find more principles to further constrain quantum theory
[11, 12, 13, 14] or we generalise quantum mechanics to a theory that allows
us to implement/understand these superquantum correlations [15, 16]. This
is an active area of research, and hopefully, it is going to shed light on the
unification of quantum theory and the theory relativity.

73

Appendix C
CHSH-inequality
In this appendix we address a couple of matters related with the CHSH inequality. First, we provide a derivation of the inequality itself. Second, we describe
a quantum game which has been coined the CHSH game, because it explicitly
uses this inequality. Finally, we present the so-called Horodecki CHSH criterion
for the violation of the CHSH inequality for general two-qubit systems. Let us
start by addressing the derivation of the CHSH inequality.

C.1 CHSH-inequality Derivation
Let us start with considering local correlations p~L ∈ L(s) with elements given
by
XX
pL (ab|xy) =
µ(λ1 , λ2 )ξA (a|xλ1 )ξB (b|yλ2 ).
λ1

λ2

Considering the scenario s = (IA , IB , 2, 2), these probabilities can be written in
terms of the correlators (Eq. B.3) as in Eq. B.4. After replacing local correlations, these correlators read:
X
X
y
x
E xy =
abpL (ab|xy) =
µ(λ)EA
(λ)EB
(λ),
(C.1)
λ

a,b∈{−1,1}
x
with EA
(λ) =

P

a

y
aξA (a|xλ), and EB
(λ) =

P

b

bξB (b|yλ). Let us now see that

EA (a|xλ) ≤ 1 and EB (b|yλ) ≤ 1. Taking absolute value of the definition, we
have:
EA (a|xλ) =

X
a

aξA (a|xλ) ≤

X

a ξA (a|xλ) =

a

X

ξA (a|xλ) = 1, (C.2)

a

this, since the probability ξA is a positive function, and that a = ±1. We have
a similar result for Bob. We now consider the scenario with two inputs per
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party, and therefore narrowing our scenario to (2, 2, 2, 2). We now consider the
magnitude5 :
X
S := E 00 + E 01 + E 10 − E 11 =
µ(λ)Sλ ,
(C.3)
λ

replacing Eq. C.1 and organising, we have:




0
0
1
1
0
0
Sλ = EA (λ) EB (λ) + EB (λ) + EA (λ) EB (λ) − EB (λ) .
We also have that S ≤ S ≤

P

λ

µ(λ) Sλ (µ(λ) positive function). Let us see

that Sλ ≤ 2 and therefore that S ≤ 2, which is the so-called CHSH-inequality.
We have:




0
0
1
1
0
0
Sλ ≤ |Sλ | = EA (λ) EB (λ) + EB (λ) + EA (λ) EB (λ) − EB (λ) ,
≤





0
0
1
1
0
0
EA
(λ) EB
(λ) + EB
(λ) + EA
(λ) EB
(λ) − EB
(λ) ,

=

0
0
1
1
0
0
EA
(λ) EB
(λ) + EB
(λ) + EA
(λ) EB
(λ) − EB
(λ) ,

0
1
Assuming EA
(λ) = EA
(λ) = 1 then:

Sλ

≤

0
0
0
1
(λ) − EB
(λ) .
EB
(λ) + EB
(λ) + EB

0
1
Now, without loss of generality we can assume that EB
(λ) ≥ EB
(λ) ≥ 0,
1
(λ) = 0, then:
and furthermore, that EB

0
1
0
1
0
EB
(λ) + EB
(λ) + EB
(λ) − EB
(λ) ≤ 2 EB
(λ) ≤ 2.

Because of Eq. C.3, we then have the so-called CHSH-inequality:
S = E 00 + E 01 + E 10 − E 11 ≤ 2,
In his original paper [3], J. S. Bell used another inequality, which he derived
by means of imposing an extra assumption. However, this inequality was later
refined as the CHSH-inequality [49].
5 The motivation to introduce this magnitude might seem artificial, though in general, the
problem of finding Bell inequalities can be systematically addressed.
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C.2 CHSH Game
The so-called CHSH Game is composed by two players, A for Alice, B for Bob,
and a Referee. The Referee chooses bits x, y ∈ {0, 1} according to certain joint
probability distribution π(x, y), and give them to Alice and Bob, respectively.
The Referee then explains to Alice and Bob that they have to produce outcomes
bits a, b ∈ {0, 1} and that they will win the game if and only if they fulfil
certain predicate V (ab|xy) which is imposed by the Referee itself (the players
are not allowed to communicate between them after they have received the
input bits x and y). The players decide what is going to be their outcome based
on a prestablished strategy, which is here represented by a joint conditional
probability distribution p(ab|xy). All of these probability distributions satisfy
the standard probability properties. The probability of winning the game can
be defined as the number.
X
X
P win :=
π(x, y)
V (ab|xy)p(ab|xy),
(C.4)
x,y∈{0,1}

a,b∈{0,1}

which we can check, it is indeed a number in [0, 1]. The definition of the functions
π(x, y) and V (ab|xy) define the game in question, so different functions lead to
different games. In particular, the CHSH game is established as follows:
(
1 if a ⊕ b = x · y
1
V (ab|xy) :=
.
(C.5)
π(x, y) := ,
4
0
otherwise
The function p(ab|xy) is left open in order to model the different strategies that
the players can opt to play with. We can see an sketch of this game in Fig. C.1.

Figure C.1: CHSH Game
We are going to see classical, quantum, and non-signalling strategies p(ab|xy).
Let us first start by addressing an intuitive classical strategy.
(
1 if a, b = 1,
3
pC (ab|xy) :=
replacing in Eq. C.4: PCwin = = 0.75.
4
0 otherwise,
In other words, Alice and Bob agree to play always with a, b = 1 regardless of
the received inputs x, y. We are going to prove that this is the best classical
3
strategy, so that pC
win ≤ 4 . Let us now rewrite this probabilities in terms of the
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correlators as depending on the sum c := a ⊕ b (since this is the value that the
players should aim for)
i
1h
(C.6)
pQ (a ⊕ b =: c|xy) := 1 + (−1)c E xy .
2
We can see this from the following. The marginal and joint correlators are
defined as in Eq. B.3, and the probabilities can be written in terms of these
correlators as in Eq. B.4. Then, if we calculate pQ (a ⊕ b =: c|xy) we obtain
Eq. C.6. Now that everything is in terms of correlators E xy . Replacing all of
this in Eq. C.4, we obtain:


1
S
PQwin =
1+
,
(C.7)
2
4
S = E 00 + E 01 + E 10 − E 11 .

(C.8)

We have already seen that this S function defines the so-called CHSH-inequality
|S| ≤ 2 (Eq. 1.25), and that its violation signals the presence of nonlocality. We
have bounds for the violation of the CHSH-inequality by local, quantum, and
nosignalling correlations p(ab|xy) (and therefore winning probabilities) given
by:
√
SC ≤ 2,
SQ ≤ 2 2,
SN S ≤ 4,
PCwin ≤

3
= 0.75,
4

PQwin ≤ 0.85,

PNwin
S ≤ 1.

The winning probability (P win ) depends on p(ab|xy) which represents the preestablished strategy. If the players are allowed to implement quantum-mechanical
protocols, specifically, if they are allowed to share a two-qubit CHSH-violating
state, they then can outperform classical strategies. If they are allowed superquantum nonsignalling correlations, they then can even win the game with
probability one! Even though general non-signalling correlations have not been
completely rule out, the particular extremal nonsignalling PR box (Eq. B.8) has
been ruled out by means of other information-inspired principles [11, 12, 13, 14].

C.3 The Horodeckis’ CHSH Criterion
Let us now address the criterion for the violation of the CHSH-inequality for
general two-qubit states. We have to maximise the violation of the CHSHinequality function (1.25) which can be rewritten as:
|E00 + E01 + E10 − E11 | =: Tr [BCHSH ρ] ,
BCHSH :

= A0 ⊗ B0 + A0 ⊗ B1 + A1 ⊗ B0 − A1 ⊗ B1 ,
= A0 ⊗ (B0 + B1 ) + A1 ⊗ (B0 − B1 ),
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being BCHSH the so-called Bell operator, where each Ai and Bi is actiong upon
qubit systems. We are interested in observables like Ai := ~σ · âi and Bi := ~σ · b̂i
with i = 0, 1, ~σ = (σ1 , σ2 , σ3 ) and âi , b̂i three-dimensional unit vectors. So we
have: BCHSH = ~σ · â0 ⊗ ~σ · (b̂0 + b̂1 ) + ~σ · â1 ⊗ ~σ · (b̂0 − b̂1 ). On the other hand,
a general two-qubit system can be written as:


3
X
1
12 ⊗ 12 + 12 ⊗ (~sρ · ~σ ) + (~rρ · ~σ ) ⊗ 12 +
Tij σi ⊗ σj  , (C.10)
ρ=
4
i,j=1
with ~σ = [σi ], σi , i = 1, 2, 3, the Pauli matrices, ~r = [ri ] with ri := Tr[(σi ⊗ 1)ρ],
~s = [si ] with si := Tr[(1 ⊗ σi )ρ], and Tij := Tr[ρ(σi ⊗ σj )] making the matrix
Tρ := [Tij ] ∈ M3×3 (R). Now, the idea is to maximise the function (C.9) over all
of those four observables, or equivalently, over those four vectors. Replacing the
general form of the two-qubit state (C.10) into C.9 and after a bit of algebra,
we obtain:




Tr [BCHSH ρ] = â0 · Tρ b̂0 + b̂1 + â1 · Tρ b̂0 − b̂1 .
We are interested in to maximise this function, so we consider the expression:
h



i
max
â0 · Tρ b̂0 + b̂1 + â1 · Tρ b̂0 − b̂1 .
Tr [BCHSH
ρ] = max
â0 ,â1 ,b̂0 ,b̂1

Introducing two ortonormal vectors ĉ0 , ĉ1 in terms of b̂0 , b̂1 and cos(2θ) = b̂0 · b̂1
as:
ˆ
b̂0 − b̂1
ˆb0 + b̂1
,
ĉ1 =
,
(C.11)
ĉ0 =
2 cos θ
2 sin θ
we have:
max
Tr [BCHSH
ρ] = 2 max (cos θ â0 · Tρ ĉ0 + sin θ â1 · Tρ ĉ1 ) .
â0 ,â1 ,θ,ĉ0 ,ĉ1

Maximizing over â0 and â1 , we can see the maximum is achieved when â0 =
Tρ ĉ0
Tρ ĉ1
||Tρ ĉ0 || and â1 = ||Tρ ĉ1 || , then:
max
Tr [BCHSH
ρ] = 2 max (cos θ ||Tρ ĉ0 || + sin θ ||Tρ ĉ1 ||) .
θ,ĉ0 ,ĉ1

√
Using the trigonometric relation max (a cos θ + b sin θ) = a2 + b2 (or θ =
θ

tan−1 ab ), we have:
r
max
Tr [BCHSH
ρ] = 2 max (||Tρ ĉ0 ||2 + ||Tρ ĉ1 ||2 ),
ĉ0 ,ĉ1

=
Tρ†

TρT ,

Tρ is real so
=
as µ0 and µ1 , then:

q
2 max||Tρ ĉ0 ||2 + max||Tρ ĉ1 ||2 .
ĉ0

and defining Uρ :=

ĉ1

TρT Tρ ,

with its two biggest eigenvalues

p
√
max
Tr [BCHSH
ρ] = 2 µ0 + µ1 = 2 M (ρ).
being M (ρ) := µ0 + µ1 .
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