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An application of localization to Galois cohomology

Alvaro Garzén Rojas.

Abstract

We use a localization theorem and a characterization of the first group of cohomology
H'(G, B) to give a new proof that the groups of cohomology H'(G, B) of finite cyclic
extensions of number fields have same order for all integers i. This result was proved
by H. Yokoy in [10] by using the theorem on existence of a normal basis.
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1. Introduction

Let K be a number field with integer ring A, L be a finite cyclic extension
of K with Galois group G and B the integer closure of A in L. By using
a localization technique, we give in this paper a proof of the following
theorem of Yokoi:

Theorem 1.1. ([10], Theorem 1) Let L, K, G and B be as above. Then
o(H'(G, B)) = o(Hi(G, B))
for all integers 4, j.

For this, first we treat some facts about automorphism of local fields
to give a characterization of H'(G,B), and then we use a localization
theorem to reduce the cohomology at local case.

2. About automorphisms of local fields

By a local field we mean a complete field with respect to a discrete val-
uation with perfect residue class field. In this section we suppose that L
is a local field, B is its ring of integers, I is the maximal ideal in B and
L=B/% is the residue class field. Let vy, be the order function defined on
L and let p denote the characteristic of the residual class field L.

Definition 2.1. We say that ¢ is a wildly ramified automorphism of L
if
Iy, (0 — 1)56 >1

for all x € B.
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Note that if o is wildly ramified then (¢ — 1)B C R2 and ¢" is wildly
ramified for all integers n. Therefore, the first ramification group of R
contains the group G =< ¢ >. Now we give a result that explores this
property.

Theorem 2.1. Let o € Aut(L) be a finite order automorphism and let
K = LY. Then o is wildly ramified if and only if [L : K| = p", where

p = Char(K)

Demostracion. Since L/K is finite, then L/K contains a unique maximal
unramified subfield T (i.e., e(T/K) = 1) ([8], 3-2-10) and a unique max-
imal tamely ramified subfield V' (i.e., p { e(V/K)) ([8], 3-4-7) such that
the extension T'/K is unramied; V/T is totally and tamely ramified and,
therefore, the extension L/V is totally ramified and ple(L/V). Moreover
if

Yo ={oc € G(L/K);(c —1)B C R}

9 = {0 € G(L/K);(c —1)B C ®?*}
then T = L% ([8], 3-5-4) and V = L%t ([8], 3-6-8).
Now, o is wildly ramified if and only if G = #;, which occurs if and only
if K =T =V, which in turn is equivalent to [L : K| = p" for some n. [

Observe that the proof of the Theorem 2.1 gives an interesting property
of the extension L/K. More precisely we have:

Corollary 2.1. Let L, o and K as in the Theorem 2.1. Then [L : K] = p"
if and only if L/K is totally ramified.

Definition 2.2. If 0 € Aut(L) is wildly ramified, we define the integer
i(o) by

i(0) = vi((o — V/m);
where 7 is a prime element L. For any integer n, i(c™) is defined exactly
as above (i.e. i(o") = vz ((o™ — 1)7 /7).
Remark 2.1. Since L is complete, then, by [4], §1, i(o) does not depend
on the choice of w. Moreover we can show that i(c*) depends only on
0(u), where p°® is the highest power of p dividing p.
On the other hand, from [4], Theorem 1 we have that, for all n > 0,

i(0”"") = i(o”") mod (p"), M
s0 i(a?") = (LK=" p tRm, p) + i(0P") for all 0 < 7 < n— 1, where
i(o?"') = p'm, +i(o?") for all 1 < r < n. Wherever convenient we
abbreviate and write i(u) for i(a?").
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The following theorem uses the properties mentioned above to give a
characterization of H'(G, B).

Theorem 2.2. (/4], Theorem 2) Suppose o € Aut(L) has order p™. Let
K = L<° and let A be its integer ring. Then

=p"—1 *
Hl(G,B@i_’l’ A" A,

where p* = [(p +i(p))/p"] ( [z] denotes the greatest integer less than x)
and 7 is a prime element in A.

The following result shows an interesting fact about the numbers p*,
which will be used in the next section to prove the main theorem.

Theorem 2.3. ‘"_pﬂ_l @) 2“‘ [ & p),f“)]

Demostracion. If Ay = {p € Z:1 < p < p"—1; pu = pFs, with (s,p) = 1},
then it can be proved that Card(Ax) = ¢(p)p" ( T ] Then we have,

[Zer ] = [w[p S S () (5 ()
]
= M@Q;ﬂgihw)) ) (yiph) +

1

-]

n]k,

On the other hand,

n_1 i +u] _ n—j ( Pj_l)_l_ (i—1)
o [e] - (o [,

a1
where ;sf ) is the k™ element of Ajr:
We now consider two cases:

Case 1. 1f p"|i(c”"), we have

pnz_‘ é(uf)}n—kl _ tp(p)(i (f—lpk)mj) i i(;iﬂ) = o
u=1 =
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On the other hand, since 1 < ,ug_l) < p" —1, then

pr—1 . n e ., pi-1 (5-1)
Z [3(11)4',“:] _ Z WP ) + py ]

T T

n_w(pp" [i(o?™ )]

Therefore

Case 2. If p" { i(o?"), then i(c?") = p"s +t with 0 < ¢ < p" — 1.

Therefore,

[i(f;l(p“—lH%] =s(p"-1)+(t+1)+ [‘Lt;_ll] '

If £t =p™ — 1, then
Ii‘é!o-i: I_l(pn _ 1) + #] — i[o—p‘ﬂ) — .
P p
If t <p™ —1, then
152201+ 22 = - 411 [ ] =i -

Therefore

2_: ﬁ(ﬁg)ijl = o)) pF)m)) +i(e?") —s.
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On the other hand,

. n_1 [an—0(k) o
pz [z(u)ﬂs] B ”Z [Zkﬂ“ P mygy ik i(0”) + 1

e p" o p" p"
" (t+1 -0
_ i )[Z:ﬂmpo{“)”momm (t+ )
= n G o
p=1 p
pt—1 n—0(k) 0(u)+k
- t
v J [Zk_l p = 0(p)+k +3+( +ﬂ#)
-~ p p
p=pm—t

+ (" -+ 1))s

p*—(t+1) Zz;(l)(n} pl){,u)-f—k o)k
= Z ph

p=1

pt—1 Zn—ﬂ(u) 0(p)+k
= p my k
+ ) [ =1 - Wk | | t(s+1)
p=p™—t
! —0(u)
_ pz : [ 2:1 B pﬂ(u)+km0(m+k )+ i.:(aif,n) g
pt—1 n j—1
= Y o O _s)m;) +i(e™) —s.
p=1 j=1 k=0

3. Main theorem.

To prove the main result we use the following theorem of localization
which reduces the proof to the local case.

Theorem 3.1. ([6], Theorem 1.16 ) Let ¢ be a set of prime ideals of B
containing exactly one diwvisor R of each prime ideal p of A. Then

H'(G,B) = P H'(Gy, By),
Red

where Gy is the decomposition group of R in L/ K and E’;}, is the integer
ring of the R-adic completation Ly of L.

Proof of Theorem 1.1. In [1] we proved that, with the same hypothesis
of Theorem 3.1, we have an isomorphism of groups of cohomology



90 Alvaro Garzén Rojas

H'(Gw, Bp) = H'(Gp, Ry),

where Gy, is a p-Sylow subgroup of G and R, = E?RHP, with H, = G /G
and by [9], Proposition 3-2-1 we have

H®(Gy, Ry) = A, /SR,.

On the other hand, if A = ?lel'; denotes the maximal ideal of ;4;, then
SR, = AP), where (D) is the order of SR, in K,. Therefore, by ([5],
Chap I, §5) and ([3], Chap I, § 7) we have:

o(HO(Gy, By)) = 0(Ap/AD)) = Ny o (AP)) = (N o (A)P) =
D

where f is the residual degree of I?;,/ B,. On the other hand, by Theorem
22

o(H (Gp, Rp)) = [Ioi"o(Ap/ni"Ay) = [Toi o(Ap/ A7)
= [B v
_ Ep =51 n

Now, by Corollary 2.1, F/I?;): (where F' = f};g ) is totally ramified, and
by ([7], Lema 2.)

(D) = v=(SRy) = [Mp_]

Moreover, from ([5], Chap II, Proposition 4.)
VF(‘J)FIXKP) f ;1Z(J)+11
and thus

(D) = [Zot 41

Now, by Theorem 2.3 we have (D) = ?i}j (7) ((4) as in Theorem 2.2)
and then,

o(H' (Gp. Ryp)) = U(HO(Gpa Ry)).

Now, using Theorem 3.1 and the fact that L/K is cyclic, we finally con-
clude that the cohomology groups have the same order.
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