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tos de investigación. Pero más que nada, fortalećı una lección que fui aprendiendo a lo largo de la
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1
Introduction

At the turn of the 20th century, quantum mechanics redefined the way we looked at the physical
world. The continuum became discrete, first for light and soon for atoms and their energy levels. A
rich new scale of reality unfolded in front of physicist’s eyes, and allowed for the formal description
of phenomena old and new; from magnetism to waves of matter, the success of quantum mechanics
as a theory only grew as the years and decades passed. However, as is often the case in the modern
day, theory advanced faster than technology, and many astounding predictions were left in the
waiting room for the next landmark experiment to confirm or disprove them. This is a consequence
of the extreme conditions required for the manifestation of the quantum properties of matter; only
the very small and the very cold exhibits the surprising qualities described so well by quantum
mechanics, and observing these systems proved to be a great challenge.

At the turn of the 21st century, physicists were finally able to achieve these extreme temper-
atures, building upon decades of experimental developement and effort, and allowing the direct
observation of the quantum world. One of the most impressive leaps, which served as the seed
for a new field of research, is undoubtedly the confirmation of one of quantum mechanic’s oldest
predictions: the Bose-Einstein condensate [4, 5]. Due to the indistiguishability of particles, one
must consider different statistics when dealing with many-body quantum systems. In the case of
particles symmetric under permutations, denominated bosons [6], statistics dictate that below a
critical temperature all particles fall to the ground state [7], allowing the system to behave as a
macroscopic body obeying quantum mechanics [8]. For most atomic gases, the critical temperature
is of the order of nanokelvin, millions of times colder than interstellar space. The existence of the
condensate remained a theoretical prediction from 1924 to 1995, when Cornell and Wiemann, and
Ketterle [4, 5] independently realized it in the lab, winning the 2001 Nobel prize for their efforts.
Their achievement was possible thanks to the developement of innovative laser cooling techniques
[9–11], which were themselves subject of the 1997 Nobel prize. Illuminating the bosonic gas with
wavelengths tuned to the natural frequency of the atoms, these lose momentum and energy to
exothermic spontaneus emmissions, lowering the temperature in the process [12]. Once this is
done, atoms that remain excited are removed through magnetic evaporation [13], causing the
remaining particles to drop below the critical temperature. At this point, the Bose-Einstein con-

1



CHAPTER 1. INTRODUCTION

densate is reached, and it exhibits exotic properties, such as superfluidity [14, 15] and abnormally
high refraction indeces [16, 17].

The technology and experimental skill that was needed for the realization of the condensate
developed alongside other similar techniques for atomic control. Among those, optical lattices [18,
19] stand out for their surprising nature, and wide range of applications [20, 21]. In an optical
lattice, counter-propagating lasers form standing waves of light which can be superposed to form
grid-like patterns. Then, ultracold gases achieved with methods like the ones mentioned for the
Bose-Einstein condensate can be suspended on top of the beams of light and finely controlled and
tuned [22]. This phenomenon, which borders on science ficition, can be explained with a simple
semiclassical model of the atom [23]. Consider an alkali nucleus with a single valence electron
susceptible to external fields: when shined upon with a laser beam, the electron can be seen as a
forced harmonic oscillator, moving according to x(r, t) = αE cos(ωt− k · r), where x(r, t) is the
spatially-dependent position of the electron with respect to the nucleus, ω is the frequency of the
laser, E is the amplitude of the field, and α is the resonance factor given by

|α| ∝ 1√
(ω2

0 − ω2)
2

+ ω2Γ2

, (1.1)

where ω0 is the natural frequency of the atom, and Γ is a damping factor. The oscillating movement
of the electron induces an electric dipole µ = ex(r, t) in the atom, and has a phase φ given by

tanφ =
Γω

ω2
0 − ω2

. (1.2)

Without loss of generality, let us consider red-detuned light, that is, a laser with a frequency below
the natural one of the atom; in this case, the dipole is in phase with the field. Moreover, the
induced dipole is still free to interact with the field, being subject to a force F = 1

2
∇(µE), or an

equivalent averaged-over-time potential

U ∝ −αE2 cos2(k · r). (1.3)

We have retrieved the periodic potential proportional to the intensity profile I = |E(r)|2 that is
the basic building block of an optical lattice. The polarized atom is attracted to the maxima of
the intensity as shown in Fig. 1.1(b). In the complementary case of blue-detuned light, the dipole
is out of phase with the laser, which changes the sign of the potential, and thus attracts the atoms
to the minima of I.

The fine control provided by optical lattices allows for quantum simulation [24], a concept
that originates with Feynman [25] and considers exploring and understanding quantum systems
through the realization and study of other, different but equivalent ones [26]. For instance, by
analyzing ultracold gases in a deep optical lattice so that each atom is confined to the lowest
energy level of a site, the Hubbard model can be flawlessly rendered on a grid thousands of
times larger than conventional crystals [22]. Thus, the phenomena that occurs at and below the

2 Felipe Reyes Osorio



CHAPTER 1. INTRODUCTION

Blue detuned light

Red detuned light
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0
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Figure 1.1: (a) Cartoon showing how in one dimension, particles have no choice but to collide with
their neighbors, causing fluctuations to easily propagate across the system over long distances. In
higher dimensions, this is not the case and particles can travel a long distance without interacting
along the way, leading to a dissipation of fluctuations. (b) Schematic diagram of the optical
potential of red (blue) detuned light. Since the potential follows the intensity profile, the particles
find stable minima at the nodes (antinodes) of the light.

nanoscale in real materials can be observed in bigger, impurity-free, tunable lattices. In particular,
the empirical observation of the superfluid-Mott insulator phase transition represents a landmark
triumph of quantum simulation and optical lattices [24]. Since then, the ability of fine-tuning
lattice and interaction parameters has spurred research on the phase space of spinor systems [27],
the simulation of complex geometries and models [28, 29], and even the development of ever more
accurate clocks [20].

Optical lattices also allow for the experimental realization of one-dimensional systems [30],
which had been previously reduced to theorist’s playthings due to their simplicity, and disposi-
tion for closed solutions [31]. Now, direct observations confirm decades-old predictions [32], and
open the door to reinvigorated research in multiple areas of theoretical physics, such as quantum
magnetism [33], conformal field theory [34], and integrable systems [31].

One-dimensional systems exhibit a range of interesting properties, due in large part to the
strong correlations that stem from the repulsive interactions between particles. As opposed to
higher dimensions where particles can easily avoid each other, a one-dimensional body has no
choice but to eventually collide with it’s neighbors. These, in turn, bump into their neighbors and
so on, leading to perturbations propagating for long distances [35, 36], as shown schematically in
Fig. 1.1(a). These perturbations are clearly collective in nature, leading to global excitations that
can be identified as quasi-particles at low energies. The first objective of this work is to include the
simplest internal degree of freedom available for bosons, spin 1, and study its low-energy behavior
in one dimension. Furthermore, the emergence of quasi-particles leads to an interesting theoretical

3 Felipe Reyes Osorio



CHAPTER 1. INTRODUCTION

approach known as bosonization [37]. It consists of formulating an effective field theory in terms
of the collective excitations to describe the low-energy behavior of the system [38]. Therefore, the
second objective of this work is to understand the bosonization formalism, while the third objective
is to apply it to a system of one-dimensional spin-1 bosons on an optical lattice in order to extract
physical information from the magnetic phases that unfold. This has been studied in the past with
other methods [39], so we will lean on the rich literature to conduct our analysis. Our approach,
however, intends to obtain analytical results that employ the least amount of approximations, in
contrast to similar mean-field treatments.

The bosonization procedure is a powerful tool for dealing with a wide range of systems, from
high energy physics [40] to condensed matter [41–43], and has strong connections to advanced topics
in theoretical physics [44]. Unfortunately, the existing literature is dense and can appear impene-
trable to a would-be interested learner. It is our intention for this work to serve as a pedagogical
review of bosonization that is accessible to beginners, guiding them through the mathematical and
physical framework up to where the technique meets more advanced theories. Thus, we hope that
by the end of this work, the reader is not only capable to understand the literature, but is ready
to pursue further interesting topics that are natural continuations of bosonization.

This work is organized as follows: in Chs. 2 and 3 we introduce bosonization through a
pedagogical and historical example of free and interacting fermions, before applying the built
theoretical framework to two toy models that are relevant to the main physical system of interest,
that is, one-dimensional spin 1 bosons. This is studied in Ch. 4, where we formulate Hamiltonians
that capture general and particular features of spin 1 systems and apply bosonization to study the
different phases that emerge, emphasizing the physical aspects of the analysis. Finally, in Ch. 5
we give general conclusions of our work, while discussing perspectives regarding advanced topics
that can be built upon our methods and results.

4 Felipe Reyes Osorio



2
Bosonization

To begin, we explore a well-known system whose solution is straightforward to obtain using ele-
mentary methods of many-body quantum mechanics: the free fermion gas in one dimension. We
will then include interactions, to show how this normally complicated addition can be easily dealt
with. However, rather than limmiting ourselves to showing the solution using bosonization, we
take care to transform and reformulate the system methodically. This way, every step is connected
to the previous in a more-or-less intuitive manner, avoiding large leaps that presupose a more
advanced understanding, as is often found in the literature on this topic. The result of our process
will reveal a large portion of the underlying formalism, and yield a powerful result that makes
succesive applications of bosonization much more streamlined.

2.1 Free fermions

Consider a system of a single species of free one-dimensional fermions with Hamiltonian

Ĥ0 =
∑
k

k2

2m
ĉ†(k)ĉ(k). (2.1)

We refer to this system as the real system, since it is the objective of our present study. It has
a quadratic energy dispersion ε(k) = k2/2m, where k is the wavenumber and m the mass. The
occupation of states is full up to the Fermi energy εF , as shown in Fig. 2.1(a), and applying Born-
von Karman periodic boundary conditions [45], allowed momenta are of the form k = 2πn/L,
where n is an integer and L is the length of the system. At low energies, the only contributions
to the dynamics of the system come from states close to the Fermi surface [45, 46], which in 1
dimension consists of two points, ±kF . Thus, if our interests lie in the low-energy properties of the
system, we can restrict our scope to small intervals of size Λ arround ±kF . Every state within can
be approximately taken into account by performing a Taylor expansion around the Fermi surface,
so that the dispersion is

ε(k) ≈ εF ± (k ∓ kF ) vF , (2.2)

5



CHAPTER 2. BOSONIZATION

Figure 2.1: (a) Dispersion of a single species of free fermions on a lattice at half filling. Within an
interval Λ around it’s Fermi points ±kF it resembles a system of two species with linear dispersion.
(b) Linearized system, where p measures momenta with respect ot the Fermi points. The arrows
show allowed excitations; in the right(left) branch positive(negative) p increases the energy.

where the Fermi velocity is vF = ∂
∂k
ε(kF ). The linearization procedure maps the real system into

a new, chiral system with two species of linear dispersion fermions characterized by a direction,
right or left. Explicitely, the map between the real fermions ĉ and the chiral particles ψ̂R/L is given
by

ĉ(k) = θ(k)ψ̂R (k) + θ(−k)ψ̂L(k), (2.3)

where θ(k) is the Heaviside step function. This map takes particles with positive momentum to
the right moving branch and viceversa; essentially, its image has the simpler low-energy behavior
of the real system at every scale. Thus, measurements performed on the chiral system correspond
to what would be obtained for the real system as long as the low-energy condition is satisfied.

To develop the simpler chiral system, first notice that any momentum k can be expressed as

k =

{
kF + pR, if k > 0

−kF + pL, if k < 0,
(2.4)

where pR/L is the displacement away from the Fermi surface. Notice right states with a positive
pR have an energy above εF , while the opposite is true for left movers. With this in mind, and the

6 Felipe Reyes Osorio



CHAPTER 2. BOSONIZATION

map given by Eq. 2.3, we can rewrite Ĥ0 as

Ĥ0 =
∑
k>0

(εF + vF (k − kF )) ψ̂†R(k)ψ̂R(k) +
∑
k<0

(εF − vF (k + kF )) ψ̂†L(k)ψ̂L(k)

=
∑
pR

vFpRψ̂
†
R(p)ψ̂R(p)−

∑
pL

vFpLψ̂
†
L(p)ψ̂L(p) + (vacuum energy), (2.5)

where ψ̂α(p) = ψ̂R/L(αkF + pR/L), and α = ±1 to represent the right and left brach respectively.
Also, in Eq. 2.5 we can drop the subscript of the p’s in favor of a simpler dispersion αvFp where
p runs from −∞ to ∞. This emphasizes the fact that while the real system and the chiral system
are different at high energies, their low-energy dynamics match. Aditionally, by working with p we
implicitly shift the Fermi energy to zero, as seen in Fig. 2.1(b). Disregarding the constant terms
as part of the vacuum energy, we get

Ĥ0 = vF
∑
α,p

αpψ̂†α(p)ψ̂α(p). (2.6)

In the future, we will look to move away from the free system and deal with interactions.
However, the momentum creation/annihilation operators in the Hamiltonian of Eq. 2.6 are not
adequate to deal with interactions. Interactions are local in space, so we need a position basis
for the new system. To achieve this, let us perform a Fourier series expansion in terms of the
momentum operators of the real system:

ĉ(x) =
1√
L

∑
k

eikxĉ(k)

=
1√
L

∑
k

eikx
(
θ(k)ψ̂R (k) + θ(−k)ψ̂L(k)

)
(2.7)

=
1√
L

∑
p

eikF xeipxψ̂R(k) +
1√
L

∑
p>

e−ikF xeipxψ̂L(k)

= eikF xψ̂R(x) + e−ikF xψ̂L(x),

where we have introduced new chiral position field operators,

ψ̂α(x) =
1√
L

∑
p

eipxψ̂α(p). (2.8)

Again, the summation
∑

p over all p’s in the third line of Eqs. 2.7 is a very good approximation
as long as we stay within Λ and kF is far from the band edges. Notice that Eq. 2.7 is equivalent
to the map in Eq. 2.3.

Now that we have both bases for the new system, we can apply the Heisenberg equations of
motion to calculate their time evolution. First, in momentum,

ψ̂α(p, t) = ψ̂α(p, 0)e−αivF pt. (2.9)

7 Felipe Reyes Osorio



CHAPTER 2. BOSONIZATION

As expected, the operators that create particles in the eigenstates of Ĥ0 have a time dependent
phase. Before moving on to the evolution of the position operators, it is useful to introduce the
moving variable xα = vF t− αx, in terms of which

ψ̂α(x, t) =
1√
L

∑
p

e−αipxαψ̂α(p, 0), (2.10)

by simply plugging in Eq. 2.9 into Eq. 2.8. Now, using the Heisenberg equation and the chain
rule it is straightforward to show

∂−αψ̂α(xα) = 0, (2.11)

where ∂α = ∂t/vF − α∂x. This shows that the chiral position basis operators are mutually inde-
pendent, and that their time evolution is tied exclusively to the corresponding xα.

It might be tempting to rewrite the Hamiltonian of Eq. 2.6 in terms of the new position basis. In
fact, the relationship between the temporal and spatial derivatives of the position operators given
by Eq. 2.11 suggests the existence of a first-quantized operator p̂α with coordinate representation
−i∂xδ(x− x′). Consequently,

Ĥ0 = −ivF
∫

dx
(
ψ̂†R(x)∂xψ̂R(x)− ψ̂†L(x)∂xψ̂L(x)

)
. (2.12)

From the literature we recognize a form of the Dirac Hamiltonian. There is, in fact, a close
relationship between our low-energy theory and Dirac’s relativistic formalism, and between systems
with linear dispersions in general. However, bosonization deals with collective excitations so the
microscopic formulation in terms of the individual chiral position operators is not adequate for
our objective. In order to rewrite Ĥ0 with proper, well defined operators that represent collective
degrees of freedom, let us address a surpisingly subtle nuance of a big aspect of bosonization.

2.2 Infinities

Linearizing the dispersion relationship might be a useful tool, but it comes with a very important
caveat. In the real system, the Fermi surface is determined by the total number of particles N ,
each of which occupies an eigenstate. When we linearize and shift our attention to the new chiral
system, the Fermi surface is no longer a function of the number of particles; instead, it is set to be
equal to that of its real counterpart and becomes the reference energy level. Consequently, how
many particles are there in the linearized system? Let us focus on the left branch: if εF is set,
then every level below it must be occupied. But it is clear that a linear dispersion has no ground
state of minimal energy. Therefore, in each branch of the chiral system there are infinite particles
under the Fermi surface, as shown in Fig. 2.1(b). Operators such as the total number of particles∑

k ψ̂
†(k)ψ̂(k) are no longer well defined and convergent in terms of chiral operators.

To get around this issue, we define a new vacuum state that will act as a ground state for the
chiral system. We pick |∅〉 such that every state below εF in each branch is occupied. Even though

8 Felipe Reyes Osorio



CHAPTER 2. BOSONIZATION

there are still infinite particles, by redefining the vacuum we are now measuring finite changes with
respect to |∅〉, and by sticking to low energy excitations, we ensure that the infinite sea of particles
(Dirac sea) of the chiral system does not alter the dynamics in a noticeable way. Finally, in order
for operators to take our new vacuum into account we introduce the normal ordering [47] operation

: Â : = Â− 〈Â〉. (2.13)

The expected value in the previous equation, and henceforth unless specified otherwise, is taken
with respect to |∅〉. By normal ordering an operator, we substract its expected value in the
vaccum, effectively getting rid of the infinite particles and focusing only on the fluctuations around
the surface.

2.3 Densities and Currents

Now that infinities have been dealt with, let us start looking at meaningful operators. We define
the chiral current densities as

Ĵα = : ψ̂†α(x)ψ̂α(x) :, (2.14)

which are normal ordered, indicating that they measure a quantity with respect to |∅〉. Although
this operator looks like a particle density, we call it a current for the directionality inherited from
the chiral branches. In terms of these currents, we also define

ρ̂(x) = ĴR(x) + ĴL(x), and Ĵ(x) = vF

(
ĴR(x)− ĴL(x)

)
, (2.15)

which are the total density and current of the chiral system, respectively. With the Heisenberg
equation of motion in Eq. 2.11 it is straightforward to show that ρ̂ and Ĵ satisfy the conservation
equations

∂tρ̂+ ∂xĴ = 0 (2.16)

∂xρ̂+
1

v2
F

∂tĴ = 0.

The first equation shows regular continuity, whereas the second one implies the conservation of
the individual chiral currents. The latter is valid as long as there are no interactions that can send
a particle to the opposite branch.

It turns out [31] that the operators Ĵ2
α(x) are of great importance; however, composite operators

on the same point have divergences, as can be seen in Eq. 2.21. These divergences are common in
relativistic Dirac systems [48] and need to be regularized, using a point-splitting scheme [35, 48],
which we revisit in Sec. 3.1.1. Thus, we make sense of this product as

Ĵ2
α(x) = lim

ε→0
Ĵα(x− ε)Ĵα(x+ ε) (2.17)

= lim
ε→0

: ψ̂†α(x− ε)ψ̂α(x− ε) :: ψ̂†α(x+ ε)ψ̂α(x+ ε) :
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To calculate the product of two normal ordered operators, we use the identity

: ÂÂ′ :: B̂B̂′ : = : ÂÂ′B̂B̂′ :

+ 〈ÂB̂〉 : Â′B̂′ : +〈Â′B̂′〉 : ÂB̂ : +〈ÂB̂′〉 : Â′B̂ : +〈Â′B̂〉 : ÂB̂′ : (2.18)

+ 〈ÂB̂〉〈Â′B̂′〉+ 〈ÂB̂′〉〈Â′B̂〉,

which is based on nested applications of Wick’s theorem [47]. Therefore, we need to first determine
the correlations between the chiral creation/annihilation operators, beginning with〈

ψ̂†α(p)ψ̂α(p′)
〉

= θ(−αp)δpp′ (2.19)〈
ψ̂α(p)ψ̂†α(p′)

〉
= θ(αp)δpp′ ,

which is evident from the fact that, in the branch α, only particles with αp < 0 can be annihilated
from the vacuum, as shown in Fig. 2.1(b). Next, the correlations in the position basis are given
by 〈

ψ̂†α (x) ψ̂α(y)
〉

=
1

L

∑
pp′

e−ipxeipy
〈
ψ̂†α(p)ψ̂α(p′)

〉
=

1

L

∑
p

e−ip(x−y)θ(−αp) (2.20)

=
1

2π

∫
dp e−ip(x−y)θ(−αp),

where in the last line we applied the continuum limit
∑

p → (L/2π)
∫

dp. This is the Fourier
transform of the step function [49], yielding〈

ψ̂†α (x) ψ̂α(y)
〉

=
1

2
δ(x− y) +

αi

x− y , (2.21)〈
ψ̂†α (x) ψ̂α(y)

〉
= −

〈
ψ̂α (y) ψ̂†α(x)

〉
. (2.22)

Notice that these correlations satisfy the fermionic anticommutation relations. With all this, we
can finally calculate Ĵ2

α(x): the first line of the identity in Eq. 2.18 is negligible to first order, while
the last can be lumped in with the vacuum energy. Plugging in the correlations of Eq. 2.21 we get

Ĵ2
α(x) : =

−αi
2π2ε

(
: ψ̂α(x− ε)ψ̂†α(x+ ε) : + : ψ̂†α(x− ε)ψ̂α(x+ ε) :

)
=
−αi
2π

(
: ψ̂†α(x− ε)

(
ψ̂α(x+ ε)− ψ̂α(x− ε)

2ε

)
: −h.c

)
(2.23)

=
−αi
2π

(
: ψ̂†α(x)∂xψ̂α(x) : −h.c

)
.
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This expression is suspiciously akin to the Dirac Hamiltonian of Eq. 2.12, suggesting that the
Hamiltonian in the position basis should be

Ĥ0 = πvF

∫
dx
(
Ĵ2
R(x) + Ĵ2

L(x)
)
. (2.24)

This Hamiltonian corresponds to a symmetrized form of the Dirac Hamiltonian, and shows us, not
only the correct formulation for our new system, but also that the currents are the appropriate
operators for it. In fact, Hamiltonians that are quadratic in conserved currents are a staple of
more general and advanced methods of bosonization, like non-Abelian bosonization [38].

Finally, although Eq. 2.21 is correct, there is a divergence when x = y. Therefore, it will be
useful to introduce a smooth cutoff that regularizes the infinity and ensures that we stay within the
small momentum interval Λ by eliminating the high energy contributions that cause this divergence
in the first place. With this in mind, we get〈

ψ̂†α (x) ψ̂α(y)
〉

=
1

2π

∫
dp e−δ|p|e−ip(x−y)θ(−αp), (2.25)

where δ is the cutoff length. This recurring integral, denominated I−α, is calculated in Eq. A.1,
yielding 〈

ψ̂†α (x) ψ̂α(y)
〉

=
αi

2π((x− y) + iαδ)
, (2.26)

and the relations of Eq. 2.22 still hold.

2.4 Bosonic fluctuations

The chiral currents provide an appropriate formulation for the chiral system. However, this is
not the end of the road, for we now need their reciprocal space counterparts. We get these by
expanding in a Fourier series, yielding

Ĵα(p) =
1√
L

∑
q

: ψ̂†α(q − αp)ψ̂α(q) :, (2.27)

Ĵ†α(p) = Ĵα(−p).

We see that the Fourier components of the chiral currents are operators that create and annihilate
a superposition of particle-hole excitations, which collectively can be thought of as a fluctuation of
momentum p. In the previous expression, we are adopting a convention which makes Ĵ†α(p) create
a fluctuation for p > 0. Hence, the current densities according to this convention are

Ĵα(x) =
1√
L

∑
eαipxĴα(p). (2.28)
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Now consider the commutator[
Ĵα(p), Ĵ†α(p)

]
=

1

L

∑
q,q′

[
ψ̂†α(q − αp)ψ̂α(q), ψ̂†α(q′ − αp)ψ̂α(q′)

]
(2.29)

=
1

L

∑
q

ψ̂†α(q − αp)ψ̂α(q − αp)− ψ̂†α(q)ψ̂α(q),

where in the last line we used standard algebraic identities. Normally, those two terms would cancel
out after relabeling the indices, but since in the chiral system they represent infinite quantities,
we must proceed with caution and replace the operators with their normal ordered counterpart as
such: [

Ĵα(p), Ĵ†α(p)
]

=
1

L

∑
q

: ψ̂†α(q − αp)ψ̂α(q − αp) : − : ψ̂†α(q)ψ̂α(q) : (2.30)

+
〈
ψ̂†α(q − αp)ψ̂α(q − αp)

〉
−
〈
ψ̂†α(q)ψ̂α(q)

〉
=

1

L

∑
q

θ(p− αq)− θ(−αq)

=
p

2π
.

In the first line, the normal ordered terms are finite, so the indices can be relabeled and the terms
canceled without issue. Then, notice that the correlations in the third line would have vanished
had we started with the commutator of diferent wavenumbers, say p and p′. Finally, the result of
the last line is retrieved after switching the summation for an integral. By inspecting the allowed
excitations shown in Fig. 2.1(b), further shown schematically in Fig. 2.3, it can be seen that only
some terms in the summation of Eq. 2.30 are different than zero.

With these commutation relations in mind, we can define the following rescaled operators:

b̂(p) = A
(
ĴR(p)θ(p)± ĴL(−p)θ(−p)

)
, (2.31)

where A is a complex number allowing us to arbitrarily set a global phase, as well as a relative
phase indicated by the ±. A convenient choice is

b̂(p) = −i
√

2π

|p|
(
ĴR(p)θ(p)− ĴL(−p)θ(−p)

)
, (2.32)

b̂†(p) = i

√
2π

|p|
(
Ĵ†R(p)θ(p)− Ĵ†L(−p)θ(−p)

)
,

although regardless of the decision, these operators satisfy [b̂(p), b̂†(q)] = δpq. The inverses of these
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relationships are

ĴR(p) = i

√
|p|
2π

(
θ(p)b̂p − θ(−p)b̂†−p

)
, (2.33)

ĴL(p) = −i
√
|p|
2π

(
θ(p)b̂−p − θ(−p)b̂†p

)
.

What do these new operators do? According to our convention, b̂†(p) creates a fluctuation of
momentum |p| in the R branch if p > 0 or in the L branch if p < 0. Remarkably, this results shows
that the collective excitations of the chiral system are bosonic, which means that this is also true
at low energies in the real system. In fact, we can show this correspondence with the real system
by calculating the spectral function of the chiral system:

A(q, ω) =

∫
dt dx ei(ωt−qx)

〈
Ĵα(xα)Ĵα(0)

〉
(2.34)

=

∫
dt dx ei(ωt−qx)

〈
ψ̂†α(xα)ψ̂α(0)

〉〈
ψ̂α(xα)ψ̂†(0)

〉
,

where in the second line we used the nested Wick’s theorem of Eq. 2.18, remembering that the
expected value of normal ordered operators vanishes. To avoid divergences, we use the correlations
with cutoff of Eq. 2.26 while taking into account the time evolution, yielding

A(q, ω) =
−1

4π2

∫
dt dx ei(ωt−qx) 1

(xα − iδ)2
(2.35)

=
1

4π2

∫
dt dx ei(ωt−qx)∂α

(
1

xα − iδ

)
.

Remembering the definition that xα = vF t− αx, we can calulate the integral and find that

A(q, ω) ∝ δ(ω − αvF q), (2.36)

which corresponds to the low energy spectrum of the real system [35, 36, 50].
We have finally reformulated the fermionic system in terms of its bosonic fluctuations; all that

remains is plugging the inverse relations of Eq. 2.33 into the Hamiltonian of Eq. 2.24, bringing us
to

Ĥ0 = πvF
∑(

ĴR(p)ĴR(−p) + ĴL(p)ĴL(−p)
)

= vF
∑
p6=0

|p|b̂†(p)b̂(p). (2.37)

Let us take a moment to appreciate this expression, which is ubiquitous in the literature [31, 35–38,
50–52]: in terms of the fluctuations, the chiral system (and as we saw earlier, the real system as
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well) is reformulated as infinite harmonically oscillating quantized modes with a linear dispersion.
Incidentally, this is also the reason why we do not need to take the mode p = 0 into account: this
is a null fluctuation that is best understood as a part of the vacuum. The form of the Hamiltonian
of Eq. 2.37 allows us to link the quantized fluctuations to bosonic fields, a key aspect of the
bosonization procedure that will be explored further in the next section.

2.5 Fields

In analogy to the mode expansions of a real scalar field [53], let us define the fields

Φ̂(x, t) =
∑
p6=0

√
1

2L|p|
(
ei(px−|p|vF t)b̂p + h.c.

)
, (2.38)

Π̂(x, t) = −i
∑
p 6=0

√
|p|
2L

(
ei(px−|p|vF t)b̂p − h.c.

)
,

satisfying the canonical commutation relations [Φ̂(x), Π̂(y)] = iδ(x − y), and ∂tΦ̂ = vF Π̂. A few
remarks about this definition: first, we omit the Fermi velocity, which is analogous to the speed
of light c, from the definition; the reason behind this becomes clear in Sec. 2.7. Second, the use
of |p| in the exponent ensures that fluctuations on the right branch propagate to the right and
viceversa. Third, based on the commutation relations, we can refer to the canonical operators Φ̂
and Π̂ as the position and momentum fields, respectively. Finally, the sums in the definitions and
henceforth exclude the mode p = 0, unless specified. This will seldom be a problem, since most
calculations are done in the continuum limit, where a single point has no appreciable effect on an
integral.

If we attempt to invert the definitions of Eq. 2.38, we find an interesting result:

1√
L

∫
dx e−ipx∂xΦ̂ = sgn(p)i

√
|p|
2

(
b̂p + b̂†−p

)
, (2.39)

1√
L

∫
dx e−ipxΠ̂ = −i

√
|p|
2

(
b̂p − b̂†−p

)
.

Adding and substracting the previous expressions yields

b̂p =
−i√
2|p|L

∫
dx e−ipx

(
sgn(p)∂xΦ̂− Π̂

)
, (2.40)

b̂†p =
i√

2|p|L

∫
dx eipx

(
sgn(p)∂xΦ̂− Π̂

)
.

Notice that this is a Fourier decomposition of the bosonic operators, which means that there is a
direct relationship between these combinations of fields and the current operators. In fact, from
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Eq. 2.40, it can be shown that

Ĵα(x) =
1

2
√
π

(
∂xΦ̂− αΠ̂(x)

)
. (2.41)

This is a crucial relationship as it allows us, not only to rewrite the Hamiltonian in terms of these
bosonic fields, but also to give them a physical interpretation. On the one hand, the quadratic
currents can now be easily determined, so that the Hamitonian of Eq. 2.24 becomes

Ĥ0 =
vF
2

∫
dx

((
∂xΦ̂

)2

+ Π̂2

)
, (2.42)

which is the free scalar Hamiltonian, as expected from field theory [47, 53]. On the other hand,
for the total density and current we get

ρ̂(x) =
1√
π
∂xΦ̂ and Ĵ(x) =

−vF√
π

Π̂, (2.43)

according to Eq. 2.15. These relationships show the, perhaps intuitive, link between the position
field and the density, and the momentum field and the current. However, as done in the literature
[35], we can go even further and realize that a particle distribution of almost localized particles
would be represented by a 〈Φ̂(x)〉 like the one shown in Fig. 2.3: a stairwell-like graph that has
a kink of height

√
π every time it encounters a charge. Consequently, it would be more accurate

to refer to Φ̂ as a counting field, that increases by a constant amount every time there is a full
charge.

There are two additional, useful auxilliary fields that we can define. The first one is

θ̂(x, t) = −
∑ sgn(p)√

2L|p|
(
ei(px−vF |p|t)b̂p + h. c.

)
, (2.44)

which is defined to satisfy Π̂ = ∂xθ̂. This field will later be interpreted as a phase and is immediately
useful as it allows us to write the currents as Ĵα(x) = (1/2

√
π)∂x(Φ̂ − αθ̂). Finally, we split the

modes of Φ̂ into the contributions from each branch to define

φ̂α =
∑
αp>0

√
1

2L|p|
(
ei(px−|p|vF t)b̂p + h.c.

)
, (2.45)

where we use the fact that, by Eq. 2.32, the sign of p determines the chirality of b̂p. Thus, the
following identities are then satisfied:

Φ̂ = φ̂R + φ̂L

φ̂α =
1

2

(
Φ̂− αθ̂

)
(2.46)

Ĵα(x) =
1√
π
∂xφ̂α.

The relevant commutators between these fields are calculated and compiled in appendix A.
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0
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1

0
L

R

Figure 2.2: Diagram showing where the step
functions that arise from the commutator of Eq.
2.30. The difference of what would be divergent
integrals on their own, vanishes except for a
small region that yields the finite result.

Figure 2.3: 〈Φ̂〉 has a kink of height
√
π at ev-

ery charge. It is important to note that the ρ̂
shown is only an explanatory tool as it repre-
sents huge fluctuations that would not be seen
at low energy.

2.6 The bosonization identity

Would it not be wonderful if we had a simple way to formulate our original chiral fermions in terms
of the canonical fields? After all, these will prove to be a very powerful tool, and the process we
used to obtain them is a lengthy one. Fear not, for all our work allows us to find a way to bosonize
a system without the meticulous chain of steps we have performed so far.

Using the identity [Â, eB̂] = [Â, B̂]eB̂, proven in Eq. B.5 and the commutator [Ĵα(x), φ̂α(y)] ∝
δ(x− y), shown in Eq. A.20, we find that[

Ĵα(x), eαi2
√
πφ̂α(y)

]
= −δ(x− y)eαi2

√
φα(y). (2.47)

This is, by construction, the same commutation relationship that there is between Ĵα(x) and the
original chiral fermion ψ̂α(x). This suggests that

ψ̂α(x) ∝ eαi2
√
πφ̂α(x), (2.48)

up to some proportionality constant C. Let us check that this expression is physically reasonable.
In the exponent we find a combination of fields αΦ̂− θ̂. Taking each field on their own, we find that
the part proportional to exp (−i√πθ̂) can be seen as a translation operator that acts on the field
Φ̂ at a point x creating a kink. This is accompanied by a factor proportional to exp (

√
πΦ̂), which
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similarily creates a fluctuation on the momentum field, specifically affecting the current. This is
important, because it guarantees that fluctuations conserve the number of particles N : we create
a localized kink and at the same time change the currents so that this is dissipated throughout the
system creating a localized fluctuation of the density. On the other hand, since ψ̂α(x) has a net
effect on N , the creation or annihilation of global charge must be done by an operator contained
in the proportionality constant. Therefore, we introduce the non-hermitian, unitary Klein factors
η̂α, which commute with the fields and are responsible for the global changes in the number of
particles. For a detailed calculation of η̂α in terms of the fields, see Ref. [51].

To find the remaining scalar proportionality constant, let us calculate the correlation〈
ψ̂R(x)ψ̂†R(y)

〉
= |C|2

〈
η̂Rη̂

−1
R ei2

√
πφ̂R(x)e−i2

√
πφ̂R(y)

〉
= |C|2

〈
ei2
√
π(φ̂R(x)−φ̂R(y))ei

π
2

sgn(x−y)
〉

(2.49)

= i sgn(x− y)|C|2
〈
eB̂
〉
,

where we used the commutator of Eq. A.15, and B̂ = i2
√
π(φ̂R(x) − φ̂R(y)). In order to use the

identity 〈exp B̂〉 = exp
(
〈B̂2〉/2

)
, proven in Eq. B.9, we need to determine

1

2

〈
B̂2
〉

= −2π
〈
φ̂2
R(x) + φ̂2

R(y)− 2φ̂R(x)φ̂R(y)
〉
− iπ

2
sgn(x− y). (2.50)

The expected values are calculated in Eq. A.7, and allow us to express

1

2

〈
B̂2
〉

= ln

(
iδ

(x− y) + iδ

)
− iπ

2
sgn(x− y), (2.51)

which finally yields the correlation we were interested in the first place:〈
ψ̂R(x)ψ̂†R(y)

〉
=

iδ|C|2
(x− y) + iδ

. (2.52)

If we compare this result to the same correlation obtained in Eq. 2.26, we identify C = 1/
√

2πδ.
What we get for the functional relationship between the fermionic field and the bosonic ones is

ψ̂α(x) =
1√
2πδ

η̂αe
αi2
√
πφ̂α(x), (2.53)

which is the fundamental bosonization identity, a crucial tool in our analysis, and the main result
of this chapter. With it, we can easily reformulate any suitable system in terms of the canonical
fields, without going through the meticulous chain of replacements. Make no mistake, we had to
do it the long way first, painstakingly showing and justifying the steps that lead to Eq. 2.53; now
that we are here, we can skip it all if needed. We are ready to show the power of the bosonization
identity by applying it to many-body interacting systems in the next section.
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2.7 Interacting Fermion gas

In order to show the power and usefulness of bosonization, let us build upon the treatment of the
free fermion gas developed in earlier sections by taking into account an interaction potential V̂ so
that

Ĥ = Ĥ0 + V̂ = Ĥ0 +
1

2

∫
dx dy g(x− y)ψ̂†(x)ψ̂†(y)ψ̂(y)ψ̂(x), (2.54)

where g(x − y) is the separation-dependent interaction strength, satisfying g(x) = g(−x). Using
the map introduced by Eq. 2.7, the interaction term is rewritten in terms of the chiral fermions as

V̂ =
1

2

∫
dx dy g(x− y)

[(
ψ̂†R(x)ψ̂†R(y)ψ̂R(y)ψ̂R(x) + ψ̂†R(x)ψ̂†L(y)ψ̂L(y)ψ̂R(x) + (R→ L)

)
+

(
e−i2kF (x−y)ψ̂†R(x)ψ̂†L(y)ψ̂R(y)ψ̂L(x) + e−i2kF (x+y)ψ̂†R(x)ψ̂†R(y)ψ̂L(y)ψ̂L(x) (2.55)

+ e−i2kF xψ̂†R(x)ψ̂†R(y)ψ̂R(y)ψ̂L(x) + ei2kF xψ̂†L(x)ψ̂†L(y)ψ̂L(y)ψ̂R(x)

+ e−i2kF yψ̂†R(x)ψ̂†R(y)ψ̂L(y)ψ̂R(x) + ei2kF yψ̂†L(x)ψ̂†L(y)ψ̂R(y)ψ̂L(x) + h. c.
)]
.

For the present analysis we will neglect short-wavelength oscillations, following physical arguments
discussed below, and yearning for pedagogical clarity [37]. This leaves us with the first line and
after applying anticommutation relations we get for the first term

ψ̂†R(x)ψ̂†R(y)ψ̂R(y)ψ̂R(x) = ψ̂†R(x)ψ̂R(x)ψ̂†R(y)ψ̂R(y)− δ(x− y)ψ̂†R(x)ψ̂R(y) (2.56)

=
(

: ψ̂†R(x)ψ̂R(x) : +
〈
ψ̂†R(x)ψ̂R(x)

〉)(
: ψ̂†R(y)ψ̂R(y) : +

〈
ψ̂†R(y)ψ̂R(y)

〉)
−δ(x− y)ψ̂†R(x)ψ̂R(y)

= ĴR(x)ĴR(y) +
1

(2πδ)2
+

1

2πδ

(
ĴR(x) + ĴR(y)

)
− δ(x− y)ψ̂†R(x)ψ̂R(y).

For the opposite chirality we proceed analogously to get

ψ̂†L(x)ψ̂†L(y)ψ̂L(y)ψ̂L(x) = ĴL(x)JL(y) +
1

(2πδ)2
− 1

2πδ

(
ĴL(x) + JL(y)

)
(2.57)

− δ(x− y)ψ̂†L(x)ψ̂L(y).

Similarily, the second term and its chiral opposite become

ψ̂†R(x)ψ̂†L(y)ψ̂L(y)ψ̂R(x) = JR(x)JL(y)− 1

(2πδ)2
− 1

2πδ
JR(x) +

1

2πδ
ĴL(y) (2.58)

ψ̂†L(x)ψ̂†R(y)ψ̂R(y)ψ̂L(x) = JR(y)JL(x)− 1

(2πδ)2
− 1

2πδ
JR(y) +

1

2πδ
ĴL(x).
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Notice that the terms proportional to δ(x−y) in Eqs. 2.56 and 2.57 make up the density operator ρ̂.
Therefore, they constitute a term proportional to the total number of particles, which is conserved
and can be swept into the vacuum energy. Finally, we join everything together to get the interaction
in terms of the chiral fermions

V̂ =

∫
dx dy

(
2g2(x− y)JL(x)ĴR(y) + g4(x− y)

(
ĴR(x)ĴR(y) + ĴL(x)ĴL(y)

))
(2.59)

+ (vacuum energy).

Here we see that the potential is split into interactions between branches and within them, charac-
terized by the couplings g2(x−y) and g4(x−y) respectively. Our notation for the couplings follows
Ref. [46], which is now standard in the literature and known as g-ology. Consequently, each type
of process has an independent coupling strength, and we keep only the forward-scattering g2 and
g4. Backscaterring, commonly associated with g1 has been neglected from Eq. 2.55 because of the
large momentum transfer involved, whereas umklapp processes tied to g3 are only slow oscillations
in half-filled lattice systems due to the role of the reciprocal lattice.

Equation 2.59 is a first indication of the usefulness of bosonization: the interaction is quadratic
in currents, just as the free Hamiltonian, suggesting a possible diagonalization of Ĥ. For now, let
us continue manipulating the expression by writing it in terms of operators from the reciprocal
space. For the Fourier components of the currents, we use Eq. 2.28, whereas for the potential

gi(x− y) =
1√
L

∑
eik(x−y)gi(k), (2.60)

and the symmetry constrains the components so that gi(k) = gi(−k). Plugging into the term for
interactions within the right branch we get∫

dx dy g4(x− y)ĴR(x)JR(y) =
1

L
√
L

∑
g4(k)ĴR(p)ĴR(q)

∫
dx eix(k+p)

∫
dy eiyq−k (2.61)

=
√
L
∑

g4(−p)ĴR(p)ĴR(−p).

This procedure is repeated for the remaining terms, yielding

V̂ =
√
L
∑

g4(p)
(
ĴR(p)ĴR(−p) + ĴL(p)ĴL(−p)

)
+ 2g2(p)ĴL(p)ĴR(p). (2.62)

In the first term of Eq. 2.62 we recognize the form of the free Hamiltonian from Eq. 2.37. For the
other one, we can apply the inverse relations from Eq. 2.33 and obtain

Ĥ =
∑(

vF +

√
L

π
g4(p)

)
|p|b̂†(p)b̂(p) +

√
L

2π
g2(p)|p|

(
b̂†(p)b̂†(−p) + b̂(−p)b̂(p)

)
. (2.63)

Notice that g4 processes only affect the propagation velocity of the fluctuations, directly rescaling
the Fermi velocity. This physical insight has been revealed due to our use of bosonization, and our
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focus on collective fluctuations, and their behavior when interactions are present. Furthermore,
this implies a constrain on the actual coupling: πvF + g4(p)

√
L > 0, which prevents unstable

excitations of negative energy.
In this quadratic form, the Hamiltonian is prime for a Bogoliubov transformation [54], in which

we apply a unitary transformation,

b̂(p) = coshϕp
ˆ̃b(p) + sinhϕp

ˆ̃b†(−p), (2.64)

for some set of angles ϕp. Notice that this transformation preserves the bosonic commutation we
worked so hard to retrieve. Also, for simplicity, let us call

αp =

(
vF +

√
L

π
g4(p)

)
|p| and βp =

√
L

2π
g2(p)|p|. (2.65)

Tranforming Eq. 2.63, we obtain

Ĥ =
∑ ˆ̃b†(p)ˆ̃b(p)

[
αp cosh2 ϕp + αp sinh2 ϕ−p + 4βp coshϕp sinhϕ−p

]
+ ˆ̃b†(p)b̂†(−p) [αp coshϕp sinhφp + βp coshϕp coshϕ−p + βp sinhϕp sinhϕ−p] (2.66)

+ ˆ̃b(−p)b̂(p) [αp coshϕp sinhφp + βp coshϕp coshϕ−p + βp sinhϕp sinhϕ−p]︸ ︷︷ ︸
(?)

.

Assuming ϕp = ϕ−p, we can diagonalize the transformed Hamiltonian by picking angles that make
the quantity marked as (?) vanish. In this case,

tanh(2ϕp) = −
√
L

πvF + g4(p)
√
L
g2(p), (2.67)

yields

Ĥ =
∑

vF |p|
(
(1 + ḡ4)2 − ḡ2

2

) 1
2 ˆ̃b†p

ˆ̃bp, (2.68)

in accordance with the literature [35, 37], where ḡi =
√
Lgi/πvF and where we used the hyperbolic

identities

sinhx =
tanhx√

1− tanh2 x
and coshx =

1√
1− tan2 x

, (2.69)

to simplify the resulting expressions.
Bosonization has led us to a remarkable result. Not only have we diagonalized the Hamiltonian,

but we have found that the interacting systems has eigenstates that represent collective particle-

hole excitations of the fermions; excitations that are created by the ˆ̃b†(p). As has been discussed
previoulsy, this is caused by the dimensionality of the system, since particles in one-dimension have
no choice but to bump into each other, and the influence of an interaction propagates across the
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chain. In a three-dimensional system, for instance, the fermions could miss each other entirely, and
even if a collision were to happen, there is no guarantee that further interactions would happen fast
enough for a global effect. Contrariwise, in our one-dimensional gas all of the particles fluctuate
as a collective whole as shown by these results.

Additionally, we find that the role of the forward-scattering processes is to rescale the propaga-
tion velocity of the excitations, as well as change their exact nature. This is physically reasonable,
since stronger interactions can lead to fluctuations that prevail for longer in the one-dimensional
chain. However, remeber that our bosonized Hamiltonian is a perturbative treatment of the origi-
nal system, since we are neglecting certain processes that can become relevant if the energy scale is
increased. If we needed to, we could always go back and keep more terms, which would then yield
more precise results up to the point where the basic assumptions of bosonization break. However,
it is often the case that the low energy properties are accurately captured by the behavior of
long-wavelength oscillations [31].
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3
Applying bosonization

Now that we have developed a theoretical framework and understand the fundamentals of bosoniza-
tion, let us apply the formalism to some simple systems. This will serve as a way to not only
sharpen our skill with the technique, but to also prepare us for similar calculations that could be
encountered down the road. The systems that we will study in this chapter have been selected for
their similarity with that of the main objective of this work, which is a bosonic spinor gas. First,
we will solve a spin-1

2
chain with a small anisotropy, and then we will explore the particularities

of applying bosonization to bosons. The chapter will close with the calculation of correlations for
a toy model of hard core bosons.

3.1 Heisenberg XXZ model

Let us consider a chain of spin-1
2

particles, interacting up to first neighbors according the so-called
Heisenberg XXZ model

Ĥ = −J
∑
n

(ŜxnŜ
x
n+1 + ŜynŜ

y
n+1 + ∆ŜznŜ

z
n+1), (3.1)

where the transverse coupling constant is Jz = ∆J . This example is instructive, because we will
take it further than the last one by calculating the correlations of the system. To begin, it is
necessary to map the anisotropic Heisenberg Hamiltonian of Eq. 3.1 into a system that can be
treated through bosonization. Then, we treat separately the parts corresponding to the planar (xy
plane) and transverse terms (z axis), before joining everything back together into the final results.

3.1.1 Fermionic Hamiltonian

Using the Jordan-Wigner transfomation [55] defined in Eq. C.3 between spins-1
2

and fermions, we
use the inverse equations

Ŝ+
n = eiπtn ĉ†n and Ŝ−n = eiπtn ĉn, (3.2)
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to transform the planar terms of Eq. 3.1, meaning

Ŝ+
n Ŝ
−
n+1 = ĉ†n

(
1− 2ĉ†nĉn

)
ĉn+1 = ĉ†nĉn+1 (3.3)

Ŝ−n Ŝ
+
n+1 = ĉn

(
1− 2ĉ†nĉn

)
ĉ†n+1 = −ĉnĉ†n+1.

Since spin operator identities determine that

ŜxnŜ
x
n+1 + ŜynŜ

y
n+1 =

1

2

(
Ŝ+
n Ŝ
−
n+1 + Ŝ−n Ŝ

+
n+1

)
, (3.4)

for the planar part of the Hamiltonian we get

Ĥ0 = −J
∑
n

(
ŜxnŜ

x
n+1 + ŜynŜ

y
n+1

)
= −t

∑
n

(
ĉ†nĉn+1 + ĉ†n+1ĉn

)
, (3.5)

with t = J/2. Hence, the Jordan-Wigner transformation maps the planar part of the Heisenberg
Hamiltonian into a system of free lattice fermions; now we are ready to proceed with bosonization,
since it is well known [45] that the dispersion relation is ε(k) = −2t cos(ka), where a is the
lattice constant inherited from the original chain. The periodic boundary conditions discretize the
momentum as k = 2πn/L, where L is the length of the system and there are N0 = L/a sites.
We can now define the filling factor ν = N/N0, where N is the number of particles. If the Fermi
surface is kF , then N = LkF/π. Therefore,

ν =
akF
π
. (3.6)

If we work with a half-filled system, then ν = 1/2, akF = π/2, and we can linearize around εF = 0.
Recalling Eq. 2.7, we can express the terms of Eq. 3.5 as functions of the chiral fermions,

ĉ†n+1ĉn =
(
e−ikF (x+a)ψ̂†R(x+ a) + eikF (x+a)ψ̂†L(x+ a)

)(
eikF xψ̂R(x) + e−ikF xψ̂L(x)

)
, (3.7)

where x = an, according to the lattice. It might be tempting to do a Taylor expansion to simplify
the expression; however, it is crucial to remember that all fermions are only defined on the lattice.
Failure to enforce this will lead to an incorrect point-split. As opposed to the scheme used in Sec.
2.3, the lattice already determines a minimum length so that the UV divergences are avoided; as
such, we need to tread carefully. By applying the bosonization identity, we get

ĉ†n+1ĉn + h. c. = −i
(
ψ̂†R(x+ a)ψ̂R(x)− ψ̂†L(x+ a)ψ̂L(x)− h. c.

)
+ (fast oscillations), (3.8)

=
−i
2πa

(
e−i2

√
πφ̂R(x+a)ei2

√
πφ̂R(x) − ei2

√
πφ̂L(x+a)e−i2

√
πφ̂L(x) − h. c.

)
=

1

2πa

(
e−i2

√
π(φ̂R(x+a)−φ̂R(x)) − ei2

√
π(φ̂L(x+a)−φ̂L(x)) + h. c.

)
.
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Notice that the exponent is proportional to the lattice definition of the derivative. Neglecting the
fast oscillations proportional to (−1)n, we can then expand the power series

ĉ†n+1ĉn + h. c. =
−1

2πa

(
ia2
√
π∂xφ̂R + 2a2π(∂xφR)2 − ia2

√
π∂xφ̂L + 2a2π(∂xφL)2 + h. c.

)
,

= −2a
(
(∂xφR)2 + (∂xφL)2

)
, (3.9)

where the bosonic fields vary slowly so it is fine to truncate at second order in a. Recall from Eq.
2.46 that Φ̂ = φ̂R + φ̂L and Π̂ = ∂xφ̂R − ∂xφ̂L. Thus, the Hamiltonian becomes

Ĥ0 =
vF
2

∫
dx
(

(∂xΦ)2 + Π̂2
)
, (3.10)

where vF = 2ta = Ja, and in the continuum limit
∑

n → (1/a)
∫

dx. We have retrieved the same
free bosonic field Hamiltonian as in Eq. 2.42 with a considerably less effort than in the previous
sections; that is the power of the fundamental bosonization identity of Eq. 2.53.

Before moving on, let us discuss a nuance of reformulating a discrete system in terms of contin-
uous fields: units. Notice that if we examine the Jordan-Wigner transformation of Eq. C.3, which
we use to connect the localized spins with fermions, we can see that when taking the continuum
limit, i.e. applying the bosonization identity, Ŝ±(x) ∝ (2πa)−1/2 and Ŝz(x) ∝ (2πa)−1. However,
the original spin operators are dimensionless since we are taking ~ = 1; thus, we should scale the
operators as

Ŝ±n →
√
aŜ±(x) and Ŝzn → aŜz(x). (3.11)

In practice, this translates to retaining a factor in the final bosonized terms depending on the
original discrete operator it came from. For instance, the Hamiltonian of Eq. 3.10 came from
bilinears like Ŝ+

n+1Ŝ
−
n , so there should be an additional factor of a, which cancels with the a−1 that

accompanies the integral. Moreover, this means that the coupling constant J is rescaled in the
continuum limit as Ja. Alternatively, one can set a = 1 and recover all factors at the end using
dimensional analysis.

3.1.2 Transverse term

The final step is transforming the transverse term in the Heisenberg Hamiltonian

ĤI = −Jz
∑
n

ŜznŜ
z
n+1. (3.12)

Since it is quadratic in Ŝz, it becomes quartic in fermions after applying the Jordan-Wigner
transformation and maps to a two-body interaction. In order to get there, we first transform the
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spin operator using the familiar map in Eq. 2.7,

Ŝxn = ĉ†n(x)cn(x)− 1

2

=
(

(−i)nψ̂†R(x) + inψ̂†L(x)
)(

(i)nψ̂R(x) + (−i)nψ̂L(x)
)
− 1

2

= ψ̂†R(x)ψ̂R(x) + ψ̂†L(x)ψ̂L(x) + (−1)n
(
ψ̂†R(x)ψ̂L(x) + ψ̂†L(x)ψ̂R(x)

)
− 1

2

=
1√
π
∂xΦ̂ + (−1)nM̂(x)− 1

2
. (3.13)

As we can see, the transverse magnetic spin becomes the smooth fermionic density plus an oscil-
lating magnetization field M̂ = ψ̂†Rψ̂L + ψ̂†Lψ̂R. This term can be shown to be equal to

M̂ =
1

2πa

(
e−i2

√
πφ̂Re−i2

√
πφ̂L + ei2

√
πφ̂Rei2

√
πφ̂L
)

(3.14)

=
1

πa
cos
(

2
√
πΦ̂
)
, (3.15)

emphasizing its density wave nature.
We are now ready to calculate the product

ŜznŜ
z
n+1 =

(
1√
π
∂xΦ̂(x) + (−1)nM̂(x)− 1

2

)(
1√
π
∂xΦ̂(x+ a)− (−1)nM̂(x+ a)− 1

2

)
=

1

π
(∂xΦ̂)2 − M̂(x)M̂(x+ a) + (fast oscillations) + (vacuum), (3.16)

where the field Φ̂ varies slowly, so in the continuum ∂xΦ̂(x + a) → ∂xΦ̂(x); fast oscillations are
neglected and constant terms are swept into the vacuum. The first term can be traced back to
terms like ψ̂†Rψ̂Rψ̂

†
Rψ̂R, so we associate it with g4 processes. Next, as mentioned in the previous

section, we must be careful when calculating M̂(x)M̂(x+a). Taking into account that the operators
commute,

M̂(x)M̂(x+ a) =
1

(πa)2
cos
(

2
√
πΦ̂(x)

)
cos
(

2
√
πΦ̂(x+ a)

)
=

1

2(πa)2

(
cos
(

2
√
π(Φ̂(x)− Φ̂(x+ a))

)
+ cos

(
2
√
π(Φ̂(x) + Φ̂(x+ a))

))
,

= − 1

π
(∂xΦ̂)2 +

2

(2πa)2
cos
(

4
√
πΦ̂(x)

)
. (3.17)

The first term adds to the density-density interaction; it comes from terms like ψ̂†Rψ̂Lψ̂
†
Lψ̂R after a

proper point-split, so we associate it with g2 processes. Finally, the cosine term corresponds to g3

umklapp terms. It is appears due to our half-filled lattice; had we started with a different filling
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it would be fast-oscillating. Physically, this is so because a reciprocal lattice vector can take a
fermion to the Fermi surface of the next Brillouin zone only if the system is half filled. However,
we will neglect it in our present analysis as it is not very relevant [35].

Remebering to take care of the units, we can now put everything together to retrieve the
Hamiltonian

Ĥ = Ĥ0 + ĤI =
vF
2

∫
dx

((
∂xΦ̂

)2

+ Π̂2

)
− 2aJz

π

∫
dx
(
∂xΦ̂

)2

(3.18)

=
Ja

2

∫
dx

((
1− 4∆

π

)(
∂xΦ̂

)2

+ Π̂2

)
, (3.19)

where we used the fact that ∆ = Jz/J . Let us call K = (1 − 4∆/π)
1
2 and rescale the fields such

that
ˆ̃Φ =

1√
K

Φ̂ and ˆ̃Π =
√
KΠ̂, (3.20)

and the coupling as J̃ = aJ
√
K. Using these rescaled fields, the Hamiltonian becomes

Ĥ =
J̃

2

∫
dx

((
∂x

ˆ̃Φ
)2

+ ˆ̃Π2

)
, (3.21)

which has the same form as the free Hamiltonian of Eq. 2.42, meaning it is diagonal. Let us
stop right here; everything happened so fast that it might come as a stunning blow. When did
we diagonalize the Hamiltonian? Where is the algebraically involved Bogoliubov transform of Sec.
2.7? What do these new fields mean? What comes next?

3.1.3 Discussion

We will address each of those questions in order. First, we diagonalized the Hamiltonian by rescal-
ing the fields; keep in mind that the factor K, also called a Luttinger parameter [36], summarizes
the information of the interaction. This simple operation was enough to get to a diagonal form.
But where is the involved procedure of the Bogoliubov transform? It is there, hiding within the
ways that the fields are rescaled. Obviously, Φ̂/

√
K is rescaled different than

√
KΠ̂, but what

about the other ones? In particular, consider θ̂ and φ̂α, which complete the set of operators on
which we built our theory. The former is simple, because it is defined to have a derivative equal
to Π̂, but the latter, which we use extensively, are not at all trivial, since their definition is a
combination of the fields, as seen in Eq. 2.46. For reference, here is how all the fields transform:

ˆ̃Φ =
1√
K

Φ̂, ˆ̃Π =
√
KΠ̂, (3.22)

ˆ̃θ =
√
Kθ̂, ˆ̃φα =

1

2

(
1√
K

Φ̂− α
√
Kθ̂

)
.

26 Felipe Reyes Osorio



CHAPTER 3. APPLYING BOSONIZATION

That last transformation is not trivial, and serves as a warning to be careful when using the
rescaled fields: although it was easy to do the Bogoliubov transform, it is still part of a powerful
and coherent mathematical framework. In fact, if we define the angle ϕ such that eϕ = K−

1
2 , then

we can make a doublet out of the chiral fields that transforms as(
ˆ̃φR
ˆ̃φL

)
=

(
coshϕ sinhϕ
sinhϕ coshϕ

)(
φ̂R
φ̂L

)
, (3.23)

as pointed out in Ref. [56]. This highlights the true Bogoliubov nature that is behind the bold
rescaling procedure. For all further calculations, it is crucial to remember how each field transforms.
For a pedagogical treatment that clearly shows the Bogoliubov transformation hidden behind the
rescaling, Ref. [37] is suggested.

The power of bosonization is showcased by the process of working through the XXZ chain: by
working with the fundamental identity and the bosonic fields, not only did we efficiently reformulate
the problem, but we swiftly diagonalized and solved it without many involved calculations. By
working with the fields, the Bogoliubov transform reduces to a simple multiplication by a scalar.
Everything we achieved at the end of Sec. 2.7 is here: the Fermi velocity is rescaled, and the
collective excitations are represented by the new fields. We even had the different terms that
correspond to the g-ology processes. The only thing remaining is to calculate the physical properties
of the XXZ spin chain, such as the often difficult to obtain correlation functions.

3.1.4 Correlations

To calculate the correlations in the vacuum (ground) state we use the rescaled operators, which
encode the information of the new spectrum. However, since the change brought by the Luttinger
parameter involves only the excitations, the vacuum state remains unchanged. Let us begin with

the transverse correlation
〈
Ŝnz Ŝ

m
z

〉
. Using Eq. 3.13, we get

ŜznŜ
z
m =

(
1√
π
∂x

ˆ̃Φ(x) + (−1)n ˆ̃M(x)− 1

2

)(
1√
π
∂y

ˆ̃Φ(y) + (−1)m ˆ̃M(y)− 1

2

)
=

1

π
∂x

ˆ̃Φ∂y
ˆ̃Φ + (−1)m−n ˆ̃M(x) ˆ̃M(y) (3.24)

+
(−1)n√

π
ˆ̃M(x)∂y

ˆ̃Φ +
(−1)m√

π
∂x

ˆ̃Φ ˆ̃M(y)− 1

2
√
π

(
∂x

ˆ̃Φ + ∂y
ˆ̃Φ
)

− (−1)n

2
ˆ̃M(x)− (−1)m

2
ˆ̃M(y) +

1

4
.

Most of these terms vanish: the second line is composed of exclusively odd powers of Φ̂, leading
to the expected value of odd numbers of bosonic operators which is zero. On the other hand, the
third line is composed of a constant that is irrelevant to the information we pursue, and two terms
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linear on the magnetization field. These two terms can be traced back to processes such as ψ̂†Rψ̂L
that do not conserve the number of particles per branch. Neglecting those processes, we are left
with two terms, whose expected values are calculated in appendix A. The first is called universal
and, to first order in δ, it is

1

π

〈
∂x

ˆ̃Φ∂y
ˆ̃Φ
〉

=
−1

2π2K(x− y)2
, (3.25)

using the result of Eq. A.9. The second term is the staggered term of the correlation and, to first
order, is equal to

ˆ̃M(x) ˆ̃M(y) =
1

2π2(x− y)2/K
, (3.26)

in accordance to Eq. A.12.
Finally, by taking the anisotropy of the Heisenberg Hamiltonian to be small, ∆ << 1, we

approximate K−1 ≈ (1 + 2∆/π). Therefore, the complete transverse correlation is〈
ŜznŜ

z
m

〉
=

−1

2π2K(x− y)2
+ (−1)(m−n) 1

2π2(x− y)2/K
. (3.27)

Depending on the sign of ∆, different behaviors are observed:

• ∆ > 0: K−1 < 1 and the universal term dominates. This leads to a ferromagnetic (FM) bias,
where all spins tend to be aligned. This corresponds to the fact that a positive Jz means
that minimal energy is achieved through aligning.

• ∆ < 0: K−1 < 1 and the staggered term dominates. This leads to an antiferromagnetic (AF)
bias in the chain, where adjacent spins tend to anti-align. Again, this is to be expected, since
a negative Jz implies that opposite alignments minimize the energy.

At ∆ = 0, there is no transverse coupling and the model becomes the isotropic planar spin chain.
Notice that these results, graphed in Fig. 3.1(a,b), are only valid for ∆ << 1; for stronger
anisotropies we would need to keep more terms at each step of the process, and the functional
form of K(∆) changes correspondingly. Also notice that within the range of validity of our results,
the correlations quickly decay away, meaning that the chain remains in a critical state, not fully
FM or AF. This system can be solved exactly using the Bethe ansatz, as in Ref. [31], where
they find the full phase diagram, showing the mentioned criticality, as well as the transitions and
symmetric points.

However, although our perturbative treatment is limited, it is worth noting one important
aspect regarding the increase of ∆. At ∆ > π/4, the Luttinger parameter as formulated becomes
imaginary. Clearly, this is not physical and is evaded by a careful analysis with other methods [31,
57, 58], showing that in the large-anisotropy regime, the chain exhibits FM ordering, which is also
confirmed by the literature. Thus, as pointed out by Schulz in Ref. [59], an imaginary Luttinger
parameter in the context of spin chains corresponds to a FM phase, allowing us to further describe
the phase diagram of the system with our bosonization approach.
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Ŝ
− y
〉

(c) ∆ = −0.25

5 10 15
|x− y|/a

−0.5

0.0

〈Ŝ
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Figure 3.1: (a,b) Transverse and (c,d) planar correlations. Two Luttinger parameters are plotted
for each one, showing the quickly decaying transverse correlation, and the quasi-long-range planar
correlations, with oscillating perturbations.

It is of utmost importance to mention here that in one dimension, any ordering must come from
an explicit asymmetry in the Hamiltonian. As opposed to higher dimensions, where a spontaneous
break of a symmetry leads to long-range order, the strong collective fluctuations of one-dimensional
systems disrupt this ordering. This is reflected in the Hohenberg-Mermin-Wagner theorem [60].
Therefore, it is necessary to keep this in mind when we discuss phases of chains, since often
times, an ordering is at most quasi-long range, that is, a slow algebraic decay of correlations.
Alternatively, a quasi-long range order implies that a small external coupling, say to other chains,
induces an inmediate ordering; in other words, when we speak of an ordered chain we are referring
to the most favorable ordering that it would adopt if it were not for its one-dimensional nature
[35].

To round off our study of the XXZ Heisenberg Hamiltonian, we can calculate the planar corre-
lation 〈Ŝ+

n Ŝ
−
m〉 in a very similar way. The first step is to transform the spin ladder operators using

the Jordan-Wigner transform and the fundamental bosonization identity. Although, the string
operator, which counts the number of fermions before a site, might look apprehensively difficult,
we can express it in terms of the fields by

n−1∑
0

ψ̂†kψ̂k =
n−1∑

0

(
: ψ̂†kψ̂k : +

n− 1

2

)
(3.28)

=
n

2
+

1√
π

∫ na

0

dx Φ̂,

where, in the first line, we used the fact that we are working at half-filling to find the expected
value of the vacuum, and in the second line we can make the approximation n − 1 ≈ n, which
becomes exact in the continuous limit. If we set Φ̂(0) = 0, the string operator becomes

e
∑n−1

0 ψ̂†kψ̂k = ei
√
πΦ̂eiπn/2. (3.29)

Even if we had set Φ̂(0) to some other value, it would only change the previous equation by a
constant phase. Notice that this identity is completely in agreement with the interpretation of
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the fields we presented in Sec. 2.5: the number of charges between two points is the height of the
counting (position) field, divided by the height of each kink. Furthermore, the vacuum expected
value makes the expression exact.

We now use the bosonization identity to reach a full expression for Ŝ+
n Ŝ
−
m in terms of the bosonic

fields, remembering to avoid the chiral fields for their non-trivial transformations, shown in Eq.
3.23. What we obtain is

Ŝn+Ŝ
m
− =

1

2πa

(
ei
√
π(θ̂(x)−θ̂(y)) + (−1)m−nei

√
π(2(Φ̂(x)−Φ̂(y))+θ̂(x)−θ̂(y)) (3.30)

− (−1)me−i
√
π(2Φ̂(y)+θ̂(y)−θ̂(x)) − (−1)nei

√
π(2Φ̂(x)+θ̂(x)−θ̂(y))

)
,

where the terms in the second line come from short wavelength processes that do not conserve
the chiral particles and can thus be disregarded. Additional rigourous reasons for neglecting these
terms can be found in chapter 6 of Ref. [35]. Next, we rescale all the fields according to Eq. 3.22
and apply the now familiar exponential identity of Eq. B.9 to calculate the correlation function.
The quadratic correlations that need to be determined are〈

ˆ̃θ(x)ˆ̃θ(y)
〉

=
∑
p,q

sgn(pq)

2L
√
|pq|

eipxe−iqy
〈
b̂pb̂
†
q

〉
(3.31)

=
1

4π

∫
dp

1

|p|e
ip(x−y)e−δ|p|,

which is the same as the integral in Eq. A.13. The other correlation required is〈
ˆ̃Φ(x)ˆ̃θ(y)

〉
=

∑
p,q

sgn p

2L
√
|pq|

eipxe−iqy
〈
b̂pb̂
†
q

〉
(3.32)

=
1

4π

∫
dp

1

p
eip(x−y).

Both integrals can be solved using the results of appendix A, yielding〈
ˆ̃θ(x)ˆ̃θ(y)

〉
=
−K
4π

ln
(
(x− y)2 + δ2

)
(3.33)〈

ˆ̃Φ(x)ˆ̃θ(y)
〉

=
−i
4

sgn(x− y).

Putting everything together, the planar correlation is〈
Ŝ+
n Ŝ
−
m

〉
∝ 1

(x− y)K/2
+ (−1)m−n

1

(x− y)2(1/K+K/4)
, (3.34)

in accordance with the results in the literature [37, 56]. What can be seen is a FM quasi-long-range
ordering in the plane, whose fluctuations are intesified for ∆ < 0, as shown in Fig. 3.1(c,d).

30 Felipe Reyes Osorio



CHAPTER 3. APPLYING BOSONIZATION

Although we are using one-dimensional spin-1
2

systems as a training ground for our main goal of
spin-1, it is worth emphasizing that there is a vast sea of excellent research in this topic, studying
from the ground state properties as we did, to the dynamical and transport properties of the
systems. These studies are of great value to contemporary fundamental many-body physics, and
to technological innovations. In order to exemplify the importance and interest of spin-1

2
physics,

we present appendix G, where we investigate the transport properties of spin-1
2

electrons on a
classical spin lattice. We are delighted to discuss there the paralels between that system and the
main themes of our central work.

3.2 Bosonization of bosons

Bosonization seems to imply the reformulation of fermions in terms of bosons, and the framework
developed to introduce the technique in the previous chapter is in accordance with that under-
standing. However, the name comes from the fact that it was introduced both in condensed matter
and high-energy physics for this purpose [40, 41, 43], whereas in actuality, it has a wider range
of applicability. The nature of the technique is tightly linked with dimensionality: in one spatial
dimension interacting particles, irrespective of statistics, are forced to bump into each other. Just
as was shown in Sec. 2.7, the eigenstates of interacting fermions in one dimension are collective
excitations of the system caused by the inevitability of collision and propagation of fluctuations
in a wire. Even free fermions exhibit this property, having a spectrum composed of particle-hole
excitations equivalent to phonons at low energy; this is due to the Pauli exclusion principle acting
as a repulsive interaction.

Interacting bosons in one dimension are subject to this same collectivity and for the same
reason. As such, it is possible to formulate an effective theory for their low-energy behavior
that stays within the field-theoretic framework developed thus far. Although free bosons require
special treatment, due to Bose-Einstein condensation at low temperatures, we know from bosonic
hydrodynamic approaches [61–64] that the appropriate variables are the density ρ̂(x) and the phase
θ̂(x). In the low-energy regime, the density can be expressed in terms of the fluctuations around
the average density, meaning that ρ̂(x) = ρ̄+ ∂xΦ̂/

√
K, which is constructed to look analogous to

Eq. 2.43. With this in mind, the bosonic field operators can be formulated as

â†(x) =

√
ρ0 +

1√
K
∂xΦ̂ ei

√
Kθ̂, (3.35)

where in order to get the appropriate units we must keep track of a factor of
√
a. In order to satisfy

the commutation relations imposed by the statistics of the particles,
[
â(x), â†(y)

]
= δ(x− y), the

following must hold:

e−i
√
Kθ̂(x)

√
ρ̂(x)

√
ρ̂(y)e−i

√
Kθ̂(y) −

√
ρ̂(y)e−i

√
Kθ̂(y)e−i

√
Kθ̂(x)

√
ρ̂(x) = δ(x− y). (3.36)
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A sufficient condition to fulfill this commutation is [35]

e−i
√
Kθ̂(y)ρ̂(x)ei

√
Kθ̂(y) − ρ̂(x) = δ(x− y), (3.37)

which is equivalent to
[
ρ̂(x), ei

√
Kθ̂(y)

]
= ei

√
Kθ̂(x)δ(x− y). Using the identity of Eq. B.5, we obtain

that

i
√
K
[
ρ̂(x), θ̂(y)

]
ei
√
Kθ̂(x) = ei

√
Kθ̂(x)δ(x− y)[

∂xΦ̂, θ̂(y)
]

= −iδ(x− y) (3.38)[
Φ̂, ∂yθ̂

]
= iδ(x− y),

where after integrating and differentiating the second line, we retrieve the same canonical commu-
tation relations as the fields defined in Eq. 2.38, recalling that Π̂ = ∂xθ̂. The similarities between
the low-energy effective field theories for fermions and bosons are not just formal correspondences
of notation; the same bosonic fields that were found to describe fermions in Ch. 2, work just as
well for bosons [36].

Although the derivation of what is essentially the fundamental bosonization identity for bosons
might seem heuristic in the way presented here, the arguments hold under more rigorous scrutiny,
and can be reviewed in Refs. [35, 36], where further discussions regarding short and long-
wavelength fluctuations present in the low energy regime can also be found. In this work, we
use the formulation expressed in Eq. 3.35, which describes long-wavelength fluctuations around
the average density of the system.

3.2.1 Bosons on a lattice

Consider the Hamiltonian for free bosons on a lattice

Ĥ0 = −t
∑(

â†i âi+1 + h. c.
)
. (3.39)

Using Eq. 3.35, we can calculate

â†i âi+1 =

√
ρ̄+

1√
K
∂xΦ̂e

i
√
Kθ̂(x)e−i

√
Kθ̂(x+a)

√
ρ̄+

1√
K
∂xΦ̂(x+ a) (3.40)

= ρ̄

(
1 +

1

2ρ̄
√
K
∂xΦ̂

)
exp
(
−i
√
Ka∂xθ̂

)(
1 +

1

2ρ̄
√
K
∂xΦ̂

)
,

where we keep in mind our point-splitting scheme for lattices. At unit filling, we can express
ρ0 = a−1; with this in mind we can keep terms up to first order in a, such that

â†i âi+1 = ρ̂(x)− aK

2
Π2 +

a

4K

(
∂xΦ̂

)2

+ (imaginary part). (3.41)
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Adding the hermitian conjugate, the bosonized free Hamiltonian is

Ĥ0 =
at√

2

∫
dx Π̂2 −

(
∂xΦ̂

)2

, (3.42)

where the K = 1/
√

2, so that the fields are scaled appropriately, and the velocity is rescaled as at.
Notice that there is a key difference between the Hamiltonian of Eq. 3.42 and that of Eq. 2.42:
the minus sign is of crucial importance. To see why, let us express the Hamiltonian in terms of its
modes. First,∫

dx Π̂2 = −
∫

dx
∑
p,q

√
|pq|

2L

(
eix(p+q)b̂pb̂q + e−ix(p+q)b̂†pb̂

†
q − eix(p−q)b̂pb̂

†
q − e−ix(p−q)b̂†pb̂q

)
= −

∑
p

|p|
2

(
b̂pb̂−p + b̂†pb̂

†
−p − b̂pb̂†p − b̂†pb̂p

)
. (3.43)

Similarily, ∫
dx
(
∂xΦ̂

)2

= −
∫

dx
∑
p,q

√
|pq|

2L
sgn(pq)

(
eix(p+q)b̂pb̂q + e−ix(p+q)b̂†pb̂

†
q (3.44)

−eix(p−q)b̂pb̂
†
q − e−ix(p−q)b̂†pb̂q

)
=

∑
p

|p|
2

(
b̂pb̂−p + b̂†pb̂

†
−p + b̂pb̂

†
p + b̂†pb̂p

)
.

In the case of free fermions, by adding the two equations we retrieve the diagonal Hamiltonian of
Eq. 2.37. For bosons, however, substracting means that

Ĥ0 =
−at√

2

∑
p 6=0

|p|
(
b̂pb̂−p + b̂†pb̂

†
−p

)
. (3.45)

Although it might seem that a Bogoliubov transformation can be applied as in Sec. 2.7, since this is
essentially a complex rotation in Hilbert space, and there is no diagonal term in the Hamiltonian for
us to rotate into, it is to be expected that this method should not work. Incidentally, performing
a Bogoliubov transformation on this Hamiltonian would be exactly as in Sec. 2.7, except that
αp = 0; as such, the equation that defines the complex angles ϕp becomes βp cosh(2φp) which has
no solution.

We have shown what was briefly mentioned at the beginning of the chapter: the low energy
dynamics of free bosons cannot be described by individual modes, since there is nothing preventing
them from collapsing into a Bose-Einstein condensate. This can be clearly seen in the bosonized
Hamiltonian, since the term −(∂xΦ̂)2 represents an attractive force as expected. Alternatively, as
mentioned in Sec. 3.1, this is equivalent to an imaginary Luttinger parameter, which signifies a
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break of the continuum limit [59]. What is required is a repulsive interaction so that the bosons
do not collapse, and on the contrary, inevitably bump into each other to create the collective
excitations that bosonization describes so well.

For the purposes of this work, we will consider bosons interacting through a repulsive contact
potential. This type of interaction is very common in atomic physics, as it is the limitting case of
s-wave scattering [65], and is a very useful simplification to describe low-energy collisions between
particles. In this approximation, two particles interact when they are in the same point in space;
on a lattice, interaction happen when a site is occupied by multiple bosons. With this in mind,
the two-body potential term that is added to the Hamiltonian is

V̂ =
g

2

∑
i

â†i âiâ
†
i âi, (3.46)

where the interaction strength g is proportional to the scattering length of the system. Since this
is density-density interaction, it is straightforward to express it in terms of the bosonized fields as

V̂ =
ag√

2

∫
dx
(
∂xΦ̂

)2

, (3.47)

leading to the complete, bosonized Hamiltonian

Ĥ =
u√
2

∫
dx

1

K
Π̂2 +K

(
∂xΦ̂

)2

, (3.48)

where u = a
√
t(g − t) is the phase-velocity of the excitations and K =

√
g/t− 1 is the Luttinger

parameter [36]. As long as both of these values are real, bosonization works.
It is important to remember at this point that this is an effective field theory, characterized by

phenomenological parameters. Even the interaction strength g is an empirical description of the
detailed microscopic processes. As such, the values of all these variables are renormalized as the
relevant scales of the system change. Often, for a specific model it is difficult to determine the exact
functional relationship of the parameters and the microscopic variables. When possible, this can be
found with other methods of one-dimensional systems, such as the Bethe-ansatz [31]. Other times,
however, bosonization only allows for an accurate description of a system in the neighborhood of
a known point in parameter space unless more advanced methods like renormalization group are
employed. Thus, the precise values that phenomenologically characterize a bosonized systems are
closely dependent on the energy scales of the detailed microscopic model, and each regime requires
special treatment.

3.2.2 Hard-core bosons

To exemplify how the parameters of the system can change depending on the specific microscopic
description, consider interacting bosons in a lattice with g → ∞. Contrary to what could be
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expected from the functional form of u and K that were found at the end of the previous section,
the momentum term in the Hamiltonian does not vanish. Instead, we need to analyze how the
system behaves in this regime: since the energy cost for multiple occupancy is so high, it will be
impossible for particles to share a site. This is reminiscent of fermionic Pauli exclusion, which led
to Girardeau’s 1960 proof of the direct map between infinitely repulsive bosons and free fermions
[66]. It was shown that the many-body wavefunctions that describe both systems are identical,
except for a space-dependent phase that ensures appropriate symmetry. This translates easily to
a second-quantized formalism, where the relationship between bosons and fermions is given by the
Jordan-Wigner transformation (see appendix C), yielding

âj = e−iπtj ĉj, (3.49)

where we are following our convention of bosons as â and fermions as ĉ, and tj =
∑j−1

K=0 n̂k is the
string operator that ensures the right phase for correct commutation. Incidentally, this also means
that hard-core bosons can be mapped directly into a lattice of spins-1

2
, so we can use a lot of the

work done in Sec. 3.1.1 to reformulate the system. For instance, from Eq. 3.5, we know instantly
that the Hamiltonian maps into

Ĥ = −t
∑(

ĉ†i ĉi+1 + h. c.
)

+
g

2

∑
ĉ†i ĉiĉ

†
i ĉi, (3.50)

where ĉi are fermionic operators. However, since double occupancy is forbidden, the second term
is exactly zero, which means

Ĥ = −t
∑(

ĉ†i ĉi+1 + h. c.
)

(3.51)

showing that our original claim is indeed true, and hard-core bosons are equivalent to free fermions.
This is now easily bosonized, since all the work was again done in the previous chapter. In

particular, from Eq. 3.10 we know that the Hamiltonian describing low-energy, long-wavelength
excitations is

Ĥ =
at

2

∫
dx Π̂2 +

(
∂xΦ̂

)2

, (3.52)

showing that the Luttinger parameter for hard-core bosons is K = 1. This breaks from the
functional form found in Eq. 3.48, where if K =

√
g/t− 1 for all energy scales, we would expect

that in the infinitely repulsive limit K would diverge. Clearly, this is not the case as increasing the
interaction strength leads to a renormalization of the phenomenological parameters in non-trivial
ways. For instance, it was shown in Ref. [67] that the interaction potential energy per boson
only increases with g in a limited range; as g grows there comes a point for which the repulsion is
so strong that the interaction energy per particle starts to decrease as particles avoid each other.
This change towards a more kinetically dominated system is the reason why in the limit, hard-core
bosons become equivalent to free fermions. As such, it is to be expected that K should also have
a non-trivial behavior as the interaction strength is increased drastically.
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Having bosonized the one-dimensional hard-core bosons, we can calculate the density-density
correlation, and the single particle density matrix of the system. Once more borrowing from work
done in the previous chapter, we get for the former

〈ρ̂(x)ρ̂(y)〉 ∝ −1

(x− y)2
+ (−1)(m−n) 1

(x− y)2
, (3.53)

in accordance with Eq. 3.27, and for the latter〈
â†(x)â(y)

〉
∝ 1

(x− y)1/2
+ (−1)m−n

1

(x− y)5/2
, (3.54)

in accordance with Eq. 3.34. These results agree with those found in Ref. [36] in the Girardeau
limit up to the first oscillating term.

Having studied the applications of bosonization to lattice spin systems and bosonic systems,
we are ready to tackle our desired spin-1 in the next chapter. Using our bosonization for bosons
approach, it will be possible to formulate an effective field theory for a general spin-1 gas in a lattice,
whereas the lessons learned from localized spin-1

2
particles will guide us in further treatment of

chains of S = 1.
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4
Spin-1 physics

After constructing the theoretical framework of bosonization, and having toyed with some relatively
simple models found in the literature, let us turn our look towards the main goal of this work, which
is the application of bosonization to a one-dimensional gas of spin-1 bosons. In accordance with
this, the next step is the formulation of the relevant Hamiltonian; however, we will first investigate
the physics of spin-1 particles, as the inclusion of this degree of freedom entails more than a simple
addition of a sub-index. For a brief description of spin, its place in non-relativistic quantum
mechanics, algebraic properties, and explicit forms for spin-1 operators, we present appendix D as
reference.

4.1 Spin-1 Hamiltonian

To understand the physics of a spin-1 system, we must begin with the appropriate Hamiltonian.
The easiest part to write down is the kinetic term. On a deep, one-dimensional lattice, particles
are bound to the lowest energy level of every site, and movement is achieved through tunneling
into adjacent sites. Thus, the free term in the lattice Hamiltonian [22] is

Ĥ0 = −t
∑
i,σ

(
â†i+1,σâi,σ + â†i,σâi+1,σ

)
, (4.1)

where âi,σ is the annihilation operator for a boson in site i and spin projection σ = ±1, 0, and t is
the hopping parameter.

In order to formulate the interaction potential energy, we must consider a binary interaction
between two spin-1 bosons [68, 69]. The spin degree of freedom of the two particles can be described
by the coupled basis obtained from the addition of angular momentum (see appendix D), so that
the Hilbert space of two colliding bosons is spanned by the states of Eq. D.24. However, since
bosons are symmetric under permutations, only the states of total S = 2 and S = 0 are physical.
These allowed subspaces are called interaction channels, since the collision process can only happen
through a superposition of the following states, which respect the symmetry of the particles and
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where the subscript c specifies the coupled basis:

|2, 2〉c = |1, 1〉 |2, 1〉c =
1√
2

(|1, 0〉+ |0, 1〉)

|2, 0〉c =
1√
6

(|1,−1〉+ 2 |0, 0〉+ |−1, 1〉) |2,−1〉c =
1√
2

(|−1, 0〉+ |0,−1〉) (4.2)

|2,−2〉c = |−1,−1〉 |0, 0〉c =
1√
3

(|1,−1〉 − |0, 0〉+ |−1, 1〉).

The coupled states are |S,m〉c with quantum numbers S and m, total spin and total magnetic
projection, respectively; and the uncoupled states are |m1,m2〉 with quantum numbers m1 and m2

the corresponding magnetic projections of each spin.
For low energies, we restrict our attention to s-wave scattering [70], which can be approximated

by a contact pseudopotential of interaction [65], in which particles scatter off each other when
occupying the same position. Since the interaction channels are linearly independent, the potential
energy for two spin-1 bosons can be written as

v̂ =
∑
S

gSP̂Sδ(r2 − r1), (4.3)

where gS = 4π~2aS/m, aS and P̂S are the scattering lengths and projectors for each channel S,
and m is the mass of the boson. This expression can be further determined by first considering
the identity

Ŝ1 · Ŝ2 =
1

2

(
Ŝ2 − Ŝ2

1 − Ŝ2
2

)
. (4.4)

Our notation is as follows: the total spin operator is Ŝ = Ŝ1 + Ŝ2, where the subscript indicates
the particle to which the operator corresponds. Because of the linear independence, we can use
the interaction channels as a base for the space of linear operators acting on the two particles,
yielding the decomposition

Ŝ1 · Ŝ2 = λ0P̂0 + λ2P̂2. (4.5)

Applying Ŝ1 · Ŝ2 to the elements of the coupled basis according to the identity of Eq. 4.4, we
obtain

Ŝ1 · Ŝ2 |S,M〉c =
1

2
(S(S + 1)− 4) |S,M〉c , (4.6)

which implies λ0 = −2 and λ2 = 1. Additionally, the identity operator of the bosonic Hilbert
space can be expanded as

Î = P̂0 + P̂2, (4.7)

allowing us to use Eq. 4.5 to solve for the projectors

P̂0 =
Î − Ŝ1 · Ŝ2

3
, P̂2 =

2Î + Ŝ1 · Ŝ2

3
. (4.8)
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Having the explicit functional form of the projectors, we can express the interaction operator
[71] as

v̂ =

(
g0 + 2g2

3
+
g2 − g0

3
Ŝ1 · Ŝ2

)
δ(r2 − r1). (4.9)

In this form, the operator gives insight into the process: one term is independent of spin, and
is responsible for what is often called charge scattering; the other, proportional to Ŝ1 · Ŝ2, is
responsible for spin scattering.

The last term that we take into account in our spin-1 Hamitonian is the coupling to an external
magnetic field. The elements that are most often used for the realization of these ultracold spinor
gases are alkaline metals, which have a single valence electron and a nuclear spin of 3/2 in their
most common and stable isotopes. Examples of Bose-Einstein condensates involving 7Li [72],
23Na [5, 73], 39K [74, 75], and 87Rb [76, 77] are readily available in the literature, and have the
aforementioned nuclear spin 3/2 [78]. Therefore, let us define the Hamiltonian [79] for one of these
atoms in a magnetic field Bz as

Ĥ = Chypŝ · î + geµBBŝ
z. (4.10)

In the above, Chyp is the hyperfine constant coupling the spin of the valence electron ŝ and the

nuclear spin î, ge ≈ 2 is the electron g-factor, and µB is the Bohr magneton. The coupling of the
field to the nucleus is neglected as its contribution is negligible compared to the magnetic moment
of the electron [79].

This Hamiltonian can be diagonalized analytically, which we do in appendix E. In the absence of
field, consider the total spin f̂ 2 = ŝ2 + î2 +2ŝ · î, which rearranges to Ĥ(B = 0) = Chyp(f̂

2/2−9/4),

meaning that the eigenstates of f̂ 2 diagonalize the system. These are the coupled basis states
obtained from the addition of a spin 1/2 and a spin 3/2 particle, calculated in appendix D and
shown here:

|2, 2〉c =

∣∣∣∣32 , 1

2

〉
|2, 1〉c =

√
3

2

∣∣∣∣12 , 1

2

〉
+

1

2

∣∣∣∣32 ,−1

2

〉
|2, 0〉c =

1√
2

(∣∣∣∣−1

2
,
1

2

〉
+

∣∣∣∣12 ,−1

2

〉)
|2,−1〉c =

√
3

2

∣∣∣∣−1

2
,−1

2

〉
+

1

2

∣∣∣∣−3

2
,
1

2

〉
(4.11)

|2,−2〉c =

∣∣∣∣−3

2
,−1

2

〉
|1, 1〉c =

1

2

∣∣∣∣12 , 1

2

〉
−
√

3

2

∣∣∣∣32 ,−1

2

〉
|1, 0〉c =

1√
2

(∣∣∣∣−1

2
,
1

2

〉
−
∣∣∣∣12 ,−1

2

〉)
|1,−1〉c =

1

2

∣∣∣∣−1

2
,−1

2

〉
−
√

3

2

∣∣∣∣−3

2
,
1

2

〉
,

where the coupled basis’ quantum numbers in |f,m〉c are the total spin f and the total magnetic
projection m, and the uncoupled quantum numbers in |mi,ms〉 are the nuclear magnetic projection
mi and the electronic magnetic projection ms. With the coupled basis, we find a hyperfine shift
in the energy Ef,m determined by f as E2m = 3Chyp/4 and E1,m = −5Chyp/4. This shows that it
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Figure 4.1: Panel (a) shows the exact spectrum as a function of B. Notice at B = 0 the hyperfine
shifts we obtained analytically. Panel (b) shows the Zeeman splitting for a weak magnetic field in
the f = 1 subspace, compared to our second order approximation.

is energetically favorable for the atoms to be in an f = 1 state, hence why these elements are used
in experimental realizations of spin-1 systems.

Now, if we consider B 6= 0 it becomes necessary to include ŝz. By inspection, we can see
that |2, 2〉c and |2,−2〉c are still eigestates of ŝz; although the rest of the states get mixed, the
matrix elements c 〈f,m| ŝz |f ′,m′〉c ∝ δmm′ signify a block diagonal reprepresentation where each
block corresponds to a particular m = 0,±1. By diagonalizing each block separately we obtain
the spectrum of the Hamiltonian with Zeeman splitting. This is done in appendix E, yielding for
weak field in the f = 1 subspace

EZ
1m = −5Chyp

4
− µBB

2
m− µ2

BB
2

2Chyp

(
1− m2

4

)
, (4.12)

where E1,m
Z is a second order expansion of the exact spectrum E1,m. By solving numerically, we

can show the hyperfine shift and Zeeman splitting of the spectrum and compare it to our result
for weak field; this is shown in Fig. 4.1.

Changing back to our usual notation for spin-1 operators, the Zeeman energy is equivalent to
an external potential energy

v̂Z = −
2∑
i=1

µBB

2
Ŝzi −

2∑
i=1

µ2
BB

2

2Chyp

(
1− (Ŝzi )2

4

)
, (4.13)
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where we considered two particles to make v̂Z compatible with the interaction potential energy
of Eq. 4.9, and neglected constant terms. The first term, the linear Zeeman field, dominates
over the second one, the quadratic Zeeman field. However, notice that

∑
i Ŝ

z
i commutes with the

interaction v̂; this means that the linear Zeeman field has no effect in the population dynamics
induced by the collisions, and thus is superfluous to our analysis. Therefore, we neglect it, as it
is often done whenever a balanced population is condsidered in the literature, and keep only the
quadratic Zeeman field [79–81].

Finally, in order to generalize our two-particle Hamiltonian to a many-body system, we must
express all operators in second quantization [82]. Single-body operators like the quadratic Zeeman
field are written as

V̂Z =
∑
i,j

〈ij| v̂Z |ij〉 â†i âj, (4.14)

whereas two-body operators such as the interaction are written as

V̂ =
1

2

∑
i,j,k,l

〈ijkl| v̂ |ijkl〉 â†i â†j âlâk, (4.15)

where i, j, k, l represent any set of quantum numbers, and the prefactor prevents redundancy in
the interaction energies. To calculate the matrix components of the interaction we use the explicit
projectors, i.e. P̂0 = |0, 0〉c 〈0, 0|c, and find that one obtains

Ĥ = −t
∑
i,σ

(
â†i+1,σâi,σ + â†i,σâi+1,σ

)
− µ

∑
i,σ

n̂i,σ +Q
∑
i,σ

σ2n̂i,σ

+
∑
i

(
g2

2

(
â†1â

†
1â1â1 + â†−1â

†
−1â−1â−1 + 2â†1â

†
0â1â0 + 2â†−1â

†
0â−1â0

)
(4.16)

+
2g2 + g0

6
â†0â

†
0â0â0 +

g2 + 2g0

3
â†1â

†
−1â−1â1 +

g2 − g0

3

(
â†0â

†
0â1â−1 + â†1â

†
−1â0â0

))
i

,

the so called S = 1 Bose-Hubbard (BH) Hamiltonian, where the omission or inclusion of the
chemical potential µ determines if we are working within the canonical or grand-canonical ensemble,
and Q is the coupling to the quadratic Zeeman field. By using special effects like the ac Zeeman
effect, whereby tuned microwaves are shone on the spinor gas, this coupling can be precisely varied
[83–85].

Notice that although all interactions terms preserve the total spin, there are two distinct types
of processes: those that preserve the individual spin projections of the particles (â†1â

†
0â1â0), and

those that do not (â†0â
†
0â1â−1). This dichotomy is analogous to the abovementioned difference

between charge and spin scattering. In fact, if we set g0 = g2, we get rid of the spin-changing
interactions, or equivalently, the spin scattering term in Eq. 4.9, making this a special point that
will be discussed further in Sec. 4.3.
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4.2 Effective field theory

With the exception of the spin-changing term, the S = 1 Bose-Hubbard Hamiltonian is ready for
bosonization, since it is formulated as a series of density-density interactions. We will leave out the
quadratic Zeeman field for now, and define a pair of canonical fields for each magnetic projection,
so that

ρ̂σ = ρ̄+
1√
K
∂xΦ̂σ, (4.17)

where σ = 1, 0,−1. We assume that the ground state is non-magnetized, with equal initial popu-
lations of each species. Therefore, the three densities fluctuate around the same average ρ̄. Next,
recalling the form of the kinetic term in Eq. 3.42, the bosonized spin-preserving terms are

Ĥ = Ĥ
(1)
0 + Ĥ

(0)
0 + Ĥ

(−1)
0 +

√
2

a

∫
dx
(
ρ̂1 ρ̂0 ρ̂−1

) g2
2

g2
2

g2+2g0
6

g2
2

2g2+g0
6

g2
2

g2+2g0
6

g2
2

g2
2

 ρ̂1

ρ̂0

ρ̂−1

 , (4.18)

where a is the lattice constant. Although the Hamiltonian couples all the fields, this can be undone
by diagonalizing the interaction matrix [86]; the normalized eigenvectors indicate new fields, defined
in terms of superpositions of the magnetic projections, which decouple the Hamiltonian. These
are:

Φ̂s =
1√
2

(
Φ̂1 − Φ̂−1

)
Φ̂q = A

(
Φ̂1 + Φ̂−1 −

g0 + 2g2 + λ

6g2

Φ̂0

)
(4.19)

Φ̂c = B

(
Φ̂1 + Φ̂−1 +

g0 + 2g2 − λ
6g2

Φ̂0

)
,

where λ =
√
g2

0 + 4g0g2 + 76g2
2, and A and B are normalization constants that depend on the two

interaction strengths. Let us focus initially on the critical point g0 = g2 = g, where only spin
preserving interactions are non-zero. If we were to move away from the critical point, the new
fields would remain unchanged up to first order, so it is convenient to take the critical fields

Φ̂s =
1√
2

(
Φ̂1 − Φ̂−1

)
Φ̂q =

1√
6

(
Φ̂1 + Φ̂−1 − 2Φ̂0

)
(4.20)

Φ̂c =
1√
3

(
Φ̂1 + Φ̂−1 + Φ̂0

)
,

as an adequate formulation. Notice that by decoupling the Hamiltonian, we already begin to
extract useful information from the system: the field Φ̂s encodes the fluctuations of the spin
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density, whereas Φ̂c does so for the spinless charge. We have retrieved the spin-charge separation
that was already briefly discussed, and is so prevalent in spinor gases [71]. Additionally, the
field Φ̂q, which differentiates between σ = 0 but treats σ = 1,−1 the same, has to do with the
quadrupolar degrees of freedom of the system, a feature that will be explained further in Sec. 4.3.
Thus, spin-1 systems in one dimension exhibit spin-charge-quadrupole separation.

Finally, the bosonized uncoupled critical Hamiltonian is

Ĥ = Ĥ
(s)
0 + Ĥ

(q)
0 + Ĥ

(c)
0 +

3ga√
2

∫
dx
(
∂xΦ̂c

)2

, (4.21)

where by working with a canonical ensemble, we ignore the chemical potential. As we can see, at
the critical point the system only interacts through its charge, leaving the magnetic dependent s
and q fields free. On one hand, this shows the veracity of our bosonization procedure, since it is
capable of retrieving a property of the system which is well known in the literature [35, 71]. It also
allows us to immediately diagonalize the c subspace by renormalizing the fields accordingly, as was
done in Sec. 3.1.2. Note that as long as t ≤ 3g, the net interaction will be a repulsive one, leading
to a real Luttinger parameter and a diagonal Hamiltonian. On the other hand, this is not the case
for the other two subspaces, s and q, which present the same issues regarding free bosons discussed
previously. However, they indicate the existence of two massive free bosonic quasiparticles that
are present at low energies. These can be denominated spinon and quadruplon, and lead us to an
effective Hamiltonian

Ĥ = −2t
∑
ks

cos(ksa)â
(s)†
ks
â

(s)
ks
− 2t

∑
kq

cos(kqa)â
(q)†
kq
â

(q)
kq

+ u
∑
p

|p|b̂(c)†
p b̂(c)

p , (4.22)

where u = a
√
t(3g − t). The first two terms are the well-known momentum Hamiltonian for a

free tight-binding system, whereas the third one is the contribution from the discrete phonons that
becomes manifest due to bosonization, as obtained in Sec. 2.4. This Hamiltonian is diagonal and
has a spectrum shown in Fig. 4.2.

As shown by theory [87–91], computation [92–95], and experiment [14, 24], Bose-Hubbard-type
Hamiltonians have two distinct phases: the superfluid and the Mott insulator. The superfluid is a
charge gapless phase characterized by a macroscopic wavefunction in which particles are delocalized
so as to minimize the kinetic energy. It also exhibits long-range phase coherence [14]. On the other
hand, the Mott insulator is a gapped phase charaterized by a constant fixed occupation per site,
minimizing the interaction potential energy. The phase transition between these two states can
be identified by the opening of a gap in the excitation spectrum, which can be seen in our results
of Fig. 4.2 when 17t < 3g. Although this result is not quantitatively decisive due to the nature
of the dependence of the Luttinger parameter with the microscopic interactions, it is a qualitative
demonstration of the phase transition, since the gap closes for weak interactions, and opens in the
opposite limit.

Consider the Mott insulator limit in which t/g → 0; the bands flatten as shown in Fig. 4.2(c),
leading to a highly degenerate ground state in the spinon and quadruplon sectors, on top of which
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Figure 4.2: Spectrum of the 1D spin-1 gas with g = g0 = g2. Notice that as the interaction
strength is increased from panel (a) to panel (c), a gap opens up, indicative of the superfluid to
Mott insulator phase transition. As the energy between excited phonons increases, the spatial
degree of freedom is eliminated, characterisc of a Mott insulator.

there are phononic (charge) excitations. Because of the degeneracy, small magnetic interactions
are likely to cause the unfolding of novel phases and orderings. Let us now include the magnetic
field once again and focus on this case so we may better understand the rich physics of spin-1
magnetism.

In the Mott insulator phase, t << g, which means the kinetic contribution to the energy can
be treated perturbatively. Since t is the hopping amplitude which determines the tunneling of the
wavefunction through each periodic well, a small t is equivalent to an overlap with close neighbors
exclusively. Therefore, first order terms represent a localized particle tunneling and interacting
with its first neighbor; however, recall that interactions in the S = 1 Bose-Hubbard Hamiltonian
of Eq. 4.16 are constrained to onsite collisions. This means that in order to be influenced by
its first neighbors, a particle must be able to tunnel to an adjacent site and back to the original
position around which it is localized. This means that the first non-zero correction due to the
kinetic energy is of second order. Furthermore, this reasoning also implies that every odd-order
contribution vanishes.

The effective Hamiltonian that takes into account the second order kinetic perturbation in order
to focus on the Mott insulator phase can be obtained by means of quasi-degenerate pertubation
theory (QDPT) [96], and is calculated explicitely in appendix F. The result obtained in the presence
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of a quadratic Zeeman field is

Ĥ = −J
∑
i

(
cos(Θ)Ŝi · Ŝi+1 + sin(Θ)

(
Ŝi · Ŝi+1

)2

+D(Ŝzi )2

)
, (4.23)

known as the bilinear-biquadratic Heisenberg model (BBH), where

J = 2t2
√

10g2
0 + 4g0g2 + 4g2

2

3g0g2

and tan Θ =
g0 + 2g2

3g0

, (4.24)

and Θ takes values in the third quadrant; the intensity of the Zeeman field is Q = JD. Notice that
under this parametrization, the critical point g0 = g2 that has been explored so far corresponds to
Θ = −3π/4 and D = 0. Also notice that the Mott insulator regime bounds the parametrization
angle such that [tan−1(1/3),−π/2).

4.3 Symmetries of spin-1 systems

In order to elucidate the physics of the spin-1 chain, it is important to first determine the sym-
metries and possible relevant quantities that a spin-1 system can have. The simplest symmetry
is under a U(1) phase shift. Another possible symmetry is under rotations, which are given in
Hilbert space by representations of SU(2), as mentioned in appendix D. Since SU(2) is the sim-
plest non-Abelian unitary symmetry, it is worth exploring the way a particle with spin transforms
under one of its elements. It can be shown that if Ĝ ∈ SU(2) acts on a spin operator, then

Ĝ†ŜαĜ =
∑
j

RαβŜ
β, (4.25)

where Rαβ are the matrix elements of a Euclidean SO(3) rotation. Furthermore, if we decompose

R̂ using Euler angles, we find that

if R̂ = e−iγLze−iϕLye−iχLz then Ĝ = e−iγŜ
z

e−iϕŜ
y

e−iχŜ
z

, (4.26)

where Lα are the generators of SO(3). This means that the spin vector indeed transforms as a real
vector under a rotation in Hilbert space; the real rotation that it undergoes corresponds precisely
to the underlying unitary transformation. In this sense, it is perfectly rigorous to refer to the three
spin operators as a vector.

If a system is invariant under one of the abovementioned transformations, it will have a number
of conserved quantities corresponding to the generators of the symmetry groups. In the case of a
rotationally invariant system, these will be the components of the spin vector itself; in the case
of the U(1) symmetry, the relevant operator will be a scalar, i.e. proportional to the identity.
This quantity can be identified with s(s + 1), where s is the spin of the particles. In fact, our
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two conserved quantities so far can be constructed from the spin vector itself, as s(s + 1) = S · S
and S = −iS × S. However, in a spin-1 system, a general unitary transformation is represented
by a Hermitian 3 × 3 matrix that is an element of SU(3), a group with eight generators. Since
the identity is not an element of the Lie algebra, we are left with five remaining operators that
could still be conserved under a general transformation. Having already constructed a scalar and
a vector, these five operators must constitute an object that transforms irreducibly.

The object in question is known as a spherical tensor operator [97], which has components that
satisfy [

Ŝ±, T̂ qk

]
= ∓

√
(k ∓ q)(k ± q + 1)T̂ q±1

k (4.27)[
Ŝz, T̂ qk

]
= qT̂ qk ,

where k is the rank of the tensor, and q indexes its 2k + 1 elements. Spherical tensor operators
have the property of transforming irreducibly under a rotations due to the similarity between their
algebra and that of angular momentum. It can be shown straightforwardly that the conserved
scalar and vector are spherical tensors of rank 0 and 1 respectively. Furthermore, the five remaining
generators correspond to the five components of a spherical tensor of rank 2. These can be
calculated with their defining properties to be

T̂ 0
2 =

1√
3

(
3(Ŝz)2 − s(s+ 1)

)
,

T̂±1
2 =

1√
2

{
Ŝ±, Ŝz

}
, (4.28)

T̂±2
2 =

1√
2

(Ŝ±)2.

By studying the possible symmetries of a general spin-1 system, we have obtained the relevant
operators with which we can adequately study a particular case. However, we are yet to relate
them to the generators of the general SU(3) transformation. Consider the following basis for the
su(3) Lie algebra:

λ1 =

 0 0 i
0 0 0
−i 0 0

 λ2 =

1 0 0
0 0 0
0 0 −1

 λ3 =

 0 0 −1
0 0 0
−1 0 0


λ4 =

1√
2

 0 −1 0
−1 0 1
0 1 0

 λ5 =
1√
2

 0 i 0
−i 0 i
0 −i 0

 λ6 =
1√
2

 0 i 0
−i 0 −i
0 i 0

 (4.29)

λ7 =
1√
2

0 1 0
1 0 1
0 1 0

 λ8 =
1√
3

1 0 0
0 −2 0
0 0 1

 .
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These are related to the conventional generators of SU(3), the Gell-Mann matrices, through a
change of basis [98]. Using the λα generators, we can express the components of the spherical
tensors as

T̂ 0
1 = λ2 T̂±1

1 =
1√
2

(
λ7 ∓ iλ5

)
(4.30)

T̂ 0
2 = λ8 T̂±1

2 =
−1√

2

(
λ4 ± iλ6

)
T̂±2

2 =
−1√

2

(
λ3 ± iλ1

)
.

From Eqs. 4.29, we can identify the spin-1 matrices, so that Ŝ = (λ̂7, −λ5, λ2) and the rank
1 tensor components correspond to the spin vector. Finally, the remaining generators must be
related to physical quantities; this can be achieved by changing the spherical tensor components
into their more well-known cartesian counterparts [99]. These will form the traceless symmetric

quadrupole tensor [100], given by Q̂ij = ŜiŜj + ŜjŜi − s(s+1)
3

δij, or in terms of the λ matrices

Q̂ =

−λ̂
3 − 1√

3
λ̂8 −λ̂1 −λ̂4

−λ̂1 λ̂3 − 1√
3
λ̂8 −λ̂6

−λ̂4 λ̂6 2√
3
λ̂8

 . (4.31)

These components are often summarized in the literature by means of the so-called quadrupole
vector [98, 100, 101], a quintuplet given by Q̂ = −(λ̂1, λ̂3, λ̂4, λ̂6, −λ̂8). Even though it is called
a vector, it is important to remember that the components of the quadrupole tensor transform as
a tensor under rotations [97].

Let us apply what we have learned to the BBH model in which we are interested. The bilinear
term is already in terms of adequate operators, leaving the biquadratic term to be reformulated.

It can be shown [98] that Q̂n · Q̂n+1 = Ŝn · Ŝn+1 + 2
(
Ŝn · Ŝn+1

)2

− 2s(s+ 1)/3. Using this identity,

the Hamiltonian can be expressed as

Ĥ = −J
∑
i

(
cos(Θ)Ŝi · Ŝi+1 +

1

2
sin(Θ)Q̂i · Q̂i+1 +D(Ŝzi )2

)
= −

∑
α,i

Jαλ̂
α
i λ̂

α
i+1 − JD

∑
i

(Ŝzi )2, (4.32)

where Jα = J(cos(Θ)− sin(Θ)/2) for α = 2, 5, 7 and J sin(Θ)/2 for α = 1, 3, 4, 6, 8. In its original
form, the BBH model is manifestly rotation invariant, since it is made up of scalar products which
are preserved by the transformation. However, in its form of Eq. 4.32 it becomes clear that it
can have a greater symmetry: when all the Jα are equal, the Hamiltonian commutes with all the
generators of SU(3) transformations acting upon the entire system. These conditions correspond
to (Θ = −3π/4, D = 0), the critical point that was explored in the previous section. Therefore,
this can be identified with an enhanced symmetric point of phase space which is invariant under
full SU(3) rotations.
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Figure 4.3: (a) shows the phase diagram of the system, where blue lines are phase transitions
found with our bosonization approach, whereas orange dashed lines are phase transitions known
from the literature, for instance Ref. [39]. In (c), spin-1 states are projected into the coherent spin
states basis [102]. Clearly, the |±1〉 states have a prefered direction, and so we represent them
with arrows, as well as with a sense of rotation, shown in (d); |0〉 has no rotation associated. This
convention allows us to produce diagrams for the FM phases, shown in (b). On the other hand,
notice that |0〉 just has a preferred axis, called a director or nematic vector, which we represent as
the major axis of an ellipsoid. Finally, (e) shows the diagrams for the AF phases.

4.4 Phases of the spin-1 chain

Spin-1 systems exhibit exotic phases not accessible to more common spin-1
2

set-ups. The phase
space of the BBH model has been studied thoroughly using computational [39, 103] and theoretical
approaches [98, 100]; thus, the physics of the chain is well understood and it’s phase diagram [39]
is shown in Fig. 4.3. The relevant parameters that determine the phase of the system are the angle
Θ and the quadratic Zeeman field D. Let us consider first the influence of Θ: an angle that satisfies
tan−1(1/3) < Θ < −3π

4
is achieved for g0 > g2, leading to a predominance of interactions through

the energetically favorable spin-2 channel. As such, this regime favors the spin quintuplet state
which is magnetized and a ferromagnetic (FM) ground state. The orientation of the magnetization
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will be determined by the sign of the magnetic field; D > 0 leads to an Ising ferromagnetic (IFM)
phase where the axial magnetization is the order parameter, whereas a weak D < 0 field induces
an XY ferromagnetic (XYFM) phase, because, although it is energetically favorable to adopt a
quintuplet ground state, the negative field prevents the system to realize the polarization in the
transverse direction. If the field is decreased even more, the internal interactions are not enough
to counteract the energetic favorability of the m = 0 state, and the systems enters a so-called
large-D phase, dominated by high population of the non-magnetized 0 projection. Out of these
three phases, the IFM and large-D exhibit bona fide long range order since the Hamiltonian is
explicitely asymmetric. On the other hand, the XYFM cannot spontaneously break the planar
symmetry due to being in one dimension, so it is a quasi-long range ordering.

On the other side of the critical point, −3π
4
< Θ < −π

2
and g2 > g0. In this case, the system

tends towards a spin singlet ground state, which implies null magnetization and an antiferromag-
netic ground state (AF). For strong D < 0 field, the same large-D phase is realized. Alternatively,
a strong D > 0 field induces an XY nematic (XYN) phase. This is a novel phase of matter in
which the m = ±1 projections are equally favored, leading the system to be in a superposition of
these states. Therefore, the system has no preferred direction, but instead is defined by an axis, or
director. This is better described using the so-called cartesian basis [98, 100] of a spin-1 system:

|x〉 = − 1√
2

(|1〉 − |−1〉), |y〉 =
i√
2

(|1〉+ |−1〉), and |z〉 = |0〉 . (4.33)

The cartesian basis has a lot of nice properties; for one, it is the basis in which the quadrupolar
operators λα take the form of the conventional Gell-Mann matrices. It is also a basis in which
a rotation in Hilbert space has the same matrix representation as its corresponding real space
rotation. Furthermore, it is time reversal invariant. However, the most relevant feature of this
basis for the present discussion is the fact that the cartesian states have a null expected value
of Sx, Sy, and Sz. Consequently, they enable an adequate description of the nematic phase. If
we express these states as a superpositon of coherent spin states [102], so as to assign classical
directions to spin-1 states, it becomes clear that there is a determined nematic director and a null
magnetization as shown in Fig. 4.3(c). Additionaly, these nematic states are heavily associated
with the quadrupolar degrees of freedom [104], and so we expect the relevant order parameters for
the XYN phase to be among Q̂. In the XYN phase, the directors lie on the plane but because of
the nature of one dimension, it can only be a quasi-long range ordering.

Between the large-D and the XYN phase, there is the dimer phase for small |D|. This phase
is characterized by a strong coupling between nearest-neighboring spins due to the weak external
magnetic field. The neighboring spins exhibit states from the coupled spin basis of Eq. 4.11; in
particular, due to g2 > g0, the singlet state is energetically more favorable and the paired spins
adopt the non-magnetized |0, 0〉c ground state. Due to the strong coupling between the particles,
this phase is highly entangled and can be studied through the various formulations of entropy
[105]. However, this is difficult to do in the bosonization formalism so we will not cover it in this
work, and refer to Sec. 5.2 for additional discussion.
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4.5 Effective Hamiltonians for the spin chain

Having reviewed the different phases of the system, we will attempt to find them using our bosoniza-
tion formalism. A good first step would be the determination of appropriate order parameters for
each phase. An order parameter is an operator whose expected value is finite within the respective
phase, and vanishes elsewhere in parameter space. Thus, a good effective Hamiltonian should be
made up of couplings that involve the relevant order parameters we wish to describe.

4.5.1 Ising FM and XY Nematic phases

Consider the IFM, perhaps the simplest phase in our diagram. The appropriate order parameter
is clearly the local expected magnetization 〈Ŝzi 〉. Notice that since we want to focus on a balanced
mixture case, the total magnetization vanishes since positive and negative contributions would
cancel out. Next we can inspect the XYN phase, an AF phase whose order parameters are 〈(Ŝ±i )2〉
due to the nematic superposition between |1〉 and |−1〉. If we focus solely on these two phases,
the order parameters are good since they fulfill our definition. Furthermore, we can identify them
with three SU(3) generators in Eqs. 4.29 as so:

(Ŝ±i )2 = −1

2

(
λ̂3
i ± iλ̂1

)
, and Ŝzi = λ̂2

i . (4.34)

Since the m = 0 proyection plays no role in these two phases, we can treat λ1, λ2, and λ3 as the
regular Pauli matrices σα. This suggests an effective Hamiltonian

ĤIFM−XYN =
∑

Jp
(
σxi σ

x
i+1 + σyi σ

y
i+1

)
+ Jtσ

z
i σ

z
i+1. (4.35)

This is just the XXZ Heisenberg model that was studied in Sec. 3.1, with ∆ = Jt/Jp, Jp =
J sin(Θ)/2, and Jt = J(cos(Θ) − sin(Θ)/2). The coefficients are taken to be the same ones that
accompany each term in the full BBH model.

We know how to bosonize the XXZ model and study it at small values of ∆. In fact, the
integrable point ∆ = 0, which corresponds to tan Θ = 2 and is satisfied in the region where
g0 < g2, the Hamiltonian can be mapped into free fermions as done in Sec. 3.1.1 and bosonized
straightforwardly. Setting the Luttinger parameter K = 1 in Eqs. 3.27 and 3.34, we obtain the
correlations for these particular parameters:〈

Ŝnz Ŝ
m
z

〉
=

−1

2π2(x− y)2
+ (−1)(m−n) 1

2π2(x− y)2
(4.36)〈

Ŝn+Ŝ
m
−

〉
∝ 1

(x− y)1/2
+ (−1)m−n

1

(x− y)5/2
. (4.37)

While
〈
Ŝnz Ŝ

m
z

〉
decays fast,

〈
Ŝn+Ŝ

m
−

〉
is slowly decaying, which for the chain means planar ordering

prevails. However, recalling the association of the plane with the nematic order parameters, this
correlations shows that points around tan Θ = 2 are inside the XYN phase.

50 Felipe Reyes Osorio



CHAPTER 4. SPIN-1 PHYSICS

Now, if we consider an opposite situation in which g0 >> g2 and ∆ >> 1, the transverse term
of the effective Hamiltonian dominates. This situation, which happens for Θ → tan−1(1/3), also
corresponds to an integrable point of the chain by neglecting the plane, and retrieving the quantum
Ising model [58]

Ĥ = Jt
∑

σzi σ
z
i+1, (4.38)

which is known to be in a ferromagnetic phase in the absence of an external field and can be solved
by first rotating in space so that z → x and then applying a Jordan-Wigner transformation (see
App. C). This procedure yields

Ĥ =
Jt
4

∑
i

(
ĉ†i ĉi+1 + ĉ†i+1ĉi + ĉ†i ĉ

†
i+1 + ĉi+1ĉi

)
, (4.39)

or the equivalent expression in terms of the Fourier components

Ĥ =
Jt
4

∑
k

(
2 cos(ka)ĉ†kĉk + i sin(ka)

(
ĉ†kĉ
†
−k + ĉkĉ−k

))
. (4.40)

This form is prime for a Bogoliubov transformation, which is a key aspect of bosonization, as
discussed in Sec. 2.7. In this case, the fact that we are dealing with fermions, and the Hamiltonian
is not strictly real means that the appropriate mapping is ĉk = cosϕkd̂k + i sinϕkd̂

†
−k. By choosing

the angle to be ϕk = −ka/2, the Hamiltonian simplifies to the diagonal form

Ĥ = 2Jt
∑

d̂†kd̂k, (4.41)

where the fermions d̂k can be reconsidered as hard-core bosons, which, when expressed in terms of
the original spin variables, create and annihilate domain walls [58], the quasiparticle excitations of
the IFM phase.

Finally, we know the model is critical when ∆ = 1 [31, 35, 58], which is achieved for Θ = −3π/4;
thus we can infer a phase transition between the IFM and XYN at this value, represented as a
straight blue line in Fig. 4.3(a), which terminates at the critical SU(3) point, where all terms in
the BBH model are equally relevant and our effective model is no longer valid.

4.5.2 Ferromagnetic side

Moving on, we can consider all the terms that are most relevant in the FM side; that is, those
proportional to Jt. Therefore, we can formulate an effective Hamiltonian for that half of phase
space as

ĤFM = −Jt
∑
n

(
ŜxnŜ

x
n+1 + ŜynŜ

y
n+1 + ∆ŜznŜ

z
n+1 +D

(
Ŝzn

)2
)
, (4.42)

where we now take into account the effect of the Zeeman field, and the spin-1 operators Ŝxn = λ̂5
n,

Ŝyn = −λ̂7
n, and Ŝzn = λ̂2

n. Although our couplings are such that ∆ = 1, this form is instructive as
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it has been studied before [59, 106–108] using bosonization, with new developements as recent as
Ref. [109]. We begin by representing the spin-1 operators as two spin-1

2
particles, σ̂σσn and τ̂ττn. so

that
Ŝn = σ̂σσn + τ̂ττn, (4.43)

and the S = 1 states are projected onto the triplet subspace. The singlet state represents a break
in the chain, costing a large amount of energy of the order of Jt, so it can be neglected [35, 59,
108].

We follow the procedure used in Sec. 3.1 to study the spin-1
2

chain, by first calculatinng the
planar terms of the Hamiltonian:

Ŝ+
n Ŝ
−
n+1 + Ŝ−n Ŝ

+
n+1 = σ̂+

n σ̂
−
n+1 + σ̂−n σ̂

+
n+1 + τ̂+

n τ̂
−
n+1 + τ̂−n τ̂

+
n+1 (4.44)

+ τ̂+
n σ̂
−
n+1 + τ̂−n σ̂

+
n+1 + σ̂+

n τ̂
−
n+1 + σ̂−n τ̂

+
n+1. (4.45)

We know from Sec. 3.1.1, that the same-species terms map to free tight-binding fermions after a
Jordan-Wigner transformation, and further into a free bosonic field Hamiltonian. For the cross-
terms, let us define the two species of fermions as ĉn and d̂n, corresponding to the σ̂n and τ̂n
respectively. Thus, we get

τ̂+
n σ̂
−
n+1 + τ̂−n σ̂

+
n+1 = T̂nd̂

†
nẐnĉn+1 + Ẑn+1ĉ

†
n+1T̂nd̂n, (4.46)

where Ẑn and T̂n are the Jordan-Wigner strings corresponding to ĉn and d̂n. Using the continuum
expression for the string operators given in Eq. 3.29, we get

T̂nd̂
†
nẐn+1ĉn+1 =

1

2πa

(
ei
√
πθ̂d + (−1)nei

√
π(2Φ̂d+θ̂d)

)(
e−i
√
πθ̂c − (−1)ne−i

√
π(2Φ̂c+θ̂d)

)
. (4.47)

From the literature [35, 59], we know that the only relevant term out of that product is the one

proportional to exp
(
i
√
π(θ̂a − θ̂c)

)
. Thus, the full planar terms with appropriate units yield the

Hamiltonian

Ĥ0 =
Jta

2

∫
dx

((
∂xΦ̂

c
)2

+
(

Π̂c
)2
)

+
Jta

2

∫
dx

((
∂xΦ̂

d
)2

+
(

Π̂d
)2
)

(4.48)

− Jtaπ

(πa)2

∫
dx cos

(√
π(θ̂a − θ̂c)

)
.

On to the transverse components, which map to

ŜznŜ
z
n+1 = σ̂znσ̂

z
n+1 + τ̂ zn τ̂

z
n+1 + σ̂znτ̂

z
n+1 + τ̂ znσ̂

z
n+1, (4.49)

and we know from Sec. 3.1.2 that single-species terms are

σ̂znσ̂
z
n+1 =

2

π

(
∂xΦ̂

c
)2

, (4.50)
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where all forward-scattering terms are taken into account, and umklapp collisions within the same
species are neglected. The τ̂n particles contribute with an equivalent term. For the cross-terms,
we have that

σ̂znτ̂
z
n+1 =

1

π
∂xΦ̂

c∂xΦ̂
d − M̂ c(x)M̂d(x+ a). (4.51)

Point-splitting is simpler due to the difference in species; straightforwardly we obtain

M̂ c(x)M̂d(x+ a) =
1

(πa)2
cos
(

2
√
πΦ̂c

)
cos
(

2
√
πΦ̂d

)
(4.52)

=
2

(2πa)2

(
cos
(

2
√
π
(

Φ̂c + Φ̂d
))

+ cos
(

2
√
π
(

Φ̂c − Φ̂d
))

The first term corresponds to umklapp processes between species, while the second to backscat-
tering in the same context [59]. Notice that because these interactions are between species, we
have no energetic argument to neglect them. Furthermore, the 2 inside the cosines is less than the
coefficient found for same-species umklapp collisions, thus, in a way these are slower oscillations
[35] that need to be taken into account. Moreover, these cross-terms are crucial to recover the
original spin-1 behavior that we are after. Since the other cross-term contributes an equivalent
term, we can express the complete transverse component as

ŜznŜ
z
n+1 =

2

π

(
∂xΦ̂

c
)2

+
2

π

(
∂xΦ̂

d
)2

+
2

π
∂xΦ̂

c∂xΦ̂
d (4.53)

− 1

π2a2
cos
(

2
√
π
(

Φ̂c + Φ̂d
))
− 1

π2a2
cos
(

2
√
π
(

Φ̂c − Φ̂d
))
.

Moving on to the Zeeman field term, it is almost the same as the previous result; however, due
to being a product of operators from the same site, the same-species terms will yield something
like ĉ†nĉnĉ

†
nĉn = ĉ†nĉn − ĉ†nĉ

†
nĉnĉn. The first is proportional to the total number of particles so it

can be vacuumed away and the second vanishes due to Pauli exclusion. Thus, the magnetic field
only contributes with cross-terms. Additionally, because the megnetic field term is evaluated in
the same site, there will be a sign difference in the cosines due to the absence of a (−1)n+1 factor.
Taking this into account, we obtain an interaction Hamiltonian

ĤI = −Jta
2∆

π

∫
dx

((
∂xΦ̂

c
)2

+
(
∂xΦ̂

d
)2
)
− Jta

2(∆ +D)

π

∫
dx ∂xΦ̂

c∂xΦ̂
d (4.54)

+ Jta
(∆−D)

(πa)2

∫
dx
(

cos
(

2
√
π
(

Φ̂c + Φ̂d
))

+ cos
(

2
√
π
(

Φ̂c − Φ̂d
)))

.

Notice that ĤI can be decoupled like we did earlier for the S = 1 BH Hamiltonian (see Sec.
4.2) by defining the doublet field Φ̂ = (Φ̂c, Φ̂d)T , with a symmetric interaction matrix such that

ĤI = −Jta
π

∫
dx (∂xΦ̂)T

(
2∆ ∆ +D

∆ +D 2∆

)
∂xΦ̂ + (cosines). (4.55)
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Diagonalizing the interaction matrix yields the eigenvalues 3∆ +D and ∆−D, corresponding to
the normalized eigenvector fields

Φ̂1 =
1√
2

(
Φ̂c + Φ̂d

)
and Φ̂2 =

1√
2

(
Φ̂c − Φ̂d

)
. (4.56)

The transformation to the new fields is unitary, so it does not affect the form of the free
Hamiltonian terms. Thus, we obain a total Hamiltonian ĤFM = Ĥ1 +Ĥ2 in terms of two decoupled
Hamiltonians:

Ĥ1 =
Jt
2

∫
dx

(
K2

1

(
∂xΦ̂1

)2

+
(

Π̂1

)2
)

+
Jtµ1

(πa)2

∫
dx cos

(√
8πΦ̂1

)
(4.57)

Ĥ2 =
Jt
2

∫
dx

(
K2

2

(
∂xΦ̂2

)2

+
(

Π̂2

)2
)

+
Jtµ2

(πa)2

∫
dx cos

(√
8πΦ̂2

)
(4.58)

+
Jtµ3

(πa)2

∫
dx cos

(√
2πθ̂2

)
.

Above, µ1 = µ2 = ∆−D, µ3 = −π, the coupling was rescaled as Jta, and the Luttinger parameters
are

K2
1 = 1− 2

π
(3∆ +D) and K2

2 = 1− 2

π
(∆−D). (4.59)

Our Hamiltonian matches exactly the reported expression in Ref. [59], except for a small difference
in normalization which yields a different value for µ3; chapter 6 of Ref. [35] matches our coefficient.

From the decoupled fields we can already infer properties of our system. On one hand, Φ̂1 can
be thought of as a FM order parameter, because its corresponding density is finite for the m = ±1
states. On the other hand, Φ̂2 vanishes for the magnetized states and is only finite for m = 0. Thus
we can assume that ordering of Φ̂1 leads to an Ising FM phase, whereas ordering of Φ̂2 corresponds
to a Large-D phase. Moreover, K1 is imaginary for 3∆+D > π/2 which, as discussed in Sec. 3.1.4
and supported by Refs. [35, 57–59], breaks the continuum limit to establish an IFM phase. This
joins nicely with our analysis of ĤIFM−XYN . Additionally, we know from the literature that ĤFM

is critical when ∆ = 1, which is the case that is compatible with our original BBH model of Eq.
4.32. This indicates a phase transition at D = 0, and an IFM phase for D > 0 as suggested by K1.

Although further analysis of the phases of ĤFM requires techniques outside of the scope of this
work, Schulz (Ref. [59]) discusses this in more detail using renormalization group arguments, and
finds a large-D phase for very negative values of D. Additionally, he finds a phase with planar
quasi-long range order in between the IFM and large-D phases; this translates to our XYFM phase.
Although the transition between XYFM and large-D is difficult to determine, due to the influence
of quadrupolar terms in the latter (for instance λ̂8

n), we can reason that as the system approaches
the critical SU(3) point at (Θ = −3π/4, D = 0), where all spin and quadrupolar operators are
equally relevant, the transition must get closer to D = 0 until it reaches the enhanced-symmetry
point. Thus, we represent it schematically in Fig. 4.3(a) as a blue shaded area since we do not

54 Felipe Reyes Osorio



CHAPTER 4. SPIN-1 PHYSICS

know where the transition is exactly, although numerical studies, such as that of Rodriguez et al
(Ref. [39]), find the exact dashed orange curve.

After this analysis we have successfuly identified all but one of the phases of the spin-1 Mott
insulator, as well as deduced the transitions between them. Through our effective Hamiltonian ap-
proach we managed to reduce phase space to different sectors that lent themselves to bosonization.
This allowed us to obtain quantitative and qualitative results that aided us in the identification of
the different regimes present.
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5
Conclusions and perspectives

Having spent a considerable amount of time analyzing multiple topics, we finally arrive at the end
of this work. To close, we wish to give some remarks on the different discussions that were made
throughout the text. Thus, in this chapter we first present a concluding summary of the contents
covered in the previous ones, highlighting the most important points that were discussed. Then we
move on to perspectives and ways to build upon what we have shown. This part is split into two
sections, the first of which concerns aspects of spin-1 systems that were not mentioned at all or
thouroughly enough in this work. The second section is dedicated to the technique of bosonization
itself. Here we discuss some advanced procedures and calculations that can be developed in order
to gain further physical information from a bosonized system. Then we touch upon a generalization
of bosonization that recruits some of the most elegant and exotic elements of mathematical physics.

5.1 Conclusions

In Ch. 2, we began by introducing and understanding the bosonization formalism in a pedagogical
and clear way, taking care to logically and intuitively connect each step to the previous one.
Unfortunately, although there exists a breadth of fine elegant literature reviewing this topic [35–
38, 44, 46, 51, 52, 56], we found that most were difficult for a beginner to undertake. Therefore,
in our derivation of the fundamental elements of bosonization, we made a deliberate choice to
ground ourselves on a simple physical system, as are free fermions, and at the same time take
the time to manipulate the Hamiltonian and the relevant operators in a transparent, methodical
way, catering to the beginner researcher. The main results of this chapter were the retrieval of
the bosonic excitations of a fermionic wire in the form of the operators b̂(p) and b̂(p)† in Eq. 2.32,
both forms of the free fermion Hamiltonian in terms of the bosonic fields found in Eqs. 2.37 and
2.42, the fundamental bosonization identity of Eq. 2.53, and the analysis of interacting fermions
summarized best in the Hamiltonian of Eq. 2.68.

Next, Ch. 3 covered two systems for which we applied bosonization following the literature,
warming up and practicing our newly acquired skills. First, we solved the one-dimensional spin-1

2

chain with axial anisotropy: the so-called Heisenberg XXZ model. To do this, we introuduced
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the Jordan-Wigner transformation between localized spin-1
2

particles and tight-binding fermions.
The transformation itself is relevant, since it is a common tool when approaching spin chains and
ladders, not less so when the tool is bosonization [31, 35, 59, 106–108]. Bosonizing the fermions,
we were able to calculate correlations between the spins, and from them showed and inferred some
physical characteristics of the system. We also discussed some of the important nuances of mapping
taking a discrete system into its continuum limit.

Later in this chapter, we applied bosonization to already bosonic systems, and formulated
a bosonization identity for bosons by leaning on their hydrodynamic low-energy characteristics.
After discussing the expected difficulties encountered when dealing with free particles, we went
to the opposite limit and explored infinitely repulsive bosons, calculating some correlations that
reproduced those found in the literature [36]. The main results of this chapter were the discussion of
the point-splitting scheme used for taking the continuum limit of lattices, the bosonized Hamiltonan
of the XXZ model in Eq. 3.21, the correlations for the XXZ model graphed in Fig. 3.1, and the
bosonization identity for bosons of Eq. 3.35.

Finally, Ch. 4 was dedicated to the study of spin-1 bosons on a lattice. We began by retrieving
all relevant terms in the spin-1 Hamiltonian, taking into account a general pseudopotential inter-
action between the spinors, and coupling to an external magnetic field. Then, using bosonization
we retrieved the low-energy spectrum and showed that by increasing the interaction strength, the
system entered the gapped Mott insulator phase in which particles localized on lattice sites. In this
regime, the spacial degree of freedom is essentially excluded, so it became necessary to discuss the
appropriate operators that describe the remaining sectors. With our symmetry-based approach,
we showed that, in addition to the usual spin-1 operators, there are important observables in the
form of the quadrupolar operators, supporting our earlier find of spin-quadrupole-charge separa-
tion. With this knowledge, we calculated a Hamiltonian using perturbation theory for the Mott
insulator phase: the bilinear-biquadratic Heisenberg model. Thus, we focused on this spin-1 chain
for the remainder of the chapter. By constructing effective Hamiltonians for different parts of the
phase space, we were able to apply bosonization once again to retrieve most of the phases of the
more general system.

This chapter had many important results, which together encompass the entire body of work,
and make use of all the formalism that was built and applied. Among them, stand out the
formulation of the S = 1 Bose-Hubbard Hamiltonian in Eq. 4.16 and its bosonized counterpart of
Eq. 4.22, the latter of which shows the spin-quadrupole-charge separation; the low-energy spectrum
of the S = 1 BH Hamiltonian shown in Fig. 4.2; the eight operators that can meaningfully describe
a spin-1 system, represented in the magnetic projection basis in Eq. 4.29, with which we expressed
the bilinear-biquadratic Heisenberg model in its manifestly symmetric form of Eq. 4.32; and Fig.
4.3, which neatly summarizes our discussions on the physics of each phase of the spin-1 chain, and
its corresponding phase diagram, where the transitions that we retrieved using bosonization are
emphasized.
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5.2 Perspectives on spin-1 systems

We have explored properties of a spin-1 system on a lattice, and although our contact interaction
potential represents a simple interaction, we retreived an array of novel and exotic physics alien
to the more discussed spin-1

2
systems. For instance, the introduction of quadrupolar degrees of

freedom which led to new phases of matter were a staple of our discussion. Unfortunately, the
vastness of the topic and the difficulties involved forced us to leave out many interesting aspects
that we will state in this section as perspectives of our work.

First, let us continue the discussion regarding the dimer phase and the inadequacy of bosoniza-
tion to deal with it. We could attempt to proceed as we did for the rest of phase space and
determine an effective Hamiltonian that is based on physical intuition; the quadrupolar terms
λ̂4
nλ̂

4
n+1, λ̂6

nλ̂
6
n+1, and λ̂8

nλ̂
8
n+1 have not been explored yet and we could reasonably believe that a

dimer order parameter lies among them. However, closer inspection shows that this is not the
case: while all these terms are non-zero for a dimerized ground state, they fail to vanish for the
large-D phase rendering them unreliable to distinguish the transition. Furthermore, the only su(2)
subalgebra that includes both λ̂4 and λ̂6 is completed by λ̂2 = Ŝz, which is not useful to describe
any of the AF phases, which makes it unlikely that the dimer phase and its neighbors in phase
space can be accurately captured together by a simpler spin-chain. This is further supported by
research into spin-1

2
dimer phases, which are usually surrounded my magnetized pases [105].

The dimer phase is thus more adequately dealt with by using entropy based methods. However,
entanglement entropy is notoriously difficult to calculate [110, 111]. Moreover, bosonization does
not appear to be equipped to handle such a calculation in the form presented in our work. Al-
though recent efforts have been made to change this [112–114], they are still lacking when general
interactions are included. In short, the task remains difficult, as can be seen in the numerous
papers that opt to complement bosonization with numerical techniques when faced with entangle-
ment questions [109, 115]. Thus, while the dimer phase poses an interesting challenge and novel
physics and mathematical techniques, it has not been covered in our work.

Another aspect of the spin-1 Hamiltonian that was formulated but not covered is the superfluid
phase of the S = 1 Bose-Hubbard Hamiltonian. Although a bosonized Hamiltonian was formulated,
it was not straightforward to analyze outside of the critical SU(3) point because we would have
had to deal with a cosine term. While this can be dealt with (see Sec. 5.3), an additional difficulty
remains in the form of the weak interactions present in the superfluid. As we showed in Sec. 3.2.1
and 4.2, weakly interacting bosons edge closer to the unbosonizable free collapsing bosons, leading
to less insightful analyses. Remarkably, due to the use of repulsive inteactions, we were able to
demonstrate the existance of a phase transition between the gapless superfluid and the gapped Mott
insulator with our bosonization approach, so there might still be hope for a bosonized treatment
of sectors of the superfluid phase after all.

Finally, there are endless perturbations and modifications that can be applied to our general
yet basic spin-1 system. Higher dimensions [116, 117], different lattices [101, 118], and long-range
and exotic interactions [109, 115, 119] have all been explored in the literature and remain fertile
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ground for research. In order to highlight one of the directions that can be pursued, we wish to
mention a specific example: spin superfluids.

A spin superfluid is a magnetic insulator, i.e. a lattice of localized spins, that due to intrinsic
easy-plane anisotropy, equivalent to D < 0 in our bilinear-biquadratic model, exhibits long-range
diffusiveless transport of spin currents. The typical approach to these systems is through classi-
cal and semi-classical models, and their transport properties have been studied in the works of
Tserkovnyak et al [120–125], Sonin [126–128], and others [129, 130]. While their findings have been
successful and sparked theoretical as well as experimental research [131–133], less has been done
to investigate a fully quantum description. Furthermore, the current attempts have been limited
to spin-1

2
[125], and although both Tserkovnyak and Sonin have presented some results for higher

spin [122, 126], there is still room for active research and expansion of our spin-1 understanding.

5.3 Perspectives on bosonization

Bosonization is a powerful technique and it allowed us to understand a great deal of physics from
interacting systems with and without spinorial degrees of freedom. However, there is still more to
the technique that we were not able to cover in this work. For instance, during our bosonization of
spin chains, both in Sec. 3.1 and 4.5.2, we obtained non-quadratic contributions to the Hamiltonian
in the form of cosines of Φ̂. This was also an issue when bosonizing the S = 1 BH Hamiltonian
in Sec. 4.2, where upon moving away from the critical SU(3) point, a cosine term would emerge.
As we were not equipped at the time to deal with these terms, we focused on cases in which
these could be safely neglected or avoided. However, this meant leaving out interesting physical
properties of the systems we discussed, that would have enriched our analysis and conclusions.

The Hamiltonians that include these cosine contributions, as well as sine, are known as sine-
Gordon Hamiltonians, a fitting name allegedly introuduced by Kruskal [134, 135]. While the
quadratic, Klein-Gordon part of the Hamiltonian defines fields with freely propagating wave ex-
citations, the sine term provides a competing dynamic that tends to lock the field in one of its
minimums allowing for massive phases. To determine the parameters that lead to a dominant
cosine term, a scaling analysis supported by a renormalization group formalism is required. This
is explained in Ref. [35], and we will limit ourselves to a brief overview.

By using a path-integral approach to calculate correlations, it becomes simpler to expand the
expected value as a power series in terms of the cosine, or more riguorously, in terms of the
coupling to the cosine term, let us call it g. After some calculations, an expression is retrieved
where the correlation exhibits a power-law behavior determined by an effective Luttinger parameter
Keff = Keff(α) which is a function of the cutoff. Since Keff should be unaffected by small changes in
α, differential equations for the renormalization of both the Luttinger parameter and the coupling
to the cosine term can be obtained. These equations define a so-called renormalization flow, which
informs us of the change of g in response to a change in K and viceversa. Consequently, for some
values of K the coupling decreases rapidly, making the cosine irrelevant in a renormalization group
sense and allowing us to neglect it. On the other hand, if the flow makes g grow, then the cosine
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is dominant, locking the fields and leading to massive phases.
By studying this advanced aspect of bosonization, the spin-1 system could be revisited at

various stages, yielding more physical information, and a more complete picture of the system.
Additionally, sine-Gordon Hamiltonians are common in systems exhibiting solitonic solutions [135],
high-energy physics [40], and other low-energy condensed matter systems [136, 137], which would
allow for a wider scope of application for bosonization and renormalization group techniques.

A particular application of bosonization within condensed matter, and a current research inter-
est of the Theoretical Physics of the Solid State group, is the study of topological superconductors
in one dimension, which can be realized experimentally by the use of spin-1

2
particles in an optical

lattice, in a way similar to the spin-1 gases that were discussed in our work [138–140]. Through the
appropriate tuning of couplings and interactions, these systems can exhibit zero-energy edge states
when in the superconducting regime [141–143]. By applying bosonization [144, 145], global and
local properties can be studied, elucidating the low-energy physics of novel and exciting topological
phases [146–148].

After mastering bosonization, it is possible to go a step further and develop a more advanced
theory that allows for integration of systems with complex symmetries. This is knows as non-
Abelian bosonization, a technique introduced by Witten [149] and reviewed in Refs. [44, 150–152].
The main idea of non-Abelian bosonization is to exploit the continuous symmetries of a system in
order to reformulate it in terms of conserved currents, just as we did in Ch. 2. In fact, our current
Ĵ and density ρ̂ correspond to the U(1) symmetry of the fermionic Hamiltonian. However, more
complex symmetries involve conserved currents that correspond to the generators of the group,
and obey commutation relationships according to their Lie algebra plus an additional term known
as the central extension of the algebra. This algebra suggests a mapping into a topological field
theory in which each sector of symmetry decouples and is expressed as separate Hamiltonians of
the so-called Wess-Zumino-Witten (WZW) model.

Although non-Abelian bosonization is a generalized version of what this work presents, it
represents a large leap in understanding and difficulty. For instance, it is no longer possible, in
general, to obtain closed expressions for the original operators, say the fermions, in terms of the
bosonic fields. In other words, there is no generalized fundamental bosonization identity. Add to
this the fact that the bosonic fields are no longer scalars, but are defined on curved manifolds and
one can see that non-Abelian bosonization involves advanced and exotic topics of mathematical
physics. This is not meant to be a discouraging: non-Abelian bosonization offers a compelling
challenge, and an elegant and beautiful formalism. Moreover, it can be of great value for studying
the same types of condensed matter systems that were presented in our work. In fact, our very
own bilinear-biquadratic Heisenberg model can be exactly integrated at the SU(3) point using non-
Abelian bosonization [153], as can additional perturbations like spin-1 ladders [154]. Furthermore,
non-Abelian bosonization has been used to treat some of the most relevant and exciting systems
of contemporary condensed matter, such as twisted bilayer graphene [155, 156] and spin liquids
[157–159].

Here we wish to give the briefest of introductions to the procedure itself, leaving the discussions
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to the specialized reviews. To do so, we will revisit the bilinear-biquadratic Heisenberg model, and
extract the conserved currents of the system. This time, however, it will not suffice to map spins
into fermions with the Jordan-Wigner transformation due to the artificial asymmetries that the
method introduces. Thus, we shall use the slave particle approach [160, 161], by which the spin
algebra is represented in groups of spinless particles. Depending on the desired statistics for the
slave particles, one can map into so-called Schwinger bosons [162] or Abrikosov fermions [163];
considering the bosonization procedure ahead of us we will choose the latter one. Although there
are several schemes which vary the number of fermion flavors required, we will use perhaps the
most intuitive, in which each magnetic projection is mapped into a flavor of fermion.

Let us focus on the symmetric point, Θ = −3π/4. Then, each generator of the symmetry
group, SU(3), corresponds to a conserved current whose operator is defined as

Λ̂α
n =

∑
a,b

ĉ†anλ
α
abĉbn, (5.1)

where, as usual, the superscript α determines the generator with matrix representation λαab, and
ĉan annihilates a fermion of flavor a in site n. To focus on the low-energy properties, separate each
flavor of fermion into left and right movers, and consider a half-filled vacuum for each. Thus, the
fermionized generator becomes

Λ̂α
n =

∑
β

∑
a,b

ψ̂aβ(x)λαabψ̂bβ(x) + (−1)n
∑
a,b

(
ψ̂†aR(x)λαabψ̂bL(x) + h. c.

)
, (5.2)

where ψ̂aβ is the β-moving fermion of flavor a, and is only defined on the lattice. This expression

shows that the conserved currents can be separated as Λ̂α
n = ĴαR(x) + ĴαL(x) + (−1)nM̂(x).

Trivially, we know
[
ĴαR(x), ĴβL(y)

]
= 0. If we consider same-branch commutators, we could

naively think that
[
ĴαR(x), ĴβR(y)

]
= ifαβγ Ĵ

γ
R(x)δ(x− y), where fαβγ are the structure constants of

su(3). However, due to the infinte Dirac sea, there is an additional term. Recall from Eq. A.20
that, for the U(1) currents of Abelian bosonization[

ĴAbel.
R (x), ĴAbel.

R (y)
]

=
1

2πi
∂xδ(x− y). (5.3)

Thus, if we consider the diagonal generators, the commutation of the fermionized currents is[
ĴαR(x), ĴαR(y)

]
=

[∑
a

λαaaψ̂
†
aR(x)ψ̂aR(x),

∑
b

λαbbψ̂
†
bR(y)ψ̂bR(y)

]
=

∑
a

(λαaa)
2
[
ĴAbel.
R (x), ĴAbel.

R (y)
]

(5.4)

=
1

2πi
Tr[λαλα]∂xδ(x− y).
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where we used the fact that each flavor of fermion has been Abelian-bosonized. The commutator for
the non-diagonal generators can be calculated in the same way by temproarily changing to a basis
that diagonalizes them. Additionally, we can normalize the generators such that Tr[λαλβ] = δαβ.
Since commutators are basis-independent, then[

Ĵασ (x), Ĵβρ (y)
]

= ifαβγ Ĵ
γ
σ (x)δσρδ(x− y) +

σk

2πi
δαβδσρ∂xδ(x− y), (5.5)

known as the Kac-Moody algebra with central extension k, an integral result in non-Abelian
bosonization [149].

Next, the Hamiltonian is reformulated in terms of the conserved currents, yielding

Ĥ = J
∑
n,α

Λ̂α
nΛ̂α

n+1. (5.6)

Then, Ĥ is taken to the continuum limit, and using the Kac-Moody algebra between the chiral
currents it can be mapped into a WZW type Hamiltonian. However, this is where we stop, for
taking the continuum limit requires to perform an operator product expansion (OPE), which is
already outside of the scope of this work, as are the implications of the Kac-Moody algebra and
the WZW model.

On that remark, we conclude our work. Its results have allowed us insight into exotic physics
and complex formalisms, while being pedagogical and easy to follow. We wish that the reader has
found it useful and inspiring, looking forward to the many avenues for further research into more
advanced and exciting topics
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A
Correlations and commutators

In this appendix we will begin by calculating a very important integral that appears multiple times
throughout this work. It arises from the correlations between the bosonized fields in terms of their
Fourier modes. Most correlations can be formulated in relation to these integrals:

Iα =
1

2π

∫
dp e−δ|p|e−ip(x−y)θ(αp)

I =
1

2π

∫
dp e−δ|p|e−ip(x−y) (A.1)

= I+ + I−.
They can be solved using the integral representation of the step function [49]:

θ(x) = lim
ε→0+

1

2πi

∫ ∞
−∞

1

τ − iεe
ixτ dτ . (A.2)

Therefore

Iα =
1

2π

∫
dp e−δ|p|e−ip(x−y)θ(αp)

= lim
ε→0+

1

(2π)2i

∫
dp dτ

1

τ − iεe
iαpτe−δ|p|e−ip(x−y) (A.3)

= lim
ε→0+

1

(2π)2i

∫
dp dτ

1

τ − iεe
αip(τ−ωα),

where ωα = α(x− y)− iδ. Integrating over p yields a delta function, so

Iα = lim
ε→0+

1

2πi

∫
dτ

1

τ − iεδ(τ − ωα)

=
1

2πiωα
(A.4)

=
−iα

2π((x− y)− αiδ) .
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Now it is simple to determine I as

I =
δ

π((x− y)2 + δ2)
. (A.5)

A.1 Correlations

Having solved for I, we can now use it to calculate some correlations between the bosonized fields.
First, the correlation between fields of the same chirality is〈

φ̂R(x)φ̂R(y)
〉

=
∑
p,q>0

1

2L
√
pq
eipxe−iqy

〈
bpb
†
q

〉
=

∑
p>0

1

2Lp
eip(x−y) (A.6)

=
1

4π

∫ ∞
0

1

p
eip(x−y)e−δp dp .

=
i

2

∫
dx I+,

where in the last line we use the integral from Eq. A.1. Integrating with respect to x, we find that〈
φ̂R(x)φ̂R(y)

〉
=
−1

4π
ln((x− y) + iδ). (A.7)

Next, the density-density correlation is calculated by expressing it in terms of the counting
field, as in Eq. 2.43, and recalling that

∂x
ˆ̃Φ =

∑
p 6=0

i

√
|p|

2KL
sgn(p)

(
eipxb̂p − h. c.

)
, (A.8)

the correlation can be expanded as

1

π

〈
∂x

ˆ̃Φ∂y
ˆ̃Φ
〉

=
1

π

∑ sgn(p) sgn(q)

2KL

√
|pq|eipxe−iqy

〈
b̂pb̂
†
q

〉
=

1

4π2K

∫
dp |p|eip(x−y)e−δ|p| (A.9)

=
−1

4π2k
∂δI,

where I is the integral of Eq. A.1. This derivative becomes

∂δI =
2

(x− y)2 + δ2
− 4δ2

((x− y)2 + δ2)2 . (A.10)
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Another important result is the magnetization-magnetization correlation, which is proportional
to

ˆ̃M(x) ˆ̃M(y) =
1

a2π2

〈
cos
(

2
√
π ˆ̃Φ(x)

)
cos
(

2
√
π ˆ̃Φ(y)

)〉
(A.11)

=
1

2a2π2

〈
cos
(

2
√
π( ˆ̃Φ(x) + ˆ̃Φ(y))

)
+ cos

(
2
√
π( ˆ̃Φ(x)− ˆ̃Φ(y))

)〉
,

where the trigonometric identities can be applied so freely because the fields commute. The first
term corresponds to short-wavelength excitations that do not conserve the chiral particles so we
disregard it. The second term can be expanded as

1

2a2π2

〈
cos
(

2
√
π( ˆ̃Φ(x)− ˆ̃Φ(x))

)〉
=

1

4a2π2

〈
ei2
√
π( ˆ̃Φ(x)− ˆ̃Φ(x)) + h. c.

〉
(A.12)

=
1

2a2π2
exp
(
−2π

〈
ˆ̃Φ(x)2 + ˆ̃Φ(y)2 − 2ˆ̃Φ(x) ˆ̃Φ(x)2

〉)
,

where we use the exponential identity from Eq. B.9. To finish the calculation, we need to determine

the correlation
〈

ˆ̃Φ(x) ˆ̃Φ(y)
〉

in a similar fashion as we did in Eq. A.9. That is

〈
ˆ̃Φ(x) ˆ̃Φ(y)

〉
=

∑ 1

2LK
√
|pq|

eipxe−iqy
〈
b̂pb̂
†
q

〉
=

1

4πK

∫
dp

1

|p|e
ip(x−y)e−δ|p| (A.13)

=
−1

4πK

∫
dδ I,

where we once again find the integral I from Eq. A.1, yielding〈
ˆ̃Φ(x) ˆ̃Φ(y)

〉
=
−1

4πK
ln
(
(x− y)2 + δ2

)
. (A.14)

The calculation is complete by plugging in Eq. A.14 into Eq. A.12.

A.2 Commutators

Commutators are key to the definition of fields and operators. To wrap up this appendix, we
calculate the ones that are used throughout our development of bosonization. We begin with the
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commutator between the chiral fields[
φ̂α(x), φ̂α(y)

]
=

1

2L

∑
αp>0

√
1

2L|p|
eip(x−y) − e−ip(x−y)

|p|

=
αi

2π

∫ ∞
0

dp
sin(p(x− y))

p
(A.15)

= αi Im

[
1

4π

∫ ∞
−∞

dp
eip(x−y)

p

]
=

αi

4
sgn(x− y),

where we use the Cauchy principal value of the integral in the third line. Notice that fields of
opposite chirality commute since we exclude the p = 0 mode. Similarily, we can compute the
commutator [

φ̂α(x), θ̂(y)
]

= −
∑
p>0

1

2Lp

(
eip(x−y) − e−ip(x−y)

)
= − i

L

∑
p>0

1

p
sin(p(x− y))

= − i

2π

∫ ∞
0

dp
1

p
sin(p(x− y))

= − i
4

sgn(x− y), (A.16)

where we used the integral from Eq. A.15 in the third line. In consequence, [Φ̂(x), θ̂(y)] =
− i

2
sgn(x−y). Furthermore, by integrating with respect to y, the previous result yields [φ̂α(x), Π̂(y)] =

i
2
δ(x− y).

With all these results we can calculate the commutators that involve the chiral currents with
the bosonic fields. First, consider[

Ĵα(x), φ̂α(y)
]

=
1√
π

[
∂xφ̂α, φ̂α(y)

]
=

1√
π
∂x

[
φ̂α(x), φ̂α(y)

]
=

αi

4
√
π
∂x sgn(x− y)

=
αi

2
√
π
δ(x− y), (A.17)

where in the second line we use the linearity of the commutator and the derivative. Incidentally,
this result also defines [Ĵα(x), Φ̂(y)] = αi

2
√
π
δ(x− y), since opposite chiralities commute. Related to
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this commutator, we can also determine[
Ĵα(x), Ĵα(y)

]
=

1

π

[
∂xφ̂α, ∂yφ̂α(y)

]
=

1

π
∂x∂y

[
φ̂α(x), φ̂α(y)

]
=

αi

4
√
π
∂x∂y sgn(x− y)

=
α

2πi
∂xδ(x− y), (A.18)

which is an important result that allows bosonization to be generalized and treat more complex
systems (see Sec. 5.3). The remaining relevant commutator that involves the chiral currents is[

Ĵα(x), Π̂(y)
]

=
1√
π

∑
p>0

p

2L

(
−eip(x−y) + eip(x−y)

)
= − 1

2L
√
π

∞∑
p=−∞

peip(x−y)

=
i

2
√
π
∂x

(
1

2π

∫
dp eip(x−y)

)
=

i

2
√
π
∂xδ(x− y), (A.19)

and from Eq. A.16, we obtain that [Ĵα(x), θ̂(y)] = − i
2
√
π
δ(x − y). To close this appendix, we

summarize all the commutators we calculated:[
φ̂α(x), φ̂α(y)

]
=
αi

4
sgn(x− y)

[
φ̂α(x), θ̂(y)

]
= − i

4
sgn(x− y)[

Φ̂(x), θ̂(y)
]

= − i
2

sgn(x− y)
[
φ̂α(x), Π̂(y)

]
=
i

2
δ(x− y)[

Φ̂(x), Π̂(y)
]

= iδ(x− y)
[
Ĵα(x), Ĵα(y)

]
=

α

2πi
∂xδ(x− y) (A.20)[

Ĵα(x), φ̂α(y)
]

=
αi

2
√
π
δ(x− y)

[
Ĵα(x), Φ̂(y)

]
=

αi

2
√
π
δ(x− y)[

Ĵα(x), Π̂(y)
]

=
i

2
√
π
∂xδ(x− y)

[
Ĵα(x), θ̂(y)

]
= − i

2
√
π
δ(x− y).
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Some useful identities

In this appendix, we will prove two important identities used in the main text. The first one
concerns commutators, while the second one will allow us to calculate many correlations that
emerge from bosonization.

The first identity we will prove is
[
Â, eB̂

]
=
[
Â, B̂

]
eB̂. Consider a function and its derivative

f(λ) = e−λB̂
[
Â, eλB̂

]
(B.1)

f ′(λ) = e−λB̂
[
Â, B̂

]
eλB̂, (B.2)

where Â and B̂ are operators constant with respect to λ. Integrating Eq. B.2 we get

f(λ) =

∫ λ

0

ds e−sB̂
[
Â, B̂

]
esB̂. (B.3)

By plugging into Eq. B.1 and setting λ = 1 we obtain[
Â, eB̂

]
=

∫ 1

0

ds e(1−s)B̂
[
Â, B̂

]
esB̂. (B.4)

Finally, if we suppose that Â and B̂ are such that [[Â, B̂], B̂] = 0 we retrieve the identity we wanted
to prove: [

Â, eB̂
]

=
[
Â, B̂

]
eB̂. (B.5)

The second identity we will prove is 〈exp
(
B̂
)
〉 = exp

(
1
2
〈B̂2〉

)
. Consider the expected value

〈exp
(
B̂
)
〉, with B̂ =

∑
βib̂i + γib̂

†
i linear on the Fourier components. If we expand the exponent

function as a power series, odd terms vanish, since only correlations of an even number of bosonic
operators can be non-zero. Therefore〈

eB̂
〉

=
∑
n

1

(2n)!

〈
B̂2n

〉
. (B.6)
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Using Wick’s theorem, each term can be split into normal ordered terms, whose expected value
is zero, and constant terms in which all contractions are taken. That is〈

B̂2n
〉

= N
〈
B̂2
〉n
, (B.7)

where N is the number of ways that the string of operators can be paired. A combinatoric analysis
yields that

N =
(2n)!

2nn!
. (B.8)

Putting Eqs. B.6, B.7, and B.8 together, we retrieve the desired identity:〈
eB̂
〉

=
∑ 1

(2n)!

(2n)!

2nn!

〈
B̂2
〉n

=
∑ 1

n!

〈
B̂2

2

〉n

= e
1
2〈B̂2〉. (B.9)
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C
Jordan-Wigner transformations

In this appendix we explain and develop de transformation due to Jordan and Wigner [55] between
localized spin-1

2
particles and fermions on a lattice. These results are useful for the treatment of

the anisotropic Heisenberg model in Sec. 3.1, and for interacting bosons in the hard core limit,
as shown in Sec. 3.2.2. To begin, we associate the two systems mentioned above as outlined in
table C.1. where the label i refers to a specific place in the chain. It seems reasonable to take
ĉ†nĉn = Ŝzn+1/2, keeping in mind that in this case the equal sign denotes a correspondence between
Hilbert spaces. If we now inspect how the fermionic operators act on their eigenstates, we get

ĉi |n〉 = eiπti |n′〉 , (C.1)

with |n′〉 the state after annihilating a particle in the i-th state, and ti =
∑i−1

0 ĉ†kĉk is called a
string operator and ensures the correct antisymmetric phase. If we are to associate the fermionic
operators to some in Ô ∈ HS then it must act in the same way. Therefore, let us take ĉi = eiπtiŜ−i .
Furthermore, we can rewrite

eiπti =
i−1∏(

1− 2ĉ†kĉk

)
=

i−1∏(
−2Ŝzk

)
, (C.2)

Fermions Spins

Hilbert space HF HS

States |n〉 = |. . . ni . . .〉 |m〉 = |. . .mi . . .〉
Operators ĉ†i , ĉi Ŝ+

i , Ŝ
−
i

ĉ†i ĉi Ŝzi
Eigenvalues ni = 0, 1 mi = ±1

2
,

Table C.1: Correspondence between the Hilbert spaces of a spin-chain and fermions on a lattice.
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which always yields the right phase. Altogether, we propose the Jordan-Wigner transformations

ĉ†nĉn = Ŝzn + 1/2

ĉn =
n−1∏(

−2Ŝzk

)
Ŝ−n (C.3)

ĉ†n =
n−1∏(

−2Ŝzk

)
Ŝ+
n .

Before moving forward, it is important to show that the proposed transformation is actually
valid. First, we check Eqs. C.3 for self consistency:

ĉ†nĉn =
n−1∏(

−2Ŝzk

)
Ŝ+
n

n−1∏(
−2Ŝzk

)
Ŝ−n (C.4)

= Ŝ+
n Ŝ
−
n

= Ŝ2
n − (Ŝzn)2 + Ŝzn

= Ŝzn +
1

2
,

which is fulfilled as expected. Secondly, we check that the fermions satisfy the correct anticommu-
tation relations. Using the fact that spins from different sites commute, and the commutator[

j−1∏(
−2Ŝzk

)
, Ŝ±i

]
=

{
0 if j ≤ i∏j−1

(
−2Ŝzk

)(
−2Ŝzi

)(
∓2Ŝ±i

)
if j > i,

(C.5)

we can apply {ĉi, ĉ†j} to |m〉. If mj = 1/2 or mi = −1/2, then the result vanishes. Otherwise, if
j 6= i (j < i without loss of generality) then{

ĉi, ĉ
†
j

}
|m〉 =

i−1∏(
−2Ŝzk

)
Ŝ−i

j−1∏(
−2Ŝzk

)
Ŝ+
j |m〉+

j−1∏(
−2Ŝzk

)
Ŝ+
j

i−1∏(
−2Ŝzk

)
Ŝ−i |m〉

=
i−1∏
j

(
−2Ŝzk

)
Ŝ−i Ŝ

+
j |m〉 (C.6)

+

j−1∏(
−2Ŝzk

)[i−1∏(
−2Ŝzk

)(
−2Ŝzj

)(
2Ŝ+

j

)
+

i−1∏(
−2Ŝzj

)
Ŝ+
j

]
Ŝ−i |m〉

= 2
i−1∏
j

(
−2Ŝzk

)
Ŝ−i Ŝ

+
j |m〉 − 2

i−1∏
j

(
−2Ŝzk

)
Ŝ−i Ŝ

+
j |m〉 = 0.

In the sole case that i = j then{
ĉj, ĉ

†
j

}
|m〉 = Ŝ−j Ŝ

+
j |m〉+ Ŝ+

j Ŝ
−
j |m〉 (C.7)

= 2
(
Ŝ2
j − (Ŝzj )2

)
|m〉 = |m〉.
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The remaining relations are done analogously, yielding{
ĉi, ĉ

†
j

}
= δij (C.8)

{ĉi, ĉj} =
{
ĉ†i , ĉ

†
j

}
= 0, (C.9)

as expected from fermions, meaning that the Jordan-Wigner transformation is well defined.
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D
An introduction to spin

In many ways, the concept of spin encompasses the unintuitive nature of quantum mechanics. Not
only is it a historical and pedagogical example of the quantization of physical quantities, as shown
by the Stern-Gerlach experiment, but it is also the quintessential introduction to superpositions
of states. It is even exploited in more advanced topics covered in undergraduate courses, such as
entanglement and teleportation. For it’s overwhelming ubiquity both in the lecture hall and in
popular science, it is a difficult subject to satisfactorily explain at an introductory level. Without
the intricacies of the relativistic formalism of quantum field theory, spin is a quirk, a whim of nature
placed ad hoc on quantum mechanics textbooks. In this appendix, I will undertake the necessary,
albeit incomplete labor of motivating, if not justifying, the existence of spin in the framework of
non-relativistic quantum mechanics, as well as showing some relevant properties and facts about
it that are useful and necessary for the main body of this work. The following is based mainly
on Refs. [164] and [165], as well as the contents of my undergraduate quantum mechanics course,
taught in 2019 by my advisor, Prof. Rodriguez.

A good place to start is the definition of spin as an intrinsic angular momentum that particles
posess. This, in turn, is followed by the dissonant fact that nothing is actually spinning. Much as
electric charge can be thought of as the property of matter that allows it to interact through the
electromagnetic force, spin is a property of matter that allows it to interact in some magnetic way,
and has the units and properties of angular momentum. As such, a theory of quantum angular
momentum is needed, and it begins with the study of rotations.

D.1 Rotations and isometries

In quantum mechanics, the angular momentum operator is defined as the generator of rotations, a
property generalized from it’s classical counterpart. In R3, a rotation is a three-dimensional linear
transformation that preserves the norm of the vectors it acts upon. By choosing a basis, we can
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calculate a matrix for the transformation R, which by definition implies

xTx = x′Tx′

= (Rx)TRx (D.1)

= xTRTRx,

where the prime indicates the image of the vector after applying the rotation matrix R. Conse-
quently, such transformations satisfy RTR = I. This further implies that detR = ±1; by ignoring
R with negative determinant that invert parity, we retrieve the set of all proper rotations,

SO(3) =
{
R ∈ T3 : RTR = I and detR = 1

}
, (D.2)

which forms the special orthogonal group in three dimensions SO(3). This is a non-abelian Lie
group parametrized by three angles; although it is common to use the Euler angles, it is simpler
to to specify the axis of rotation n, and the subtended angle ϕ. Also of interest is the Lie algebra
so(3) formed by the generators of this group. A matrix L is a generator of the group if etL ∈ SO(3).
By considering the two defining properties of the group, and the identity det

(
eX
)

= eTrX , we can
find a similar condition for the algebra:

I = etL
T

etLI

= et(L
T+L) (D.3)

LT = −L.

Therefore, the elements of the algebra are traceless and antisymmetric. Since Lie algebras are
vector spaces, we can define a basis as

Lx =

0 0 0
0 0 −1
0 1 0

 Ly =

 0 0 1
0 0 0
−1 0 0

 Lz =

0 −1 0
1 0 0
0 0 0

. (D.4)

A Lie algebra is also defined by it’s commutations relations. It is straightforward to show that[
Lα, Lβ

]
= εαβγL

γ. (D.5)

which suggest that any set that claims to generate rotations in some sense must obey the same
commutations as so(3).

Rotations are a particular example of an isometry. In a general normed vector space isometries
are transformations that preserve the norm of the elements. Therefore, if we are interested in
rotations in quantum mechanics, we must study the isometries of Hilbert space H. These must be
unitary transformations generated by operators that obey the commutation relations of Eq. D.5.
With this in mind, we define the angular momentum operators as hermitian operators obeying the
algebra [

Ĵα, Ĵβ
]

= i~εαβγ Ĵγ, (D.6)
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so that rotations in Hilbert space can be expressed as

D̂(n, ϕ) = exp

(
− i
~
ϕn · Ĵ

)
.

This is a silghtly different definition of generator than was used in the case of R3 but the mathe-
matical framework is not affected.

These turn out to be the elements of the Lie algebra su(2), which generates the special unitary
group SU(2) and has an intimate relationship with SO(3) that falls outside the scope of this text
[166]. However, a practical question regarding the dimensionality ofH remains. There must clearly
be a difference between rotating an infinite dimensional Hilbert space and a finite one, which in
turn means that the basis chosen for the algebra must also be dependent on this. Without diving
into the ocean of representation theory, it is true that infinite dimensional rotations are generated
by orbital angular momentum L̂ = r̂ × p̂, whereas systems described by states belonging to a
finite dimensional Hilbert space posess a different kind of angular momentum generated by the
finite-dimensional representations of su(2): spin.

Before investigating spin further, allow me to list some important and fundamental properties
of them. This is not intended to be a self-contained set of proofs, but merely to act as reference to
build the present work upon. For a complete treatment of the subject, Ref. [164] is recommended.

From the commutation relations of Eq. D.6, it can be shown that
[
Ĵ2, Ĵα

]
= 0, where

Ĵ2 =
∑

(̂Jα)2. Choosing z as the quantization axis, a complete set of observables is (Ĵ2, Ĵz);
consequently, a suitable basis for the Hilbert space is |j,m〉, such that

Ĵ2 |j,m〉 = ~2j(j + 1) |j,m〉 and Ĵz |j,m〉 = ~m |j,m〉 . (D.7)

The remaining operators are used to define the, so called, ladder operators Ĵ± = Ĵx ± iĴy, which
follow the commutation relations[

Ĵ+, Ĵ−
]

= 2~Ĵz
[
Ĵz, Ĵ±

]
= ~Ĵ±. (D.8)

and act upon the basis states as

Ĵ± |j,m〉 = ~
√

(j ∓m)(j ±m+ 1) |j,m± 1〉 . (D.9)

This is enough to show that each semi-integer j has a 2j + 1 degeneracy which is lifted by the
quantum number m.

D.2 Spin operators

Let us focus on spin, which, as previously stated, emerge from rotations of finite dimensional
Hilbert space. The spin operators Ŝα follow the commutation relations of Eq. D.6, and as such
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have the same properties listed in the previous section. However, their concrete form depends on
the dimensionality: for example, in a two-dimensional space we should expect Ŝα to be projected
onto 2×2 matrices. By studying the representations of su(2), these precise forms can be calculated.
A representation is a map from a Lie algebra to the space of operators that act on an n-dimensional
vector space, preserving the commutation relations. Changing j for s, and taking into account the
2s + 1 degeneracies of angular momentum, the lowest nontrivial dimension for representing su(2)
is 2, corresponding to s = 1/2 and m = ±1/2. Working with the basis that diagonalizes Ŝz, the
matrix corresponding to Ŝz is trivially

Sz =
~
2

(
1 0
0 −1

)
. (D.10)

Next, expressing Ŝx = 1
2
(Ŝ+ + Ŝ−) we find that

Ŝx
∣∣∣∣12
〉

=
1

2
(Ŝ+ + Ŝ−)

∣∣∣∣12
〉

=
1

2
Ŝ−
∣∣∣∣12
〉

(D.11)

=
~
2

∣∣∣∣−1

2

〉
.

In a similar way we find that Ŝx
∣∣−1

2

〉
= ~

2

∣∣1
2

〉
, which imply that the matrix components are

Sx =
~
2

(
0 1
1 0

)
. (D.12)

Now, the commutation relations determine the last spin operator, which is represented as

Sy =
~
2

(
0 −i
i 0

)
. (D.13)

As expected, the Pauli matrices emerge from the representation, and are the matrices corresponding
to the spin-1

2
operators.

The next dimension up is 3, with s = 1 and m = ±1, 0. This will be the main focus of this
work, so we explicitely calculate its representation by applying the same procedure. First, Ŝz

corresponds to the diagonal matrix

Sz = ~

1 0 0
0 0 0
0 0 −1

. (D.14)
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Next, by going up and down in the eigenvalues we get

Ŝx |1〉 =
~
√

2

2
|0〉

Ŝx |0〉 =
~
√

2

2
(|1〉+ |−1〉) (D.15)

Ŝx |−1〉 =
~
√

2

2
|0〉 ,

which yield the matrix components for Ŝx. Finally, through the commutation relations we get the
last of the three matrices. All together, the spin-1 operators are represented by the matrices

Sx =
~
√

2

2

0 1 0
1 0 1
0 1 0

 Sy =
~
√

2

2

0 −i 0
i 0 −i
0 i 0

 Sz = ~

1 0 0
0 0 0
0 0 −1

. (D.16)

Notice, that the common trick used for spin-1
2

of working directly with the Pauli matrices and
ignoring the accompanying factors does not work as well for spin-1, since these factors are not the
same for all three matrices.

D.3 Addition of angular momentum

To roud off our review of spin and total angular momentum in quantum mechanics, let us consider
angular momentum operators belonging to separate Hilbert spaces Ĵα1 and Ĵα2 . This could be, for
instance, the subspaces of a larger H that describes two particles. Each set of operators internally
obeys the commutations of Eq. D.6, but commutes with operators of the other space. We can
define a total angular momentum operator as

Ĵ = Ĵ1 + Ĵ2 = Ĵ1 ⊗ Î2 + Î1 ⊗ Ĵ2. (D.17)

so that
[
Ĵα, Ĵβ

]
= i~εαβγ Ĵγ, which means that the total Ĵα generate rotations in H and are well

defined angular momentum operators.
When choosing a basis for the larger Hilbert space we have two options: the independent basis,

or the coupled basis. The former takes the set of compatible observables to be (Ĵ2
1 , Ĵ

2
2 , Ĵ

z
1 , Ĵ

z
2 ),

whereas the latter one takes
{
Ĵ2

1 , Ĵ
2
2 , Ĵ

2, Ĵz
}

. Consequently, the two bases are

Independent basis |j1, j2,m1,m2〉 short: |m1,m2〉
Coupled basis |j1, j2, j,m〉c short: |j,m〉c ,

(D.18)

where the subscript c specifies the coupled basis. The two bases are related by

|j,m〉 =
∑
m1,m2

|m1,m2〉 〈m1,m2|j,m〉 (D.19)
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where 〈m1,m2|j,m〉 are the so-called Clebsch-Gordan coefficients. For a detailed treatment of the
formal theory of angular momentum addition, Refs. [164, 167] are provided. From the literature
we know that the spectrum of the coupled basis satisfies |j1− j2| ≤ j ≤ j1 + j2, and m = m1 +m2.
Using this and the method proposed in Ref. [167], we can calculate the Clebsch-Gordan coefficients
for the addition of two spin-1 particles, something that will turn out to be very useful for our goals.

We begin by listing the highest weight states for each possible s (we changed notation for spin),
which must be a normalized superposition of all states that satisfy the constraint for m:

|2, 2〉c = |1, 1〉 , |1, 1〉c = a1 |1, 0〉+ a2 |0, 1〉 , |0, 0〉 = a3 |1,−1〉+ a4 |−1, 1〉+ a5 |0, 0〉 . (D.20)

To determine the coefficients, we apply the total ladder operators Ŝ± = Ŝ±1 + Ŝ±2 to each state.
First, Ŝ+ makes the left hand side vanish, and yields from the right side

0 = (a1 + a2)
√

2 |1, 1〉 0 = (a3 + a5)
√

2 |1, 0〉+ (a4 + a5)
√

2 |0, 1〉 , (D.21)

meaning that a1 = −a2 = 1/
√

2, and a3 = a4 = −a3 = 1/
√

3. The next step is to apply Ŝ− to the
highest weight states, in order to obtain the rest of states for each s. This will be shown explicitely
for s = 2, and is applied analogously for the other states. Consider then

Ŝ− |2, 2〉c = 2 |2, 1〉c (D.22)

=
√

2(|0, 1〉+ |1, 0〉),

meaning that |2, 1〉c = (|0, 1〉+ |1, 0〉)/
√

2. Repeating this procedure, one obtains

Ŝ− |2, 1〉c =
√

6 |2, 0〉c (D.23)

= |−1, 1〉+ |1,−1〉+ 2 |0, 0〉 ,

meaning that |2, 0〉c = (|−1, 1〉 + |1,−1〉 + 2 |0, 0〉)/
√

6. This is enough, since, for the states with
m < 0, the coefficients are the same, and the only change that needs to be done is mi → −mi.

The result is that the coupled basis for two spin-1 particles can be expressed in terms of the
independent basis as

|2, 2〉c = |1, 1〉 |1, 1〉c =
1√
2

(|1, 0〉 − |0, 1〉)

|2, 1〉c =
1√
2

(|1, 0〉+ |0, 1〉) |1, 0〉c =
1√
2

(|1,−1〉 − |−1, 1〉)

|2, 0〉c =
1√
6

(|1,−1〉+ 2 |0, 0〉+ |−1, 1〉) |1,−1〉c =
1√
2

(|−1, 0〉 − |0,−1〉) (D.24)

|2,−1〉c =
1√
2

(|−1, 0〉+ |0,−1〉) |0, 0〉c =
1√
3

(|1,−1〉 − |0, 0〉+ |−1, 1〉)

|2,−2〉c = |−1,−1〉 .

78 Felipe Reyes Osorio



APPENDIX D. AN INTRODUCTION TO SPIN

As a second example that is used in the text, we calculate here the coupled basis states of a
system composed of a spin 3/2 and a spin 1/2 particles. By the same method, the highest weigth
states are

|2, 2〉c =

∣∣∣∣32 , 1

2

〉
, |1, 1〉c = a1

∣∣∣∣12 , 1

2

〉
+ a2

∣∣∣∣32 ,−1

2

〉
, (D.25)

and determine the coefficients of |1, 1〉c by applying the Ŝ+, finding them to be a1 = 1/2 and

a2 = −
√

3/2. Now, by repeatedly applying Ŝ−, the states with lower m can be constructed. This
will be shown explicitely for s = 1:

Ŝ− |1, 1〉c =
√

2 |1, 0〉c (D.26)

=

(∣∣∣∣−1

2
,
1

2

〉
−
∣∣∣∣12 ,−1

2

〉)
,

meaning that |1, 0〉c = (
∣∣−1

2
, 1

2

〉
−
∣∣1

2
,−1

2

〉
)/
√

2. The state |1,−1〉c has the same coefficients as
|1, 1〉c, after changing mi → −mi.

This procedure yields the coupled basis states for a spin 3/2 and a spin 1/2 particle

|2, 2〉c =

∣∣∣∣32 , 1

2

〉
|2, 1〉c =

√
3

2

∣∣∣∣12 , 1

2

〉
+

1

2

∣∣∣∣32 ,−1

2

〉
|2, 0〉c =

1√
2

(∣∣∣∣−1

2
,
1

2

〉
+

∣∣∣∣12 ,−1

2

〉)
|2,−1〉c =

√
3

2

∣∣∣∣−1

2
,−1

2

〉
+

1

2

∣∣∣∣−3

2
,
1

2

〉
(D.27)

|2,−2〉c =

∣∣∣∣−3

2
,−1

2

〉
|1, 1〉c =

1

2

∣∣∣∣12 , 1

2

〉
−
√

3

2

∣∣∣∣32 ,−1

2

〉
|1, 0〉c =

1√
2

(∣∣∣∣−1

2
,
1

2

〉
−
∣∣∣∣12 ,−1

2

〉)
|1,−1〉c =

1

2

∣∣∣∣−1

2
,−1

2

〉
−
√

3

2

∣∣∣∣−3

2
,
1

2

〉
.
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E
Diagonalization of the Zeeman

Hamiltonian

In this appendix we calculate analytically the eigenstates of the Hamiltonian

Ĥ = Chypŝ · î + geµBBŝ
z, (E.1)

where Chyp is the hyperfine constant coupling the spin of the valence electron ŝ and the nuclear

spin î in a magnetic field Bz, ge ≈ 2 is the electron g-factor, and µB is the Bohr magneton.
As mentioned in the main text in Sec. 4.1, the first term can be expressed in terms of the total

spin operator f̂ , so that if B = 0, then Ĥ = Chyp(f̂
2 − 9/4). Thus, the coupled basis states of Eq.

D.27 that diagonalize f̂ 2 are the eigenstates of the system in the absence of external magnetic field,
and the energy Efm is degenerate and dependent only on f : E1m = −5Chyp/4 and E2m = 3Chyp/4.
This is the so-called hyperfine shift that shows an energetic preference for the f = 1 subspace.

When the magnetic field is turned on, the term linear in ŝz must be diagonalized. By in-
spection, we find that |2, 2〉c and |2,−2〉c are still eigestates of ŝz, whereas the matrix elements

c 〈f,m| ŝz |f ′,m′〉c ∝ δmm′ , which signifies a block diagonal reprepresentation,

H =
1

4



3Chyp 0 0 0 0 0 0 0

0 3Chyp + a a
√

3 0 0 0 0 0

0 a
√

3 −5Chyp − a 0 0 0 0 0
0 0 0 3Chyp 2a 0 0 0
0 0 0 2a −5Chyp 0 0 0

0 0 0 0 0 3Chyp − a −a
√

3 0

0 0 0 0 0 −a
√

3 −5Chyp + a 0
0 0 0 0 0 0 0 −5Chyp


,

where blocks correspond to descending m, i.e. the first block corresponds to m = 2, the second to
m = 1, the third to m = 0, and so on. Addtitionally, the first column of each block corresponds to
the f = 2 state, and a = geµBB. Each block can be straightforwardly diagonalized, yielding the
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following energies:

E2, 1 = −Chyp +
√

16C2
hyp + 8Chypa+ 4a2 E1, 1 = −Chyp −

√
16C2

hyp + 8Chypa+ 4a2

E2, 0 = −Chyp +
√

16C2
hyp + 4a2 E1, 0 = −Chyp −

√
16C2

hyp + 4a2 (E.2)

E2,−1 = −Chyp +
√

16C2
hyp − 8Chypa+ 4a2 E1,−1 = −Chyp −

√
16C2

hyp − 8Chypa+ 4a2.

We are only interested in the f = 1 subspace in weak fields, so we expand the appropriate
energies up to second order in a/Chyp, yielding the approximate spectrum

E1,m
Z = −5Chyp

4
− a

4
m− a2

8Chyp

(
1− m2

4

)
, (E.3)

where the first term comes from the hyperfine shift, the second is the linear Zeeman splitting, and
the third is the quadratic Zeeman splitting. Having included the functional dependence with m,
it becomes clear that we can formulate an effective Hamiltonian for the f = 1 subspace in a weak
magnetic field,

ĤZ = −5Chyp
4
− µBB

2
f̂ z − µ2

BB
2

2Chyp

(
1− 1

4
(f̂ z)2

)
, (E.4)

where we replaced ge ≈ 2. In this expression we can see the linear and quadratic Zeeman field
contributions explicitely, of which only the latter is taken usually taken into account.
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F
Perturbation theory of the S = 1 BHH

Hamiltonian

In this appendix, we retrieve the effective Hamiltonian for the Mott insulator phase by taking the
kinetic energy of the S = 1 Bose-Hubbard Hamiltonian of Eq. 4.16 as a small perturbation. To do
this, we will apply quasi-degenerate perturbation theory (QDPT) [96], which restricts the Hilbert
space to a subspace of relevant states upon which a perturbed Hamiltonian acts. To do this, we
must first diagonalize the unperturbed Hamiltonian

Ĥ0 = −µ
∑
i,σ

n̂i,σ +Q
∑
i,σ

σ2n̂i,σ

+
∑
i

(
g2

2

(
â†1â

†
1â1â1 + â†−1â

†
−1â−1â−1 + 2â†1â

†
0â1â0 + 2â†−1â

†
0â−1â0

)
(F.1)

+
2g2 + g0

6
â†0â

†
0â0â0 +

g2 + 2g0

3
â†1â

†
−1â−1â1 +

g2 − g0

3

(
â†0â

†
0â1â−1 + â†1â

†
−1â0â0

))
,

where the first term is the chemical potential, the second one is the quadratic Zeeman field, and
the third is the interaction between spin 1 bosons. For simplicity, we will assume a two-celled
lattice, since it is the smallest possible one where a hopping perturbation makes sense. Taking this
into account, the basis states are

|1, 0, 0〉 |1, 0, 0〉 |0, 0, 1〉 |1, 0, 0〉 |2, 0, 0〉 |0, 0, 0〉
|1, 0, 0〉 |0, 1, 0〉 |0, 0, 1〉 |0, 1, 0〉 |0, 2, 0〉 |0, 0, 0〉
|1, 0, 0〉 |0, 0, 1〉 |0, 0, 1〉 |0, 0, 1〉 |0, 0, 2〉 |0, 0, 0〉
|0, 1, 0〉 |1, 0, 0〉 |1, 1, 0〉 |0, 0, 0〉
|0, 1, 0〉 |0, 1, 0〉 |1, 0, 1〉 |0, 0, 0〉
|0, 1, 0〉 |0, 0, 1〉 |0, 1, 1〉 |0, 0, 0〉

where the first ket corresponds to the first site, and the quantum numbers are |n−1, n0, n1〉. There
is a fourth column with the same states as the third but with the sites flipped. These states
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however would be redundant since the system is symmetric under parity, so we exclude them for
now.

Notice that the only states that are not already eigenstates of Ĥ0 are |1, 0, 1〉 |0, 0, 0〉 and
|0, 2, 0〉 |0, 0, 0〉. Fortunately, in this basis the Hamiltonian is block diagonal, so we only have to
worry about the subspace spanned by these two states. This block is given by(

2Q+ 2g0+g2
3

g2−g0
3

√
2

g2−g0
3

√
2 g0+2g2

3

)
, (F.2)

where we disregard the already diagonal chemical potential. Diagonalizing, we obtain the eigen-
values

λ± = Q+
g0 + g2

2
± 1

2

√
4Q2 + (g0 − g2)2 +

4

3
Q(g0 − g2). (F.3)

It is now possible to obtain the eigenstates

|+〉 = cosφ |1, 0, 1〉+ sinφ |0, 2, 0〉 |−〉 = − sinφ |1, 0, 1〉+ cosφ |0, 2, 0〉 , (F.4)

where

tanφ =
3λ+ − 6Q− 2g0 + g2√

2(g2 − g0)
. (F.5)

We now take the QDPT formula [96] to calculate the matrix elements of the effective Hamil-
tonian second order corrections:

H
(2)
mm′ =

1

2

∑
l

〈m |Ht| l〉 〈l |Ht|m′〉
[

1

Em − El
+

1

Em′ − El

]
, (F.6)

where m and m′ are the target states, and l are the virtual states. In the following table we show
these states numbered and with their respective energies:

Target Virtual

m State Em l State El
1 |100〉 |100〉 −2µ+ 2Q 1 |200〉 |000〉 −2µ+ 2Q+ g2

2 |100〉 |010〉 −2µ+Q 2 |+〉 |000〉 −2µ+ λ+

3 |100〉 |001〉 −2µ+ 2Q 3 |002〉 |000〉 −2µ+ 2Q+ g2

4 |010〉 |100〉 −2µ+Q 4 |110〉 |000〉 −2µ+Q+ g2

5 |010〉 |010〉 −2µ 5 |−〉 |000〉 −2µλ−
6 |010〉 |001〉 −2µ+Q 6 |011〉 |000〉 −2µ+Q+ g2

7 |001〉 |100〉 −2µ+ 2Q
8 |001〉 |010〉 −2µ+Q
9 |001〉 |001〉 −2µ+ 2Q
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Before calculating the whole set of 81 components, let us inspect the states more closely in order
to find symmetries and relations that will simplify the affair. First, the Hamiltonian is hermitian,
which means that we only need half of the matrix to determine it completely. Second, as mentioned
earlier, there is an additional set of virtual states obtained by transposing the sites. This implies
that calculations done with this reduced set will yield half of the actual result. Third, the target
states presented already contain these transposed states, for example |2〉 and |4〉, meaning that

these rows and columns are interchangable, i.e. H
(2)
2j = H

(2)
4j . Finally, there is also a simmetry

under spin inversion that leaves the Hamiltonian invariant under a simultaneous change of |1〉 for
|9〉, |2〉 for |8〉, |3〉 for |7〉, and so on. These four conditions imply that there are only five non-zero
components that are needed to determine the whole matrix:

H11 =− 4t2

g2

H22 =− 2t2

g2

H33 =2t2∆

H53 =t2
√

2ξ H55 =− 4t2Ω,

where

∆ =
cos2 φ

2Q− λ+

+
sin2 φ

2Q− λ−
Ω =

sin2 φ

λ+

+
cos2 φ

λ−

ξ = sinφ cosφ

(
1

2Q− λ+

− 1

λ+

− 1

2Q− λ−
+

1

λ−

)
.

All other matrix elements are either zero or can be determined using the symmetry relations.
Therefore, the complete matrix representation of the effective Hamiltonian is

H(2) =



−4t2

g2
0 0 0 0 0 0 0 0

0 −2t2

g2
0 −2t2

g2
0 0 0 0 0

0 0 2t2∆ 0 t2
√

2ξ 0 2t2∆ 0 0

0 −2t2

g2
0 −2t2

g2
0 0 0 0 0

0 0 t2
√

2ξ 0 −4t2Ω 0 t2
√

2ξ 0 0

0 0 0 0 0 −2t2

g2
0 −2t2

g2
0

0 0 2t2∆ 0 t2
√

2ξ 0 2t2∆ 0 0

0 0 0 0 0 −2t2

g2
0 −2t2

g2
0

0 0 0 0 0 0 0 0 −4t2

g2


. (F.7)

Since a small hopping amplitude t effectively constrains interaction to close neighbors, it makes
sense for the perturbed Hamiltonian up to lowest order to describe the nearest neighbor couplings.
Thus, we can expect the matrix of Eq. F.7 to be decomposable into a sum of operators such as
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Ŝα1 Ŝ
β
2 , where the superscripts are projection directions and the subscripts are the sites. We can

use the following decomposition:

Ĥ = Q
∑
i

(Szi )2 + a1(S1 · S2) + a2(S1 · S2)2 + a3(Sx1S
y
2 + Sy1S

x
2 )2 + a4(Sz1S

z
2)2. (F.8)

Since Q is a weak magnetic field, we can neglect terms proportional to Qt2 ∝ t4, which leaves us
with

a1 = −2t2

g2

a2 = − 4t2

3g0

− 2t2

3g2

(F.9)

a3 = 0 a4 = 0. (F.10)

The two non-zero constants can be parametrized as a1 = −J cos Θ and a2 = −J sin Θ, where

J = 2t2
√

10g2
0 + 4g0g2 + 4g2

2

3g0g2

tan Θ =
g0 + 2g2

3g0

(F.11)

and Θ takes values in the third quadrant. Thus, the effective Hamiltonian for the Mott insulator
phase is given by the so-called Heisenberg bilinear biquadratic Hamiltonian,

Ĥ = −J
∑
i

(
cos(Θ)Ŝi · Ŝi+1 + sin(Θ)

(
Ŝi · Ŝi+1

)2

+D(Ŝzi )
2

)
, (F.12)

where D = −Q/J , and it is clear that particles are interacting with their nearest neighbor.
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G
Topics in spin-12 transport.

Although the main objectives of our work focus on the ground state properties of a spin-1 system,
it is undeniable that we can and do lean on the vast body of work that centers on spin-1

2
quantum

mechanics. For instance, in Ch. 3, we solved the spin-1
2

Heisenberg XXZ chain in order to gain
experience and insight into spinor systems. This knowledge was invaluable when we tackled the
spin-1 chain in Ch. 4. Furthermore, in Ch. 5, we discussed how our spin-1 results can serve
as a basis for exploring further topics in condensed matter like magnetic transport. Thus, in this
appendix we will cover an example of a transport problem involving spin-1

2
particles in a magnetized

one-dimensional wire. This work was developed in paralel with the main objectives, and represents
the results of the author’s research internship at the University of Delaware (UD). Accordingly,
the author thanks Prof. Branislav Nikolic and the Quantum Transport Theory group (QTTG) at
UD for funding, guidance, and direction during the stay and with the following content.

Spin transport studies the dynamics of electrons in materials that often exhibit specific magnetic
textures. These textures can take many forms, from simple ferromagnetic samples to domain walls
(DWs) [168–171], skyrmions [172], and vortex cores [173, 174]. When the dynamics of these
non-colinear and non-coplanar textures is taken into account [175], the research becomes of great
interest to fundamental non-equilibrium many body dynamics, as well to technological applications
involving spintronics, like novel types of digital memories or computing methods [176–178]. In this
appendix, we will investigate a particular topic of interest pertaining to nanomagnetic wires hosting
ferromagnetic DWs: adiabaticity [179–182].

A DW occurs in between different ferromagnetic domains, i.e. regions of space within which the
magnetization is aligned in a specific direction, where the direction of magnetization is inverted.
The theoretical literature presents an intuitive picture of adiabaticity in DWs: a regime in which
the traversing electron’s spin tracks the magnetic texture, or equivalently, that the electron remains
in its lowest energy state as it moves through space [169, 179]. In clean magnetic wires [169, 181,
183], this is achieved for strong sd coupling Jsd between the texture and the electrons, and a slow
moving electron. Thus, adiabaticity is often assumed to be reached for

JsdwS

~vF
� 1, (G.1)
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where w is the width of the domain wall, vF the Fermi velocity of the electrons, and S the spin of
the magnetic texture. This adiabaticity parameter compares the time it takes for the electron to
align itself with the texture with the time it takes to cross the DW. The coupling Jsd is typically
measured to be close to 0.1 eV [184], while vF is set by the specific material, so adiabaticity
becomes mostly a function of the width w. With this approach, it becomes possible to explain the
vanishing electrical resistance reported for wide DWs [169].

However, any deviation from adiabaticity leads to novel effects. Of particular interest is the
non-adiabatic spin-transfer torque (STT) [180, 182, 185], by which the flowing electrons transfer
angular momentum to the localized spins that make up the underlying magnetic texture. While its
counterpart, adiabatic STT is well understood and has been reproduced by a number of transport
theories [186–188], the mechanisms behind non-adiabatic STT have proven to be controversial
over the past 20 years. Proposed theories refer to spin-orbit coupling, magnetic impurities [189–
191], momentum transfer [168, 192], genuine spin mistracking [183], and relativistic effects [188]
as the source of the so-called β term [181, 186], which is used to characterize non-adiabatic STT.
In fact, great effort has been dedicated to the calculation of this dimensionless β parameter,
without questioning the explicit form and modelling of non-adiabatic STT itself [186, 189–191].
An exception is Ref. [182], where non-adiabatic STT is argued to have both in-plane as well
as out-of-plane components, as opposed to the standard model used in much of the spintronics
literature which only has the latter.

However, all attempts to model non-adiabatic STT so far indicate a quickly decaying contri-
bution as w is increased. While this agrees with much of the current theoretical understanding, it
fails drastically to match experimental measurements of β, which find non-vanishing non-adiabatic
signatures even for wide DWs [170, 171, 173]. Therefore, it is reasonable to believe that the current
state of theory does not capture all of the relevant effects behind the elusive non-adiabatic STT
in non-colinear textures.

In order to investigate the nature of non-adiabatic STT further and add to the lively discussion,
we employ a numerically exact, fully microscopic formalism to simulate an open quantum system
consisting of a one-dimensional magnetized conducting nanowire hosting a ferromagnetic DW
that is driven out of equilibrium by two normal metal (NM) leads that connect the wire to two
electrochemical reservoirs assumed to be infinitely far away. This is represented schematically in
the diagram of Fig. G.1. The wire is modeled as a 1D tight-binding (TB) chain with a localized
magnetic moment (LMM), Mi(t), at each site i. The LMMs are unit vectors pointing along the
direction of the local magnetization, and evolve classically according to the Landau-Lifshitz-Gilbert
(LLG) equation [193],

∂Mi

∂t
= −gMi ×Beff

i + λMi ×
∂Mi

∂t
+

g

µM

(
Tad
i + Tnad

i

)
, (G.2)

where g is the gyromagnetic ratio, and λ is the Gilbert damping parameter, here chosen to be
λ = 0.01 as is the case for real nanowires [194]. Notice that the time-dependent coupling to the
conduction electrons is given by the adiabatic and non-adiabatic torques, Tad

i and Tnad
i respectively,
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Figure G.1: Schematic diagram of the 1D wire hosting a Néel DW. In the active region between
the NM leads, red arrows represent LMMs coupled to each other through a Heisenberg exchange,
and subject to easy-axis anisotropy. Electrons flow on top, and acquire a non-zero expected value
of spin (blue arrows) due to the local magnetization. In equilibrium, this local spin density aligns
with an adiabatic direction, in general different than Mi. In a non-equilibrium regime, like after
injection of current, additional time-dependent deviations from 〈ŝi〉ad

t (grey arrow) are obtained.

which will be rigorously defined below. The effective magnetic field, Beff
i = − 1

µM
∂H/∂Mi, that

acts upon each site is given in terms of the classical Hamiltonian

H = −J
∑
i

Mi ·Mi+1 −K
∑
i

(M z
i )2 +D

∑
i

(My
i )2, (G.3)

where the LMMs are coupled to to their nearest neighbors through a J = 0.1 eV exchange, and
are subject to an easy-axis anisotropy, K > 0, and a demagnetization field, D = 0.03 meV, which
corresponds to approximately 1 T. Here we find a difference between the current treatment and
that of the main body of work: the magnetic texture is treated classically, even though the real
quantum behavior could potentially be captured by a spin lattice like our own BBH model in
the IFM phase. This is especially clear when we recognize that the easy-axis anisotropy could be
simulated with our quadratic Zeeman field. Although the classical approximation and the LLG
evolution is widely and successfuly used in the literature, its actual range of validity is not perfectly
understood and has recently been investigated in the QTTG [195].

The Hamiltonian H allows ground states that exhibit DWs, which smoothly separate two
opposite ferromagnetic domains [169]. The width of the DW is determined by the ratio w =

√
J/K,

and its profile can be determined to be

Mx
i = sech((XDW − i)/w),

My
i = 0, (G.4)

M z
i = tanh((XDW − i)/w),
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Figure G.2: A dc bias, Vb = 0.05 eV, is gradually turned on. Panel (a) shows the spin currents ISzch
measured to the L and R of the DW as they reach a steady state. The ratio of these currents defines
a transmission coefficient for polarized current shown in (b): the adiabatic regime is reached for
Jsdw/γa > 1.0. Otherwise, polarization to the left of the DW decreases due to e ↑ being reflected.
At Jsdw ≈ 0.5γa, the reflected current perfectly cancels the incoming polarization, as shown by
(d), explaining the divergence in (b). Panel (c) shows the alignments of the relevant vectors as we
move into the adiabatic regime.

corresponding to a Néel DW, where XDW is the center of the DW. Furthermore, the inclusion of
the demagnetization field allows the DW to be driven by current injected into the system.

In addition to the LMMs, the conduction electrons in the nanowire are described with the
one-dimensional TB Hamiltonian

Ĥ = −γ
∑
i

ĉ†i ĉi+1 − Jsd
∑
i

ĉ†iσ ·Mi(t)ĉi, (G.5)

where ĉi = (ĉ†i↑, ĉ
†
i↓) is the row vector of creation operators for electrons with spin σ =↑, ↓ on site

i, σ is the vector of Pauli matrices, and γ = 1 eV is the hopping parameter to nearest neighbors.
The electrons are time-dependent through the Jsd exchange with the LMMs. To the left (L) and
right (R) of the nanowire, semi-infinite NM leads are attached, modeled by the first term of the
Hamiltonian in Eq. G.5. To run current through the wire, a dc bias voltage is applied by changing
the electrochemical potentials, µL/R = EF±eVb/2, of the L and R reservoirs at the assumed ends of
the leads. Thus, by allowing the bias voltage Vb to change in time, the desired potential difference
can be achieved either instantly or gradually.
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To study the STT of the system, it becomes necessary to rigorously define the adiabatic and
non-adiabatic contributions to the time dependent local spin density, since the coupling between
LMMs and conduction electrons rely on this quantity. In an open system, we can use the adiabatic
density matrix [196–198]

ρ̂ad
t = − 1

π

∫
dE Im Ĝr

tf(E), (G.6)

given in terms of the retarded Green function (GF) Ĝr
t =

[
E − Ĥ [Mi(t)]− Σ̂L − Σ̂R

]−1

, where

σ̂L/R are the self-energies due to the NM leads. It is important to note that ρ̂ad
t evolves paramet-

rically with time by considering instantaneous configurations of Mi(t) and effectively assuming
∂tMi = 0. Thus, ρ̂ad

t can be understood as the lowest order term in a power series expansion in
∂tMi of a non-equilibrium density matrix

ρ̂nad(t) = −i~Ĝ<(t, t), (G.7)

computed using the time diagonal of the lesser Green function Ĝ<(t, t′) from time-dependent
non-equilibrium Green function (TDNEGF) formalism [199]. The complete coupled evolution of
the LMMs and the TB electrons is done using the algorithm of TDNEGF+LLG introduced in
Ref. [200], which evolves both the quantum and classical system in time steps of 0.1 fs, and
self-consistently feeds each system with the information of the other in every step.

The obtained density matrices allow us to calculate the expected value of the local non-
equilibrium spin density of the conduction electrons as

〈ŝi〉neq(t) = Tr[ρ̂neq(t) |i〉 〈i| σ̂] (G.8)

= 〈ŝi〉ad
t + δ〈ŝi〉(t),

where the natural decompostion of the second line separates the adiabatic and non-adiabatic
contributions to the spin density. The intuitive picture given by much of the theoretical literature
is based on the assumption that 〈ŝi〉ad

t aligns with the LMMs. However, this has been shown to be
false by spintronics [201], Berry phase [202, 203], and non-colinear DFT research [204]; the electron
spin in the adiabatic regime does not align with Mi, but with a different direction that points along
an effective magnetization [182, 202]. This is reproduced by our calculations and shown in Fig.
G.2(c) and (d). Consequently, it becomes necessary to emphasize that, while in some literature,
δ〈ŝi〉 is retrieved from semiclassical transport theory and denotes a deviation of the spin density
from Mi, here we rigourously define it with respect to the effective adiabatic direction, equivalent
to 〈ŝi〉ad

t . All the spin densities and their respective directions are illustrated in the inset of Fig.
G.1.

With the spin density properly defined, it is natural to extend this definition to the torques
exerted by the electron upon the DW. Therefore, let

Tad
i (t) = Jsd〈ŝi〉ad

t × Mi(t) and Tnad
i (t) = Jsdδ〈ŝi〉(t) × Mi(t), (G.9)
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Figure G.3: Panel (d) shows the spatial pro-
file of the torques exerted throughout the chain,
peaking at and around XDW . Maximum val-
ues for |Tnad,ad

i | are analyzed in (a)-(c) find-
ing that |Tnad

i | saturates to a finite value and
both torques are equally relevant in the adia-
batic regime.
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Figure G.4: The components of Tnad
i are plotted

in (a) and (c) for a moving and static DW. Pan-
els (b) and (d) show that some of the previously
reported features of non-adiabatic STT, like fast
decaying Tnad

i , non-local oscillations, and only
out-of-plane components are found to be as ar-
tifacts of an improper treatment of DW motion.

which is equivalent to introducing the usual mean field coupling−JsdMi(t)·〈ŝi〉neq(t) in the classical
Hamiltonian of Eq. G.3 [200].

Before simulating the full coupled evolution of the DW and the conduction electrons, it is useful
to reformulate the adiabatic parameter of Eq. G.1 in terms of our system as Jsdw/γa and establish
the range in which adiabaticity is obtained in our lattice. Thus, we set the LMMs in an initial
Néel DW configuration as given by Eq. G.4, and suppress LLG dynamics so that we can study
the scattering of electrons exclusively. Then, a dc voltage was gradually established according to
Vb = V (tanh((t− t0)/τ) + 1), where V = 0.05 eV, t0 = 25 fs, and τ = 10 fs, establishing a charge
current accross the wire. As shown in Fig. G.2(a), the current becomes polarized over a period of
time of about 50 fs, longer than it takes for the constant voltage to be established; at around 100
fs, a steady state is obtained. We then measure the local current between site i and i+1, IS

z

i→i+1(t)
at time 140 fs for sites i = 2 and i = 38, so that we obtain the incident and transmitted polarized
spin currents. In our convention, IS

z

i→i+1 > 0 implies a spin-up current in the +x direction. These
currents allow us to define a transmission coefficient IS

z

38→39(t)/IS
z

2→3(t), plotted in Fig. G.2(b) as a
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function of the adiabatic parameter Jsdw/γa. We find that fixing w and varying Jsd is equivalent to
its opposite, cementing Jsdw/γa as an adequate characterization of the scattering. Furthermore,
our calculation yields negative IS

z

2→3(t) for small Jsdw/γa, meaning most spin-up electrons are
reflected by the DW. The reflection gradually decreases, until at Jsdw/γa ≈ 1.0 it is small enough
that it is perfectly cancelled by the incident spin current and IS

z

2→3(t) = 0 for a null polarization.
Consequently, this is shown as a divergence in our transmission coefficient, and marks the beginning
of the adiabatic regime. Further increasing the adiabatic parameter causes even more current to
be transmitted, eventually converging to IS

z

38→39(t)/IS
z

2→3(t) → −1 signifying a total transmission
and inversion of polarization of the spin current due to the tracking of the electrons.

Having elucidated on the range of the adiabatic regime in our lattice system, we turn LLG
dynamics back on, and allow for current driven motion of the DW itself. This allows us to
calculate the torques along the wire, whose spacial profiles are plotted in Fig. G.3(d). In Fig.
G.3(a-c), we analyze the maximum values of |Tnad

i |, reached at XDW (t), and of |Tad
i |, reached at

XDW (t)± 2. The plot of Fig. G.3(d) demonstrates that non-adiabatic STT does not decay to zero
in the adiabatic regime deciphered from our scattering analysis, but instead saturates for wide
DWs. This result agrees with experiments that report a relative insensitivity of nonadiabatic STT
to w. Furthermore, we find that, while the DW lies in the xz plane, Tnad

i has a non-vanishing
y component (see Fig. G.4(a) and (b)), which is often associated with non-adiabatic STT in the
literature. In addition to this, our rigorously defined Tnad

i also has in-plane components, similar
to those found by Ref. [182]. We note that when computed with a static DW, i.e. suppressing
the self-consistent LLG evolution, the out-of-plane component is the dominant contribution to the
non-adiabatic STT, and it does decay quickly as shown in Fig. G.4(d), suggesting that previous
approaches have neglected the proper non-equilibrium evolution and therefore missed the source
of the non-vanishing β term. Additionally, the large oscillations of the Tnad

i outside of the static
DW region shown in Fig. G.4(c) were reported by Ref. [182] and interpreted as signatures of
non-locality. However, our results reframe it as an omission of the self-consistent non-equilibrium
evolution of the system.

In conclusion, we showed that a proper treatment of the non-equilibrium dynamics and a
rigorous definition of adiabaticity leads to proper calculation of non-adiabatic STT, matching the
experimental reports of a non-vanishing β term, even for wide DWs. We achieved this through
a fully microscopic and self consistent simulation of the coupled classical-quantum system. The
discrepancies with the previous theoretical approaches are due to an inadequate treatment of
DW motion, producing widely applied models for STT. We can also trace the incongruencies
to the expectation that electronic dynamics can be ”integrated out”, leaving closed expressions
for STT that only depend parametrically on macroscopic characteristics of the electrons, such as
polarization and current. Notice that further research in this area could resemble our main focus of
study, as a full quantum treatment of the magnetization dynamics would include a one-dimensional
lattice of localized quantum spins, something that combines the main themes of the whole work:
one dimension, and spin chains.
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