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Resumen

En este proyecto se estudia el sistema formado por dos condensados de Bose-Einstein acoplados,
conocido también como juntura bosónica de Josephson. Se usa un modelo de pozo doble para
atrapar los átomos ultrafrı́os y se presta especial atención al caso poco estudiado en la literatura de
pozos asimétricos. Para ello se hace una breve introducción a los condensados de Bose-Einstein y
su relación con redes ópticas. Se describe también el modelo de Bose-Hubbard restringido a dos
pozos y se considera un número grande de partı́culas que permite hacer uso de la aproximación
semiclásica de campo medio. Al introducir la anisotropı́a en este sistema, se encuentra que
hay un rompimiento se simetrı́a en el espacio de fase, que puede ser interpretado como un
proceso disipativo que emerge en la dinámica semiclásica, aunque el flujo total de partı́culas
se conserva. Adicionalmente, se estudia este mismo sistema usando el formalismo de espı́n
considerando un número grande de bosones. Bajo este enfoque, la anisotropı́a afecta a el sistema
de la misma forma como un efecto Zeeman, donde el dı́mero se comporta como un modelo de
espı́n total N/2 en presencia de un campo magnético externo proporcional a ∆. Se estudian los
valores esperados de las componentes de espı́n y sus varianzas, en especial para Ŝz, que por
definición representa la diferencia de partı́culas para ambos pozos y depende fuertemente de
la anisotropı́a. Las fluctuaciones cuánticas para Ŝx, Ŝy, y Ŝz disminuyen cuando el número de
partı́culas aumenta, particularmente como ∝ 1/N , sugiriendo que Ŝx, Ŝy, y Ŝz se vuelva más
localizado cuánticamente cerca al lı́mite semiclásico.

Palabras clave: átomos ultrafrı́os, redes ópticas, Juntura bosónica de Josephson, dı́mero, con-
densado de Bose-Einstein.
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Abstract

This project studies the system formed by two coupled Bose-Einstein condensates, also known
as the bosonic Josephson junction. A double-well model is used to trap the ultracold atoms, and
special attention is paid to the understudied case of asymmetric wells. A brief introduction to Bose-
Einstein condensates and their relationship to optical lattices is provided. The Bose-Hubbard model
restricted to two wells is also described, and a large number of particles is considered, allowing for
the use of the semiclassical mean-field approximation. By introducing anisotropy into this system,
a symmetry breaking in phase space is found, which can be interpreted as a dissipative process
emerging in semiclassical dynamics, although the total particle flux is conserved. Additionally, this
same system is studied using the spin formalism considering a large number of bosons. Under
this approach, the anisotropy affects the system in the same way as a Zeeman effect, where the
dimer behaves as an N/2 spin model in the presence of an external magnetic field proportional to
∆. The expectation values of the spin components and their variances are studied, especially for
Ŝz, which by definition represents the difference of particles for both wells and depends strongly
on the anisotropy. The quantum fluctuations for Ŝx, Ŝy, and Ŝz decrease with increasing particle
number, particularly as ∝ 1/N , suggesting that Ŝx, Ŝy, and Ŝz becomes more quantum localized
near the semiclassical limit.

Keywords: ultracold atoms, optical lattices, Josephson bosonic junction, dimer, Bose-Einstein
condensate.
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trabajo y de lo que he aprendido.

A mis amigos de cohorte, a mis mejores amigos Steven Sánchez y Camilo Taborda; a mi mejor
amiga, Isabel Cristina Mallama, y a su esposo Magnus; y también a toda la familia Pérez.
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1 Introduction

The Bose-Einstein Condensate (BEC) has been of great relevance in the physics of the condensed
matter and the quantum statistical mechanics. [1]. It opens new perspectives in various areas such
as quantum optics, coherent control, quantum simulation, etc. [2] It was first theorized in 1924 by
Bose [3] and Einstein [4] but it wasn’t until the year 1994 that the first experiments were carried out
by Cornell and Wieman [5], Ketterle [6], and Hulet [7,8]. It is known that in order to trap and cool
down a BEC different kind of traps have been developed, including optical lattices [2,8], generated
by counter-propagating laser beams, as a consequence periodic standing waves are generated
whose wavelength is on the order of a few hundred nanometers [9,10]. The interaction between
two BECs has aroused particular interest due to the great variety of phenomena associated
with the exchange of particles between the BECs, such as π oscillations, Josephson effects or
coherent oscillations [11]. This kind of systems (also known as dimers or Josephson bosonic
junctions) consist of many ultracold atoms in double wells. Therefore, the models developed for
the description of a cold boson gas in a lattice are adapted to this class of systems. One of the
best established models is the Bose-Hubbard [12], whose Hamiltonian includes the interaction of
particles in the same well and the hopping of particles between neighboring sites [13] . The Bose-
Hubbard model combined with the mean field approximation leads to a semiclassical description
of the BEC dimer. It should be noted that dimers with symmetrical wells have been widely studied
theoretically [11, 14–16] and experimentally [17, 18]. This project explores the boson system in
an asymmetric double well, which can be produced, for example, by a static field or by gravity
effects at the mean field limit. The following chapter presents the theoretical background, along
with the fundamental concepts relevant to this study. Subsequently, the semiclassical mean-field
approximation is examined, followed by an analysis of the same dimer system using the spin
formalism. Finally, the findings of the study using both approaches are discussed.
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2 Theoretical Background

This chapter briefly introduce the basic fundamental concepts necessary to clearly understand this
work. We start with some basic solid state concepts, such as the energy band structure of particles
under a periodic potential, then a quick introduction to the Bose-Hubbard model for ultra-cold
atoms, and finally we take a look at the Wannier-Stark effect, whose properties are of special
interest in this work.

2.1 Energy bands for a one-dimensional periodic potential

We wish to study how a Bose-Einstein Condensate behaves in an optical lattice. The simplest form
of such lattice is the result of two counter-propagating laser beams and can be expressed in one
dimension as a periodic potential [2,19] of the form

V (x) = Vo cos

(
2π

a
x

)
= Vo cos (kLx) ,

where Vo is the intensity of the laser beam and kL is the propagation vector of the laser beam.
First, we consider the Hamiltonian of a single particle Hone in one dimension, i.e neglecting, by
now, the interaction between the particles and external linear force. Such Hamiltonian only has a
kinetic energy and the periodic potential mentioned above, so that it reads

Hone =
p2

2mo
+ V (x), (1)

with p and mo being the particle’s momentum and mass, respectively. According to the Bloch’s
Theorem, the eigenfunctions of Hone are given by ψα

k = eiκxuακ(x), where the Bloch’s function
uακ(x) satisfies the same translational or periodic symmetry as V (x) does, that is V (x) = V (x+ d)
and uακ(x) = uακ(x+ d). Here κ represents a quasimomentum and α the band index. Replacing
the eigenfunctions in (1), we can obtain the time-independent Schrödinger equation[

(p+ hκ)2

2mo
+ V (x)

]
uακ(x) = Eα

κ (x)u
α
κ . (2)

Moreover, the Bloch’s functions can be written as Fourier series as

uακ(x) =
∑
n

un(α, κ)e
i2πnx

a . (3)

Replacing (3) in (2), we obtain:[
(k + n)2 +

∫ a

−a
ei2π(n−m)x

a
V (x)

Er
dx

]
uακ(α, k) = ϵαku

α
κ(α, k),

where kL = 2π/a, Er = ℏ2k2L/2mo, k = κ/kL is dimensionless quasimomentum and ϵαk = Eα
κ /Er

is dimensionless energy. Replacing the periodic potential V (x) mentioned earlier, the matrix
elements of the matrix we want to diagonalize are given by[

(k + n)2δn,m +
Vo
Er
a(δn,m+1 + δn,m−1)

]
uακ(α, k). (4)

We can obtain numerically an expression for ϵαk (k). Setting Er = kL = a = 1 and n = m = 5, i.e.
a 5× 5 matrix, the eigenvalues plotted in Mathematica1 are shown in Figure 1. We can see that
the energy bands do not cross with each other, unlike if we have terms with δn,m+s, with s ̸= 1.
The functions’ energy gap and “smoothness” increase with the potential Vo.

1It is important to note that all the remaining results in this work were obtained using Mathematica and Python.
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(a) Vo = 0.1. (b) Vo = 3.

(c) Vo = 10.

Figure 1: Eigenenergies ϵαk (k) in terms of the dimensionless quasimomentum k varying the values of Vo.

2.2 Bose-Hubbard Model for ultracold atoms

The Bose-Hubbard model is a versatile tool for modeling several systems in the condensed
matter and quantum systems, such as ultracold atoms, localization phenomena, quantum phase
transitions, quantum computations and quantum information processing, among others. [24–
26]

Historically, it was first proposed the Hubbard model, which studies the behavior of a gas of valence
electrons under a periodic potential (lattice of the atoms). Later there was introduced the Bose-
Hubbard model to study bosons under the same periodic potential [30]. It was realized that one can
use this model on ultracold atoms in optical lattices by replacing the electrons with bosons which
would act as ultracold atoms. Because of its high degree of controllability and precision, studying
ultracold atoms in optical lattices is more advantageous than solid state systems. Moreover,
the interactions can be controlled via Feschbach resonances [2]. The Bose-Hubbard model is
described by the following Hamiltonian [25],

ĤBHM = −J
∑
⟨i,j⟩

(
â†i âj + â†j âi

)
+
∑
i

U

2
n̂i(n̂i − 1) + µ

∑
i

n̂i, (5)

where â†, â and n̂ are the boson creation, annihilation and number operators of particles, respec-
tively. The symbol ⟨...⟩ represents here that the sum is restricted only to nearest neighbors over
the whole lattice. J and U are experimental parameters and µ is the chemical potential. The first
term, with the parameter J , is the tunneling or hopping term where we can see the term â†i âj as
the movement of a boson from one site to the other, or said formally the destruction of the boson
at the j-th site and the creation of a boson at the i-th site, and the same with the other term. The
second term represents the interaction potential among bosons (two or more) within the same site.
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Note that if we have only one atom in one site (n̂i = 1), this term would vanish. The third term
stands for the chemical potential times the total number of particles.

There are two main regimes at 0K temperature within the thermodynamic limit: the superfluid and
the Mott insulator regime. Depending on the ratio of J

U , the system can either be in one of those [27].
The superfluid regime occurs when the tunneling parameter J dominates over the interaction
strength U , i.e. when J/U ≫ 1. In this regime, the bosons are not localized across the lattice due
to the strong tunneling between sites. Since the particles are not confined to individual wells, the
system behaves like a big quantum state with long-range phase coherence. As a consequence, the
ground state of the system, the so-called “infinitely shallow lattice” (unlike “infinitely deep lattice” as
in the Mott regime) [28], can be described as a superposition of bosons covering the whole lattice
and the particles occupy the same quantum state, such as a Bose-Einstein Condensate. In this
regime, the energy fluctuations are minimized and the variance of the number of particles operator
per site is close to zero (σ̂i =

(
⟨n̂2i ⟩ − ⟨n̂i⟩2

)1/2 ≈ 0) [27]. Moreover, the phase diagram exhibits
an excitation spectrum with no gaps. The system in this regime is highly sensitive to external
perturbations such as changes in the chemical potential or the lattice depth [27].

On the other hand, the Mott insulator regime occurs when the on-site interaction strength U
dominates over the tunneling or hopping amplitude J , i.e. when J/U ≪ 1. In this regime, the
repulsive interactions between bosons are so strong that they prevent multiple particles from
occupying the same lattice site, leading to the localization of particles at individual wells, leading to
the system losing phase coherence [27]. Here the variance of the number of particles operator
per site is non zero (σ̂i =

(
⟨n̂2i ⟩ − ⟨n̂i⟩2

)1/2
> 0) and the system is characterized by an energy

gap between the ground state and the first excited state, because adding or removing a boson
in each site requires energy and such energy is proportional to the interaction strength U , or in
other words, the stronger the interactions between particles, the more energy is required to add or
remove a particle, leading to a larger energy gap [24,27]. Because of the fixed number of particles
per site, the Mott insulator is said to be incompressible and small changes in the chemical potential
µ won’t vary the distribution of bosons at each site nor any small external perturbations. Unlike the
superfluid phase, its phase diagram is shown as an excitation spectrum with gaps, and each site is
effectively decoupled from its neighbors [27].

Figure 2: Sketch of the phase diagram of the Bose-Hubbard model, showing the temperature T as a function of the
ratio J

U
. Here the two quantum phases, Mott insulator and superfluid are observed. When T ≫ 0, the ”normal” phase

emerges, where the quantum properties of the gas are lost, and the bosons behave as a classical Bose gas. Taken
from [29,32].

Moreover, the transition between the superfluid and Mott insulator phases is a quantum phase
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transition that occurs at zero temperature due to quantum fluctuations. As mentioned above, the
critical point of the transition is determined by the ratio J/U , more specifically a critical value ( JU )c.
This ratio is tuned by adjusting the parameters J and U (for instance, through changes in the
lattice depth or via Feshbach resonances). In an optical lattice, this phase transition has been
experimentally observed in cold atom systems, where ultracold bosonic atoms are trapped in
periodic potentials formed by interfering counter-propagated laser beams [2,27]. By varying the
lattice depth, the tunneling or hopping amplitude J can be finely controlled, allowing precise system
tuning across the superfluid-Mott insulator transition. Additionally, the parameter U can be tuned
using Feshbach resonances: By applying an external magnetic field, one can modify the interaction
strength between two scattering particles, which is proportional to U . These experiments have
confirmed the theoretical predictions of the Bose-Hubbard model and highlighted the importance
of quantum correlations and interactions in driving the phase transition [27].

The experimental realization of the Bose-Hubbard model using ultracold atoms in optical lattices
has provided a direct observation of the superfluid-to-Mott insulator transition, making it one of
the most significant milestones in quantum simulation. Ultracold atoms are an ideal platform for
simulating the Bose-Hubbard model because of their high degree of tunability and the ability to
control both the interaction strength U and the hopping amplitude J . This experimental control has
allowed researchers to explore the phase diagram of the system, including both equilibrium and
non-equilibrium dynamics of the superfluid and Mott insulating phases [2]. Moreover, understanding
the superfluid and Mott insulator regimes has several implications in other areas of physics, such
as quantum information processing and condensed matter physics: the superfluid regime is also
closely related to the behavior of superconductors and superfluids in real materials. In contrast, the
Mott insulator regime provides insights into strongly correlated electron systems and the physics of
high-temperature superconductors [2,27].

2.3 Wannier-Stark effect

The Wannier-Stark effect refers to the movement of particles in a lattice subjected to a constant
external field. It was originally discovered in the context of solid-state physics, the effect arises when
a periodic potential, e.g. as an atomic lattice, is combined with a uniform electric field [33,35–38].
The external field tilts the potential, causing energy levels within the lattice to shift and localize.
When a constant external field F is applied, it adds a linear potential to the Hamiltonian

Ĥ = Ĥo + Fx,

where Ĥo is the Hamiltonian of the particle in the periodic potential, and Fx is the potential energy
due to the external field. The presence of this linear term breaks the translational symmetry of
the system, and the energy spectrum changes from continuous energy bands to a Stark ladder of
discrete levels [34]. On the other hand, the energy eigenvalues in the presence of the external
field are given by

En = Eo + n∆E,

where ∆E = Fa is the energy difference between successive sites and a is the lattice parameter.
These quantized levels, known as Wannier-Stark ladders, show the localization of the particle due
to the external field F [34]. The Wannier-Stark effect causes the particle to spatially localize around
certain lattice sites, which differs to the case of Bloch oscillations, where the particle delocalizes
across the lattice without dissipation [39, 40]. The Wannier-Stark effect has been observed in
several physical systems, from solid-state crystals to ultracold atoms in optical lattices [34, 41].
In optical lattice experiments, the Wannier-Stark effect is studied through the application of a
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x

V(x)+Fx

Figure 3: Scheme of the asymmetrical Wannier-Stark potential in one dimension x. Under all the considerations
mentioned in the last section, we wish to add an external linear potential Vext = Fx, so the double well will be
asymmetric.

controlled external field, such as gravity or a magnetic gradient. Such experimental setup has
enabled us to directly observe Bloch oscillations, Stark ladders, and Wannier-Stark localization in
cold atomic gases [41,42]. In solid-state physics, the Wannier-Stark effect is useful, particularly
in the design of semiconductor superlattices and quantum wells [40,43]. It also has applications
in quantum transport [40] and electron mobility in devices [44] among others, due to its ability to
control electron localization through external fields.
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3 Semiclassical mean field approximation

In this chapter, we take a look at the interesting case in which we have a large number of ultracold
bosons within two optical lattices, also known as dimer2. This system is studied semiclassically
for two different cases: the isotropic case, meaning that the optical lattice is symmetric therefore
the Wannier-Stark effect is absent, and the anisotropic case, meaning that the optical lattice is
asymmetric and therefore tilted where the Wannier-Stark effect can be observed. The first case,
the symmetry dimer, has already been studied in the literature and it is revised here so that we
have a foundation to study the anisotropic dimer, which is new in the literature and also compared
to the previous case.

3.1 The isotropic case

Since our purpose is to study the dynamics of a bosonic dimer, we start the description of our
system with the Bose-Hubbard model (5). Observe that all the terms of this Hamiltonian run
over all sites. However, to explore the dimer case, we restrict the summation to only two sites,
yielding

HD = −J(â†1â2 + h.c) +
U

2
(n̂1(n̂1 − 1) + n̂2(n̂2 − 1)). (6)

Since we study a system with a fixed and significantly large number of particles, we neglect the
term involving the chemical potential µ, since in a closed system, it remains constant and merely
shifts the energy without affecting the dynamics. We calculate the expected value of the dimer
Hamiltonian using coherent states |α1α2⟩. Recall that the coherent states of two wells are

|α1α2⟩ =
∞∑
n,m

αn
1α

m
2√

n!m!
e−

(|α1|
2+|α2|

2)
2 |n1n2⟩, (7)

where α are the eigenvalues of the annihilation operator â. Note that it is an infinite sum, therefore
we reach a regime where we work with an infinite number of particles. Thus, coherent states are
particularly useful for approximating within such a specific regime.

From the first term of (6) we get

⟨α1α2|â†1â2 + h.c.|α1α2⟩ = α∗
1α2 + α1α

∗
2

= |α1||α2|
(
e−i(θ1−θ2) + ei(θ1−θ2)

)
= 2|α1||α2| cos(θ1 − θ2),

with αj = |αj |eiθj , j = 1, 2. Performing a similar calculation, we get the expected value of the
second term

⟨α1α2|(n̂1(n̂1 − 1) + n̂2(n̂2 − 1))|α1α2⟩ = |α1|4 + |α2|4.

Writing together this calculation and considering the difference of the phase of the coherent states
ϕ = ∆θ = θ1 − θ2, the total number of particles N = |α1|2 + |α2|2 and the imbalance or the
difference of population between the first and the second well Z = |α1|2 − |α2|2, we obtain

⟨HD⟩ = −J
√
N2 − Z2 cos(ϕ) +

U

4
(Z2 +N2).

2The name dimer comes from Biology and Chemistry, and means a structure made of two similar units or monomers,
or simply a polymer of two units. Here it is referred to as two identical potential wells or optical lattice sites.
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Let’s define a new variable z = Z/N and H = ⟨HD⟩/JN , we obtain

H = −
√
1− z2 cos(ϕ) +

UN

4J
(z2 + 1)

= −
√
1− z2 cos(ϕ) +

UN

4J
z2 +

UN

4J
.

Note that the last term in blue represents a shift in the eigenenergies of the system, so we can
neglect it. Setting Λ = UN

2J , we get

H =
Λz2

2
−
√

1− z2 cos(ϕ). (8)

ϕ and z are canonically conjugated variables [11,45], and [ϕ̂, ẑ] = iℏeff, where ℏeff ∼ 1/N [47].
This turns out to be a semiclassical Hamiltonian if we consider N → ∞, because ℏeff → 0. The
Hamilton equations of (8) are given by

ż = −
√
1− z2 sin(ϕ),

ϕ̇ = Λz +
z cos(ϕ)√
1− z2

.

Once the dynamical equations are obtained, we know from Classical Mechanics that the fixed points
of these equations represent stable configurations. Thus, the fixed points of this semiclassical
Hamiltonian (8) represent quantum stable configurations. We can find the fixed points making
ϕ̇ = 0 and ż = 0. Therefore, if ϕ = 0, then

ϕ̇ =

(
Λ +

1√
1− z2

)
z = 0,

where we have two possibilities: z = 0 and z± = ± (Λ2−1)1/2

Λ . If z = 0, then

ż = − sin(ϕ) = 0,

then ϕ = 0, π. Now, to classify these fixed points: (z∗, ϕ∗) = (0, 0), (0, π), ( (Λ
2−1)1/2

Λ , 0), (− (Λ2−1)1/2

Λ , 0),
we must obtain the Jacobian matrix evaluated on each of these points and obtaining its eigenvalues.
For (0,0):

J(0,0) =

(
0 −1

1 + Λ 0

)
= J(0,π),

its eigenvalues are ±
√
−1− Λ, so it’s an unstable fixed point. Doing a similar process with

J∗
(± (Λ2−1)1/2

Λ
,0)

, we get the eigenvalues

±

√
−
√

1
Λ2 − Λ√

1
Λ2

√
Λ

,

therefore, it’s an unstable fixed point. Finally, we can obtain the phase space of (8). Note that there
is a bifurcation point between 0.5 ≤ Λ ≤ 1.5. We also can see all the stable fixed points found
above. From the Figure 4, we see the interesting behavior of the phase space of our system, and
that is its symmetry: given any value of Λ, we obtain a perfectly symmetric image to the axis z = 0
and ϕ = 0.
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(a) Λ = 0.5.
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(c) Λ = 5.

Figure 4: Phase space, i.e. z vs ϕ, for different values of Λ.

When Λ < 1 (see Figure 4a), we observe all fixed points are at z = 0. This means that one
stable configuration of our system occurs when the number of bosons in the first and the second
sites are the same (see an example scheme in Figure 5a). As Λ increases, or equivalently
UN > J , where the interaction effects are much larger than the kinetic ones, the stable fixed points
z± = ± (Λ2−1)1/2

Λ move further away from each other while remaining equidistant from z = 0. This
is a direct consequence of their mathematical expressions. Physically, this implies that our system
is equally stable when the boson populations in both dimers are equal, i.e., there is no right or left
distinction in terms of the system’s stability. In Figures 5b and 5c, we can see an exemplification of
this property. On the other hand, the stable points at ϕ = (−π, 0, π) do not change with Λ. Recall
that these values correspond to the phase differences in the coherent states.

(a) The population of bosons is the same
in both sites, i.e. |α1|2 = |α2|2. This
case corresponds to the stable fixed
point z = 0.

(b) We have a given |α1|2 = x number
of bosons in the first site and a given
|α2|2 = y number of bosons in the sec-
ond site.

(c) We have a given |α1|2 = y number
of bosons in the first site and a given
|α2|2 = x number of bosons in the sec-
ond site.

Figure 5: Scheme of three different cases of stable configurations of the isotropic dimer. The second two cases (b) and
(c) are indistinguishable in terms of stability.

3.2 The anisotropic case

So far, we have considered the case in which our system is not under the influence of an external
potential. In this section, we study our system of interest, which consists of an analogous system
with the difference of an external potential V due to an external electric field, for example, whose
action on the system results in a tilted potential or tilted periodic lattice, as shown in Figure 3.

Under these considerations, the Bose-Hubbard Model, also called the Wannier-Stark system [35]
[36], can be represented as

H = −J
L∑
l=1

(
â†l+1âl + h.c.

)
+
U

2

L∑
l=1

n̂l(n̂l − 1) + F
L∑
l=1

ln̂l + µ
L∑
l=1

n̂l,
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where L represents the total number of sites of the whole lattice. In this case, we have a term that
represents the on-site energy, the sum multiplied by the parameter F , and changes for each site,
suggesting that all sites have a different energy that increases one with respect to the previous
one. As in the previous case, the last term involves the total number of particles which does not
change since we are considering a closed system and thus can be neglected as well. Therefore,
the dimer in this case is given by

HD = −J(â†1â2 + h.c) +
U

2
(n̂1(n̂1 − 1) + n̂2(n̂2 − 1)) + ϵ1n̂1 + ϵ2n̂2,

unlike the isotropic case, we have two additional terms due to the on-site energy variability. Making
a calculation analogous to the case of the symmetric dimer, we obtain the semiclassical mean
field dynamics in the limit of a large number of particles and restricting the number of wells to two
(dimer) is given by the expected value of HD over the coherent states |α1 α2⟩

H =
⟨α1 α2|HD|α1 α2⟩

JN
= −

√
1− z2 cos(ϕ) +

Λ

2
z2 − M

2
z, (9)

where ϕ = θ1 − θ2, z = (|α1|2 − |α2|2)/N , Λ = UN
2J , N = |α1|2 + |α2|2 y M = F

J . Note that the
variable M contains the symmetry or asymmetry property of the dimer. If M = 0, we return to the
isotropic case (8). The Hamilton-Jacobi equations are

ϕ̇ = zΛ− M

2
+
z cos(ϕ)√
1− z2

,

ż = −
√
1− z2 sinϕ.

It is a system of two coupled differential equations whose solution can be found numerically. The
phase space of this system is represented in the Figure 7. Unlike the isotropic case, we observe
that the only stable points occur when z ̸= 0. This indicates that the most stable configurations of
the system involve a difference in the particle population between the wells. Furthermore, recall
that z = (|α1|2 − |α2|2)/N and in this case M > 0, i.e. a potential tilted upwards, this implies that
there is a tendency for the bosons to be in the first or the second site depending on the difference
of phase of the coherent states ϕ. If ϕ = {0, 2π} the bosons will prefer to be in the first site, being
in this case the less energetic site. However, if ϕ = π, the bosons will prefer to be in the second
site, the most energetic one.

(a) (b)

Figure 6: Under an asymmetric potential well, the bosons preferentially occupy one of the well’s sites. We present a
schematic representation of two cases: (a) where the bosons tend to occupy the less energetic site, and (b) where the
bosons occupy the more energetic site. In our phase space, case (a) corresponds to a phase difference of the coherent
states ϕ = {0, 2π}, while case (b) corresponds to ϕ = π.
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Analogously to the case of the symmetric dimer, the fixed point for z ≠ 0 depends on and increases
with the parameter Λ.

The stable points where ϕ = (−π, 0, π) also do not change with Λ and M , which means that the
current or movement of particles does not change with these variables. In order to explain this
behavior, recall that when we have a Hamiltonian of the form

Ĥexample = b̂†1b̂2 + h.c.,

which describes a particle created at the first site and annihilated at the second site. When
computing the expected value of Ĥexample using the coherent states α1 and α2, as introduced
in the semiclassical dimer chapter, we obtain hence ⟨α1α2|Ĥexample|α1α2⟩ = |α1||α2|ei(θ2−θ1) =
|α1||α2|e−iϕ, with ϕ = θ1 − θ2. Thus, whenever e±iϕ appears in the expectation values using the
coherent states, it indicates particle movement. If the phase is +ϕ, it corresponds to movement
from site 2 to 1, whereas phase −ϕ corresponds to movement from site 1 to 2. Therefore, the fact
that ϕ remains constant with and without anisotropy tells us that the external field affects solely the
distribution of the particles within the well but not the current or the movement of bosons in the
dimer.

Another simpler way to come to the same physical interpretation of the meaning of ϕ is to recall
the continuity equation in quantum mechanics

∂

∂t
ρ(r⃗, t) + ∇⃗ · J⃗(r⃗, t) = 0,

where ρ(r⃗, t) is the density of probability and J⃗(r⃗, t) the current of flux of probability for a given
wave function ψ(r⃗, t). The latter is defined as J⃗(r⃗, t) = −iℏ

2m (ψ∗∇ψ − ψ∇ψ∗). In the case of the
coherent states in one dimension, or ψ(x) = α(x) = |α(x)|eiθ(x), the current of probability is
proportional to the derivative or the change of θ, or mathematically J ∝ θ′(x) ≈ θ2 − θ1, because
of the chain rule applied to the exponential function. Therefore, we see one more time that the
variations or changes of θ are related to the current or flux.

One curious remark that is worth paying attention to: observe that the phase space of the
semiclassical Hamiltonian for Λ = 0.5 and M = 0 is very similar to the phase space of a simple
pendulum, taking ϕ = θ̃ and z =

˙̃
θ, where the tilde variables correspond to the canonically

conjugated variables of the simple pendulum system. Meaning that we have a “harmonic oscillator
behavior” where the system tends to have the same number of bosons in both sites, which is the
only stable configuration. All the other nearest configurations fall into the fixed points, as the same
way as falling into a potential well without escape. And we also have a region after the separatrix,
where the dynamics become unstable and we do not have fixed points or closed trajectories in
the phase-space. As mentioned previously, what matter from this Figure, is to see that having the
same number of bosons in the first and second site is the most stable distribution of bosons within
the wells for this choice of parameters Λ and M .

Overall, the symmetry with respect to the axis z = 0 disappears when we consider an asymmetrical
dimer (see Figure 8). This can be analyzed straightforwardly by examining the variable z in these
Hamiltonians. In the symmetric dimer Hamiltonian (8), the difference in the boson population, z, is
raised to the power of two in all the terms. In contrast, the asymmetric dimer Hamiltonian (9) treats
z differently, with terms that do not necessarily involve z2. This distinction highlights the differences
in how the two systems handle the distribution of particles across the dimer.
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(b) Λ = 1.5.
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Figure 7: Phase space, i.e. z vs ϕ, for different values of Λ and M = 1.
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Figure 8: Phase space for different values of Λ and M . The Figures above represent the isotropic case, that is, when
the wells are symmetrical, while the Figures below the anisotropic case.
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4 Spin representation of the dimer Hamiltonian

Thus far, we have explored the dynamics and stability of both isotropic (symmetric) and anisotropic
(asymmetric) dimers within the mean-field approximation. An alternative approach to studying
this system is to consider a global spin or a spin dimer representing the collective behavior of all
bosons in our optical lattice. Adopting this perspective allows us to explore the implications of
anisotropy, understand how the spin components reveal information about the dimer’s properties,
and identify additional methods for determining the most stable configurations. Furthermore, this
approach may provide new insights into the underlying physics and lead to a more comprehensive
understanding of the system’s behavior.
Let us recall the quantum Hamiltonian for the anisotropic dimer, given by

ĤD = −J(â†2â1 + h.c.) +
U

2
(n̂1(n̂1 − 1) + n̂2(n̂2 − 1)) + ϵ1n̂1 + ϵ2n̂2.

Now since we want to study the behavior near the anisotropic region, let us introduce the following
parameters

w = ϵ1 + ϵ2,

∆ = ϵ2 − ϵ1,

with ∆ = 0 in the symmetrical dimer case and ∆ ̸= 0 otherwise3.
We can rewrite the energies per site in terms of these variables as ϵ2 = w+∆

2 and ϵ2 = w−∆
2 .

Substituting into the Hamiltonian, we get

Ĥ ′
D = −J(â†2â1 + h.c.) +

U

2

(
n̂21 + n̂22

)
+

∆

2
(n̂2 − n̂1), (10)

where we have neglected the constant term (n̂1 + n̂2)
(w−U)

2 . In order to map the dimer Hamilto-
nian in terms of the spin operators, we introduce a representation of the Bosonic algebra using
Schwinger-map [46] given by

Ŝx =
1

2

(
â†2â1 + â†1â2

)
,

Ŝy =
1

2i

(
â†2â1 − â†1â2

)
,

Ŝz =
1

2

(
â†2â2 − â†1â1

)
=

(n̂2 − n̂1)

2
,

and write down the Hamiltonian H ′ in terms of these hermitian operators. Notice that these
operators satisfy the following commutation relations and reproduce the SU(2) algebra,

[Ŝx, Ŝy] = iŜz,

[Ŝx, Ŝz] = −iŜy,

[Ŝy, Ŝz] = iŜx.

So the Hamiltonian in terms of the spin operators turns out to be

Ĥ ′ = −2JŜx +∆Ŝz + UŜ2
z +

UN2

4
. (11)

3From here we can see the importance of this variable for the subsequent analysis.
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This spin dimer Hamiltonian (11) depends only on the Ŝz and Ŝx spin components 4. The spin in
the x-direction Ŝx becomes dominant when we have large values of J , which is the same as being
in the superfluid regime. In the Mott insulator regime, and in the case in which we have a large
anisotropy, the z-direction component Ŝz becomes dominant.

The term with ∆Ŝz suggests a Hamiltonian similar to the one in which we have a Zeeman effect
produced by an external field in the z-direction. However, this term only appears when ∆ ̸= 0. This
means that the net effect of the anisotropy in our system turns out to be the same as an external
magnetic field.

In addition, the spin representation depends on the total number of particles. Recall that Ŝz =
1
2(n̂2 − n̂1), and the difference of particles in the wells can be ±N , therefore z-spin component Ŝz
take values from −N

2 to N
2 , which depends on the total number of particles, and consequently it

can take 2
(
N
2

)
+ 1 = N + 1 values. From the spin point of view, the system behaves as a boson,

when N is even, and as a fermion when N is odd.

Figure 9: Scheme of the two approaches we use in this work to study the Bose-Hubbard dimer. The first one by using
the semiclassical mean field approximation where we have considered a system with a large number of particles, and
the second one by using the Schwinger Bosons (spin operations point of view) in which we consider a big net spin of
finite N . We can connect both approaches by making N → ∞ from the Schwinger Bosons model.

By completing the square, the previous Hamiltonian (11) can be exactly written as

Ĥ ′ = −J
(
Ŝ+ + Ŝ−

)
+ U

(
Ŝz +

∆

2U

)2

− ∆2

4U
+
UN2

4
. (12)

Notice that if J = 0, the minimum of (12) is achieved when the second term is minimized, i.e.
when the spin in the z-axis Ŝz = − ∆

2U . Again, note that the x-spin component Ŝx is relevant in our
Hamiltonian, with a strength controlled by the magnitude of J .

4As a special remark, a perturbative treatment of (11) can be done by using the Schieffer-Wolf formalism (see
Appendix 5).

18



4.1 Matrix elements

The dimer spin Hamiltonian shown before can be represented in a matrix form, we just have to
calculate ⟨j′,m′|H ′|j,m⟩, where {|j,m⟩} is the set of common eigenstates of Ŝz and Ŝ2. Recalling
the angular momentum theory, we know the result of applying the operators Ŝ± and Ŝz in this
basis Ŝ±|j,m⟩ = ℏ

√
j(j + 1)−m(m± 1)|j,m± 1⟩, and Ŝz|j,m⟩ = ℏm|j,m⟩. Recall that the z-

component of the collective spin ranges from −N
2 to N

2 allowing the Hamiltonian to be represented
as a (N + 1)× (N + 1) square matrix with matrix elements given by〈

j′,m′

∣∣∣∣∣Ĥ ′

U

∣∣∣∣∣j,m
〉

=− J

U

[
ℏ

√
N

2

(
N

2
+ 1

)
−m(m+ 1)δj,j′δm,m′+1

+ℏ

√
N

2

(
N

2
+ 1

)
−m(m− 1)δj,j′δm,m′−1

]

+ ℏmδj,j′δm,m′ +
∆

2U
δj,j′δm,m′

−
(

∆

2U

)2

δj,j′δm,m′ +
N2

4
δj,j′δm,m′ , (13)

where we have further divided by U to work with dimensionless parameters. Observe that, in
this |j,m⟩-basis, (13) is a tridiagonal matrix. The off-diagonal coefficients are given by the term
involving the ladder operators, i.e. the term with − J

U . Note that if J = 0, i.e. in the Mott insulator
regime, we would have a diagonal matrix, meaning also that the energies of the spin system point
out in the z-direction and the energies are given by Ẽm = ℏm+ ∆

2U −
(

∆
2U

)2
+ N2

4 .

However, in general, J ̸= 0, so it is necessary to diagonalize (13). Since our main interest is
to analyze how anisotropy affects the system, we compute and display the eigenvalues over N
in Figure 10 as a function of ∆ for different values of N . We observe that the first levels are
consistently separated from the others, a behavior reminiscent of the band structure in terms of the
dimensionless quasimomentum of a particle in a periodic potential (1). However, in this case, we
observe a change in the band structure when tuning the number of particles rather than adjusting
the external potential.

One of the most intriguing aspects of the energy level structure is the degeneracy occurring when
∆/U = 0 and ∆/U ∈ Z. This phenomenon is particularly noticeable in the excited states and
becomes more pronounced as N increases. The bands periodically overlap with both preceding
and subsequent bands; however, this overlap does not occur with the first band, which corresponds
to the ground state.

It is important to recall that this ground state is associated with the z-direction spin, Ŝz = −N
2 . This

indicates that the ground state of the dimer is represented by a negative component of Ŝz, pointing
downwards. This state will later be used to calculate the expected values of certain operators.
Conversely, the degeneracy of the energy bands also arises due to the Zeeman effect discussed
earlier in the spin Hamiltonian (11).

If ∆/U ̸= 0, a external magnetic field acts on our spin dimer, causing the spectral lines to split or
separate, as observed.

The states of the spin dimer Hamiltonian (13) were also obtained. The ground state profile in the
|j,m⟩-basis is plotted in the Figure 11. This plot displays the squared components of the ground
state vector on the y-axis, with the component indices on the x-axis. Nearly all components are zero,
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Figure 10: Eigenenergies over N of the spin Hamiltonian matrix representation as a function of ∆ for three different
numbers of particles N , fixing ℏ = 1, U = 1, and J = 1. It is important to mention that we are only interested in the first
energy band, i.e. the one corresponding to the ground state. Note that the gap between the first and second energy
bands is large and increases as ∆ becomes larger, indicating that our system is highly stable in the ground state.
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except for a non-zero coefficient near the center, suggesting that the ground state approximates
“unitary” vector. Numerically, as we increase the number of particles N , the probability profile
increasingly resembles a delta function, indicating that the vector approaches the unit vector êi.
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Figure 11: For N=5000 and ∆ = J = U = 1, this graph represents the normalized eigenvector values of the ground
state vs its components. Note that the majority of its components are zero

.

4.2 Expected values and quantum fluctuations of spin operators

Now, let us proceed to examine the expected values of the spin operators for each component,
using the ground state. The expected value, in this context, represents the average outcome we
would obtain upon measuring the respective spin operator. This analysis provides insight into
the behavior of the quantum system in its lowest energy state, allowing us to predict the likely
results of such measurements. Ŝz, Ŝx and Ŝy were plotted and shown in Figures 12, 13, and 14,
respectively.

In Figure 12a, where the normalized z-direction expected value, ⟨Ŝz⟩/
(
N
2

)
, is plotted as a function

of ∆
U and a fixed value of J

U and N , it is observed that the expected value when ∆ = 0, that is,
when there is no asymmetry in the double well, is null which is to be expected since in the original
model the asymmetry is responsible for a net collective spin along the z-axis (see (11)). More
specifically, the definition of Ŝz in terms of the Schwinger boson operators is proportional to the
difference in population between the two wells, which is zero in the isotropic case.

When ∆
U > 0, i.e., ϵ2 > ϵ1 or an external potential tilted upwards, we observe that ⟨Ŝz⟩ < 0,

indicating that n̂1 > n̂2. This corroborates the preference of the bosons to occupy the less
energetic site under an anisotropic lattice. We can also notice that ⟨Ŝz⟩ decreases with ∆

U , until
it becomes saturated when ⟨Ŝz⟩ = N

2 , which is the maximum value that this operator can attain
and represents the case in which all bosons occupy one site. The analysis is analogous for the
∆
U < 0 case, where bosons tend to occupy the less energetic site, which, in this case, is the second
one.

On the other hand, Figure 12b shows how the expected value changes with the experimental
parameters of the systems J/U , when ∆/U is fixed and positive. This corresponds to the case of
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a tilted upwards lattice. When J = 0, the expectation value ⟨Ŝz⟩ reaches a minimum at a negative
value, suggesting once again that the particles occupy the less energetic well, as ∆ > 0.

Additionally, as the hopping term increases, ⟨Ŝz⟩ tends toward zero, which aligns with the superfluid
regime. In this regime, particle movement between sites is so rapid that an equal number of bosons
occupy each site on average, meaning n̂1 ≈ n̂2, and thus ⟨Ŝz⟩ ≈ 0, regardless of the anisotropy
value.
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Figure 12: Normalized expected value of Ŝz varying ∆
U

with J
U

= 800 (left) and J
U

with ∆
U

= 800 (right). (a) Depending
on the asymmetry, notice that when we set the parameter ∆ to zero, we essentially remove this source of asymmetry
from the system. As a result, the net collective spin along the z-axis vanishes. In other words, when there is no
asymmetry in the double well (∆

U
= 0), the quantum system loses its preferential orientation along the z-axis, and this

leads to a null expected value. (b) There is a maximum at J
U

≫ 1, suggesting that when the hopping in the system is
very large, the component of Ŝz tends to zero as the atoms begin to move between the two wells. This occurs because,
when the atoms move so quickly, the populations in each well become nearly equal, making Ŝz ∝ n̂2 − n̂1 ≈ 0.

In the same way as with the z axis, the expected values of Ŝx and Ŝy are calculated and presented
in the Figures 13 and 14, respectively. We observe that, the expected value ⟨Ŝx⟩ has a maximum
value ⟨Ŝx⟩ = N/2 when ∆ = 0. In the highly anisotropic case, |∆| → ∞, the bosons tend to be
in the less energetic well. Therefore, the net spin of the system is entirely a spin pointing in the
z-direction causing the x-component to be null. Such behavior is shown in Figure 13a, where ⟨Ŝx⟩
decays to zero in both extremes of the plot as ∆ increases.

A much simpler explanation can be giving by considering the eigenstates of the Ŝx operator. Let
us call them as |+⟩ = 1√

2
(|1⟩+ |2⟩) and |−⟩ = 1√

2
(|1⟩ − |2⟩), as known from spin-12 theory, where

|1⟩ and |2⟩ represent the sites 1 and 2 of the well, respectively. These Ŝx-eigenstates have a null
projection in the z-direction. It is straightforward to see that Ŝx has a maximum positive value
when the bosons are equally distributed within each site, i.e. the isotropic case. Conversely, as the
anisotropy increases, causing the bosons to localize in a single site, Ŝx approaches zero.

On the other hand, in the Figure 13b we observe the relationship between ⟨Ŝx⟩ and the parameter
J
U . Here, it is observed that in the superfluid regime, ⟨Ŝx⟩ becomes saturated at N/2 when
J/U > 0 and at −N/2 when J/U < 0. Recall that in such a regime, the particles move very
rapidly from one well to the other, so that n̂1 ≈ n̂2. As we discussed above, in such a “quasi-
isotropic” case, ⟨Ŝx⟩ has a maximum value, whereas ⟨Ŝz⟩ is null. It is important to note that the sign
change illustrates the movement of particles, i.e., bosons moving from right to left or vice-versa.
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Also recall that the Ŝx operator is closely related to the concept of particle flux, as discussed in the
third Chapter 3. In contrast, if J

U ≪ 1 and approaches zero, the particles become more localized in
one site since ∆ ̸= 0. This explains the decay and cancellation around and when it reaches zero,
respectively.
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Figure 13: Normalized expected value of ⟨Ŝx⟩ varying ∆
U

with J
U

= 800 (left) and J
U

with ∆
U

= 800 (right). (a)
Dependence on ∆

U
. Observe that when the anisotropy ∆ is large, the expected value ⟨Ŝx⟩ decays to zero. (b) In this

case, the expected value depends on J
U

, which saturates for big values of J/U . There is a change in sign with J since
this parameter represents the flux or movement from one well to the other.

Figure 14 shows Ŝy plotted as a function of ∆
U and J

U . The figure appears completely empty since
its matrix elements are complex. Furthermore, there is no y-spin component in our spin dimer (see
(11)).
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Figure 14: Normalized expected value of ⟨Sy⟩ depending on the parameters ∆
U

and J
U

.

In addition to the expected values of the spin operators, we can also calculate the spin fluctuations
along each axis, defined as

σ2i = ⟨S2
i ⟩ − ⟨Si⟩2, (14)

with i = {x, y, z}. This provides insight into how localized the spin components are along different
axes. In this case, we can focus on the fluctuations of σ̂x and σ̂z.
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Line Slope Intercept
log

(
σ̂2x

)
-1.0259 -1.5721

log
(
σ̂2y

)
-0.9948 -0.0076

log
(
σ̂2z

)
-1.0003 -0.2225

Table 1: Average slope and intercept of the lines log
(
σ̂2
i

)
= log(const)− log(N) for i = {x, y, z}. It is straightforward

to see that σ̂2
x, σ̂2

y , and σ̂2
z decay as 1/N .

Figure 15a illustrates the dependence of these fluctuations on the parameter ∆/U . The fluctuations
in the z-spin component reach their maximum at ∆ = 0, indicating minimal localization. This
observation is consistent with the isotropic case, where ⟨Ŝz⟩ = 0 and the net spin aligns entirely
along the x-direction. Consequently, fluctuations in the x-direction are minimal, suggesting greater
localization along this axis compared to the z-direction.

For larger values of ∆, the situation reverses: bosons tend to localize more strongly in one well,
leading to a larger and more defined Ŝz while making σ̂z smaller. Conversely, Ŝx remains small
due to the absence of a significant x-component in the dimer spin, causing larger fluctuations in
σ̂x.

Further insight can be gained by examining how the ration J/U affects quantum fluctuations,
as shown in Figure 15b. Fixing a positive ∆/U , we observe that σ̂z reaches its minimum at
J = 0, which aligns with expectations for the anisotropic case where the bosons remain motionless
within the dimer, localizing the spin in the z-direction. At this point, σ̂x reaches a maximum. As
J/U increases, both σ̂z and σ̂x evolve, eventually leading to a superfluid regime where particles
transition rapidly between wells. In this regime, the net spin predominantly points in the x-direction,
and the z-component becomes negligible, causing σ̂z to increase and σ̂x to decrease.

Extending this analysis, we investigate the effect of varying the number of particlesN while keeping
parameters fixed (Figure 15c). The fluctuations σ̂x, σ̂y, and σ̂z all exhibit a decay proportional to
1/N , indicating increasing localization in the semiclassical limit. This behavior is consistent with the
theoretical expectation of a 1/N decay in many-body systems [47]. To confirm this trend, we replot
these quantities on a logarithmic scale in Figure 15d, where straight lines are observed.

Given that σ2i ∼ 1/N , interpreting log
(
σ̂2i

)
as a function of log(N) leads to a linear relation where

the intercept corresponds to log(const) and the slope is expected to be −1. The average slopes
and intercepts of these logarithmic lines are summarized in Table 1, showing that σ̂2x, σ̂2y , and σ̂2z
all decay as 1/N .

4.3 Comparison with the semiclassical dimer case

So far, we have explored the dimer using the spin formalism. It is still possible to obtain even
more information about our system. The next step is to determine the stability points as we did in
the previous chapter, but this time, we approach it from the spin point of view. To do so, we first
rewrite our spin Hamiltonian in terms of the parameters Λ and N , as we did for the semiclassical
Hamiltonian (9) in Chapter 3, and we express the Ŝx and Ŝz operators as spherical coordinates,
i.e.

S̃x =
Ŝx
N

= sin(θ) cos(ϕ), S̃y =
Ŝy
N

= sin(θ) sin(ϕ) and S̃z =
Ŝz
N

= cos(θ).

In such a way, we obtain the representation or surface of the Hamiltonian where the points closest
to the center or minimum represent values energy minima, and therefore, fixed points of the system.
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The resulting Hamiltonian is given by

H̃ =
H

UN2
= − S̃x

Λ
+ S̃2

z +
∆

UN
S̃z +

1

4
, where Λ =

UN

2J
.

In Figure 16 the Hamiltonian H̃ was plotted in spherical coordinates for Λ = 1 and 3 different
values of ∆. Likewise, in Figure 17 we have a two-dimensional representation of these figures.
There, we have plotted the variable ϕ vs θ, and the color represents the value of the Hamiltonian
H̃ fixing the value Λ = 1.5 and varying the parameter ∆.

In Figure 17a , due to the chosen parameters, we consider a symmetric lattice. We can see that
the depression is located at θ = π

2 and ϕ = {0, 2π}, that can be seen as a kidney-shaped surface
in Figure 16a with two maxima at the poles and a minimum or mid-level depression. Notice that
the surface is symmetric with respect to the θ = π

2 and ϕ = π axes, a property that only occurs
when the lattice is symmetric (∆ = 0).

As we increase the anisotropy of our lattice, the minimum point shifts to the right if Λ > 0 or to the
left if Λ < 0, as shown when Λ = ±1 in Figures 17b and 17c.

This depression or minimum point represents, as mentioned above, a stability point for our system
and depends directly on the experimental parameter Λ = UN

2J , which is called the semiclassical
parameter.

Note the strong resemblance between these plots and those obtained in the phase space of
the semiclassical Hamiltonian (4). Both results suggest that the system and its stability can be
controlled by adjusting the experimental parameters U and J , as well as the asymmetry measure
∆ in the spin representation or z in the semiclassical Hamiltonian. In both cases, these variables
ultimately correspond to the same physical quantity.

The analysis reveals that, whether in the spin dimer Hamiltonian and the semiclassical one, the
isotropic dimer maintains a symmetry or balance in the number of particles occupying each
site.

By modifying the parameter ∆ of the spin dimer Hamiltonian, we are changing the Ŝz component,
which is by definition half the difference of population between the wells. Hence, our spin system is
sensitive or conditioned by the asymmetry of the dimer.

By altering ∆, we modify the minimum point of our Hamiltonian surface H̃ along the z axis or the
˜̂
Sz. As a consequence it moves to the left or to the right by varying ∆ without changing its depth or

any other component in the other directions ˜̂
Sx or ˜̂

Sy.

Similarly, by adjusting the anisotropy M in the semiclassical case, the fixed point varies only
along the vertical direction given by z = |α1|2−|α2|2

N , while its horizontal component, ϕ, remains
unchanged.

4.4 Dimer entanglement

It is possible to explore even more our Bose-Hubbard dimer by analyzing its entanglement proper-
ties. A straightforward approach is to study the behavior of the sum of the expected values of x
and y and check the inequality

σ2x + σ2y ≥ N

2
,
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(a) Λ = 1 and ∆ = 0, or symmetrical dimer case.
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(b) Λ = 1 and ∆ = 1, or tilted upwards lattice case.
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(c) Λ = 1 and ∆ = −1, or tilted downwards lattice case.

Figure 16: Hamiltonian surface or “sphere” H̃ where the spin operators are used as spherical coordinates, and all the
other parameters are set to 1.
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Figure 17: Hamiltonian H̃ as a function of θ and ϕ for Λ = 1.5 with varying ∆. The blue regions represent the minimum
values of the Hamiltonian. In (a) the system exhibits symmetry with respect to θ = π

2
and ϕ = π axes. For a tilted

lattice, such symmetry disappears as shown in (b) and (c). This behavior mirrors that observed in the phase space of
the semiclassical Hamiltonian (see (4) in the previous chapter) reinforcing that ∆ (in the spin-formalism) and z (in the
semiclassical Hamiltonian) correspond to the same physical quantity.
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which holds if the system is separable [48]. Unlike previous cases, we now compute the expected
values using all the eigenstates of the system, rather than just the ground state. This allows us to
determine whether the spin dimer is separable or entangled for both ground and excited states.
For clarity, Figure 18 shows the sum of fluctuations for each state. The first state (the 0th) is always
entangled, as its sum is consistently below N/2.
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Figure 18: The sum of fluctuations σ2
x + σ2

y as a function of the states with fixed parameters for two values of N . The
separable region corresponds to values above N/2, while the entangled region lies below N/2. The ground state
remains entangled regardless of the value of N .
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5 Conclusions and perspectives

In this work, we investigated the dynamics of a gas of ultracold bosons in a one-dimensional
anisotropic or asymmetric two-site optical lattice (i.e, a dimer) from two different perspectives. The
first approach utilized the mean-field approximation, while the second employed the spin formalism,
considering a large number of bosons for both approaches. Our findings revealed that introducing
anisotropy through an external field significantly influences the system in various ways. The most
notable effect is the symmetry breaking in phase space, which alters the system’s stability and
fixed points. This phenomenon can be interpreted as a “dissipative” process in the semiclassical
dynamics since a term proportional to the momentum emerges, where the population difference
z is no longer null at the fixed points. As a consequence, the bosons exhibit a preference for
occupying the lower-energy site. However, the overall particle flux remains conserved in both
isotropic and anisotropic cases.

From another perspective, the variable z can be understood as a momentum variable. When
anisotropy is introduced, a linear term involving z emerges, which can be associated with a
dissipative term. In our system, inverting z → −z corresponds to reversing the direction of time.
Consequently, a symmetric dimer is time-reversal invariant.

Examining the system through spin formalism, we found a Zeeman effect, where the dimer
behaves as an N/2-spin model subjected to an external magnetic field proportional to ∆. This
interaction appears in the Hamiltonian as the term ∆Ŝz, which only exists for ∆ ̸= 0, signifying an
asymmetrical potential well. The analysis of the spin dimer Hamiltonian spectrum shows that for
∆ = 0, the spectral lines exhibit degeneracy. However, when ∆ ̸= 0, the degeneracy is lifted, akin
to the Zeeman effect.

Furthermore, the z-spin component, Ŝz, strongly depends on anisotropy. Since Ŝz represents
half the difference in particle numbers between the two sites, modifying the dimer symmetry
affects Ŝz, reinforcing the tendency of bosons to occupy the lower-energy site in the presence of
anisotropy.

One of the key observations concerns the quantum fluctuations of the Ŝz component. As the
number of particles increases, the quantum fluctuations σ̂x, σ̂y, and σ̂z decrease, specifically
following σ̂z ∝ 1/N . This suggests that Ŝx, Ŝy, and Ŝz become increasingly well-defined in the
semiclassical limit, where fluctuations in σ̂z can be neglected.

From a broader perspective, a promising direction for future research is the study of the spin
coherent states in this system. These states maximize coherence in spin orientation, thereby
minimizing uncertainty in spin direction. This approach provides insights into quantum spin
properties and how anisotropy affects coherence and quantum fluctuations. Additionally, within
the spin coherent state description, we can explore the threshold for transitioning from a quantum
system to a classical one.

Another intriguing direction involves analyzing the system’s dynamic response to uncover mecha-
nisms for controlling spin states. Such insights could have implications for quantum information
processing and non-equilibrium quantum systems.

Lastly, an alternative perspective is to treat the systems as a qubit or a two-level system, utilizing
the ground state for quantum computation and information storage. Encoding information in the
ground state allows for leveraging the system’s inherent quantum properties for qubit operations.
Furthermore, studying the coupling between qubit states and an external field could lead to precise
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control mechanisms for qubit manipulation. This perspective not only enhances our fundamental
understanding of quantum two-level systems but also holds practical significance for the design of
quantum devices and logic gates.
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Appendices

A Schieffer-Wolf transformation

To obtain the effective low energy dynamics, we can use the Schieffer-Wolf transformations [49] to
solve the spin dimer Hamiltonian (11). First, we will start with a perturbation approach separating
such Hamiltonian into two subhamiltonians as

Ĥ ′ = −2JŜx +∆Ŝz + UŜ2
z +

UN2

4
,

= −J
(
Ŝ+ + Ŝ−

)
︸ ︷︷ ︸

V

+∆Ŝz + UŜ2
z +

UN2

4︸ ︷︷ ︸
Ĥo

,

where V is a perturbation of Ĥo.

Now we will define an effective Hamiltonian Ĥeff = eSĤe−S , where S represents some unitary
matrix.

Expanding Ĥeff

Ĥeff = Ĥ
[
S, Ĥ

]
+

1

2

[
S, [S, Ĥ]

]
+O(S3),

= Ĥo + V +
[
S, Ĥo + V

]
+
����������:0
1

2

[
S, [S, Ĥo + V ]

]
+��

��*
0

O(S3),

≈ Ĥo + V +
[
S, Ĥo

]
+ [S, V ] ,

choosing an S that satisfies
V + [S, V ] = 0, (15)

then,

Ĥeff ≈ Ĥo + V +
[
S, Ĥo

]
︸ ︷︷ ︸

0

+ [S, V ] ,

≈ Ĥo + [S, V ] .

According to (15), we must find an S such that

V +
[
S, Ĥo

]
= 0,

V =
[
Ĥo, S

]
,

−J
(
Ŝ+Ŝ−

)
=

[
Ĥo, S

]
, . (16)

Now let |l⟩ = |N2 , l⟩ denote the spin N
2 Ŝz eigenstates, therefore

⟨l|
[
Ĥo, S

]
|m⟩ = (ϵl − ϵm⟨l|S|m⟩), (17)
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where ϵ represent the eigenenergies of the Ĥo subhamiltonian, ϵl = ∆l + Ul2 + UN2

4 . Moreover,
recall the matrix elements of the spin ladder operators is given by

⟨l|Ŝ±|m⟩ =

√
N

2

(
N

2
+ 1

)
−m(m± 1)δl,m±1. (18)

From (16) and using (17) and (18),

−J
(
Ŝ+ + Ŝ−

)
=

[
Ĥo, S

]
,

−J⟨l|
(
Ŝ+ + Ŝ−

)
|m⟩ = ⟨l|

[
Ĥo, S

]
|m⟩,

J⟨l|
(
Ŝ+ + Ŝ−

)
|m⟩ = (ϵm − ϵl) ⟨l| [S] |m⟩,

J

(√
N
2

(
N
2 + 1

)
−m(m+ 1)δl,m+1 +

√
N
2

(
N
2 + 1

)
−m(m− 1)δl,m−1

)
ϵm − ϵl

= ⟨l|S|m⟩,

But ϵm − ϵl = ∆(m− l)+U(m2 − l2), therefore we can determine the matrix elements of S

J

(√
N
2

(
N
2 + 1

)
−m(m+ 1)δl,m+1 +

√
N
2

(
N
2 + 1

)
−m(m− 1)δl,m−1

)
∆(m− l) + U(m2 − l2)

= ⟨l|S|m⟩. (19)
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