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Abstract

Through a one-dimensional colloidal model for epitaxial growth, we characterize the nucleation
and aggregation processes occurring in a gap between adjacent islands. The timescales
associated with deposition, diffusion, aggregation, and nucleation inside the gap are studied in
terms of the parameters defining the interaction between colloidal particles. Numerical results
from molecular dynamics (MD) simulations are compared with those from analytical models,
and good agreement between both data sets is found. The analytical and numerical results
for the timescales are used to calculate the associated rates to generate kinetic Monte Carlo
(kMC) simulations, which allow exploring larger systems and longer timescales in comparison
with MD simulations. The kMC simulations reproduce the global behavior of the densities of
islands and monomers and the gap length distribution between adjacent islands.

Keywords: Epitaxial Growth, Two-Step Protocol, Morse potential, colloids, time scales, diffusion,
aggregation, nucleation, master equation, Fokker-Planck equation, fragmentation equation,
computational simulation, molecular dynamics, kinetic Monte Carlo.

Resumen

A través de un modelo coloidal unidimensional para crecimiento epitaxial, se caracterizaron los
procesos de nucleacion y agregacion que ocurren en un espaciamiento entre islas adyacentes.
Las escalas de tiempo asociadas con la deposicion, difusion, agregacion y nucleacion dentro
de un espaciamiento son estudiadas en términos de los parametros que definen la interaccion
entre particulas coloidales. Los resultados numéricos de simulaciones de dinamica molecular
(MD) son comparados con los dados por los modelos analiticos y se encuentra una buena
concordancia entre ambos conjuntos de datos. Los resultados numéricos y analiticos para
las escalas de tiempo se utilizan para calcular las tasas asociadas para generar simulaciones
cinéticas de Monte Carlo (kMC), las cuales permiten explorar sistemas mas grandes y escalas
de tiempo mas largas en comparacion con las simulaciones MD. Mediante las simulaciones de
kMC se logré reproducir el comportamiento global de las densidades de islas y mondmeros,
asi como la distribucion de la longitud de los espacios entre islas adyacentes.

Palabras clave: Crecimiento epitaxial, Protocol en dos pasos, potencial de Morse, particulas
coloidales, escalas de tiempo, difusion, agregacidn, nucleacion, ecuacion maestra, ecuacion de
Fokker-Planck, ecuacion de fragmentation, simulaciones computacionales, dinamica molecular,
Monte Carlo cinético.
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Introduction

The study of epitaxial growth (EG) has been important due to its relevance in solid-state physics,
materials science, and semiconductor technology. The understanding of the microscopic
mechanisms related to the deposition and growth processes is required to achieve control of the
material properties for a wide range of applications, such as, the assembly of nanostructures
[3-5] for the construction of electronic devices and photosensors [6—8]; improvement of solar
and fuel cells [9-12] and even development of nanowire sensors for medicine and the life
sciences [13]. The main industrial interest in EG is because it offers the possibility of building
nano-structures in a controlled way that allows the fabrication of high-quality semiconductors
and nanodevices [14—-16].

In standard EG, the basic growth units, monomers, are sequentially deposited at a controlled
rate onto a substrate. The deposited monomers are captured by the potential associated with
the substrate. These monomers are called adatoms, which stands for absorbed atoms, and
they can freely diffuse on the substrate until they interact with other adatoms making groups of
stable adatoms, called islands, or until they aggregate to other preexisting islands, which grow
to form layers, as shown in Fig. 1.

The growth properties are highly depend on the microscopic nature of the substrate. In general,
two types of structures are used in EG: (i) rough surfaces (stepped surfaces) or (ii) smooth
surfaces (atomically flat). The latter case is the one considered in this project. Therefore, basic
models to describe EG, from a microscopic perspective, must involve at least three fundamental
processes, such as the transport of adatoms on the substrate (diffusion), the formation of islands
(nucleation), and the growth of islands (aggregation). All these processes have been widely
studied during the last two decades [17-26], using different analytical approaches like rate
equations and computational simulations based on kinetic Monte Carlo (kMC) [22,27-29].

Consequently, at least three different time scales are required to describe the relevant micro-
scopic processes during growth. For a long time, the system reaches a quasi-steady state
where the colloid density is much smaller than the island density. In this way, nucleation remains
relevant in the temporal evolution of the island density. Both nucleation and aggregation must be
considered simultaneously. The time scale associated with aggregation must also be included
along with those mentioned earlier [30,31].

To improve control and facilitate understanding of growth processes, Tokar and Dreyssé [31]
proposed an unconventional deposition process as an alternative to the standard EG. This new
process is called the two-step growth (2SG) protocol, see Fig. 1, because it consists of two
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Figure 1: (a) At t = 0 few monomers are deposited on the substrate. (b) At the end of the first
step, t = t;; most of the monomers are grouped in small islands and the presence of mobile
monomers is unlikely. The gap length and distance between an island of size three and its
neighbor of size two is indicated. During the second step, additional monomers are deposited,
the time between two consecutive depositions guarantees that new nucleation processes hardly
occurs. (c) Att =ty the process ends. At this point, the capture zone (CZ) corresponding to
the island with size four is also indicated. This figure appears as Figure 1 in Ref. [1].

phases. In the first phase, a small number of monomers are simultaneously deposited on the
substrate. Experimentally, this can be achieved by rapidly depositing monomers on a substrate
at low temperatures [32—34]. After deposition, the substrate temperature is raised, increasing
diffusivity, and monomers start to diffuse, eventually forming islands. At the end of the first
step, the system reaches an equilibrium state characterized by the absence of free colloids.
In the second phase, additional colloids are sequentially deposited at a constant rate. In this
way, the colloids deposited in the second step mainly aggregate to the islands formed in the
first step. In the second step, only aggregation is relevant because nucleation is a rare event
since the typical time between consecutive depositions is much longer than the aggregation
time, making the simultaneous presence of two or more monomers at the substrate unlikely.
In the 2SG protocol, nucleation and aggregation occur in two distinct stages of growth. In the
first step, aggregation is negligible, whereas in the second step, nucleation is negligible. This
protocol simplifies the control over the growth processes due to the separation of nucleation
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and aggregation in different time regions. Regardless of the growth protocol used, it is clear that
the behavior of the systems depends on the relative values of the time scales associated with
each of the fundamental processes: diffusion, deposition, aggregation, and nucleation. These
processes are of great interest since they determine the mechanical and electrical properties
of the resulting structures [35, 36]. However, the theoretical models proposed so far have not
provided a complete description of various quantities of interest, such as the critical island
size, the time evolution of island density, the island size distribution, and the capture zone
distribution [17-21,25, 26, 37].

”

On the other hand, in the last decades the paradigm of understanding colloids as “super atoms
has emerged, motivating the study of colloidal systems as models to describe phenomena in
the field of condensed matter [38]. In the particular case of the growth of crystalline layers
on substrates, the term “colloidal epitaxy” was introduced, and corresponds to a process in
which the slow sedimentation of the colloids [32—34] on a substrate allows the formation of
colloidal crystals, allowing easy control over the structure of the lattice, such as the orientation
and size of the resulting crystal [39—41]. These studies allow us to conclude that the nature
of the colloidal epitaxy is similar to that found in atomic epitaxy. However, the time scales
associated with each process are not necessarily of the same order of magnitude. Similarly,
studies based on computational simulations of colloidal systems have given results about the
role of the tension field of the substrate in the dynamics of island formation and the morphology
of the resulting islands [42]. Nevertheless, most studies about the formation of ordered colloidal
structures have been performed only on bulk and under equilibrium conditions. In practice,
the results obtained through computational simulations of colloidal epitaxy can be reproduced
experimentally, allowing a better understatement of the related processes with the growth of
monolayers and the relevant interactions in the formation of the island [43, 44].

Currently, there is a wide variety of techniques aimed at producing mono or multi-layers of
colloidal particles from a dilute colloid suspension. In the most commonly used growth protocol,
colloids are deposited onto the substrate as a result of the action of an external field, allowing
the production of monolayers with controlled coverage and structure. The deposition rate is
regulated by the particle concentration in the suspension, the nature of the substrate, and the
intensity of the external field. This growth method corresponds essentially to the standard EG
protocol described before.

In a one-dimensional model, the islands divide the substrate into independent segments
called gaps, where a gap refers to the space between two consecutive islands. Also, in one
dimension, the spatial fluctuations of the density of monomers are relevant. Therefore, a
detailed description of the nucleation and aggregation processes is necessary to describe the
behavior of the system, more specifically, the capture kernels associated with nucleation and
aggregation in a gap are directly related to the time evolution of the densities of islands and
monomers. Another drawback of one dimensional systems is that the standard mean-field
approaches does not work well. In that sense, from a theoretical perspective one-dimensional
models are more challenging than their two-dimensional counterpart.

The relevant processes, such as, deposition, diffusion, aggregation and nucleation inside the
gap allow us to define the time scales by which the system evolves and describe it in terms
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of the parameters defining the interaction between colloidal particles in the submonolayer
regime [23, 24, 45]. Furthermore, knowledge of the nucleation and aggregation rates, in
conjunction with the appropriate fragmentation equation makes it possible to evaluate the gap
length distribution between adjacent islands.

In this investigation project, we will study, theoretically and by computational simulations, the
nucleation and aggregation processes inside a single gap for a colloidal model, where the
interactions are modeled by means of the Morse potential. The integration of the equations of
motion for the colloids is carried out using the BAOAB algorithm [46]. This algorithm provides
a good balance between efficiency and precision and has already been successfully used to
determine the diffusion coefficient and the deposition rate in colloidal systems [1,23, 30, 45,
47]. The distributions associated with the relevant time scales can be measured directly in
computational simulations and compared with results reported in the literature from analytical
models based on reaction-diffusion systems. Finally, we use the results for a single gap to
describe the behavior of a system with many gaps.

This thesis is divided as follows. In Chapter 1, the single gap system and its fundamental
time scales are described. Chapter 2 is devoted to the relevant details of the MD simulations.
Chapter 3 presents the obtained results along with a complete discussion of them. In Chapter
4, the results for the time scales of a single gap are used to describe the time evolution of a
one-dimensional system with many consecutive gaps. Finally, in Chapter 5, some conclusions
and perspectives are given. The main results of this thesis were summarized in Ref. [2] and a
recent review about the one-dimensional EG written by us can be found in Ref. [48], also see
Appendix D.



Chapter 1

Colloidal Dynamics in One-Dimension

This chapter provides a comprehensive analytical overview of the fundamental processes
describing the behavior of one and two colloids confined in a gap. The dynamic of the colloids is
explored in detail through analytical models that describe the fundamental processes: diffusion,
deposition, aggregation, and nucleation.

1.1 Gap Description

Consider a section of a one-dimensional substrate, define by two adjacent islands, as shown
in Fig. 1.1. The islands are considered immobile, stable, and formed by monomers of type A,
while the immobile particles of the substrate are type B. All monomers have diameter o and
mass m, and they are under the influence of a constant external sedimentation field F. The
temperature of the suspension is T, and D, denotes the diffusion coefficient of a particle in
the suspension. Henceforth, the parameters o, m, kgT', and 7,,q are defined as length, mass,
energy, and time units, respectively. The time scale for the numerical simulations is defined as

Tmd = \/mo?/(kpT) where kp is the Boltzmann constant.

1.1.1 The Morse Potential

In the last decade experimental results have been published indicating that the laws governing
island growth in atomic and colloidal epitaxy have common characteristics [49-51]. Many of the
experimental studies on colloidal epitaxy take advantage of the depletion interaction between
colloidal particles, which can be caused by the presence of smaller non-adsorbing polymers
in the suspension. The main feature of this attractive (effective) interaction is that its range
and strength can be easily tuned by the variation of the size and the concentration of the
polymers.

An analytical expression for the functional form of this interaction in terms of the polymer
properties (size and concentration) is provided by the so-called Asakura—Oosawa (AO) potential
[52,53]. However, in the AO potential the repulsive contribution is considered to be a hard-core
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Figure 1.1: One free monomer (red circle) inside a gap of length . = o N between two fixed
islands (blue circles). Both red and blue are A-type articles, while the substrate is formed by
B-type particles (black circles). The system is subject to a constant sedimentation force F that
drives the colloids towards the substrate. Also the system is immerse in a suspension (pale
yellow background) which is modeled implicitly through a stochastic force 7i(t).

interaction. To avoid discontinuous potentials which could cause problems in MD simulations,
the AO expression can be approximated by the Morse potential, V;;(r), given by

0 > Tout

Ai' —2a(r—o) __ 2 —a(r—o) r< Teut
Vij(r):{ i (e ‘ ) 7S e (1.1)

where r is the center-to-center distance between two colloidal particles. Parameters A;; with
1,7 = A, B; a and r.,; determine the strength, range, and cut-off distance of the interaction
potential, respectively.

In Fig. 1.2, is shown the comparison between Eq. (1.1) and the AO potential whose attractive
well extends over a range equivalent to that of a system with a polymer-to-colloid size ratio
q = 0po1/0co = 0.15. It can be seen that the Morse potential provides a good approximation to
the AO potential.

In addition, experimental results in film self-assembly experiments of ligand-coated colloidal
nanoparticles (NP) adsorbed at toluene-air interfaces, provided solid proof that the process
of NP island nucleation and growth during drop-drying is similar to epitaxial growth [54]. In
these experiments the effective representations of the potential between the NPs adsorbed at
the toluene-air interface are considered. These potentials take into account the van der Waals
interaction between the cores as well as the ligand-ligand and ligand-toluene interactions.

The resulting potentials display qualitative features that would be very well fitted by the Morse
potential, therefore, this will be considered to model the interactions between the different types
of colloids.
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Figure 1.2: Asakura-Oosawa and Morse interaction potentials between two colloidal particles.
The AO potential is calculated for a polymer-to-colloid size ratio ¢ = 0.15 while the Morse
potential is evaluated for o = 25.

1.1.2 Langevin Dynamics
In our model, colloids evolve according to Langevin dynamics, in such a way that the position of
the i-th colloid, r;, evolves according to

&, i
m = =G L+ vi(t) + F(), (12

where Fi(t) is the total force on the i-th colloid due to the external field and all the other colloidal
particles. The interaction with the solvent is taken into account implicitly through parameters
Co=m/Tpaand v = (QCOkBT)m, where the later is the intensity of the stochastic force and is
chosen to satisfy the Fluctuation-Dissipation Theorem [55], see Appendix A. The stochastic
variable 7j(t) satisfy the following conditions

(#i(t)), =0 and  (n(t)n;(¢), = 6, 6(t — '), (1.3)

where terms n;(t) is the i — th component of 7i(¢), while (-), indicates the ensemble average.
Finally, 6;; and 6(t — t'), represent the Kronecker delta and the Dirac delta function, respectively.
The relations given in Eq. (1.3) ensure that the stochastic variable follows a Gaussian distribution
with zero average and that the system has a Markovian evolution.
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1.1.3 System Parameters

The advantage of using colloidal particles is the possibility to control the interaction between
colloids to reproduce the desired dynamics. As shown in Ref. [1], Asx = 8.8kgT, Asp =
8.0kgT, « = 25/0 and r.,; = 1.60, allows the stable growth of islands in the submonolayer
regime with a negligible detachment of colloids from the substrate. Therefore they will be those
used in the simulations in this document unless otherwise specified.

1.2 Dynamics in the Suspension

The suspensmn parameters (, and v together with the external constant sedimentation field
F, = —F j determine the dynamics of the colloidal particles in the suspension, such as, the
diffusion coefficient in the suspension D, and the flux of particle towards the substrate F.

1.2.1 Diffusion Coefficient

The diffusion coefficient of a colloid moving through the suspension without external field can
be calculated from the mean-square displacement, as follows:

((F(t) = 7(t0))?), = << /totdt’ﬁ(t’))2> 7
_ </t:dt1 U(tl)/t:dt217(t2)>n,
_ /t:dtl /t:dtz(ﬁ(tl)-ﬁ(tg))n, (1.4)

The integrals given in Eq. (A.11) are discussed in Appendix A where it was found, performing
the integrals, we obtain the following result

((F(t) = 7(t))?), = (UQ(O) - 1) 72, (1 — et mmay?

m?2
2 2 3 2
TmdV Tmd YV —(t—t0)/Tma
t—ty) — 1-— 0 . 1.5
+ m2 ( 0) m ( c ) (1.5)

In equilibrium, the first term in parenthesis vanishes since we set v = 2kgT'/(y, also for t > 7,4
the exponential term tends to zero, so we got left the two following terms

2 2 7_3 V2

((7(t) = (t0))?), = "L (t — ty) — L (1.6)

m2 m
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where for long times the leading term is dominant, so the constant term can be neglected. After
writing 7,4 and g in terms of the system parameters, we finally obtain the expression for the
diffusion coefficient of a colloid in the suspension for zero external field.

((F(t) = 7(t0))*), = 4Dot, with Do = kpT/C, (1.7)

where the factor 4 arises because each dimension contributes by a factor 2. Now, if we
consider the presence of a constant sedimentation field ﬁ(t) — —F j, we expect that the mean
squared displacement changes accordingly. In order to determine ((y(t) — y(to))2>77 explicitly,
we perform similar calculations which lead to Eq. (1.7). Given the velocity correlation Eq. (A.9),
see Appendix A, we obtain

()= s, = [ dn [ i) i),

t t -
+/ dty / dts U(to) e~ (t1—t0)/Tma E Tod (1 _ 6*(t2*t0)/‘rmd>
to to m

—

F
+ dtq dts U(to) e~ (t2=t0)/Tma _$ Tmd (1 _ e*(tlfto)/de>
m

t t
/to /to
t t F 2
_|_/ dtl/ dts -s TS@d (1 _ e—(tz—to)/de) (1 _ e—(h—to)/de) :
to to m

(1.8)

where the first term of Eq. (1.8) is the same as found in Eq. (1.7), the second and third
terms can be neglected in the limit ¢ > ¢4, and the fourth term can be calculated by standard
integration methods. Finally, we calculate the vertical mean squared displacement

() = wtea)?), =200+ () ¢ (19)

where the additional quadratic term in Eq. (1.9) arises due to the presence of the external
constant sedimentation field F'.

1.2.2 Flux Towards the Substrate

The Fokker-Planck (FP) equation presented in Appendix B, is commonly used to describe the
time evolution of probability distributions for systems undergoing stochastic processes. In order
to calculate the deposition rate at which the colloids reach the substrate, we need to find a FP
for a single colloid in the suspension. The starting point is the Langevin equation for the vertical
position of a colloid in the suspension with a constant sedimentation field. From Eq. (1.2) we
have
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d*y dy

— = (=2 t) - F. 1.10
mos =G+ vn(l) (1.10)
In order to have control over the system, the sedimentation of the colloids should be slow; in
that sense, considering the overdamped limit, it is not a mere theoretical simplification but also
a desirable situation. In the overdamped limit the acceleration is negligible and the differential
equation takes the form

B _ v L
i Con(t) C]. (1.11)

As shown in Appendix B, an equation such as (1.11) has an associated FP equation

oP(y,t) 0
o Oy

0
aj + 6_ya2) P(y,t), (1.12)

where P(y, t) corresponds to the probability distribution function of the height y of the colloid in

the suspension. The coefficients a; and a, are given by

F 1/v)?
alz—g and CL2:§(§) . (113)

Using the results of Eq. (1.13) in Eq. (1.12) we obtain the FP equation for P(y, t)

OP(y.t) _ 9 (F o (v _9J
o~ oy (gﬂy,t) + oy (2_g§> P<y,t)) = oy (1.14)

Note that Eqg. (1.14) have the form of a continuity equation, where the term in parentheses
can be interpreted as the “current probability”, .J. Under the appropriate set of parameters it is
possible to achieve a stationary flow of particles towards the substrate, J, such as % =0and
therefore J is a constant. In this regime, Eq. (1.14) reduces to

203 F OP(y) 26
75 (3/)+ ay —?J. (1.15)

The Eqg. (1.15) can be easily integrated using the standard method of the integrating factor,
obtaining

202F 202F
P(y) = P(yo) e~ 5 (y—yo) + J?CO (1 e (yyo)) ) (1.16)
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Since the system parameters are set in such a way that the deposition is irreversible we have
P(yo) = 0, and finally we obtain the probability of finding a colloid along the y-axis

Ply) = % (1- ). (1.17)

It is clear that the normalization constant .J represents the flux of particles, which can be deter-
mined from the normalization condition fOLy dyP(y) = 1, where L, represents the maximum
height at which the colloids can be from the substrate. Therefore, we have

2F?
J = T —
260 F Ly +v* (¢4 1)

(1.18)

Now, in EG the deposition rate F is defined as the number of particles that arrive on the
substrate with length L. Consequently, F is given by

NJ N 2F?

f: = D)
L, L.L, 240F+Z—z (e—%m _ 1)

, (1.19)

where N corresponds to the total number of colloids in the suspension and L, corresponds to
the horizontal length of the system. The density of colloids in the suspension, p = N/(L,L,),
is assumed to be constant because we consider the steady-state. There is an interesting limit
case, when F' L, > kg1 then Eq. (1.19) reduces to a simple linear form F = pF/ (.

Equation (1.19) shows that even in the absence of an external sedimentation field there is,
indeed, flux of particles towards the substrate, which was expected since the colloids evolve by
Brownian motion. Note that in this regime, the flux is entirely dependent on the suspension
parameters.

The time between consecutive depositions 7., of colloids in a gap can be obtained using known
results, since it depends on two key factors, the length L, of the gap and the flux of colloids
toward the substrate F, as follows

1
Tdep = F_[Jx (1 20)
As shown in Eq. (1.20), the quantity F L, gives the net flux of colloids toward the substrate,
regardless of the gap length. A higher flux FL, means that more colloids are arriving at
the substrate within a given time interval, this results in a shorter time between consecutive
depositions, conversely, a lower flux F L, means fewer colloids arrive on the substrate in the
same time interval, leading to a longer time between depositions.
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1.3 Dynamics on the Substrate

Regardless of the protocol used for deposition, the behavior of the system depends on the
relative values of the time scales associated with each of the fundamental processes. In the
past section, we have described the diffusion in the suspension and the deposition on the
substrate. Once a colloid is trapped by the substrate, it evolves by diffusion until either an
aggregation or nucleation event occurs. In the following sections, we describe those processes
in order to have a complete description of the time scales required to have control over the
system.

1.3.1 Diffusion Coefficient on the Substrate

Lifson and Jackson derived a formula for the diffusion coefficient of a single particle moving
along a periodic potential [56], which was originally derived for a diffusing polymer chain in a
one-dimensional periodic potential. It was found to be

l)oO’2

D(y) — fOU dl‘ e,BV(%y) . foa' d[E G—BV(x,y)’

(1.21)

with 3 = 1/(kgT), and D, corresponds to the diffusion coefficient for V(x,y) = 0. Equa-
tion (1.21) can be used as an approximation for a quasi one-dimensional diffusion of particles
in periodic potentials [47,57].

However, for a colloidal particle diffusing inside a gap, Eq. (1.21) cannot be directly applied
because the fluctuations on the y-coordinate, free colloids do not move along a horizontal line.
In Ref. [47] it is shown that Eq. (1.21) does not agree well with the results of the MD simulations.
Here, we propose a way to estimate the diffusion coefficient on the substrate taking into account
the periodicity of the potential and the fluctuations in the y-coordinate.

The substrate generates a periodic potential with well-defined minima, each of which comprises
a metastable site for the deposited, mobile colloid, this potential is given by

V(z,y) = Z Vap(r;), with r; = \/(0/2 +7— xi)Q + 12, (1.22)

where V5 is given by Eq. (1.1), while (z;, 0) represents the coordinates of the i — th particle
of the substrate, and (z, y) are the coordinates of the mobile colloid.

As shown in Fig. 1.3, the potential is, indeed, periodic and very sensitive to the y coordinate of
the colloid. Because of the short-range nature of the potential, small increases in the height of
the colloid greatly weaken the potential strength.

The dynamics of the colloid on the substrate is modeled by Eq. (1.2), where the term corre-
sponding to the sedimentation field can be neglected this time, since the colloid is trapped by
the lattice and the force due to the substrate is much larger than F'. Since 74ep, > 7,,,¢ WE Can
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Figure 1.3: Periodic potential generated by the lattice, V(x,y), using Asp = 8.0 and o = 25,
for different heights y. Due to the short-range nature of the interaction the potential is very
sensitively to y-coordinate fluctuation.

work in the over-damping limit. Thus, in the overdamped regime the equation of motion for the
colloid on the substrate is as follows

dr v 1
— = —1n(t) — =VV(«, : 1.23
= (L - 27 (1.29
In this case, the system dynamics is two-dimensional, so the FP equation associated to
Eq. (1.28) depends on the coordinates x and y. The FP associated to Eq. (1.23) is given
by

OP(x,y,t) [8 (1(‘3]/ v 8) 0 (1(9]/ v: 0
- | ox

——t—=— |+t =—= ==+ ==]|P t). (1.24
o Gt 3E0r) oy Gy T agay)) Pe v (28
Note that Eq. (1.24) is not separable due to the form of the interaction potential V(z, y), making
it difficult to find an exact solution for P(x, y,t) with the Morse potential. However, for the set of
parameters chosen, the colloids will diffuse on the substrate by infrequent events. Therefore,
the probability distribution function for finding a colloid close to a potential minimum can be

approximated by the equilibrium distribution given by

P(x,y,t) ~ Ce PVEY), (1.25)
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where (' is the normalization constant of the distribution. Through Eq. (1.25) we can define the
marginal probability distributions to find the colloid close to the positions = and y, p.(z) and
py(y), respectively. By definition, these distributions are given by

00 /2
Pz () :/ dy P(xz,y,t) and p,(y) :/ dx P(z,y,t). (1.26)
0 —0/2
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Figure 1.4: Marginal distributions p, () (left) and p,(y) (right) given by Egs. (1.26). As expected,
p,(y) has a well-defined peak at y =~ (v/3/2)o while p,(z) has its maximum at the midpoint
between the center of two consecutive colloids of the substrate.

The marginal probabilities of Eq. (1.26) were evaluated using MD simulations for the set of
parameters chosen. In Fig. 1.4, the lines correspond to the analytical results of Eq. (1.26), while
the dots represent the MD simulation; the details of the computational simulations are provided
in Chapter 2. As can be seen in Fig.1.4 the agreement between numerical and analytical results
is excellent.

As shown in Fig. 1.4 (left), the most probable position to find the colloid is around 0.50¢ which
corresponds to the one minimum of the potential V(x, y). In Fig. 1.4 (right) can be seen that the
probability of find the colloid at a height greater than 0.8760 decays rapidly. Then, as presumed,
the hopping of a colloid to other potential minimum is, indeed, an infrequent event.

Figure. 1.5 shows the behavior of the function D(y)p,(y) as function of height y. Note that in
the region y > o, D(y) becomes equal to the diffusion constant at the suspension. Due to
the finite size of the colloids, the transitions between metastable states only occur for y = o.
As shown in the right panel of Fig. 1.5, the probability of finding the particle in this region is
quite small. Consequently, the distribution D(y)p,(y) decays rapidly as y exceeds o, as can be
seen in the main panel of Fig. 1.5. Then, the effective lateral diffusion coefficient, D, can be
estimated as follows

D ~ D(o)py(0), (1.27)
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Figure 1.5: Behavior of the distribution D(y) p,(y) as function of y. The inset shows how D(y)
increases with y until it equals the value of the diffusion constant in the suspension D,.

where D(o) correspond to the diffusion coefficient provided by the Lifson-Jackson formula
Eqg. (1.21), and p, (o) the marginal probability, Eq. (1.26). Note that we assume that the hops
between potential minima occur only at y = o.

1.3.2 Residence Time

The traversal time, 7., is defined as the average time after deposition required for a monomer
to reach one of the edges of the gap, while the residence time 7,.; measures the survival time
of a monomer before it aggregates to one of the islands of the gap.

The diffusion on the substrate occurs by infrequent events constituting a random walk, which
can be analytically described by a master equation; see Appendix C for a general derivation.
For a Markovian process the general master equation is given by

N
2Pl (n,t) =Y [Pu(m, )W — Pi(n, ) Wi m] | (1.28)
m=1

where P, (n,t) represents the probability for a single particle to be on site n of the lattice at time
t,and W, ,, corresponds to the transition rate from m to n. Since all the calculation will be made
for one particle we can relax the notation a simply define P;(n,t) = p,(t) as the probability to
find the colloid on the site n at time ¢. In Fig.1.6 it is show a diagrammatic representation of
the possible jump processes for a colloid on the substrate indicating the respective transition
rates.
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Figure 1.6: Diagrammatic representation of the incoming and outcoming probability flux to/from
site n. Since all processes have the same probability to occur and the hopping rate is the same
regardless the site, all four possible processes have the same transition rate, 1/(27).

A colloid can hop to the left or the right with the same probability (1/2) and the average time
between consecutive hops is 7. Therefore, we have W,,, ,, = W,,,,, = 1/(27). Using these rates,
from Eq. (1.28) we can obtain the master equation for a colloid executing a random walk on the
substrate, as follows

PO _ L s ®) 4 eca(t) 20 (0)] (1.29)

where the first and second terms of Eq. (1.29) correspond to the flux incoming from site n + 1
and n — 1 to n, respectively, while the third term represents the flux outgoing fromnton + 1
and n — 1. Note that the hopping rate 1/7 and the diffusion coefficient on the substrate D are
related as D = ¢2/(27), see Appendix C.

1.3.2.1 Density of monomers

In order to have control over the growth process, we have to be able to describe the density of
colloids on the substrate p(t) as well as the time it takes a colloid to execute a random walk on
the substrate until it aggregates to an island, the so-called residence time 7.

From p,(t), we can find the density of colloids on site n regardless the time, i.e., the stationary
density of colloids p, as follows:

Using Eqgs (1.29) and (1.30) we can obtain the stationary density of colloids p,, in the gap, as
follows:

dp, d [~
dat o dt ),
o= (oua(0) + pua(t) = 20(0)) = (o) = pa(0)
Pr+1(t) + pn1(t) = 2pa(t) = —27p,(0), (1.31)
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with boundary conditions px.1 = epy and py = e py, see appendix C. The constant 0 < e <1
takes account for the interaction between islands and the mobile colloid. Since the deposition
of colloids is completely random, without loss of generality we can assume the initial condition
pn(0) = 1/N. Equation (1.31) is a second order nonhomogeneous linear difference equation
which can be solved by proposing a solution of the type p,, = Z?ZO c¢;n’ [58], obtaining

N
mf:%(f_€+oﬁwwn—nﬁ. (1.32)

1.3.2.2 Residence time

We define the survival probability Ps(t), as the probability that the colloid is somewhere on the
substrate at time ¢, as follows

P(t) =Y palt). (1.33)

Then, the probability for a colloid to be captured in the time interval [¢, ¢ + At] can be calculated
from the residence probability distribution P,.(t), as follows

Pres(t)At = —Py(t + At) + P,(t), (1.34)

and in order to obtain a continuous equation we take the limit At — 0, obtaining

dPy(t)

Pres(t) = - dt

(1.35)

The residence time 7, is the average time that a colloid spends in the gap before being
captured by an island. Therefore, it is given by

Tres:/ dtt Pres(t), (1.36)
0

replacing Eq. (1.35) into Eq. (1.36), and by doing integration by parts we obtain

res — dPs . .
T A t Py(t) (1.37)

Finally using the definition of Ps(t), Eq. (1.33) in Eq. (1.37) we obtain

N 00
%zZAd%@, (1.38)
n=1
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where the integral term of Eq. (1.38) can be interpreted as the stationary density of colloids on
the substrate p,

N

Tres = me (139)

n=1

Now, replacing Eq. (1.32) into Eqg. (1.39) and developing the sums we obtain,

Tres:T(le£V€+(N+1)6(N+2))7 (1.40)

where 7 = 1/(2D), see Appendix C for more details. For the case where the island behaves
as perfect traps ¢ = 0, i.e., once a free colloid reaches the interaction range of an island
the aggregation occurs instantaneously. In this limit, the time of the interaction colloid-island
is negligible and 7, =~ 7. Therefore, for large gaps Eq. (1.41) simplifies takes the simple
form

(N+1)(N+2) N?
Tres = ~ .
12D 12D

(1.41)

As expected, the residence time depends on the diffusion coefficient. Low diffusivity implies
long times expended by the colloids executing random walks on the substrate. On the contrary,
high diffusivity leads to a fast aggregation of colloids after deposition. Also, note that the
residence time scales quadratically with the gap length.

1.4 Spatial Description of the Nucleation

For a nucleation event to occur in a gap, at least two colloids are required simultaneously in
the gap. Thus, nucleation depends on F, which controls colloid deposition, and D, which
determines the colloid’s residence time in the gap. The relationship between F and D is crucial,
as the first colloid must remain in the gap long enough without aggregating into an island until
the second colloid arrives. As a control parameter we define the quotient R = D/F. For small
densities of colloidal particles in the suspension, the deposition rate of monomers satisfies
R > 1. In this regime, for a gap of length L, 7..s < 74ep and the probability of simultaneously
finding more than one colloid inside a gap is small.

1.4.1 Probability of Having Two Colloids on the Substrate

In order to describe explicitly the nucleation process, we start by calculating the probability ¢, 1,
of finding n + 1 non-interacting colloids simultaneously on the substrate [59].

Let t; be the time interval between the arrival of colloids 7 and 7 + 1, and let r; be the residence
time of colloid 7, where © = 1, 2, ..., n. The first colloid arrives at time ¢t = 0, the second at time
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t = t1, and so on. For all n colloids to remain on the substrate when the (n + 1)-st colloid
arrives, the residence times must satisfy 7, > ¢, +¢;.1 + - - - + t,,.

The variables t; and 7; are exponential random variables with mean 74, and 7.5, respectively.
In order to described the probability distribution function for the arrival of colloid to the substrate
consider the following process: The i-th colloid is deposited on the substrate at time ¢t = 0
and we want to calculated the probability that it survives until time ¢. In order to calculate
that probability we divide the time period into n small segments of equal length At, such as,
At = t/n. Then, in each segment At, the probability of survival can be approximated as

At

T’/‘ES

Py(At) ~ 1 — (1.42)

The total survival probability over the entire time interval ¢ is the product of the survival
probabilities in each of the n small segments, given by

Py(AL) = (1— At)n: (1— ! )n. (1.43)
T/f‘es nTTes

Taking the limit when the number of division of the time interval tends to infinity we obtain the
continuous limit of the survival probability given by Eq. (1.44), as follows

t n
Py(t) = lim (1 - ) _ et (1.44)

n—0o0

In the same way as in Eq. (1.44), we can obtain a similar expression for the probability of
deposition at time ¢, Py, (t) = e~ t/7er . Therefore, the probability ¢,.1 can be written as
follows

1 n 0o 1 n 00
Qn+1 = ( | | / dt; et/ Taep _—_ I I / dr; B_Ti/Tresa (1.45)
0 Tre

n
Tdep) i=1 res ;—1 Jtittipi+ttn

the first term enclosed in parenthesis in Eq. (1.45) represents the probability of a colloid being
deposited, while the second term enclosed in parenthesis represents the probability of having n
colloids on the substrate at time ¢,,. Since these two probabilities are independent, their product
gives the probability of a colloid being deposited given that there are already n colloids on the
substrate.

The second term of Eq. (1.45) can be simplified as follows

n

1 /OO dTrL' e—Ti/Tres — 1 H Tres 6_(ti+ti+1+'“+tn)/7—res — H e_j tj/TreS. (1 46)

n n
7-I‘(ES i=1 ti+ti+l+'“+tn TI‘ES i=1 ]:1
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Using Eq. (1.46) in Eq. (1.45) we found

Qn+1:(1 ﬁ/ooodtie_“@l@“;), (1.47)

7—dep)n i1
the last integral of Eq. (1.47) can be performed easily obtaining

1 T 1 - 1
(Tdep) paiey ( L 4 L) iy (1 + ZTd_p>
Tdep Tres Tres

Since Tqep ~> Tres, the probability of finding two colloids in a gap simultaneously is quite small
and the product term in Eq. (1.45) can be approximated by a first-order expansion, leading
to

- 1 Tres 1 Tres "
qn+1 ~ - = ( ) . (1 49)

il 1 Tdep n' Tdep

Replacing in Eq. (1.49) the explicit expression found for 7..s and 7., See Eqgs. (1.41) and (1.20),
respectively, we obtain

L[N [(eN (N+1)(N+2))\]"
qn+1—m|:ﬁ<1_e+ 6 )] . (1.50)

As expected, ¢,.1 depends on ¢, N and R. In our MD simulations, we set A44 = 8.8kgT),
which makes dimers stable, i.e., clusters of two monomers can be considered as immobile and
stable islands. Also, for the parameters used in the simulations we can guarantee ¢ = 0, thus,
for large gaps Eq. (1.50) simplifies as follows

1 [ N3
Qn+1%ﬁ{ﬁ} . (1.51)

1.4.2 Nucleation Probability

Given that for the parameters used, 7,.s < Tqep, If tWo monomers coincide in the gap, the first
monomer probably has already reached steady state by the time the second arrives. This
scenario is equivalent to having both monomers deposited simultaneously at random sites
within the gap. The first monomer is deposited at the site n with a uniform probability of 1/,
while the second is deposited with a probability of p,,/> " p,. The time evolution of two free
colloids is described by the master equation
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dpp, o (t 1
T() = E [pm+1,n<t> + pmfl,n(t) + pm,nJrl(t) + pm,n71<t) - 4pm,n] P (1 52)

where, for € = 0, po . (t) = Pn11.0(t) = Dmo(t) = pm n+1(t) = 0. The interaction between free
colloids is represented by the boundary condition p,,,, = 0. In the following, we assume that
nucleation occurs once the colloids are separated by a distance smaller than the interaction
range, which is a reasonable assumption since we set the A 45 value to make detachment
negligible.

The solution of Eq. (1.52) can be found using the auxiliary initial condition [60—62]

—Pnm(0) for m>n
Pmn(0) = 0 for m=n (1.53)
Pmn(0) for m <mn,

where the symmetrized p,,, ,(0) can be written as

Prn T Pm
o (0) = Lt
Pm.n(0) LS

In this way, the probability of having two colloids at sites m and n at time ¢ in the gap, see
Appendix C, has the form

(1.54)

N : t
DPmn(t) = % Z By; [cos (Nk—il) + cos (Nj—il>} Yi.(m)Y;(n), (1.55)

k,j=1

where the coefficients Y, (m) and By; are given by

. mkm 2 2 X
Yi.(m) = sin ( N+1) and By = (N—H) mgzlpm,n(o>yk(m)1fj(n). (1.56)

The probability that nucleation occurs at site n, P(n), is given by [63]

1

P(n) = Z/() dt [pn+l,n<t) + pn—l,n(t) +pn,n+l(t) +pn,n—l(t)] ) (1 57)

where the integral is made over the all times where the dynamics occurs, but since outside
that lapse the probabilities describing the process simply vanish we can extend the integration
domain to infinity.
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From Eq. (1.56) it is easy to see that Yj.(n)Y;(n + 1) = Yi(n + 1)Y;(n), leading to the fact that
Pn+1.0(t) = Dnnt1(t), reducing the size of the integrand of Eq. (1.57) from four to two terms.
Also, the sum over time can be done easily, since the time-dependent terms form a geometric
progression. Then, the probability of nucleation at site n can be written as

i Yi(n+ 1)+ Yi(n)Y;(n — )) (1.58)

—% [COS(NH) + cos (3737)]

1.4.3 Mean-Field Approach

An excellent mean-field approximation for Eq. (1.55) is given by the Walton’s relation, which
assumes that P(n) is proportional to the squared density. In this way, using Eq. (1.32) with
e = 0, it can be found [23, 24, 64], that

30n%(N —n + 1)

Pur(n) ~ (N 1)

(1.59)

As shown in the next chapter, for the set of parameters used in this thesis the MF approximation
gives an excellent description of the nucleation sites. The main advantage of Eq. (1.59) is that
it is much easier to evaluate than the exact expression given by Eq. (1.58).

1.4.4 Nucleation Rate

The nucleation rate inside the gap, w, indicates the number of nucleation events per time
unit. Let g be the conditional probability for a nucleation within a gap, given that there is one
monomer inside the gap at the time of the second deposition. Consequently, w can be written
as

w=gqFL, (1.60)

where ¢ is given by Eq. (1.51) and g and P(n) are related according to

N

=3 Pn). (1.61)

n=1

where P(n) is given by Eq. (1.55). Using Egs. (1.51) and (1.58), and taking into account that
g =~ 0.47, it is not difficult to show that for large gaps

w~ L4, (1.62)

while in the MF approximation w ~ L°. The nucleation rate depends algebraically on the length
of the gap.



Chapter 2

Molecular Dynamics (MD) Simulations

In this chapter, we present the formalism for the Molecular Dynamics (MD) simulations con-
ducted to numerically reproduce the behavior of the system. We utilized the BAOAB algorithm
as the integrator for the equations of motion, and details of the code implementation are pro-
vided. The MD simulations were performed to calculate various quantities of interest, including
the diffusion coefficient on the substrate, flux toward the substrate, time between consecutive
depositions, residence time, and the density of colloids on the gap. The details of the sim-
ulations and the results are discussed. In addition, a description of the nucleation process
is provided, with simulations carried out using LAMMPS, and the corresponding results are
presented.

2.1 Langevin Dynamics

In our problem, the use of a stochastic differential equation model, such as the Langevin
equation, introduces random fluctuations into the force component, the advantage of this
formalism is that the Langevin dynamics is well known to be ergodic [65, 66].

The problem regarding the perturbations due to the discretization error has to be addressed in
each particular case, and, since almost every computational work relying on MD algorithms
lies in force calculations, most existing methods require only one force evaluation per time step.
For time-stepping methods that achieve an accurate sampling of the canonical distribution, the
adequate timescales for the simulation depend on the system itself. Large time steps provide
faster simulations at the cost of precision in the measurements. In comparison, a quite short
time step will surely give a detailed sampling of the phase space at the expense of consuming
more computational resources and longer simulation time. The ideal scenario is to choose
a time step small enough to avoid drastic perturbations in the measurements but still large
enough to ensure a thorough exploration of the configuration space.

The potential energy function in MD determines the maximum allowed step size. Most numerical
methods, Langevin dynamics included [67], have similar limitations in the maximum time-step
size since the potential energy determines the forces acting on the particles, and how sensitive
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the force function is to changes over time determines the stability of the systems, and therefore,
provides a threshold for the time-step of the MD simulation.

2.2 The BAOAB Algorithm

Without loss of generality, we can break down the Langevin dynamics in the following equations
[46]

dg = M 'pdt, (2.1)
dp = —VU(q)dt — Copdt+ o MY?dWw, (2.2)

where g, p € R3" are vectors of instantaneous position and momentum, respectively, W = W (t)
is a vector of 3N independent Wiener processes [68], (, > 0 is a free scalar parameter, M is a
constant diagonal mass matrix and o = /2y /.

The objective is to integrate Eqgs. (2.1) and (2.2) effectively and with minimal computational cost.
The so-called splitting methods provide a simple way for integrating the Langevin dynamics
equations [69-71]. In this approach, the right-hand side of Egs. (2.1) and (2.2) is divided into
pieces, where each piece is solved exactly in sequence. In our problem, the Langevin dynamics
can be split into three parts, as follows

dq M~1p 0
= dt + + , (2.3)
dp 0 ~VU(q) —Copdt + o MY2dW
A B 0

where A describes the Newtonian dynamics of the system, B accounts for the contribution
of the potential to the dynamics, and O holds the terms related to drift and noise. The term
O has been widely studied in the literature since is associated with an Ornstein-Uhlenbeck
equation [68] with exact solution of the form

q(t) = q(0), (2.4)

g
p(t) = e p(0) + V1 — e 2t M12R,,

where R; ~ N(0, 1) is a vector of uncorrelated Gaussian noise processes. Equations (2.4)
and (2.5) are said to be exact since they define a random map that generates the probability
distribution p(q, p, t) defined by the solutions of the Ornstein-Uhlenbeck equation.

Leimkuhler and Matthews [46] proposed a method to integrate the system described by
Eq. (2.3) using the so-called “BAOAB?” algorithm. The sequence of integration, as indicated by
the algorithm’s name, follows the order of the splitting given in Eq. (2.3) from left to right.
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The integration process can be divided into three parts. The first part, represented by the
string “BA”, involves solving the “B” part first and then the “A” part, updating the momentum
and position, respectively, both for a half time step At/2. The second part, the “O” part, is time
independent and updates the momentum by incorporating all stochastic processes. Finally, the
“AB” part updates the position based on the contributions of the stochastic processes, followed
by updating the momentum again based on the potential contribution, both for a half time step
At/2. Therefore, the whole integration “BAOAB” gives the dynamic evolution of one single
colloid for a whole time-step At.

In the case of our system, the equations associated to the integration algorithm given by Egs.
(2.3), (2.4) and (2.5) can be written as

B 2 (2.6)
(1) = vy (to) + S (1)
z(t) = z(ty) + TUJ;(t),
A 2 (2.7)
(1) = ylto) + S0, 0)
0alt) = va(8) 250 4 By [T (1 = At o),
0 m (2.8)
kT

vy (1) = v, (t) e At 4 R, o (1 — At e%0).

We remark that to carry out the integration process according to the BAOAB algorithm, the first
step is to calculate the instantaneous acceleration components of each mobile colloid, a, (%)
and a,(t), which can be done using Eq. (1.1), as follows

a,(t) = —W%f"y), (2.9)
a,(t) = —WAg—if’y)—F, (2.10)

where the additional term in Eq. (2.10) includes the presence of the constant sedimentation
field which helps to drive the colloids towards the substrate. Once the acceleration components
are calculated for the given time, the algorithm can be performed as indicated. First, the BA part,
given by Egs. (2.6) and (2.7), in that specific order, which gives us the updated velocity and
position components for the first half time step. Then, the O part of the algorithm is performed
using Eq. (2.8), where the contribution of the stochastic terms to the velocity is included. Finally,
the AB part of the algorithm is performed using Egs. (2.7) and (2.6) in that order.
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Chapter 3

MD Simulations Results and Discussion

In this chapter, we discuss the scheme used to perform the MD simulations implemented
to measure the desired quantities such as the diffusion coefficient on the substrate D, the
flux towards the substrate F, the time between consecutive depositions 7., the density of
monomers on the substrate p,, and the residence time 7,.;. The procedure used to determine
the distribution of nucleation sites is also presented.

3.0.1 Diffusion Coefficient on the Substrate

We are interested in calculating the diffusion coefficient of a free colloid executing a random
walk on the substrate. By definition, the diffusion coefficient D is directly related to the mean
squared displacement, as follows

((2(t) = 2(t0))?), = 2Dt, (3.1)

where xz(t,) corresponds to the initial position of the monomer at the beginning of the simulation
at to = 0, and z(t) the position at time ¢. Since we are interested in studying the diffusion
process there is no need for islands on the ends of the substrate. However, the substrate has
to be long enough so that the colloid does not reach one of the ends during the simulation. The
physical system setup for the MD simulation can be seen in Fig. 3.1

As shown in Fig. 3.1, the colloid is released at y = 1.56 0, measured from the center of mass
of the colloids that form the substrate. The initial x(¢,) coordinate is chosen such that the
colloids arrive close to the center of the substrate. Once a colloid is trapped by the potential of
the substrate executes a random walk until the physical time ¢, is reached. The free colloid
evolves according to the equations of motion, Egs. (2.4) and (2.5), which are integrated using
the BAOAB algorithm.

Since the dynamics of the colloid is slow, it is not necessary to record the quantity z(t) — z(0)
for each time step, but rather every set amount of time steps. In our simulation, we use a time
step At = 0.0001 7,,,4. We found that recording the mean squared displacement, Eq. (3.1),
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Figure 3.1: Diffusion of a colloid on a substrate. The colloid is deposited at a fixed height near
the substrate at a initial time ¢t = 0, as time evolves the colloids executes a random walk on the
substrate by hopping between near sites.

every second, that is, every 10,000 steps, is enough to obtain accurate results, with a simulation
time t; = 500 7,,4. The simulation is carried out until 5000 repetitions are made and the quantity
x(t) — x(0) is accumulated for each t to obtain a smooth distribution after taking the average
over the realizations (-), .

For a simulation as the one described above and using the parameters presented in Chapter 1,
we obtain the mean-square-displacement as a function of time shown in Fig. 3.2

According to Eq. (3.1), the long-time behavior corresponds to a linear function. However, as
shown in Fig. 3.2, there is a small non-linear part just at the beginning of the simulation. This
result can be understood by taking into account that the colloid is released at a small height
from the substrate and not exactly on the substrate. Furthermore, the colloid requires a short
time for thermalization. From a linear fit for large time, we obtain the diffusion coefficient on the
substrate D = 0.314 02 /7,4.

Figure 3.3 displays the results for the diffusion coefficient D obtained by numerically evaluating
Eqg. (1.27) at y = o for different values of A p.

The theoretical results are compared to those from MD simulations estimated from the long-time
behavior of the mean squared displacement. The diffusion constant D = D(c)p, (o) strongly
depends on A g as it decreases two orders of magnitude as A, increases from 7.5kgT
to 9.0kgT. The inset shows that our approximation reproduces the exponential decay of D
as a function of A, but overestimates the decay rate. As reported in Refs. [1, 2], taking
Aap = 8.0kgT guarantees the mobility of the free colloids on the substrate but makes unlikely
their detachment from the substrate.

A simulation, similar to the one described above, can be used to obtain the marginal distributions
given by Eq. (1.26) and shown in Fig. 1.4. The simulation algorithm is the same used to calculate
the diffusion coefficient but in this case, the spatial coordinates of the colloid are recorded. To
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Figure 3.2: Results from the MD simulation for Mean-square-displacement in function of time.
The simulation was made with a time step At = 0.00017,,4, for a physical time of ¢t = 5007,,4,
gathering data every 10, 000 steps and averaged for 5, 000 realizations. This figure appears as
FIG. 4 in Ref. [2].

obtain the distribution p,(y), the height of the colloid needs to be recorded, while to obtain p,(z)
the position of the colloid relative to the nearest minimum point needs to be recorded.

3.0.2 Time Between Consecutive Depositions

To calculate the flux of colloids towards the substrate or, equivalently, the time between
consecutive depositions 7,.,, we define a simulation box, as shown in Fig. 3.6. The vertical
boundaries satisfy periodic boundary conditions, the upper one reflective boundary conditions,
and the lower limit determines the region where the substrate can trap the colloids. Once a
colloid surpasses the lower limit of the simulation box, we assume that the particle is trapped
by the substrate, and another colloid is added to the top of the simulation box. In this way, the
number of particles in the simulation box is conserved.

However, as shown before, for large values of A,z the diffusion coefficient D becomes
comparable to the deposition rate F. This is not a desired situation because it leads to an
evolution in which nucleation and aggregation occur simultaneously, which decreases the
chance of controlling the formed structure. To avoid this issue, we set the density in the
suspension as p = 0.004/02, such as F ~ 2 x 107%/(07,,q4), Which gives R = D/F ~
1.6 x 10303 [2]. Once the simulation starts each particle evolves according to the BAOAB
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Figure 3.3: Behavior of the distribution D(y) p,(y) as function of y. The inset shows how D(y)
increases with y until it equals the value of the diffusion constant in the suspension. D(y) is
given by Eq. (1.27) with system parameters taken from Ref. [1].
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Figure 3.4: The flux of colloids towards the substrate. The colloids are initially put inside
a suspension with drift coefficient {, and stochastic force intensity v. The presence of a
constant sedimentation field F' directed towards the substrate drives the colloids towards it.
The simulation box defines the boundaries of the system, with periodic boundary conditions on
the vertical boundaries and a reflective boundary in the upper limit.

algorithm until a colloid reaches the lower limit of the simulation box, then, the time of the event
is stored and when a second deposition occurs, the arrival time is also stored, and through the
difference of times, we calculate and record the time between two consecutive depositions, as
a function of the system parameters.

The simulation runs for a finite time but long enough so that plenty of colloids reach the substrate.
This guarantees sufficient data to calculate accurate averages. We found that a simulation
time of t,;,, = 10,000 7,4 with a time step At = 0.0001 7,4 is enough to obtain excellent
results.

Figures 3.5 and 3.6 show the behavior of 74, and F as function of F, respectively. In both
cases, good agreement is found between MD results and those from the analytical model. As
expected, the linear approximation for the deposition rate gives good results for large values of
F.

3.0.3 Residence Time

Once the particle has reached the substrate, it executes a random walk until it eventually
aggregates to one of the islands; see Fig.3.7, either the one on the left or right. The simulation
continues until the mobile colloid reaches one of the islands. The side limits of the simulation box
determine the region in which the colloid can be trapped by the island. Since the aggregation is
instantaneous for the parameter used, the transversal time, i.e., the time a colloid spends on
the substrate before reaching one of the islands, is equal to the residence time.
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Figure 3.5: Deposition time as a function of F' calculated from MD simulations and from the
analytical result given by Eq. (1.20). This figure appears as FIG. 5 in Ref. [2].
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Figure 3.6: Flux towards the substrate as a function of £’ from MD simulations and from
analytical results given by Eq. (1.19). As predicted, for large values of F' the flux increases
linearly. This figure appears as FIG. 6 in Ref. [2].
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Figure 3.7: A colloid trapped by the field generated by the substrate evolves by random walk
until it either aggregates to the island on the left or right end of the simulation box.
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Figure 3.8: The behavior of 7, as a function of N. Symbols correspond to MD results and
the analytical curve to Eq. (1.41). The discrepancies due to the assumption of ¢ = 0 become
negligible for large gaps, i.e., (N > 20). This figure appears as FIG. 9 in Ref. [2].

The simulation proceeds as follows. A colloid is deposited at a random site, inside the gap,
and the time is set to t = 0. The colloid then evolves according to the BAOAB algorithm until it
crosses one of the side limits of the simulation box, and the aggregation time is recorded. Then,
another colloid is deposited at a random site inside the gap and the process is repeated until
there is enough data to obtain good averages. We found that around 10,000 repetitions are
enough to reproduce the expected results.

The behavior of 7s as function of N with e = 0 is shown in Fig. 3.8. The agreement with
Eqg. (1.41) is excellent, especially for large gaps where 7,s ~ 7,aN?/6.
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3.0.4 Density of Colloids

The density of colloids at each site of the gap can be obtained through a simulation setup similar
to the one used for the aggregation time. Although both simulations can be run simultaneously,
for the sake of simplicity, we run them separately.

The simulation box is the same as the one shown in Fig. 3.7, and the colloid evolves according
to the BAOAB algorithm. In this case, every second (10,000 steps, since At = 0,00017,,4), the
exact position of the colloid is not recorded, but the position of the nearest minimum, following
the criteria shown in Fig. 3.9.

a)

Figure 3.9: To determine the density of monomers, the position of the colloid is recorded, based
on the nearest minimum position. There are three different cases: a) the nearest minimum is
the left one, b) the nearest minimum is the right one, ¢) when the colloid is exactly in the middle
between two minimums no position is recorded, which is an unlikely case.

b)

c)

The simulation runs for a time longer than the typical aggregation time, which depends on the
gap length. In this way, most of the sites of the gap would be occupied at least once. Once the
simulation ends, the whole process is repeated to obtain good averages. We found that 10,000
repetitions would reproduce the expected results.

Figure 3.10 shows the density for gaps with different lengths (N = 10, 20, 30, 40, and 50). The
numerical evidence suggests that the islands can be considered perfect traps for the employed
parameters and then the system is limited by diffusion.

Despite € being finite for this interaction strength [2], taking e = 0 in Egs. (1.32) and (1.41) gives
an excellent approximation to evaluate both p,, and 7.

3.1 LAMMPS

LAMMPS [72,73] stands for Large-scale Atomic/Molecular Massively Parallel Simulator. LAMMPS
is a classical molecular dynamics simulation code focusing on materials modeling. It was devel-
oped at Sandia National Laboratories, a US Department of Energy facility, but now LAMMPS
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Figure 3.10: Density p,, for five different gap lengths. Symbols correspond to MD results and
lines to analytical results from Eq. (1.32) with ¢ = 0. This figure appears as FIG. 8 in Ref. [2].

includes contributions from many research groups and individuals from many institutions.
LAMMPS is open-source software distributed under the terms of the GNU Public License
Version 2 (GPLv2).

We use LAMMPS to run the simulations regarding the nucleation processes since they are
costly in terms of computational resources. LAMMPS, as a joint work of several investigation
groups, provides a robust enough tool to run such simulations at the expense of reasonable
resources.

3.1.1 Nucleation Description

Given that the simulation parameters are such that 7,., < 74, if two colloids coincide in the
gap, the first colloid likely has already reached a steady state by the time the second arrives.
This situation is equivalent to having the two colloids simultaneously in the gap, one of them is
deposited at a site with an uniform probability 1/N, and the remaining one is deposited with
a probability p,,/ >, p, Where p, is the density of colloids for large time. This procedure is
illustrated in Fig. 3.11.

The simulation continues until either one of the colloids aggregates to one of the islands, at
the left or right of the gap, or when the two colloids reach the interaction range between them.
For the parameters used, the latter case means that a nucleation event occurs. If a nucleation
occurs, the simulation time and the position inside the gap of the nucleation event are recorded.
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Figure 3.11: Setup for the computational simulation for the nucleation process using LAMMPS.
Two colloids are deposited simultaneously, the first one with uniform probability 1/N and the
second one with probability p,/ >, pn.

Then, the simulation is repeated until there is enough data to obtain good averages. It is worth
mentioning that around 47% of the experiments end up with a nucleation event.

For the sake of simplicity at the time of analyzing the behavior of the nucleation probability
function for different gap lengths, we defined the scaled nucleation probability distribution
according to A = n/N and p(A\) = N P()\). In the case of the mean-field approximation, the
scaled for of py,r given by Eq. (1.59), can be rewritten as

pMF()\) ~ 30)\2(1 — )\)2 (32)

In this way, Eq. (3.2) can be used to visualize MD data for all gaps on the same scale.
Figure 3.12 shows the scaled distribution of the nucleation sites for gaps of different lengths
(N = 10 to 100). Both P(n) and Pyr(n) provide an adequate description of the simulation
results for the lengths considered.

These results also support the approximation e = 0, since for € > 0, P(n) should be flatter and
P(0) > 0. The main differences between the analytical and numerical results are due to the
assumption that a nucleation occurs when a colloid hops on top of the other used in the former,
whereas in the simulations, a nucleation occurs when the centers of two colloids are closer than
the interaction cutoff distance, which leads to a more pronounced distribution peak. On the
other hand, the initial condition given by Eq. (1.53) is formally fulfilled in the limit R — oo, which
cannot be easily achieved for colloids; as mentioned previously, in this work R ~ 1.6 x 10% is
far from the desired limit.

The numerical evaluation of Eq. (1.61) using the result of Eq. (1.58) leads to g ~ 0.47 regardless
of the length of the gap, as shown in the inset of Fig. 3.12. This is a consequence of the chosen
interaction parameters, which make dimers stable. For a different set of interaction parameters,
the critical nucleus size can be larger than i = 1, and g would depend on L [74].
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Figure 3.12: Probability distribution of the nucleation sites inside a gap with length L. Symbols
correspond to MD simulation results, black lines to theoretical results from Eq. (1.57), and the
red line to the mean-field approximation given by Eq. (3.2). Inset: The nucleation rate inside
the gap (¢ ~ 0.47) is found to be independent of the gap length.
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Chapter 4

Fragmentation Equation (FE): From Local
to Global Behavior

In this chapter, we extend the results obtained from studying the dynamics of one and two
colloids in a single gap to develop a global description for a system that evolves by EG. In this
case, our system consists of an ensemble of gaps. We derive a fragmentation equation (FE)
using the analytical and numerical results for nucleation and aggregation found previously. The
results from the FE are compared with those found by a kinetic Monte Carlo simulation that
uses as input the time scales for diffusion, deposition, aggregation, and nucleation. Using kMC
simulation we can explore larger and more complex systems.

4.1 Fragmentation Equation (FE)

A fragmentation process can be understood as a reaction in which a gap of length x + y breaks
into two smaller gaps of lengths = and y. The rate at which such a process occurs is F'(x,y),
and the reaction can be represented as follows [75]

o+ 4] —2 2] + [y). (4.1)

The determination of F'(z,y) is a separate physical problem and depends on the particular
system under study. In our case, F'(z,y) depends on the distribution of nucleation sites inside
a gap. In contrast to the complementary phenomenon of aggregation, it is natural to treat
the cluster sizes as continuous, but similarly to the aggregation process, the objective is to
understand the emergent gap-length distribution. The number of fragments grows with no limits,
and the initial number of fragments is large in most physical settings. The simplest approach is
a statistical framework that focuses on average densities and ignores fluctuations; such kind of
approach should give a progressively better approximation as the system evolves.

We define ¢(z, t) as the density of fragments with size in the range (z, = + dx) at time ¢. This
quantity evolves in time according to [75]
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80(;; t)_ —c(x,t)/o Fly,z —y)dy+ 2L c(y, ) F(z,y — ) dy. (42)

The first term in Eq. (4.2) accounts for the loss of fragments of mass x due to their breakup.
Similarly, then, the second term of Eq. (4.2) accounts for the gain of such fragments due to the
breakup of a cluster of mass greater than x, and the 2 in front of the term is to take into account
the possibility that either one of the two resulting fragments from the breakup of a y-fragment
has size x. A useful way to verify the correctness of the master equation is to verify that the
total mass, [ c(x,t) dz, is conserved.

In general, the master equation of the fragmentation process Eq. (4.2) is constructed in such a
way that the following conditions are satisfied [75]

* Linearity: external driving leads to fragmentation instead of interactions between frag-
ments, making the breakup of a fragment independent of the states of other fragments.

+ Binary fragmentation: each breaking event produces two fragments.
» Spatial homogeneity: fragment densities are independent of spatial position.
» Shape independence: fragment shape play no role in the system evolution.

The above properties are satisfied by our one-dimensional system. However, if the fragmenta-
tion rate F'(x,y) depends only on the initial length and not on the lengths of the daughter gaps,
then F(x,y) = F(x + y) is a function exclusively of the total initial length. Consequently, the
following conditions are also satisfied:

Fly,x—y)=Fly+x—y) = F(x), (4.3)

and
Flr,y—x)=F(r+y—x)=F(y). (4.4)

Replacing equations (4.3) and (4.4) in Eq. (4.2) we obtain

W = e [dys [ 0P @)y

— o P2 [y el )y Pl dy (4.5)

Defining the function R(s) = sF'(s), then Eq. (4.5) can be written as follows

aC(;t’ 2 = —c(x,t)R(x) + 2 /IOO y‘l R(y) c(y,t) dy, (4.6)
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where the function R(s) measures how much each site contributes to the overall occurrence
rate of the fragmentation process. Therefore, R(s) can be understood as the total breakup rate
of a fragment with length s.

4.2 Breakup Rate

In one-dimensional EG the substrate is fragmented into several gaps due to the formation of
islands through a nucleation events. In one-dimensional systems, a nucleation inside a gap
can be interpreted as a bar breaking into two pieces. The gap distribution between adjacent
islands evolves through the fragmentation of gaps by consecutive nucleation events. Therefore,
it is possible to use the nucleation description to determine F'(z,y). The analogy between
fragmentation an nucleation events is shown in Fig. (4.1).

Fragmentation Nucleation
Time
| nan
Y L=y Yy =Y
0000000000000000
— - 0000000000000000

Figure 4.1: Parallel representation and comparison of the fragmentation (left) and nucleation
process (right). In both processes, a segment or gap with length x breaks into two sections.

In this way, the formalism used to describe the fragmentation processes in one dimension can
be extrapolated and used to describe the formation of islands on a substrate through nucleation
events.

We define P*¥(s) as the probability that a nucleation occurs at the relative position x inside a
gap of length y. Similarly, PZ(s) is the probability density that a nucleation event occurs at the
relative position x inside a gap of any length. The retation between P¥(s) and P¥(s) is given
by [23]

Pr(x) = / dy PY(x, ). 4.7)
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On the other hand, PY(5) is defined as the probability density that a nucleation event occurs in
any site of a gap of length v, i.e., it is the probability density of fragmentation of a gap of size y.
Consequently, we have

PY(x) :/o dx P (x,y). (4.8)

In order to obtain a fragmentation equation in terms of the probabilities defined above, Eqgs. (4.7)
and (4.8), consider process shown in Fig. 4.2.

0 Pz, y)6 (x — (y — 5))
. ! :Iy

Figure 4.2: Graphical representation of a fragmentation process at site s inside a gap of length
y. Using the probability P*¥(z,y) and delta functions it is possible to write the probability to
obtain either of the two possible fragments.

As shown in Fig. 4.2, a gap of length y can break up in position = = s, relative to the system
of coordinates of the gap, in two possible ways. The first one is giving origin to a fragment of
size s (left side of the fragmentation), with probability P*¥(z, y)d(z — s), or the complementary
case, giving origin to a fragment of size y — s (right side of the fragmentation), with probability
P¥(x,y)d(z — (y — s)). The delta function guarantees that the nucleation event occurs in a
way that the gap fragments giving origin to two smaller gaps of exact length s and y — s.

The total breakup rate, R(n), can be calculated from the probability P*¥(z, y) by summing over
all possible sites inside the gap and also summing over all gaps lengths as follows

R,.(s) = /00 dy /Oy dx P (z,y) [0(x — S)+d(z —y+ 9)], (4.9)

where the inner integral of Eq. (4.9) corresponds to the sum over the nucleation positions =,
while the outer integral accounts for all possible gap lengths in which the fragmentation occurs.
Note that y > x, because to have a fragmentation event which generates a fragment daughter
of size x, the original fragment has to be larger than the resulting ones.
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Due to the symmetry of the nucleation probability distribution around its maximum, we have
P¥(s,y) = P¥™(s — y,y). Then, the total breakup rate R(n), Eq. (4.9), can be simplified
to [23]

Ru(s) = /Oo dy / dx P™(z,y) [5(z — ) + 8(x — y + )]
_ / Ty [PP(s.p) + (s — yy)

9 / dy PY(s. y)
_ 9Pis). (4.10)

4.3 Fragmentation Approach for Island Formation

In order to find a probability distribution for the fragment lengths we define F;(s) as the number
of fragments with size s given that there are M fragments. The quantity Fy1(s) — Fu(s)
describes the probability of having a single fragment of size s, therefore that quantity describes
the creation of a fragment of size s via a fragmentation event.

The spatial distribution of the islands, i.e., the distribution of the lengths of the gaps, is described
by the spacing distribution functions p*)(s), which in our problem can be interpreted as the
probability distribution function of having a gap of size s with & islands in between [23]. The
simplest case corresponds to the nearest-neighbor distribution p® (s), which represents the
probability density to find a gap with an scaled size s between two islands with no additional
island in between.

Fy(s) is related to p(©(s) [23,24], according to, Fy;(S) = (M?/L) p® (s). In order to determine
the nearest-neighbor distribution p(® (s) in terms of F;(s) we calculate the probability that
describes the creation of a gap with scaled length s = (AM/L)S, via a nucleation event, as
follows

Fuato) = Fute) = S0 (W) 2h0cls )

from Eq. (4.11) we can identify the step at which the gap size changes as As = S/L, then,
Eqg. (4.11) can be written as follows

M +1)? M?
FM+1(S) - FM(S) - ( L ) p(o) (3 + AS) — Tp(o) (S),
2
= MT PO + As) — pO(s)] + 2L 05 4 As). (412)

L
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Note that the first term of Eq. (4.12) resemblance to a finite difference first derivative, so, after
some algebra we can obtain a scaled differential equation for p(®)(s), as follows

M? ©) (s + As) —p© (s 2M +1
Fraa(s) — Fy(s) = TAs<p ( Ai P ())—1— 7 PO (s + As)
M* O (s + As) —p© (s 2M+1 .
= S d () - B g 0
M? _dp©(s 2M + 1
= Iz ds() : 7 ) p0)(s) (4.13)

Finally, from the definition of scaled size s it is easy to see that the non-scaled mean length is
(S)y = L/M; and we finally obtain the scaled version of Eq.(4.13), as follows

S ) (g (g
Frria(s) — Fu(s) = o dpds( ) N 2P<S(> )

(4.14)

Regarding the left-hand-side of Eq. (4.14), it is possible to find an analytical expression for
p©(s) in terms of p¥(s) and pZ(s) [23,24], as follows

FM+1(S> — F]V[(S) = —P}L’(s) -+ Rn(s) (415)

Using (4.10), the Eq. (4.15) takes the form

Fria(s) — Fy(s) = —PY(s) +2 Py (s). (4.16)

Finally, replacing Eq. (4.16) in Eq. (4.14), we obtain a differential equation for p(¥)(s) in terms of
the probabilities p? and p¥.

S ©) (g (g

(4.17)

The distribution p*¥(z, y) can be approximated as the independent product of the probability
pY(y) to nucleate inside a gap with size y and the conditional probability py;#(y)/y, see Ref. [23].
In this approach p¥(z,y) is given by

Pr(z,y) = W%“”Pﬁ(y), (4.18)

where pyr(y) corresponds to the nucleation probability previously calculated in the mean-field
approximation and given by Eq. (3.2). The explicit form of Pyr(y) is
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parr(z,y) = 30 (5)2 [1 - (f)r =0 (4.19)

Y

It is reasonable to propose that p;‘(y) is proportional to product between the rate of nucleation
within the gap, w, and the number of gaps with length y. This functional form is supported by
numerical results from the works of Blackman and Mulheran [24] and Gonzalez et al. [23, 45].
Therefore, we assume

PY(y) = Y0 (), (4.20)
Hey

where 1, is used as a normalization constant and corresponds to the y-th moment of the
distribution p(®) (s). The form of Eq. (4.20) assumes that PY(y) is proportional to the number
of gaps with size y times a factor y”. Then, using Egs. (4.19) and (4.20) in Eq. (4.21), we
obtain

v 30 B
P (z,y) = M—xQ (y— )’y (y). (4.21)
Y

It is easy to demonstrate that by using Eq. (4.21) along with Eq. (4.8), we recover the expression
presented in Eq. (4.20). Using Egs. (4.21) and (4.7) we obtain an expression for p?(z), as
follows:

30s* [ (y—s)
P(z) = dy p® . 4.22
n (7) o / y ™ (y) = (4.22)
Finally, Eq. (4.20) into Eq. (4.17), we obtain
dp®(s)  (S) ([ 2 ST )y (S) 1o
i s <<S> i Mw)p (5)=2 s Fis). (4.29)

Note that Eq. (4.23) corresponds to a first order linear integro-differential equation, which can
be partially solved by the integrating factor method [76], obtaining a solution of the form

C[ds (2 47 g8 (2 7\ (S
pO(s)=e Jas 25 >+M>/dsefd s <<S>+M)2<—>Pff(s), (4.24)
S
where the integral in the exponential term of Eq. (4.24) can be easily evaluated. Finally we
have

2 (S)sY s _ (MY
pO(s) = = / dyye T (V) Pr(y). (4.25)
0
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The exponential tail of p(*)(s) depends on the value of  and the ratio ;?f)((ss)) x s regardless

the form of P2¥(s) [23,24,77]. This means that the fragmentation process for large values of
s depends on the probability of choosing the gap to fragment; while for small values of s if
depends in the probability of choosing the place of fragmentation.

4.4 Statistical Solution of the Fragmentation Equation (FE)

As mentioned in the work of Blackman [24] and Gonzalez [23], Eq. (4.23) corresponds to
an integro-differential equation which is hard to fully solve analytically and even numerically.
However, Eq. (4.23) can be solved using a simple statistical algorithm [23].

A line of length L is used to generate an array of points along it. A point in deposited at a
random site giving origin to a two independent gaps or fragments. Then a fragments is selected
through weighted random probability, of the form y7 /1., given that the fragment have size y. If
fragment selection is accepted, then the position in which the fragment will break up is selected
according to the conditional probability of the form p,;r(y)/y. The process goes on until the
desired coverage ¢ is achieved.

4.4.1 Poisson Fragmentation

Consider a one-dimensional substrate divided in several gaps. For a totally random fragmen-
tation, the normalized gap length distribution is given by p¥)(s) = e~*. Because sizes of the
adjacent gaps are not correlated, it is possible to write the normalized spacing distributions for
arbitrary values of n in Laplace space as [78]

) = (O@)", (4.26)

where pO (1) = [¥ de e p™ (z) is the Laplace transform of p(®)(z) [79]. Consequently, the
normalized spacing distributions between centers are given by

p(z) = —a"e?. (4.27)

g(x) = Zp(”) (x) = 1. (4.28)

The size distribution of Voronoi cells Pryisson(s) is related to the next-nearest-neighbor distribu-
tion according to [23]

PPoisson(S) = 2p(1)(23)a (4.29)
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Equation (4.29) is a consequence of the one-dimensional nature of the system. Therefore, this
simple relation between Pryisson(s) and p!)(s) is not valid for higher dimensions. Explicitly, in
one dimension, the distribution of the lengths of Voronoi cells, Pryisson (), is given by

Proisson(s) = 4 s e . (4.30)

Therefore, Eq. (4.30) can be used to compare the results obtained from the statistical solu-
tion of the FE equation proposed to numerically evaluate Eq. (4.25), for v = 1, as show in
Fig. 4.3.

1.0 =

og{ ="

0.6

p(s)

0.4

Poisson (v=1)
= MD

0.2

0.0 : .

Figure 4.3: arrglar label, FE deberia ser ec.(4.30). Nearest-neighbor spacing distribution
function p® (s) results from a MD simulation (dots) compared to the Poisson distribution
function Pegisson(s) given by Eq. (4.30).

4.4.2 Gap Length Distributions For Adjacent Islands

For the island formation process, the nucleation sites are correlated and the distribution is
different from that found in Poisson fragmentation. We run simulations for v = 2,3, and 4, as
shown in Fig. (4.4). We remark that for long substrates it is not necessary to start the simulation
by placing a single island, but instead, the simulation can start with a small coverage (around
10% of the desired final coverage) and then evolve from there until the desired coverage 0 is
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achieved. In the simulations we use a substrate of length L = 10, 000 with a variable initial
coverage 6, and gather data for 50, 000 realizations.
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Figure 4.4: Nearest-neighbor spacing distribution function p(®)(s) for different initial coverage
values 6. The inset in each respective figure corresponds to the log-scaled distribution. The
top-left figure corresponds to a simulation made with v = 2; the top-right figure corresponds
to v = 4; and the bottom-left one corresponds to v = 3. The final, bottom-right, figure is a
comparison of the distribution functions for v = 2,3, and 4 for the same final coverage 6§ = 0.25.

As shown in Fig. 4.4 independent of the value of the parameter ~, we note that the functional
form of p(*)(s) does not depend on the initial coverage . The only notable difference is a
change in the scaling of the distribution function, where the bigger the initial coverage, the
smaller the probability of finding larger gaps at early stages of the simulation, which is to be
expected. We found that 8 = 0.25 as initial coverage is a good initial coverage value, which
allows us to speed up the simulations.

A direct evaluation of Eq. (1.60) suggest a value of the parameter v = 4, which agrees with
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Figure 4.5: Gap length distribution for adjacent islands for a coverage ¢ = 0.25. Symbols and
the solid line correspond to MD and kMC results, respectively. Dashed and dotted lines are
obtained from the solution of the fragmentation model given by Eq. (4.17) with different values
of . This figure appears as FIG. 12 in Ref. [2].

numerical evidence reported in past works [74, 80]. It is found that for large values of s,
pY(s) x s %exp (—s7/(v 1)), with v being the exponent of L in the nucleation rate w, and
therefore, its behavior is completely determined by P?(s). Furthermore, in the limit s < 1 we
have p(\) ~ A2, which in turn implies p°(s) ~ s? and P*(s) ~ s2.

Figure 4.5 displays the behavior of p¥)(s) evaluated for coverage § = 0.25. As expected, the
KMC, see Ref. [81] for a brief overview of the numerical method, results coincide with those from
MD, especially for large values of x. However, the fragmentation model, given by Egs. (4.17))
and (4.20)) fails to describe the simulation results for p(¥) (s) at large s. This discrepancy can
be understood considering that Eq. (4.17) implicitly assumes that the system has reached a
quasi-steady state, in which nucleation and aggregation balance each other; this assumption
is reasonable for R — oco. In this limit p(®)(s) reaches a scaling regime, but for the set of
parameters used in our simulations, R is not large enough to meet this requirement.

Additionally, the fragmentation approach assumes that the colloidal density of the gaps reaches
the long-time behavior which is true for small gaps but not necessarily for large gaps if R is not
large enough. The statistical behavior of the system for large values of s is dominated by the
breakup of the largest gaps, and under the steady-state assumption, Eq. (4.20) predicts v = 4.
However, for small values of R, we can expect a smaller v. The numerical evidence suggests
that for our system v = 2. For this empirical value, the fragmentation approach gives excellent
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results for describing p(®) (s) when compared to simulations, as can be seen in Fig. 4.5.

4.4.3 Density of Monomers and Islands

Two typical quantities used in EG to describe the time evolution of the growing monolayer are
the monomer () and islands (V) densities. Using our results for the rates of the relevant
process which were obtained form analytical and numerical calculations, we perform a kinetic
Monte Carlo (kMC) simulation for monolayer growth. For the interaction parameters considered
in this work R = D/F ~ 1.6 x 103. In our simulations, we consider a one-dimensional substrate
with N = 1000 sites on which colloids are deposited at random. On average, 2 R \/; random
moves are made by the free colloids on the lattice between two consecutive depositions. In
this way, the hopping time is guaranteed to be 7 = 02 /(2D), and the time between consecutive
depositions is (FL)~!. For the set of parameters used in the MD simulations, once two colloids
are in consecutive lattice sites they form a stable island. Therefore, if a free colloid moves onto
a site that is adjacent to one already occupied by another colloid, then either an aggregation or
a nucleation event is considered to occur.

0.1

N, /N (kMC)
N, /N (MD)

N1 and N

0.01 o1
0

Figure 4.6: Evolution of monomer N and island N densities as function of the coverage
6 = Ft. Symbols correspond to MD simulations while lines to the kMC results. This figure
appears as FIG. 11 in Ref. [2].

As shown in Fig. 4.6, the agreement between the MD and kMC simulations for the island and
monomer densities is excellent. Nevertheless, using the time scales calculated as function
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of the interation parameters allow us to explore bigger systems at a lower computational
cost.
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Chapter 5

Conclusions and Perspectives

In one-dimensional structures, various parameters such as temperature, pressure, deposition
rate, and lattice constants are critical in determining their nature and properties. The growth
protocol is particularly influential, with the two-step growth (2SG) protocol offering a promising
alternative to the standard simultaneous nucleation and aggregation process. By separating
the nucleation and aggregation stages, the 2SG protocol enhances control and understanding
of the growth process, presenting a valuable opportunity for further experimental exploration.
Although the interplay between deposition, diffusion, nucleation, and aggregation remains
complex, recent advances in analytical methods and numerical simulations, including kinetic
Monte Carlo (kMC) and molecular dynamics (MD), have provided increasingly valuable insights.
Our understanding about the gap-dependent nature of nucleation and the impact of energy
barriers on island size distribution has grown in recent years. These aspects laid the ground-
work for more precise control over layer growth. With continued progress, the challenges of
linking microscopical parameters as the interaction parameters between colloids to measurable
quantities are being steadily overcome, moving us closer to a comprehensive understanding of
processes associated with the EG.

Analytical tools, including master equations, Fokker-Planck equations, and fragmentation
equations, were successfully employed to estimate the relevant time scales—specifically those
governed by diffusion, aggregation, and nucleation—based on the interaction parameters
between colloids. The strong agreement between theory and computational simulations in our
work underscores the validity our calculations for the rates associated to relevant processes.
We use the Morse potential but the approach presented can be applied for arbitrary interaction
potentials.

Initially, our study focused on the analytical and numerical examination of a single gap. Com-
putational simulations, particularly molecular dynamics (MD) using the BAOAB algorithm and
analytical calculations were presented. Our simulations allowed us to accurately estimate the
time scales associated with nucleation and aggregation from the interaction parameters be-
tween particles. By analyzing the local behavior of monomers within a gap, we gained valuable
insights into the time evolution of both monomer and island densities. This local understanding,
in turn, contributes to a broader comprehension of the global behavior of epitaxial monolayer
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growth.

Furthermore, the results for the time scales were be used as input for a fragmentation model
(Eq. (4.17)) to calculate the gap length distribution, p(0)'s), and consequently, the capture zone
distribution and the effective interaction between islands [23]. Our results numerical results
for p(0)'s), suggest an exponent v = 2, i.e., p,(z) ~ z~2exp(—22), which differs from the
analytical result given by the Castellano-Politi and MF approaches which gibe v = 4 and v = 5,
respectively. This is not an unexpected result because the exponent v determines the right tail
of the gap length distribution, i.e., determines the behavior for large gaps. However, for small
values of R the steady-state assumption used for the nucleation description does not apply to
large gaps. Additionally, the simultaneous presence of more than two colloids inside a gap is
not negligible for large gaps, which is one of the assumptions used to formulate Eq. (??). In our
case, the deposition rate is not small enough (R ~ 1.6 x 10%) and therefore, nucleation in large
gaps can occur before the monomer density reaches the steady-state regime. In principle, R
can be arbitrarily large, implying a very long time between depositions and, therefore, deposition
times that in practice cannot be achieved by MD simulations due the large associated simulation
times. Consequently, for colloidal EG, the typical values of R are much smaller than those
found for molecular beam epitaxy.

It is possible to extrapolate the procedure discussed in this work to higher dimensions. However,
for d > 1, space is not divided into gaps, and it is necessary to consider the concept of capture
zone (CZ) and the fragmentation equation is written to describe the effect of a single nucleation
in the CZ distribution. Finally, we highlight that linking the interaction parameters between
colloids with the relevant times scales of the system allows more control of the size and form of
the structure formed, which is one of the main goals in epitaxial growth.
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Appendix A

Mean values on the Suspension

In order to determine the dependence of the dynamics of the colloidal particles on the sus-
pension parameters it is necessary to determine some quantities as the average position and
velocity and the velocity correlation.

A.1 Velocity Average

For low densities the interaction between colloids can be neglected, at least, at first approxi-
mation, the interaction between colloids in the suspension, i.e., A4 4-like interaction. First, it is
necessary to find the ensemble average of the velocity of colloids in the suspension, in order to
do so we write the Langevin Eq. (1.2), for a single colloid, as follows

d?*r dr . -
mw = _COE+ Vn(t)+FT(t),
v G ., 1 . =
S+25 = = (un(t)+F(t)>, (A1)

where ﬁ(t) is the total force which is the sum of the force due to the A 45-like interaction and the
stochastic forces due to the suspension. Eq. (A.1) can be solved by proposing an integration
factor, as follows

v v\ , et/Tma -
- N /Tmad — <_'t Ft)
(G " (vite) + Fn)

/ttdt/i<l7(t/) et’/de> L <yﬁ(t’)+F(t’)>, (A2)

, ar m Jy,

so, from Eq. (A.2) we obtain an expression for the velocity of the colloid in the suspension,
given by
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v(t) = U(ty)e " t0>/7md+m / dt vit') + F(t )) ~(t=t)/Tma, (A.3)

Taking the average (-), on Eq. (A.3) we note that the contribution of the stochastic force
vanishes for Eq. (1.3), and since by the short range nature of the potential, Eq. (1.1), if the
colloids are not near the substrate the only force acting upon it will be the sedimentation force
F = —Fj, so we Eq. (A.3) transforms as follows

—

F [t /
ﬁt = 17 t ef(tftﬂ)/‘r + _/ dt ef(tft )/de’
(@(t)),, (o) w ),

—

F
= ’(7(t0) ei(tftﬂ)/T + C_ (1 — ef(tftD)/T’md)) . (A4)
0

In the long times limit, i.e., (t — ty)/7ma > 1 we obtain

_ ) (A.5)

Therefore, for long time, the sedimentation field makes the colloidal particles move towards the
substrate with constant average velocity. If F' = 0, the system evolves by unbiased Brownian
motion.

A.2 Velocity Correlation

The velocity correlation for different times can be used to determine the intensity of the stochastic
force v. Starting from Eq. (A.3), let be ¢, > ¢4, the correlation velocity is defined as follows

1
g(t1> . ﬁ(tQ) — (ﬁ(to) e~ (t1=t0)/Tma 4+ = dt ( > —(t1— t)/de> X oe
m Jt,

. —»t (t2 to)/de / dt” — // ﬁ " ) —(tz —t )/T d
X <U( 0)e + — - n( )+ (") ,
(A.6)

Using Eq. (A.6) and taking the average (-),, we obtain
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(U(ty) -17(t2)>17 = P(ty) - e rHt2=20)/Tma
to

+ ¥(t) - e~ (t1=t0)/Tma

(") F(t) + F(t) - ﬁ(t”)> e~ (11—t /Tima o=(t2—t")/Tma
(A7)

From Eq. (1.3) all the terms involving (i7), vanish and terms of the form (7i(¢) - 7i(t')),, produce
a Dirac delta, and the resulting integral can be perform by standard methods, obtaining

(T(t) - T(t)), = T(ty) e Griz=20)/mma
—|— (t(]) _(tl to /de / dt” —tg t//)/de
m
+ (tg) _(t2—t0 /Tma —_ / At e—(ti— ") Timd
m
+2 —2 / dt’ e—(t1+t2—2t’)/’rmd @(tQ . t1>
to
+2 _/ dt 67 t1+t2 2t /T’md @(tl _ t2>

/ dt / dt// - tl t /T"Ld 67(t27t”)/7'7nd. (A8)

Note that the first, fourth and fifth terms do not depend on the sedimentation field F, so those
are the terms that we should get in a calculation without external field which can be written

in a single term (¥(¢;) - (t2)>( 9. The remaining terms can be calculated using standard
integration methods, obtalnlng
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(@) - T(ta)), = (B(tr) - T(t2))y

F
G(ta) - e~ t—t0)/Tma —_ - (1 _ g—(t2=t0)/Tma
+ ¥(tg) - € —7 (1—e )

—

—

—|—?_7(t0) . e_(tQ—tU)/Trnd E T (1 _ e_(tl_to)/T"Ld)
m

s 2 _—(ta—to)/™m _ —(t1—to)/™m
—|—m7’(1 e V2o d)(l e Vo d). (A.9)

As a particular case of the Fluctuation-Dissipation theorem [55] we can obtain an explicit expres-
sion for the magnitude of the stochastic force, consider the field free terms of Eq. (A.9)

_ 2 [t ,
(W) - 5(t2)) 70 = P (tg) e 2 () / d em (2T Oty — )

n
to

V2 t2 /
+ 2(—) / dt’ e~ (1H2=20/mma g (1) — t,).
m

to

(A.10)
Performing the remaining integral using standard methods and we get
—»t —»t _ —2 t TV2 7(t1+t272t0)/7‘md
(0( 1)'”(2)%7 = \v (0)_W €
+ T_V2 (6*(t2*t1)/‘rmd @(t —t ) 4 —(t1—t2)/Tmd @(t —t ))
m2 2 1 e 1 2)) -
(A.11)

In order to reach an stationary state the correlation function must depend only on time difference
functions, such as, the third and fourth terms of Eq. (A.11), so we have to guarantee that the
first term vanishes. In equilibrium we can take the thermal average (-) -

2
<772(t0) — Ima? > —0, (A.12)
m T

and since in equilibrium for the energy equipartition theorem we have(i*(t,)), = 2ksT/m we
can derive the intensity of the stochastic force in terms of the parameters of the system from
Eq. (A.12), obtaining v = (2¢ksT)"/2.
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A.3 Average Position

To calculate the average position of the colloid in its trajectory from the suspension to the
substrate due to the action of the sedimentation field F'(t) = —F'j, we start integrating Eq.
(A.3), obtaining

t ! 1 t t/ — / "
F(t) = 7(to) + (to) / dt'e=(t'—t0)/Tma 4 / dt’ / dt” <1/ (") +F> e~ W=t/ ma (A13)
m to to

to

As before, the terms concerning averages of the stochastic force vanish for Eq. (1.3), so we
obtain

t ! F_;\ t t/ / 1
(F(t)), = (to) + T(to) / dt'e=(t'~t0)/Tma 4 —_ / dt’ / dt" et =t")/mma, (A.14)
m to to

to

The remaining integrals can be performed using standard methods, so we finally get

(F(t)), = 7(to) + Tma (1 — e~ 71/ ma) Gi(to) +

F
(t—to) — ET2d (1 — e ltmto)/mma) - (A.15)
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Appendix B

Fokker-Planck Equation Method

A complete description of a macroscopic system consists of solving all the microscopic equa-
tions of the system. For many particle systems, this can only be done for a few special systems.
In most cases, this kind of solution is impossible, both analytically and numerically. As an
alternative, a stochastic description is used, i.e., the system is described by macroscopic
variables that fluctuate in a stochastic way. The Fokker-Planck equation is just an equation of
motion for the distribution function of fluctuating macroscopic variables [66].

Consider a system that evolves accordingly to a stochastic variable £(¢) that satisfies the
following stochastic differential equation

B0 fe.n)+ e i), 1)

where, f(£,t) and g(&, t) are arbitrary functions and n(t) is a noise source. The Fokker-Planck
(FP) equation associated with Eq. (B.1) is given by

oP 0 0?
61) _ (_8_5 0+ o ) P, (B.2)

where, P(¢,t) corresponds to the probability distribution function of the stochastic variable &.
The parameters a, and a, are given by

o= FE0 + o960 5t and aa =5 E.0) 83

for a detailed description of the procedure to go from Langevin to Fokker-Planck equations, see
Ref. [66].
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B.1 Brownian Motion

In order to show how the FP equation method works we solve the problem of Brownian
motion, which is also of our interest since the colloids in the suspension, in the absence of the
sedimentation field, evolve by pure Brownian motion. The Langevin equation for a free colloid
in the suspension is given by

dv Co v

— == —n(t). B.4

o= vt () (B.4)
From the comparison between Egs. (B.1) and (B.4), it is possible to identify the functions f (v, t)
and g(v,t). Using Eq. (B.3) we calculate the parameters of the FP equation, a; and a,, as
follows

f(v,t):—@v — @1:—@1), (B.5)
m m
2
g(v,t) = —iv — ay = _2Vm (B.6)

Now, using Egs. (B.5) and (B.6) in Eqg. (B.2) we obtain the corresponding FP equation

OP(v,t) 0 [ v’ 0
5 = Ba EUP(U,t) —i-%%P(%t) : (B.7)

Note that Eq. (B.7) has the form of a continuity equation, where the term inside the square
brackets corresponds to the “probability current” J. At equilibrium % = 0, therefore J = 5,
where S is a constant. Thus, for equilibrium conditions, Eq. (B.7) takes the form

© 4y po,t) + 22 pu,t) = 5. (B.8)

m 2m Ov

The differential equation (B.8) can be solved by using the integration factor. Taking v =
(2§0kBT)1/2 we obtain the stationary probability distribution function of velocities

P(v) = ce P2V, (B.9)

where ¢ is a normalization constant and 5 = 1/(kgT). Equation (B.9) corresponds to the
well-known Boltzmann velocity distribution.
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Master Equation

The Master Equation provides a powerful tool for describing the behavior of a system evolving
by stochastic processes, e.g. the random walk of a colloid on a substrate.

C.1 General derivation of the Master Equation

Now, let us consider processes where the transition times between states are much smaller
than the evolution time of the system. In this limit, time can be considered as a continuous
variable. Thus, the equation for the evolution of the probability p; (n,?) in a time interval At is
given by

NE

p(n,t+ At) = p1(m, t)piji(n, t + Atlm,t)

m=1
M

= Z p1(m, t)pii(n, t + Atlm,t) + pi(n, t)pip(n, t + Atjm,t).(C.1)

m=1,m#n
Taking into account that

M
Z pip(n,t + Atjm,t) + pip(n,t + At|n, t) =1, (C.2)

m=1,m#n

the master equation can be written as
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M
pi(n,t+ At) = Z pi(m, t)pip(n, t + Atjm, )
m=1,m#n
M
m=1m#n
Equation C.3 can be written as
p1(n,t + At) — pi(n,t) 1 M

- Z p1(m, t)pii(n, t + Atlm, t)

m=1,m#n

At
1 M
- Kt Z pl(n>t>p1\1(n7t+ At’mvt)7 (C4)

m=1m#n

where a factor 1/At was included. Taking the limit A¢ — 0 and defining the transition rates
wpm.n(t) according to

pip(n,t + Atlm,t)
m

Wi n(t) = Aliao At , (C.5)
it is easy to find
8p1 (TL, t) M
ot = Z [p1 (M, )W () — P1(1, ) Wi (E)] - (C.6)

m=1

The first term on the right-hand side of Eq. (C.6) represents the flux probability towards state
n while the second is the flux probability from state n to the other states. A system is said to
satisfy detailed balance if the following is true:

tll>rg<> h (m7 t)wn,m(t) = tligg b (n> t)wm,n (t)7 (07)

for every pair of states m and n. If this condition is satisfied, then, for large times the probabilities
are independent of time since

. Op(n, )
1
tggo ot

— 0. (C.8)

All systems that satisfy detailed balance reach equilibrium; however, not all systems that reach
equilibrium satisfy detailed balance.
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C.2 Diffusion equation

The interpretation of Eq. (C.6) in terms of fluxes leads to the idea of a diffusion equation. Writing
the master equation, Eq. (C.6), for the system shown in Fig. 1.6 we obtain

D) = 2 [oa(®) + pua(t) — 2pa(0)]. (c.9)

ot 27
Introducing the minimum length unit An = o, which corresponds to the diameter of a colloid of
the lattice, Eq. (C.9) can be written as

0 0 [Pua(t) + P (£) — 2pa (1)

Epn(t) T 2r (An)?

(C.10)

The term in square brackets in Eq. (C.10) corresponds to a discrete version of a second
derivative. Taking the limit An — 0 and defining the ratio D = ¢%/(27) as the diffusion
coefficient, we obtain an equation of the form

0 0?

C.3 Derivation of the boundary conditions

In the system shown in Fig. 1.1 the interaction between free colloids and islands can be included
in the boundary conditions associated with the respective FP equation. In order to derive the
appropriate boundary condition for our system, it is necessary to write the corresponding master
equation for a colloid on site 1, i.e. n = 1, from Eq. (1.29) we obtain

%pl(t) _ %pg(t) + %po(t) - %pl(t). (C.12)
Alternatively, it is possible to derive the master equation directly for this particular site of the
system. As shown in Fig. (C.1), for the case of the left island of the gap the transition rate
between sites 1 and 2 is given by 1/(27), as previously explained. The transition from 1 to 0
has a similar form, but the hopping rate is not necessarily the same, so it is written 1/(27").
Therefore, the master equation can be written as follows

2T 2r 27!

1 1 1

= 5RO~ (54 5 ) RO = o)+ 3ome) + 5

%Pl(t) = in(t) - (i + L) Pi(t),

po(t) = 5-molt),
(C.13)
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Figure C.1: Diagrammatic representation of the incoming and outcoming flux to/from site 1. The
transition probability from 1 to 0 is define as 1/(27') in order to study the effect of the boundary.

where the last step made to obtain Eq. (C.13) is necessary to make the comparison easier with
Eqg. (C.12). It is not difficult to see that, in order for both equations to be equal, it is necessary
that the following condition be satisfied

(5~ 5 ) (8 = ol =0 (C.14)

Finally, from Eq. (C.14) we can derive the left boundary condition. We find

polt) = (1= 5) mlt) = eP(0), (C.15)
where the parameter 0 < e < 1 characterizes the interaction between the islands and the free
colloids. Analogously, we can derive the boundary condition for the right island of the gap, that
is, for a particle at the site V. As shown in Fig. C.2, the transition rate between sites N — 1
and N is given by 1/(27), while the transition from N to N + 1 is 1/(27’). Then, after similar
calculations as the one presented for the left island, the boundary condition for the right border
is

Pria(t) = (1 - Tl> Px(t) = ePy(t). (C.16)

N -1 E N 1 N +1

27 27’

Figure C.2: Diagrammatic representation of the incoming and outcoming flux to/from site N.
The transition probability from N to N + 1 is define as 1/(27’) in order to study the effect of the
boundary.

C.4 Solution of the master equation

A solution of the master equation can be found using the finite-difference method. In the
discrete-time limit, Eq. (C.9) can be written as
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Pa(t+1) —palt) L () 4 paa(t) = 2 (t) (C.17)
T 2T T
Some terms of Eq. (C.17) can be simplified, obtaining
1
Pt +1) = = (Pas1(t) + pu1(t)), (C.18)

2

with boundary conditions py(t) = ep;(t) and pn11(t) = epn ().

In order to solve the difference equation we make use of the well-known anzats of separation
of variables, where it is assumed that the solution of Eq. (C.18), p,(t), can be written as the
product of independent functions of its variables, as follows

pa(t) = X (n)F(2). (C.19)

Using the anzats, Eq. (C.19), in the difference equation, Eq. (C.18), we obtain the follow-
ing.

X(n)F(t+1)==(X(n+1)F{t) + X(n—1)F(t)). (C.20)

DN | —

Note that Eqg. (C.20) can be rearranged in such a way that the left side only depends on ¢ while
the right side only depends on n

Fit+1)  X(n+1)+Xn-—-1)
Fit) 2X (n)

A, (C.21)

where 0 < A < 1 is a constant, which corresponds to the only solution of Eq. (C.21) besides
the trivial one. In order to determine the solutions of Eq. (C.21), the following ansatz can be
used [?,63]

F(t) = M F(0), (C.22)
X(n) = Asin(ng)+ B cos(ne), (C.23)

where F(t) is written in terms of its eigenvalues, A, and X (n) is written as a general har-
monic superposition such as Eq. (C.19) have periodicity properties. The eigenvalue A can be
determined from Eq. (C.23) and Eq. (C.21), according to
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X(n+1)+X(n—-1)
2X(n)

= cos(9), (C.24)

where we have defined A\ = cos(¢). The constants A, B, and ¢ can be determined using of the
boundary conditions. Using the left boundary condition, we obtain

po(t) = ep(t),
X(OVF({) = eX(1)F(),
BXF(0) = e(Asin(¢)+ Bcos(¢)) AN'F(0). (C.25)

Rearranging the terms of Eq. (C.25), it is possible to find a relation for A and B in terms of ¢
and e. We find

B asin(¢)
A 1—asin(¢) (C.26)

Using the right boundary condition we can find the following relation for ¢

pr1a(t) = epn(t)
X(N+1)F(t) = eX(N)F(t)
(Asin(N +1)¢p 4+ Bceos(N +1)¢) F(t) = e(Asin(N¢)+ Bceos(N¢)) F(t)— (C.27)

Through the use of trigopnometric identities and some algebra we found a transcendental
equation for ¢, as follows

(€ — 1) sin(¢x)
(€2 + 1) cos(gr) — 2¢’

tan (N¢y) = for k=0,1,2,.... (C.28)

Finally, the solution of the master equation, Eq. (C.17), can be written as follows

N

palt) = 32 A0 cos'(0x) | sinrnon) + 5 cosnan) | (©:29)
k=1
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C.4.1 Solution of the Master Equation for Perfect Traps

Note that the parameters of the solution of the master equation, Eq. (C.29), A\, B/A, ¢, depends
either implicitly or explicitly on the interaction colloid-island, given by e¢. Due to the set of
parameters considered in the simulations, the islands can be considered as perfect traps, i.e.,
e = 0. Consequently, Eqg. (C.28) reduces to

km
tan(No¢y) = — tan(¢y) — ¢ = Nl for k=0,1,2,.... (C.30)
Also, from Eqg. (C.26) we obtain,
B , nkmw
Z—O—>Xk(n)—Aksm<N+1). (C.31)

The constants A, can be calculated as follows. Let us consider Eq. (C.29) at initial time
t =0,

N
pa(0) = Y Apsin ( ; TJ . (C.32)

In order to calculate the coefficients A;, we start from Eq. (C.32) and then multiply by an
orthogonal sine function, as follows

il nk'm N N nkm mk'n
' = A i i . )
ngzl pn(0) sin <N n 1) ]}:1 k nEZI sin (N n 1) sin (N n 1) (C.33)
Using the orthogonality relation of the sine functions in Eq. (C.33) we find
N N
, nk'm (N +1)
nE:1 pn(O) S111 (N n 1) = 5 kgl Ak 6kk’ 6mn <C34)
Taking n = m and simplifying terms in Eq. (C.34) we obtain
N
2 nkm
A, = — i . )
, L+1zpn<0>sm(N+1) (c.35)

n=1

Now, the complete solution of the master equation for the case of perfect traps, € = 0, is given
by



86 C Master Equation

N
km , nkm
pn<t) = ZAk COSt (N——l—l) Sin <N n 1) . (036)
k=1

Eqg. (C.36) can be found in the works of Castellano and Politi.

C.5 Two-Dimensional Master Equation

The evolution of two free colloids on the substrate is required to describe the nucleation. The
associated master equation is given by

dpp, o (t 1
) s 8) Pt 0) + Do (0 Prasa(t) — Apis], (G37)

with the conditions pg ,,(t) = pni1.4(t) = Pmo(t) = pmy+1(t) = 0 and p,, . (t) = 0, where the
first set of restrictions is simply an extension of the boundary conditions for two-dimensions and
the last one takes account for the impossibility of two particles to be on the same site.

The solution of Eq. (C.37) can be found in a similar way that in the one-dimensional case using
the finite difference method, as follows

1 1
- (Prt1,n(t) = Pmn(t) = - P10 () + Pr—1,0(t) + Prn1(t) + Prgn—1(t) — 4Pmnl
1
pm,n(t) - Z_l [pm+1,n<t) + pm—l,n(t) + pm,n-l—l (t) + pm,n—l(t)] . (038)

The anzats of separation of variables in this case have the form

Pmn(t) =Y (m,n)G(t). (C.39)
Replacing Eq. (C.39) in Eq. (C.38) we obtain
Git+1) 1[Ym+1Ln)+Ym—-1n)+Y(mn+1)+Y(mmn—1)

O Y (mm) =7 (G40

where, 0 < v < 1 corresponds to the an eigenvalue of G(¢) and Y (m, n) is chosen such as the
pm.n(t) have periodicity properties, as follows

Q
—~
~+~
~—

NG(0), (C.41)
Y(m,n) = C sin(mey)sin(ng) + E cos(mp) cos(ny). (C.42)
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As in the one-dimensional case, it is necessary to determine the values of v, C', E' and ¢. Using
Eqg. (C.40) we can determine ¢ is similar way as in the one-dimensional case, obtaining

1 (cos(mep) + cos(ny)) . (C.43)

90:2

Analogously as in the one-dimensional case, for ¢ = 0, we obtain ¢ = 7/(N + 1) and E/C = 0,
obtaining a solution of for the master equation of the form

N . t
Pt = 52 3 By [ < Nki 1) + cos ( e 1)} Yi(m)Yj(n),  (C44)
k,j=1

where Y, (m) = sin (££%), and By;, again, corresponds to the Fourier coefficient of the

harmonic expansion of Eq. (C.44), and the its explicit form is given by

Biy = (N+1> men Yi(m)Y;(n). (c.45)
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Appendix D

Publications

The main findings of this thesis can be found in Ref. [2]. A comprehensive review of one-
dimensional epitaxial growth, authored by us, is available in Ref. [48]. Both references have
been included in this appendix to provide a thorough overview and to reinforce the context of
the research presented in this thesis. These manuscripts serve as key sources of this thesis,
not only summarizing the main results but also offering a broader perspective on the current
advancements in the one-dimensional EG.



PHYSICAL REVIEW E 109, 064604 (2024)

Colloidal model for nucleation and aggregation in one dimension: Accessing
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Through a one-dimensional colloidal model for epitaxial growth, we characterize the nucleation and aggrega-
tion processes occurring in a gap between adjacent islands. The timescales associated with deposition, diffusion,
aggregation, and nucleation inside the gap are studied in terms of the parameters defining the interaction between
colloidal particles. Numerical results from molecular-dynamics (MD) simulations are compared with analytical
models and good agreement is found between both data sets. The results for the timescales are used to calculate
the associated rates to generate kinetic Monte Carlo (KMC) simulations, which allow exploring larger systems
and longer timescales in comparison with MD simulations. The KMC simulations reproduce the global behavior
of the densities of islands and monomers as well as the gap length distribution between adjacent islands.

DOI: 10.1103/PhysRevE.109.064604

I. INTRODUCTION

Epitaxy involves the growth of crystalline layers on a
substrate, allowing precise control over the arrangement
and properties of the deposited material. This process has
contributed significantly to modern technology as it is in-
dispensable in the fabrication of advanced electronic and
optoelectronic devices. In standard epitaxial growth, atoms
are deposited on a substrate at a controlled rate. After depo-
sition, these adatoms or monomers diffuse on the substrate
until they cluster with other monomers forming stable islands
or until they aggregate to preexisting ones. These two pro-
cesses are called nucleation and aggregation, respectively, and
these are of great interest since their characteristic parameters
ultimately determine the properties of the epitaxially grown
structures [1-3].

Despite the conceptual simplicity of the fundamental pro-
cesses involved in epitaxial growth, the theoretical models
proposed so far to describe them are not able to completely
predict various magnitudes of interest for controlling the layer
growth, for example, the critical size of islands, the time evo-
lution of the density of islands, the size distribution of islands,
and the distribution of the so-called capture zones [4—18].

The knowledge of many phenomena in condensed-matter
physics has been improved in recent decades due to us-
ing colloidal systems as models for mimicking their atomic
counterparts [19]. Due to the tunability of both the extent
and the intensity of the interactions between colloidal parti-
cles, these are convenient systems for studying fundamental
phenomena such as crystallization, gelation and vitrifica-
tion, and formation of crystal defects [20-22]. In particular,
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"manuel.camargo @uan.edu.co
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2470-0045/2024/109(6)/064604(10)
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sedimentation of particles from a dilute colloidal suspension
on a flat or patterned surface is a common method to form
colloidal crystals [23-25]. These studies have led to the con-
clusion that the nature of colloidal epitaxy is, in many aspects,
similar to that found in atomic epitaxy. Closely related, the
drop-drying method is also of interest for the formation of
highly ordered monolayers; as the droplet evaporates, the sus-
pended colloidal particles are swept away and adsorbed at the
interface, where they diffuse and aggregate on the gas-liquid
surface of the droplet [26,27].

In addition to the possibility of tuning the interactions
between colloidal particles, the length and timescales involved
in colloidal systems allow the experimental observation of
nucleation and growth dynamics of self-assembled colloidal
monolayers with a resolution equivalent to the particle size
[28-30]. For instance, the mechanisms leading to the creation
of Ehrlich-Schwoebel barriers, which determine the interlayer
transport of monomers, were found to have a kinetic origin in
colloidal systems [28,29]. It was also demonstrated that the
surface energy landscape can help precisely control nucleation
and consequently the size and symmetry of the growing is-
lands [31]. These studies have also considered heteroepitaxy,
where, for example, parallel mechanisms between colloidal
and atomic systems were found for strain relief for lattice
misfit between the growing film and the substrate [32,33].

On the other hand, simulation-based studies of colloidal
systems have given results on the role of different physical
parameters, such as the effect of the stress field of the substrate
in the dynamics of island formation and the morphology of the
resulting islands [34]. Empirical interaction potentials have
also been considered to understand the dependence on the
colloidal size of the critical island size and the energy barriers
for both island relaxation and interlayer diffusion [35]. In
practice, the results obtained through simulations of colloidal
epitaxy can be experimentally replicated. Considering that
these observables are to some degree scalable between the

©2024 American Physical Society
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I 1

L

FIG. 1. One free monomer (blue circle) inside a gap of length L
between two fixed islands (red circles). Both red and blue are A-type
particles, while the substrate is formed by B-type particles (black
circles).

molecular and atomic, mostly for submonolayer growth [36],
they provide a better understanding of the interactions and
processes related to island formation and monolayer growth.

Recently, a two-dimensional colloidal model was intro-
duced to explore the time evolution of both monomer and
island densities when a two-step protocol is used for epi-
taxial growth. Such a protocol has the major advantage that
nucleation and aggregation processes take place at different
timescales [37]. The main assumption of this model is that
the interactions between the colloidal particles are known
quantities; therefore, molecular-dynamics (MD) simulations
can be employed to follow the deposition of colloids on a
one-dimensional substrate due to the slow sedimentation from
a two-dimensional dilute suspension. By comparing the sim-
ulation results with analytical considerations based on rate
equations, it was concluded that the analysis of both monomer
and island densities, which are experimentally accessible, can
indeed help gain information about the system’s microscopic
dynamics as well as the validity range of the point-island
assumption.

It is important to note that a distinctive feature of a one-
dimensional substrate is that islands divide it into independent
segments called gaps (see Fig. 1). It turns out that the in-
formation gathered for nucleation and aggregation processes
occurring inside a single gap can be exploited to recover
the time evolution of the whole system in the submonolayer
regime [14,17,38-40]. More specifically, the capture kernels
associated with nucleation and aggregation in a gap are di-
rectly related to the time evolution of the densities of islands
and monomers. Furthermore, the knowledge of the nucleation
and aggregation rates, in conjunction with the appropriate
fragmentation equation, makes it possible to evaluate the gap
length distribution between adjacent islands. Experimental
and numerical methods can be employed to measure all of
these quantities, providing valuable insights to test the validity
of the proposed theoretical model.

In this work, molecular dynamics is employed to ana-
lyze deposition, nucleation, and aggregation events occurring
inside a single gap for a one-dimensional substrate. The sim-
ulations allow us to calculate the transition rates associated
with deposition, nucleation, aggregation, and diffusion as a
function of the interaction parameters between colloidal par-
ticles. To explore the evolution of the densities of islands and
monomers, the evaluated transition rates are used as input for
kinetic Monte Carlo (KMC) simulations. Both MD and KMC
results are compared with those from a fragmentation equa-
tion based on the description of aggregation and nucleation
inside a single gap. In particular, a comparison is made for the
gap length distribution between adjacent islands.

This paper is structured as follows. Section II describes the
single-gap model employed. In Sec. III the relevant timescales
are calculated both numerically and analytically for several
interaction parameters. The distribution of nucleation sites
is also discussed there. In Sec. IV we provide an analytical
expression for the distribution of the nucleation sites for gaps
having different lengths. The comparison between the results
of KMC simulations and those from MD is presented in
Sec. V. In Sec. VI we show how our results for a single gap
can be used to describe the gap length distribution. In Sec. VII
we draw some conclusions.

II. MODEL DESCRIPTION

Consider a single mobile colloidal particle (monomer) con-
fined inside the gap between two adjacent islands deposited on
a substrate, as depicted in Fig. 1. The islands are considered
immobile, stable, and formed by monomers of type A, while
immobile particles of type B form the substrate. All monomers
have diameter o and mass m and are influenced by an external
constant sedimentation field F. The absolute temperature of
the suspension above the substrate is T, and Dy denotes the
diffusion coefficient of a particle in the suspension. In the
following o, m, kT, and typ are taken as length, mass,
energy, and time units, respectively, with typ = /mo?/kgT
and kg the Boltzmann constant.

The particle-particle interaction is modeled by the Morse
potential

A
r > reut,

—2a(r—o —a(r—o

Vij(r) = {64”(6 T, )
where r is the center-to-center distance between two colloidal
particles. The parameters A;; (i, j = A, B), «, and 7y deter-
mine the strength, range, and cutoff distance of the interaction
potential, respectively. While the selection of the potential
may seem arbitrary, it maintains two primary characteristics: a
hard-core interaction and a short-range attractive contribution.
These features are exemplified, for instance, by the Asakura-
Oosawa potential, which effectively describes the depletion
potential resulting from adding small polymers into the col-
loidal suspension [36,37].

The colloids evolve according to Langevin dynamics in
such a way that the position of the ith colloid, 7;, changes
according to

d>7; d7; . _, 5

mog = —§oz+vn(t)+1‘7(t), @)

where Fi(¢) is the total force on the ith colloid due to the

external field and all the other colloidal particles [41]. The

solvent is taken into account implicitly through the parameters

o and v, which give the intensity of the viscous and stochastic

forces [first and second terms of Eq. (2)], respectively. As
usual, the stochastic variable 7j(¢) is defined according to

@), =0, @HOE)), =18t —1"), 3

where (), indicates the ensemble average, §(¢) is the Dirac
delta function, I is the 2 x 2 identity matrix, and the intensity
of the random force, v, is chosen to satisfy the fluctuation-
dissipation theorem.

064604-2
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The deposition of colloids inside the gap proceeds as fol-
lows. A colloid is introduced in the simulation box at random
x, height yi,s = 1.020, and with a vertical velocity equal to
—F /m¢gy, which corresponds to the monomer’s steady-state
velocity in the suspension. Inserting the colloid with these
initial conditions helps shorten the simulation time since these
implicitly assume that the monomers are deposited at a height
high enough to reach the substrate with a velocity equal to that
of the steady state. The sedimentation field ensures that the
colloid moves toward the substrate and is eventually incorpo-
rated into the gap. The substrate generates a periodic potential
with well-defined minima, each comprising a metastable site
for the deposited mobile monomer. After thermalization, the
free monomer moves on the substrate by hopping between
consecutive sites, with t the average hopping time. There-
fore, the (lateral) diffusion constant of the monomer on the
substrate is given by D = o'2/21.

For the numerical description of nucleation, configurations
involving only two free monomers within the gap are required,
so we proceed as follows. The average time elapsed between
the deposition of these two colloids is 74e,. To improve the
computational efficiency of the MD simulation, we deposit
both colloids simultaneously. However, one of them was de-
posited at random x having a uniform distribution, while the
other one was deposited at random x following the distribution
of free colloids of the steady state [see Eq. (20)]. This way, it is
implicitly assumed that the first monomer has enough time to
reach the steady-state regime before the arrival of the second
one.

III. TIMESCALES
A. Diffusion constant

From Eq. (2), the Fokker-Planck equation associated with
the distribution P(x, y, t) of finding a particle at position (x, y)
at time ¢ is given by [41]

oP(x,y,1) 3 [V, y) v D

oo———— | \—F/—*+ 7+

ot 0x ax 2¢y 0x
+3(awx,y)+v_2 L

ay\ oy 2405)}13“’””:0' @

Equation (4) is not separable due to the presence of the term
associated with the interaction potential V(x,y), preventing
one from finding an exact solution for P(x,y,t) with the
Morse potential. However, for a suitable choice of the system
parameters, the free colloids will move on the substrate by
infrequent events. Therefore, the distribution probability of
finding a monomer close to a potential minimum, i.e., once
it has been adsorbed by the substrate, can be approximated by
the equilibrium distribution

P(-xvyit)xcexp[_ﬂv('x’y)]i (5)

where C is the normalization constant of the distribution.
Figure 2 shows the marginal probabilities

pelx) = /0 " dy PGy 1) ©)
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FIG. 2. Marginal distributions (a) p,(x) and (b) p,(y) given by
Eqgs. (6) and (7). As expected, p,(y) has a well-defined peak at y ~
3 /2)o, while p,(x) has its maximum at the midpoint between the
center of two consecutive colloids of the substrate.

and

a/2
) = f dx Px. v, 1), )

a/2

which were evaluated using MD simulations for the parame-
ters AAA = 8.8kBT, -AAB = 8.0kBT, o = 25/0’, é'o = m/rMD,
F =kgT /o, and roy = 1.60. As shown in Ref. [37], this set
of parameters allows the stable growth of islands in the sub-
monolayer regime with a negligible detachment of monomers
from the substrate. However, in the case of eventual evapora-
tion, we impose a reflective boundary condition at y = r, =
1.60, which corresponds to the interaction cutoff distance. In
Fig. 2, squares and lines correspond to MD and theoretical
results, respectively, the latter being obtained using Eqs. (1)
and (5)—(7); as can be seen there, the agreement between
numerical and analytical results is excellent.

Using Eq. (4) and the periodicity of the potential energy
on the substrate, in Ref. [41] it is demonstrated that, in the
high-friction limit, the diffusion coefficient for a horizontal
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FIG. 3. Behavior of the distribution D(y)p,(y) as a function of y.
The inset shows how D(y) increases with y until it equals the value of
the diffusion constant in the suspension. The D(y) is given by Eq. (8)
with system parameters taken from Ref. [37].

trajectory at a given y can be expressed as
D(y) = Doo’L; ' (v), ®)

where Dy is the diffusion coefficient in the suspension and
L (y) corresponds to the Lifson-Jackson formula [42]

o o
L(y) = / dx ekt / dxe Ve/kT (g
0 0

Equation (8) cannot be directly applied to our system because
free monomers do not move along a horizontal line due to
the fluctuations of the y coordinate. Additionally, the result
of the integral in Eq. (9) strongly depends on y, as shown
in the inset of Fig. 3. Note that in the region y > o, D(y)
equals the diffusion constant at the suspension. However, we
can estimate the diffusion constant using Eq. (8) as follows.
Due to the finite size of the colloids, the transitions between
metastable states only occur for y 2 o. As shown in Fig. 2 for
py(y), the probability of finding the particle in this region is
quite small. Consequently, the distribution D(y)p,(y) decays
rapidly as y becomes greater than o, as can be seen in Fig. 3.
Then the effective (lateral) diffusion coefficient D can be
estimated as

D = D(o)p,(0). (10)

Figure 4 displays the results for the diffusion coefficient
D obtained by numerically evaluating Eqgs. (8) and (10) at
y =0 for different values of A,p. The theoretical results
are compared to those from MD simulations estimated from
the long-time behavior of the mean-square displacement. The
diffusion constant D = D(o )p, (o) strongly depends on Ayp
as it decreases two orders of magnitude as 445 increases from
7.0kgT to 9.0kgT. The inset shows that our approximation
reproduces the exponential decay of D as a function of Ap
but overestimates the decay rate. As mentioned in Ref. [37],
taking Asp = 8.0kpgT guarantees the mobility of the free col-
loids on the substrate but makes unlikely their detachment
from the substrate.

0.006

n

\\
0.004
2 85 9.0
D‘CMD/G

0.002 4

—=—MD -

Eaq. (10)

0.000 T

750 7.75 8.00 825 850 875 9.00
ALl (kT)

FIG. 4. Diffusion coefficient for different values of the interac-
tion parameter A,p. The results are evaluated from Eq. (10) and
molecular-dynamics simulations.

B. Deposition rate

The deposition rate due to the slow sedimentation of col-
loids from the suspension on the substrate can be calculated as
follows. Let p be the density of colloids in the suspension. For
y > 1.60 the colloids do not interact with the substrate, and
for small densities p, the interaction between mobile colloids
can be ignored. Under these conditions, V(x,y) ~ 0 and in
Eq. (4) can be analytically solved. The probability of finding
a colloid between y and y + dy in the steady state is given by

PGy, 1) = cj;—"u —e I, (10

where J is the probability current for a single colloid. The
deposition rate F (number of particles deposited per unit
length per time) is given by

2pF2L,

S i 12
V(e X0FL/v — 1) + 2¢F L, .

with L, the height of the suspension. For kT <« FL,, Eq. (12)
reduces to the simple linear form F = pF/¢y. The average
time between consecutive depositions in a gap of length L is
given by 74, = (FL)~!. Figures 5 and 6 show the behavior
of Tg4ep and F as a function of F, respectively. In both cases,
good agreement is found between MD results and those from
the analytical model. As expected, the linear approximation
for the deposition rate gives good results for large values of
F.

C. Aggregation time

The traversal time 7, is defined as the average time after
deposition required for a monomer to reach one of the gap
edges, while the residence time 7. measures the survival time
of a monomer before it aggregates to one of the islands of the
gap. Both quantities can be estimated using a simple random-
walk model for a colloid confined inside a gap. Let p,(¢) be
the probability of finding a single monomer at time ¢ in the
nth site of the gap, which can be calculated from the master
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FIG. 5. Deposition time as a function of F evaluated from MD
simulations and from the analytical result [Eq. (12)].

equation

dpn(t 1
pdt( ) = E[anrl(t) + pu_1(t) = 2p, ()], (13)

where T = o /2D is the average hopping time. The boundary
conditions are po(t) = ep(¢) and pyyi(t) = epn(t), where
N is the number of lattice sites (potential minima in the gap)
and L = No. The parameter 0 < € < 1 characterizes the in-
teraction between the islands and free colloids. For € = O the
islands behave as perfect traps, i.e., once a monomer reaches
the interaction range of an island, it is instantly captured
by the island. Then 7.5 = 7+ Since aggregation takes place
instantaneously. On the other hand, for ¢ = 1 we have perfect
reflecting boundary conditions and aggregation is impossible
in this case.

From p,(t), the survival probability P(¢), defined as the
probability of finding the monomer inside the gap at time ¢,

0.014| = MD
] |— Linear approximation
1 |—— Theory
1x107% 4
F STy
1x104
0.01 . 1

0.1
F ol(k,T)

FIG. 6. Deposition rate as a function of F. As predicted, the
deposition rate increases linearly for large values of F.

can be evaluated as

N
P(t) =) palt). (14)
n=1
Then the probability for a monomer to be captured in the
time interval [¢, r + At] determines the residence probability
distribution P,(t) as

Pres(1)At = —Py(t + At) + Py(2), (15)
which in the limit At — 0 takes the form
dP(t)
Pes(t) = — . 16
(t) R (16)

The residence time 7, is the average time a monomer spends
inside the gap before being captured by an island. Therefore,
using Eq. (16), 1.5 can be calculated from

)
Tres = f dt tPres(t)
0

:/ dt Py(t)
0

N
=2 rn (17)

n=1

where the density at site n, p,, is defined as

pn:/ dt pa(1), (18)
0

where the integration domain was extended up to infinity as
pa(t) is a rapidly decreasing function of ¢ for the parameters
used.

Using the definition given by Eq. (18) in Eq. (13), it is
found that p,, satisfies the recurrence relation

—2tpu(0) = Ppt1 + Pu—1 — 200, (19)

with boundary conditions py = €p; and pyi; = €pn. The
linear nonhomogeneous recurrence relation given by Eq. (19)
can be solved using standard procedures [43]. The solution
can be written as p, = Z?:o c;jn’, where the coefficients c;
are calculated by replacing the proposed solution in Eq. (19)
and using the boundary conditions mentioned above. The
explicit form of p, is given by

S - (20)
pn_ﬁ(l—é n—njJ.

From Egs. (17) and (20), the residence time is

( eN (N+1)(N+2)>
Tres = T .
1—e€ 6

Figure 7 shows the behavior of the parameter € for different
values of A,p, which was calculated using Eq. (20) and the
MD results for p,. Large values of A4p ensure that islands
behave like perfect traps, i.e., Asp — o0 and € — 0. For
small values of the interaction parameter, the detachment of
colloids from the islands is very likely and the density of free
colloids inside the gap turns out to be homogeneous, as shown
in the inset of Fig. 7. For the three values of A4p considered,
Eq. (20) gives an excellent description of the normalized
density.

2y
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FIG. 7. Molecular-dynamics results for the parameter € as a
function of the interaction strength A,p. The inset shows the nor-
malized density p,/ Y, pn for three different values of A,z. Symbols
correspond to MD results and lines to Eq. (20).

However, for large values of A4p the diffusion coefficient
D becomes comparable to the deposition rate F. This is not
a desired situation since it leads to an evolution in which
nucleation and aggregation occur simultaneously, decreasing
the chance of controlling the formed structure. To avoid this
issue, from now on we take A,p = 8.0kgT and set the den-
sity in the suspension in such a way that F ~2 x 107°,
which gives R = D/F ~ 1.6 x 10°. Despite € being finite
for this interaction strength, taking ¢ = 0 in Egs. (20) and
(21) gives an excellent approximation for evaluating both p,
and t.s. Figure 8 shows the density for gaps with different
lengths (N = 10, 20, 30, 40, and 50). The numerical evidence
suggests that the islands can be considered perfect traps for
the employed parameters and then the system is limited by
diffusion. Similarly, the behavior of 7. as a function of N
with € = 0 is shown in Fig. 9. The agreement with Eq. (21) is
excellent, especially for large gaps where T,.s & TN?/6.

P/Z P,

20 -10

C 0
n-(N+1)/2

FIG. 8. Density p, for five different gap lengths. Symbols corre-
spond to MD results and lines to analytical results from Eq. (20) with
e=0.

Theory

10? . .
1 10 100

N

FIG. 9. Behavior of 1, as a function of N. Symbols correspond
to MD results and the line to Eq. (21). The inaccuracy induced by
taking € = 0 becomes negligible for large gaps (N > 20).

IV. SPATIAL DESCRIPTION OF NUCLEATION

For small densities of colloidal particles in the suspension,
the deposition rate of monomers satisfies 7 < D. Therefore,
Tres K Taep = JFL for a gap of length L and the probability
of simultaneously finding more than one colloid inside a gap
is small. In this limit, the probability of finding i monomers
in the gap at the moment of the (i 4+ 1)th deposition, g;41, is
given by [44]

_ (T J L[ L beo i )
T =\ — A 12R\" T 1€/

As expected, g;y; strongly depends on €, L, and R. For
the parameters used in the simulations Tgep > Tres & Ty and
giv1 ~ (L*/12R)/i\. In epitaxial growth, the critical size is
the maximum size of an unstable island. In our MD simula-
tions we set Ay4 = 8.8kpT, which makes dimers stable, i.e.,
clusters of two monomers can be considered as immobile and
stable islands.

On the other hand, given that T,es < Tgep, if two monomers
coincide in the gap, whenever the second monomer arrives, it
is very likely that the first one has already reached the steady
state. This situation is equivalent to having a gap where both
monomers are deposited simultaneously at random sites; the
first one is deposited at site n with uniform probability 1/N
and the second with a probability given by p,/> ", p,. The
time evolution of two free colloids is given by the master
equation

dpma(t) _

1
dt E[pm+l,n(t) + pmfl,n(t) + pm,n+1(t)

+ Pm,n—1 (t) - 4[7m,n]a (23)

where  pou(t) = pys1a(t) = pmo(t) = puy+1() =0 and
Pun = 0. In the following, we assume that nucleation occurs
once the colloids are separated by a distance smaller than the
interaction range, which is a reasonable assumption as the set
Aap makes detachment negligible. The solution of Eq. (23)
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can be found using the auxiliary initial condition [45-47]

—an(o)
Pmn(0) =10
Pmn(0)

where the symmetrized p,, ,(0) can be written as

Pn + Om

In this way, the probability of having two colloids in sites m
and 7 in the gap has the form

form > n
form=n (24)
form < n,

Pmn(0) = (25)

N
Pun(0) =Y Brje™ " X, (26)
k,j=1
where
. .
X, = sin [ ) sin ( /). 27)
: N+1 N+1

The constants c;; and By are given by

k .
cri = 2| cos il + cos ) -2 (28)
! N+1 N+1

) 2
Bkj = <1V—"‘1> Zﬁm,n(o)Xm,nv (29)

m<n

and

respectively. The probability that nucleation occurs at site n,
P(n), is given by

1 00
P(”) = E/O dt[pn-&-lﬁn(t) + pn—l.n(t)

+ Pn.n+1 (t) + Pnn—1 (t)] (30)

Using Egs. (26)-(30), the probability of nucleation can be
written as
N
] B j Xn n + Xn n—
GO pp L TR TR
o 1= 5[ cos (37) + cos (7)]

Note that we do not consider the direct deposition of one
colloid on top of another at ¢+ = 0. Numerical evidence from
KMC simulations has shown that an excellent mean-field ap-
proximation for Eq. (31) is given by the Walton relation, i.e.,
it is assumed that P(n) is proportional to the squared density
[14,38,48]

30n*(N —n+ 1)?
(N +1)5

This distribution can be scaled using the transformation A =
n/N and p(L) = NP(A) so that Eq. (32) can be rewritten as

pmr(L) ~ 3007 (1 — 1) (33)

Pmp(n) ~ (32)

Figure 10 shows the scaled distribution of the nucleation
sites for gaps having different lengths (N = 20, 40, and 60).
Both P(n) and Pyr(n) provide an adequate description of
the simulation results. These results also support the approx-
imation € = 0, since P(n) should be flatter and P(0) > 0
otherwise. The main differences between the analytical and
numerical results are due to the assumption that a nucleation

30 T T 1U.b T T T
N 0.4
2.5+ 02 9
. e 0.0 Re

2.0_0 20 40L 60 80 AQ.A.‘ AA.
=< 1.5
&)
prd -

1.0 1 [ N=20

e /—— N=40
0.5 A [----N=60
——p,,(1)=30 2°(1-1)’

04 06
n/N

FIG. 10. Probability distribution for nucleation taking place at
site n. Symbols correspond to MD simulation results, black lines to
theoretical results from Eq. (31), and the red line to the mean-field
approximation given by Eq. (33). The inset shows that the nucleation
rate inside the gap (g ~ 0.47) is found to be independent of the gap
length.

occurs when a colloid hops on top of the other used in the
former, while in the simulations a nucleation occurs when the
centers of two colloids are closer than the interaction cutoff
distance, which leads to a more pronounced distribution peak.
The initial condition given by Eq. (24) is formally fulfilled
in the limit R — oo, which cannot be easily achieved for
colloids; as mentioned previously, in this work R & 1.6 x 103
is far from the desired limit.

The nucleation rate inside the gap, w, indicates the number
of nucleation events per time unit. Let g be the conditional
probability for a nucleation inside a gap given that two
monomers are inside the gap at the time of the second de-
position. Consequently, w can be written as

w = gqFL, (34)

where ¢, is given by Eq. (22) and g can be evaluated from
P(n) according to

N
g=)_ Pn). (35)
n=1

The numerical evaluation of Eq. (35) using the result of
Eq. (31) leads to g~ 0.47 regardless of the gap length, as
shown in the inset of Fig. 10. This is a consequence of the
chosen interaction parameters, which make dimers stable. For
a different set of interaction parameters, the critical nucleus
size can be larger than i = 1 and g would depend on L [17].

V. KMC SIMULATION FROM MD RESULTS

Two typical quantities used in epitaxial growth to describe
the time evolution of the growing monolayer are the monomer
(M) and island (N) densities. Starting from the results de-
scribed in the preceding section, we implement kinetic Monte
Carlo simulations for monolayer growth using the same in-
teraction parameters and the ratio R = D/F ~ 1.6 x 103. In
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FIG. 11. Evolution of monomer N/, and island N densities as
a function of the coverage 6 = Fr. Symbols correspond to MD
simulations and lines to the KMC results.

these simulations, we consider a one-dimensional lattice (sub-
strate) with N = 1000 sites on which colloids are deposited
at random. On average, 2RN| random moves are made by
the free colloids on the lattice between two consecutive de-
positions. In this way, the hopping time is guaranteed to be
T = 0'2/2D and the time between consecutive depositions is
(FL)™!. Note that the interaction parameters determine not
only the diffusion coefficient of the colloids on the substrate
but also the critical nucleus size i. For the set of parameters
used in the MD simulations, once two colloids are in con-
secutive lattice sites they form a stable island. Therefore, we
implement the extended island model in the KMC simula-
tions, i.e., if a free colloid moves onto a site that is adjacent
to one already occupied by another colloid, then either an
aggregation or a nucleation event is considered to occur.

VI. FROM LOCAL TO GLOBAL BEHAVIOR
Evolution of densities

Figure 11 shows the evolution of A" and ] as a function of
the coverage 6 = Fr, where ¢ is the physical time and 9 is the
total density of deposited particles. As can be seen there, the
agreement between the two simulation methods is excellent.
A major advantage of the KMC over the MD simulations is
that the KMC simulation allows one to simulate much larger
systems and longer timescales with less computational effort.

Another quantity that is also useful for studying epitaxial
growth is the gap length distribution for gaps of length !/
between neighboring islands. This distribution provides in-
formation about the effective interaction between islands as
well as about the capture zone distribution [14,38,39]. The
gap length distribution can be recovered using a fragmentation
model which uses as input the results of Sec. III. Following
Ref. [38], we define the scaled gap length distribution pg(x),
which satisfy the fragmentation equation

xdpg(x)

I 2pg(x) = —0%(x) + 20" (x), (36)

0.1
<
vcn
o
0.014
1x1073
0.1

X

FIG. 12. Gap length distribution for adjacent islands for a cov-
erage 0 = (0.25. Symbols and the solid line correspond to MD and
KMC results, respectively. Dashed and dotted lines are obtained
from the solution of the fragmentation model given by Eq. (36) with
different values of y.

with Q%(x) the probability density of nucleation inside a gap
with scaled length x = L/(L) and Q*(x) the probability that,
given a gap with length y, nucleation occurs at a position x
inside the gap [39], i.e.,

! |
0'(x) = / dy;pg(y)P(x/y). (37
In particular, Q%(x) can be written as

08 (x) o wpg(x), (38)

where w is the nucleation rate inside a gap with scaled length
x. Evaluating Eq. (34) for the parameters considered, it is
found that » ~ 0.04F2L*/D and consequently

e
Q%(x) = — py(x), (39
Ha

with 4 the fourth moment of p,(x).

The resulting integro-differential equation for p,(x) given
by Eqgs. (36), (37), and (39) cannot be analytically solved.
However, it can be solved numerically as shown in Ref. [39].
For large values of x, py(x) o x2 exp(—x”/y i, ), with y
the exponent of L in the nucleation rate @ and therefore its
behavior is completely determined by Q%(x). Furthermore, in
the limit x <« 1 we have p(1) ~ A2, which in turn implies
Pe(x) ~ x* and Q*(x) ~ x2. Figure 12 displays the behavior
of pe(x) evaluated for coverage 6 = 0.25. As expected, the
KMC results coincide with those from MD simulations, es-
pecially for large values of x. However, the fragmentation
model [Egs. (36) and (39)] fails to describe the simulation
results for p,(x) at large x. This discrepancy can be understood
considering that Eq. (36) implicitly assumes that the system
has reached a quasisteady state, in which nucleation and ag-
gregation balance each other; this assumption is reasonable
for R — oo. In this limit p,(x) reaches a scaling regime,
but for the set of parameters used in our simulations, R is
not large enough to meet this requirement. Additionally, the
fragmentation approach assumes that the colloidal density of
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the gaps reaches the long-time behavior, which is true for
small gaps but not necessarily for large gaps if R is not large
enough. The statistical behavior of the system for large values
of x is dominated by the breakup of the largest gaps, and
under the steady-state assumption, Eq. (39) predicts y = 4.
However, for small values of R, we can expect a smaller
y. The numerical evidence suggests that this issue can be
overcome by proposing

Q% (x) o x” pg(x), (40)

with y = 2. For this empirical value, the fragmentation ap-
proach gives excellent results for describing p,(x) when
compared to simulations, as can be seen in Fig. 12.

VII. CONCLUSION

Utilizing established analytical and numerical tools for
investigating the colloid dynamics within a single gap, rele-
vant timescales related to nucleation and aggregation can be
accurately estimated from the interaction parameters between
particles. This allows one to gain valuable insights into the
time evolution of monomer and island densities by examining
the local behavior of monomers within a gap, which in
turn contributes to understanding the global behavior of the
epitaxial monolayer growth. Furthermore, the results for the
timescales can be used as input for a fragmentation model
[Eq. (36)] to calculate the gap length distribution p,(x) and
consequently the capture zone distribution and the effective
interaction between islands [14,39]. For p.(x), our results
suggest an exponent y = 2, i.e., po(x) ~ x~% exp(—x?), which
differs from the analytical result of y = 4. This is not an

unexpected result because the exponent y determines the right
tail of the gap length distribution; in other words, it determines
the behavior for large gaps. However, for small values of R the
steady-state assumption used for the nucleation description
does not apply to large gaps. Additionally, the simultaneous
presence of more than two monomers inside a gap is not
negligible for large gaps, which is one of the assumptions
used to formulate Eq. (22). In our case, the deposition rate is
not small enough (R ~ 1.6 x 10%) and therefore nucleation in
large gaps can occur before the monomer density reaches the
steady-state regime. In principle, R can be arbitrarily large,
implying a very long time between depositions and therefore
deposition times that in practice cannot be achieved by MD
simulations due the long associated simulation times. Con-
sequently, for colloidal epitaxial growth, the typical values
of R are much smaller than those found for molecular beam
epitaxy. It is possible to extrapolate the procedure discussed in
this paper to higher dimensions. However, for d > 1 space is
not divided into gaps, and it is necessary to consider the con-
cept of a capture zone (CZ) and the fragmentation equation is
written to describe the effect of a single nucleation in the CZ
distribution. Finally, we highlight that linking the interaction
parameters between colloids with the relevant timescales of
the system allows more control of the size and form of the
structure formed, which is one of the main goals in epitaxial
growth.
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Abstract
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The final structure and properties of layers grown by epitaxy techniques are determined in the
very early stage of the process. This review describes one-dimensional models for epitaxial
growth, emphasizing the basic theoretical concepts employed to analyze nucleation and
aggregation phenomena in the submonolayer regime. The main findings regarding the evolution
of quantities that define the properties of the system, such as monomer and island densities, and
the associated island size, gap length, and capture zone distributions are discussed, as well as
the analytical tools used to evaluate them. This review provides a concise overview of the most
widely used algorithms for simulating growth processes, discusses relevant experimental
results, and establishes connections with existing theoretical studies.

Keywords: epitaxial growth, 1D models, reaction-diffusion systems, nucleation, aggregation

1. Introduction

The study of epitaxial growth (EG) has a long history due
to its relevance in solid-state physics, materials science, and
semiconductor technology. Understanding the microscopic
mechanisms related to the deposition and growth processes is
required to enable precise control of the material properties
for a wide range of applications such as micro- and optoelec-
tronics, life sciences, and fuel cells [1-3]. Indeed, the signi-
ficant progress of nanoscience and nanotechnology has been
partially achieved thanks to the advancements of epitaxial
deposition [4], as unprecedented developments of diverse
nanostructures are currently available, including nanodots [5],
nanowires [6, 7], and thin films [8—10] with enhanced elec-
tronic, magnetic, optical, or mechanical features.

For instance, in [5], highly ordered arrays of GaAs-based
dots of nanoscale size were successfully prepared on GaAs
(001) substrates by molecular beam epitaxy (MBE). The aver-
age length of the dots is adjustable from 45 to 85 nm. On the

* Author to whom any correspondence should be addressed.

other hand, [6] reports the construction of the well-defined
(La, Pr, Ca)MnOs epitaxial oxide nanowall wire. The structure
is built by a combination of nanolithography and subsequent
thin-film growth. This growth technique allows the direct
investigation of its insulator-metal transition at the single-
domain scale. Another example is found in [7], where three-
dimensional (3D) Fe;0,4 epitaxial nanowires at a 10 nm length
scale on a 3D MgO nanotemplate were built using nanoimprint
lithography and inclined thin-film deposition. The ultrasmall
Fe;04 nanowires exhibit a prominent Verwey transition at a
temperature close to 112 K with a relative change in resist-
ance six times larger than that found by the standard thin-film
configuration.

In [8, 9] the properties of some structures constructed
by pulsed laser deposition (PLD) were studied; particularly,
(AlGa), 03 films were deposited on sapphire substrates which
exhibit high transmittance and a tunable bandgap with the Al
content. Similarly, Ga,Oj3 films were deposited on (0001) sap-
phire substrates by PLD and the dependence of crystal qual-
ity, surface morphology, and transmittance on the substrate
temperature was investigated. Those results suggest that PLD
allows the growth of high-quality films at low temperatures.

© 2024 10P Publishing Ltd. All rights, including for text and
data mining, Al training, and similar technologies, are reserved.
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On the other hand, the deposition of NdNiOj3 on different sub-
strates has been carried out to analyze the role of lattice strain
on proton diffusion in the film. It shows that tensile/compress-
ive strain strongly suppresses/enhances proton diffusion and
demonstrates the potential applications of this intrinsic factor
in designing multifunctional materials for electronics [10].

In EG, the basic units of growth, called monomers, are
deposited onto a (crystalline) substrate at a controlled rate.
Then, each monomer diffuses on the surface until it gets cap-
tured by other diffusive monomers or an island, the latter
being a stable cluster of immobile monomers. From a funda-
mental point of view, EG involves many out-of-equilibrium
processes leading to rich and complex behaviors due to the
number of timescales implicated, which have been studied the-
oretically, numerically, and experimentally. The first theoret-
ical studies on the subject were based on rate equations (RE)
and aimed to determine the island growth exponents [11, 12].
Later, key quantities of the growing layer dynamics, such as
island size and capture zone distributions, were employed to
include information about the spatial fluctuations of monomer
and island densities [11, 13, 14]. At the same time, several
numerical studies founded on kinetic Monte Carlo (kMC) sim-
ulations were performed providing important insights into the
most relevant microscopical mechanism determining the sys-
tem evolution in EG [11-13]. Some experimental results for
island size distribution and growth exponents are found in [ 15—
19]. Most experimental works focus on finding optimal con-
ditions for controlling the island growth and, by contrasting
their results with theoretical models, on extracting microscop-
ical parameters from experimentally measurable quantities.

Although EG is inherently a three-dimensional process
involving the slow deposition of atoms, molecules, or colloidal
particles on a substrate surface, one-dimensional (1D) models
have been amply used to simplify the analysis and gain insights
into magnitudes describing the growing dynamics [20-23].
These magnitudes include, among others, the time evolution
and scaling of island size, the capture zone distribution, and the
gap length distribution [24-29]. Even if one-dimensional sub-
strates are geometrically simpler than two-dimensional ones,
the spatial density fluctuations of the growing layer gener-
ally play a more relevant role than those in higher dimen-
sions. Consequently, understanding the microscopic processes
involved in 1D EG requires a more precise description of
monomers and islands’ spatial fluctuations. In this sense, ana-
lyzing 1D EG is more challenging than its two-dimensional
counterpart. From the theoretical perspective, the strong cor-
relations render useless mean-field-like approaches, and from
the practical point of view, having enough control over the
deposition and diffusion of monomers to form ordered one-
dimensional structures is not an easy task.

Moreover, practical realizations of 1D models are related
to the formation of atomic chains in nanoscale devices
(nanowires) by using stepped surfaces [22, 30-32] or
anisotropic diffusion on two-dimensional substrates [33—
36]. For example, [37] discusses the advantages and chal-
lenges of using self-assembled, one-dimensional semicon-
ductor nanowires, which offer a coaxial gate-dielectric-
channel geometry for the downscaling of electronic devices.

The application of such devices as a powerful and general plat-
form for direct electrical detection of biological and chem-
ical species is reviewed in [38]. Similarly, tunned 1D nano-
structured Pt-based, Pd-based, or 1D metal-free nanomateri-
als can be employed in advanced electrocatalysis for boost-
ing fuel-cell reactions with high activity and stability [39].
Additionally, the physics and technology of nanowire photo-
detectors offer several potential applications in different areas
such as nanoscale optoelectronics, photovoltaics, plasmonics,
and emerging negative indexes metamaterials-based devices
[40].

This review presents the most relevant analytical, numer-
ical, and experimental results regarding the unique features
of 1D EG. Since submonolayer film growth determines most
of the physical properties of the surface, most experimental
and analytical results discussed are limited to this regime. The
paper is divided as follows: section 2 introduces the basic
definitions necessary to study EG, while section 3 describes
the relevant time scales associated with the fundamental pro-
cesses. In section 4 the standard RE for EG are presen-
ted including the information that can be gained from them.
Section 5 presents a brief discussion about the gap length and
capture zone distributions. The most important results related
to the island size distribution are presented in section 6. A
description of the numerical methods used to model EG is
summarized in sections 7 and 8 is devoted to a relatively novel
two-step protocol for EG. Finally, in section 9, some related
experimental results are presented.

2. Basic definitions

As mentioned above, in EG the basic growth units, called
monomers, are deposited onto a substrate. Depending on the
specific characteristics of the deposited particles, the depos-
ition process can be achieved using MBE, vapor phase epitaxy
(VPE), chemical beam epitaxy (CBE), atomic layer epitaxy
(ALE), or liquid phase epitaxy (LPE) [41, 42]. For example,
in the case of MBE atomic or molecular beams are directed
onto a heated substrate surface under high vacuum conditions.
By controlling the flux and energy of the beams, MBE enables
the sequential deposition of monomers and therefore the pre-
cise control of the deposition rate F, i.e. the number of depos-
ited monomers per time and length units®. The time evolu-
tion is usually parameterized in terms of the coverage defined
as 6 = Ft, where ¢ is the physical time; if re-evaporation is
negligible, 8L; is equivalent to the total number of monomers
on the substrate of length L;. It is also convenient to define
the density of free monomers Ny, i.e. the number of diffusing
monomers per length unit. In general, Ny # 6 due to the exist-
ence of islands, detachment processes, re-evaporation, etc.
After the arrival of monomers at the surface, their fun-
damental transport mechanism on the substrate is diffusion.
Eventually, free monomers meet on the substrate and form

3 This definition applies to 1D substrates; for the two-dimensional case, the
deposition rate corresponds to the number of deposited monomers per time
and area units.



J. Phys.: Condens. Matter 36 (2024) 463001

Topical Review

Aggregation Detachment Nucleation lv

28’

Arrival

Diffusion

(v Yy

Mﬂ.’.

Figure 1. Representation of the fundamental processes for i = 2. Red and blue circles represent an island and an unstable cluster,
respectively. The substrate is formed by black circles. Black, red, green, and blue arrows represent deposition, diffusion, nucleation, and
aggregation events. The orange arrow illustrates the detachment of a monomer from an unstable cluster.

clusters until they become stable. The size of the largest
unstable cluster is called critical size, i, which depends on
the strength of the interaction between monomers and tem-
perature. Once a free monomer is captured by an unstable
cluster with size i, a nucleation process takes place, and a
stable cluster forms, which is commonly called an island. In
the context of reaction-diffusion systems, the critical dimen-
sion (d.) is defined as the spatial dimension at which the nature
of nucleation and cluster formation undergoes a significant
change. Above d., the RE description leads to asymptotic-
ally correct behavior; on the contrary, below d_., this approach
does not provide satisfactory results. Finally, at d., the RE
approach is almost correct except for logarithmic corrections.
In the diffusion-limited regime, the many-particle nucleation
process of i+ 1 monomers has an upper critical dimension
d. = 2/i, meaning that for higher dimensions, nucleation is
expected to be described using a mean-field approach [43—
45]. Consequently, d. decreases as the critical nucleus size
increases. This result can be understood by considering that
many-particle encounters rarely occur, favoring the mixing
of the system. For a 1D system, we can expect mean-field
approaches to be successful for critical sizes i > 2. Similarly,
when an island captures a free monomer, its size increases, and
an aggregation occurs. In this way, the basic ‘microscopic’
events involved in EG are arrival, diffusion, aggregation, and
nucleation, as illustrated in figure 1 for a critical nucleus size
i =2. Other processes, such as detachment and re-evaporation,
are possible but undesirable since they reduce the control over
the layer growth.

Diffusion happens by monomer hopping between neigh-
boring lattice sites on the substrate. The average time between
two consecutive hops is given by 74 = 1/(2D) where D is the
(lateral) diffusion coefficient of a free monomer on the sub-
strate. This parameter depends on the temperature and is usu-
ally taken as a known quantity as it can be determined experi-
mentally. The dependence D(T') is usually assumed to be given
by an Arrhenius form D = Dyexp (—Ep/kgT), where Ep is the
activation energy of diffusion and Dy a preexponential factor.
For the case of Pt adatoms on a Pt(111) surface, it was found
Ep =~ 0.26 eV [46]; similarly, for a closed-packed [110]-step
on Cu(100), it is found Ep ~ 0.30 +0.04 eV [47].

Starting from the Fokker-Planck equation for the diffusion
of a monomer on a periodic potential V(x), which represents
the monomer-substrate interaction, it can be shown that the
diffusion coefficient can be expressed as [48]

D=Dyo’L;", (1)

with Dy the diffusion coefficient for V(x) = 0 and > (y) given
by

Iz(y)z/ der(x)/kBT_/ dxe—v()c)/kgr7 )
0 0

where o measures the size of the monomer. As expected,
the diffusion coefficient depends on the interplay between the
strength of the monomer-substrate interaction and the typical
thermal energy. In the limits V(x) > kgT and V(x) < kg7,
it results D — 0 and D — Dy, respectively. In [49-51] the
applicability of equation (1) is discussed for a simple col-
loidal model of EG. The typical time between two consecutive
monomer arrivals on the substrate with length L, hereinafter
referred to as deposition time?, is given by 74ep = (FLy) .
The monolayer evolution can be fully described by two inde-
pendent variables, coverage and the diffusion-to-deposition
ratio. The latter is defined as 8 = D/F so that when it is
large, monomers have enough time to diffuse across the sur-
face between consecutive depositions, which typically renders
in more uniform layers; for atomic and molecular epitaxy
R > 108, so in practice Tgep > Taif-

In [49, 50], the deposition rate due to the slow sedimenta-
tion of colloidal particles from a diluted suspension on a one-
dimensional substrate is discussed. It is found that the depos-
ition rate is given by

Fo 2pF’L,
g2 [exp (—2GoFL,/g2) — 1]+ 2(oFL,’

3

with L, being the height of the suspension, F' the sediment-
ation field, p the density of colloids in the suspension, (g is
intensity of the viscous force and g,, = /2(pkg T. If the thermal
energy is much smaller than the work done by F, kgT < FL,,
equation (3) takes the simple linear form F = pF/(, and the
deposition rates becomes a linear function of the sediment-
ation field. In the opposite case, the deposition is driven by
thermal fluctuation F = 2kg pT/(L, o). Equation (3) assumes
that the deposition is instantaneous, i.e. the substrate captures
the monomers at the first encounter. If the thermal energy is

4 Note that in an experimental context, deposition time usually refers to the
entire interval during which monomers are being deposited on the substrate.



J. Phys.: Condens. Matter 36 (2024) 463001

Topical Review

L

Figure 2. Representation of two adjacent islands (black segments) and the gap between them (white segment) in the extended island model
(EIM). The gap length, L, between the islands and the capture zone length Y of the island with size S’ are indicated.

larger than the typical monomer-substrate interaction energy,
the monomer can escape from the substrate and require many
attempts before being incorporated into it.

The role of the substrate is quite important in the case of
heteroepitaxial growth, in which the thin film is deposited on
top of a dissimilar material. In that case, it is usual that the
lattice constants of the growing layer and the substrate are dif-
ferent. It generates lattice strain in the growing layer, and high
strain levels produce defect formation [3, 52]. In colloidal het-
eroepitaxy, experimental studies have shown that the growth
process is influenced by particle interactions and the lattice-
misfit ratio [53, 54], and the properties of the film are strongly
related to the interfacial energy between it and the substrate.
Including the effect of lattice mismatch in theoretical models is
challenging. However, molecular dynamics (MD) simulations,
as proposed in [55], offer a direct and practical approach to
studying it. These simulations have shown that different struc-
tures can grow depending on the size ratio between the layer
and substrate particles.

Two island models can be employed to describe the struc-
ture of the growing layer theoretically. The point island model
(PIM) considers each island to occupy only one lattice site on
the substrate, and the island size corresponds to the number of
monomers that belong to it. On the other hand, in the extended
island model (EIM), the island grows laterally and its length is
proportional to its size (i.e. the number of monomers in it), as
shown in figure 2. A distinctive feature of 1D systems is that
the islands divide the substrate into disjoint segments called
gaps, which can mostly be considered independent. Figure 2
shows a gap between two consecutive islands with its asso-
ciated length L. Within a gap, the aggregation process can
be characterized by two different time scales: the transversal
time, 7y, which is the average time that a monomer initially
in the gap requires to reach one of the islands at the gap ends,
and the aggregation time, T,g,, Which is the typical time after
deposition that a monomer requires to be captured by an island.
If 7 = Tage, the aggregation is instantaneous, and the system is
limited by diffusion. On the other hand, if 7y < 7,4,, aggrega-
tion is limited by reaction due to the presence of an additional
energy barrier hindering the aggregation of the monomer to
the island.

The density of free monomers, N, was already mentioned
as a key quantity to describe the growth process. Two other are
the density of islands of size S, Ng, and the total island density,

N =" ;Ns. The former is defined as Ny = N /L, with Ng
the number of islands containing S > i monomers. The time
evolution of N| and Ny sheds light on the microscopic pro-
cesses associated with the layer growth; for instance, N| and
N are related to the global rates of nucleation and aggregation
and provide information about i. Closely related, the island
size distribution Ps = Ng/N is also a fundamental quantity.
For the extended islands model, the island length is propor-
tional to S and the island size distribution is equivalent to the
island length distribution.

For both PIM and EIM, the spatial structure formed by the
island centers can be characterized by the gap length (GL)
and capture zone (CZ) distributions, p(L) and P(Y), respect-
ively. By definition, p(L) is the distribution of lengths between
the centers of adjacent islands, which is closely related to
the monomer and island density distributions around a given
island. On the other hand, the capture zone of an island is given
by the lattice sites that are closer to it than to any other island.
Figure 2 indicates the GL between the islands of size S and §’,
as well as the CZ associated with the S’ island; the length of
this CZ is represented by Y. For extended islands, the effective
CZ and GL are given by Y— S’ and L — (S+S’)/2, respect-
ively. The predictions of both island models generally coincide
when the average distance between islands is much larger than
the typical island length.

It is a usual practice to employ the scaled quantities s =
§/S, ¢ =L/L, and y = Y/Y, with the corresponding distribu-
tions Pg, p({), and P(y), where the bar represents the aver-
age of the given quantity. These distributions provide com-
plementary but not necessarily equivalent information about
the microscopic details of the processes involved in the layer
growth. Therefore, analyzing experimental and theoretical res-
ults requires the simultaneous examination of all of them [21,
28, 32, 51, 56, 57].

3. Time scales in a single gap

The nucleation and aggregation processes can be charac-
terized by studying them within a single gap. Aggregation
inside a single gap with length L was extensively studied in
[58-63] by exactly solving the master equation for a single
monomer. These works consider the existence of an energy
barrier E, that hinders the aggregation. As expected, for zero
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and weak barriers 7,4, = L?/(12D) coincides with the trans-
versal time. In contrast, for strong barrier 7,gy = L1,/(2D)
with [, = bexp (E,/ksT) — 1] a length associated to the bar-
rier E, and b the lattice parameter. The presence of E, implies
the existence of the three following regimes:

e Regime I: the system is diffusion-limited with 7gep >> Tag ~
7w and R > L3/12.

e Regime II: the system has strong but finite barriers with
Tdep = Tage > Turs lo > L/6, and R > L*1,/2.

e Regime III: the system is reaction-limited with /, — co and
Tagg =2 Tdep > Tir -

Generally, the values of the activation energy of the micro-
scopical process strongly depend on the material and external
conditions. Unfortunately, apart from the case of a single
monomer moving on a flat surface, the activation energies are
rarely accessible by direct measurement; mainly because fol-
lowing the time evolution of individual monomers is a quite
difficult task in atomic and molecular systems. In most cases,
it is necessary to rely on measurements of mesoscopic quantit-
ies, such as the island density, and compare these with analyt-
ical models to estimate the value of microscopic parameters.
For instance, [62] reports E, ~ 0.36 eV for Pt homoepitaxy on
Pt(111) at a CO pressure of 1.85 x 10° mbar and b ~ 2.83 A.

On the other hand, the time scale associated with nucle-
ation denoted by 7, can be studied by solving the exact dif-
fusion equation for i 4+ 1 monomers inside a gap. This way,
it is possible to express analytically the probability p,, () of
finding two monomers at positions n and m in the gap at time
t. This probability was calculated for the case i=1 in [58—
61], where the master equation for two monomers inside a
gap was solved. This approach referred to from now on as the
Castellano-Politi (CP) method, assumes as the initial condi-
tion that the first monomer has already reached the steady state
at the arrival time of the second one. In [63], the CP method
was generalized for i > 1 leading to the extended Castellano-
Politi (eCP) method. Naturally, for a nucleation to occur inside
a gap of length L, it is necessary to have more than i monomers
inside the gap. The events related to the existence of more than
i + 1 monomers are much more unlikely than those with i 4 1
monomers and, therefore, these can be neglected. For finite
and zero barriers the probability to find i monomers in the gap
at the moment of the (i + 1)th deposition is given by [62]

1 (T 1] L !
Pit1 =7 <Tdep> =7 {12&3(”61“) S

For Regimes I and I, p;;; < 1 while for Regime III aggrega-
tion is not possible as I, — oo and then p; . = 1.

The distribution of nucleation sites, P, (m, L), which gives
the probability of having nucleation at position m (0 < m <
L) regardless of time, has also been calculated numerically
and analytically [58-63]. The mean-field (MF) approxima-
tion assumes that 7, (1, L) is proportional to n%™ (m,L) with
ny(m,L), the density of monomers inside large gaps at the
steady-state

n (m,L) = [laL+Lm fmz} ) (5)
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Figure 3. Distribution of the nucleation sites, P,(m, L), for a gap
with i =2, L=100, [, = 0 (continuous lines) and /, = 2000 (dashed
lines). Red lines correspond to results from the eCP approach
[58-61], blue lines to that of the MF approximation, and dots to
kMC simulations.

Remarkably, for zero barriers and i = 1, the MF approach
provides an excellent approximation for P,(m,L). The MF
approximation becomes exact as i increases [63]. However, the
MF approximation fails to describe P, (m, L) for non-zero bar-
riers. In that case, the exact P,(m, L) is flatter close to the cen-
ter of the gap than that given by the MF. Furthermore, the MF
predicts P,(0,L) = P,(L,L) > 0 while the exact results give
Pu(0,L) =P,(L,L) = 0, as shown in figure 3. The inset high-
lights the subtle difference between the three data sets near the
maximum of the distribution for i =2 and [, = 0. In cases like
this, it is more convenient to use the expression given by the
MF approach than that from the eCP method. Additionally,
some discrepancies have been found between the analytical
model used in [58-61] and kMC results for large gaps [63,
64]. In particular, the eCP method predicts sharper distribu-
tions than those found by numerical simulations, strongly sug-
gesting that the assumed initial condition for the CP and eCP
approaches does not apply to large gaps, i.e. the deposition of
the second monomer usually occurs before the first monomer
reaches the steady state. As mentioned previously, density
fluctuations are relevant in one-dimensional systems. Note that
for strong barriers, the density of monomers, Ny, and P(m,L)
become nearly uniform close to the center of the gap, but
they strongly depend on the position near the islands at the
gap edges. This is an important detail because the aggregation
of monomers to the islands depends on the density behavior
in this region. As a result, mean-field approximations are not
appropriate for describing the aggregation process for strong
barriers.

The nucleation rate, w, defined as the number of nucleation
events inside the gap per time unit, is given by [62, 63]

w=gipit1FL, (6)

with g; the nucleation (conditional) probability given that there
are i monomers at the time of the (i + 1)th deposition. For the
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CP approach with irreversible attachment, g;—; ~ 0.47 is inde-
pendent of the gap length and w o< L*.

The results from the eCP method suggest that g;~3 ~
L=(=2) and gi—, ~ (logL)~*%7> when zero barriers are con-
sidered. In general, it can be shown that the nucleation rate
behaves as w ~ L7 lg. Again, in the case of zero barriers, d =0
and y=4fori=1, v~ 6.785 (large gaps) and v ~ 6.75 (inter-
mediate gaps) for i=2 and v =2i+3 for i > 3. The non-
integer value of v for i=2 is related to the typical logar-
ithmic corrections that appear when the dimension of the sys-
tem is equal to the critical dimension d... On the other hand, in
Regime II the presence of i + 1 monomers ensures nucleation,
i.e. g; ~ 1. Additionally, both eCP and MF results coincide
~v=2i+ 1 and 6 = for all values of i. For the case [, — oo,
0=1and~y=2i+3.

Finally, both w and P, (m, L) strongly depend on the attach-
ment barrier making it possible to use experimental data
together with the eCP model to estimate the value of these
barriers.

4. RE

One of the most extended methods for evaluating the time
evolution of epitaxially growing layers is RE. However, these
have a mean-field nature that ignores fluctuations of the island
and monomer densities on the substrate, i.e. the local densit-
ies of monomers and islands are assumed to be well-described
by their average values N and N, respectively. This issue can
be overcome by considering time-dependent capture kernels,
which derive from the spatial fluctuations of the monomer
density around a given island or monomer. It is customary to
propose the following set of RE [20, 21, 56]:

dN .

5 =7 D) o RN — RN, > osNs, (D)
S>i+1

dN,

d—; =RN; (05-1Ns—1 —osNs), ®)

where 75 is the density of unstable clusters with size 1 < § < i,
Ny =>"¢_, ns, and y denotes the substrate fraction uncovered
by islands, i.e. v =1 — 8 + N; for the EIM and v =1 — N for
the PIM, with N=>_ s>i+1Ns the total island density. Note
that in equations (7) and (8) the nucleation term is proportional
to N] NSs=i> Oy = O08§=i, and Ni =1);.

The evolution of the densities in terms of N can be reformu-
lated by summing equation (8) over s > i, using the approxim-
ation 7; ~ N [65] and defining the average aggregation kernel

_ 1
S>i+1

In this way, equations (7) and (8) take the simpler form [20,
21, 56]:

%:7—(1'—&—1) %JMNTLI—&?RN1N, (10)
dN ;
@ :%UMNT‘FI. (11)

110"‘ 10° 10? 10" 10° 1
[ e——— . sl 107
i=1 and %=5x10° put
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1024 . 4107
N 10°4
10™ 4
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Figure 4. Island and monomer densities as a function of coverage
for i =1 and two different energy barriers /, = 0 and /, = 250; both
the point (PIM) and extended (EIM) island models are considered.
Dots correspond to the kKMC results while the blue line corresponds
to the self-consistent approach (SCA) presented in [21]. The inset
shows the different evolution regimes: low-coverage (L),
intermediate (I), aggregation (A), and coalescence (C) regimes.

This equation system is easier to analyze than the original
one and provides the growth exponents for N; and N, which
can be directly compared to experimental measurements. In
EG standard protocol the monomers are deposited sequen-
tially such that for early times (low-coverage or L regime)
N; =6 and N ~0, as shown in figure 4. Once some islands are
formed, a competition arises between nucleation and aggreg-
ation characterized by N = N; (intermediate or I regime). For
later times, the system reaches a quasi-steady state (aggreg-
ation or A regime), in which the monomer deposition bal-
ances the monomer aggregation to preexisting islands, N >
Ni,dN;/df < 1, and aggregation is the dominant process. The
last regime is found at large coverage and is characterized by
the coalescence of islands (C regime). Figure 4 displays the
evolution of the monomer and island densities for irreversible
attachment and i = 1 obtained by the self-consistent approach
discussed in section 6. The inset there shows the behavior
of Ni; as expected, the coalescence regime is reached at a
lower coverage for the EIM than for the PIM. As can be seen,
the intermediate regime starts approximately at # ~ 10~3 and
lasts until 6 ~ 102, In this regime, N and N; do not have an
algebraic dependence on the coverage and, since a competition
between nucleation and aggregation takes place, both densit-
ies are comparable. In particular, the maximum value of N; is
found when the deposition of monomers equals the monomers
loss due to aggregation and nucleation.

For the aggregation regime it is expected [20] that the dens-
ities dependency on 6 and 3 follows

Ny ~0 P R™® and N~ 0 2R7X, (12)
where the exponents 31, @, z and x have been assessed using
both experiments and kMC simulations [20, 21, 66]. The
resulting data contradict the assumption of constant capture
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kernels and therefore, the spatial fluctuations of the monomer
density must be considered to evaluate the coverage depend-
ence of 0, and 0. In [20], the exponents were calculated ana-
Iytically in the A regime for the point-island model with i = 1.
By taking into account the fluctuations of the monomer density
around a given island, itresultsinw = 1/2, 51 = 1/2,z=3/4,
and xy = 1/4; in contrast, N = 2R 6* for the L regime. These
results were obtained assuming that the capture kernels fol-
low 0y ~ & ~ N for the A regime and o; ~ & ~ N for the L
regime.

More refined analytical and numerical calculations were
performed by Amar er al [21], where N ~ (4/5) R'/26°/2 was
found for the L regime, which is different from that reported
in [20] but consistent with the kMC results, as can be seen in
figure 4. According to Amar’s approach, the capture kernel o

is given by [21]
4 1/2
g1 = .
: RNy

The functional form of the capture kernel given by
equation (13) describes well the numerical results for the
whole pre-coalescence regime for both point and EIMs (see
figure 4). In contrast, the MF approximation of [20] uses a
two-regime model for o;. On the other hand, a crossover
between L and A regimes is found, i.e. N~ N; =~ 6., which
is explicitly given by 6. = (5/4)>3R~'/3 for i=1 [21]. For
the parameters employed in figure 4, 6, ~ 0.007 agrees with
the numerical results. As shown in figure 4, the PIM and
EIM only have differences in the coalescence regime, in the
previous regimes both models give similar results.

The growth exponents depend on the critical size i but
can also be affected by barriers hindering aggregation or
nucleation. Based on previous works [58-62], a model with
hindered aggregation was proposed in [66]. According to this
model, monomers must hop onto an occupied site to be incor-
porated; if the occupied site is a stable island, the diffusion pro-
cess is hindered by an additional attachment barrier E, redu-
cing the hopping rate to that site. The associated character-
istic length [, = b[exp(E,/kgT) — 1] measures the asymmetry
between the hopping rates, so that the ratio between the prob-
ability Py to move the monomer to a stable island and the prob-
ability Py, to move it to a site with fewer than i + 1 monomers
is given by Py, /Py = exp(E,/kgT). In this model, nucleation
is independent of /,.

Under this hypothesis, equation (13) applies for i = 1 but o,
can be assumed time-independent for i > 1, which agrees with
the well-known critical dimension for nucleation. This implies
that in the L regime, the island density for i > 1 behaves
according to

13)

N~ RO, (14)
On the other hand, in the aggregation regime, the densities and
their associate growth exponents strongly depend on /,. For
i=1and/, < 1itis found

1 1

N () ~ <%19)2andN(9) N (g)

5)

Table 1. Growth exponents in the aggregation regime are defined
according to N ox R7X0” and Ny « R™X10#. ®For I, < L, the
entries for general i do not apply fori=1.

i i=1 i=2 i=3

LIL <1 >1 «1 >»1 <1 >1 <1 >1

i

X 3 ? 4 13 27 12 13 35

X\ a3 oms V223 31 12 1325
B s o=z VA 137 1A 19 15
Bl —a3 —ms 2 -3 =21 -4 =219 —1/5
while fori=1and [, > 1
Lo\ AR
Ni(8) ~ and N(0) ~ | 5| . 16
0~ (555) move~ 5] ao

Analytical predictions and numerical results for i =1 are
compared in figure 4. It is worth noting that the scaling beha-
vior predicted by the RE agrees with the PIM but some dis-
crepancies are present in the case of the EIM. For example,
the aggregation regime lasts longer in the PIM than in the EIM
since in the latter, regime A is interrupted by the appearance
of the coalescence regime. For i > 2 and zero barriers, o, is
time independent and o ~ N. Therefore, the densities behave
as

In contrast, for i > 2 and large barriers, g ~ l;l attains a con-
stant value, and the densities follow
l

» o g [i+1 =
Ny (0) ~ <§R29> and N(6) ~ ( §)‘aﬁi ) . 318

Assuming the general forms Noc R7X0% and N,
R=X105, the growth exponents for the A regime are sum-
marized in table 1. In principle, the growth exponents can be
used to determine the existence of aggregation or nucleation
barriers, the diffusion coefficient, and the critical nucleus size
i. Note that in the case of weak and large barriers, the quantities
N?-N; and N-N; are independent of the coverage, respect-
ively. As discussed later, this is related to the behavior of p(¢)
for large ¢ values. For arbitrary i, the crossover coverage 0.
between L and A regimes can be determined by equating the
expressions for N(#) for both regimes [66]. The crossover cov-
erage found through this method and equations (15) and (18)
is shown in table 2. We can conclude that, the crossover cov-
erage and the corresponding island density increase with /,. In
fact, for [, — oo attachment is completely suppressed, and the
aggregation regime disappears altogether. For instance, for
i=1 and R ~ 10°, one would need I, ~ 10® in order to have
0. =1.

In the case of strong barriers, an aggregation occurs after
many attempts of a monomer to be incorporated into a stable
island. Therefore, for small coverage, aggregation is negligible
and deposition is balanced by nucleation. This implies that, in
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Table 2. Crossover coverage 0. between the L and A regimes for
arbitrary 7 in the cases of weak and strong barriers. In all cases, there
are numerical factors of order unity.

0. L/L<K1 lLaJL>1
i=1 R/ (R0
i>2 3/ (2i+5) (la %72)1/(i+3)

contrast with the zero barrier case, there is an additional region
in the crossover where the island density is proportional to
the coverage N =~ 6/(i + 1). This regime lasts until the critical
coverage 9~C is reached. According to [66], the latter follows
O ~ (I, + 1) (i + 1) /D i/ 1) (19)

In [67], a second quantization formalism is used to find
analytical expressions for the RE governing the local dens-
ity of monomers n;(x) at position x. This approach provides
a more formal framework for deriving the RE and general-
izes previous works where the local density around a given
monomer or islands for irreversible attachment is calculated.
The most remarkable difference between the expression given
by the formal method of [67, 68] and previous approaches [12,
21] is that nucleation is described by the square of the local
density of monomers 73 (x) instead of the standard approxim-
ation Nj - n(x). In the formal approach, the monomers form
islands meeting at one spatial point. In contrast, in the approx-
imation used in [12, 21], a monomer at position x nucleates an
island with any other monomer in the system regardless of its
position, which is unphysical. A detailed comparison of these
approaches with kMC simulations is required to determine the
impact of the formal approaches on the growth exponents.

Finally, motivated by experimental results [69—72] suggest-
ing anomalously large values of the exponent ¥, the effects of
long-range Lévy diffusion in submonolayer EG were studied
using kMC simulations [73] and RE [74]. The diffusion expo-
nent y defined as (x?(r)) ~ * satisfies p1 < 1 for subdiffusion
and p > 1 for superdiffusion. In particular, the effect of Lévy
walks and flights on the exponent Y is calculated. The relation
between the diffusion (1) and Lévy (8,) exponents is given
by u=1for 5, =22, u=3—pforl < G, <2and, u=2 for
B < 1. For the case of one-dimensional Lévy walk, i.e. finite
hopping velocity, the exponent x is given by

%(35) 6L>27
X =960 1SO<2
i Br < 1.

In contrast, for Lévy flights, i.e. instantaneous hopping, the
exponent behaves as

i Bz

X = 1 <

. BLs

The analytical results for y agree with those from kMC sim-

ulations. However, P; is almost the same for the case of long-
range diffusion as for short-range diffusion suggesting that the

2,
2

)

main effect of long-range diffusion is to increase the scaling
exponent X rather than to alter the island-size distribution.

5. Gap length and capture zone distributions

As mentioned above, the spatial structure formed by the
islands is crucial to describe the spatial fluctuations of the
monomer density. To determine a discrete version of the gap
length distribution for islands formed at step edges, an equilib-
rium model based on free energy minimization was proposed
in [32]. Let Ey, and E,q be the island boundary energy and the
adsorption energy at steps, respectively. For a substrate at tem-
perature T, the free energy of a monomer is given by

F=2KE,+ (Ey — )M, — TS, (20)
where g is the chemical potential of the adsorbed atoms
(monomers), S is the entropy term, K is the total number of
islands, and M,, is the total number of monomers. Parameters
K and M,, can be related to the energy barriers E,q and Ey, [32].
The entropy is given by

Sene ~JInJ — (J—K)In(J — K) — ZKan,, Q1

with J = M; — M,,, M, the number of lattice sites, and K; the
number of islands of size i. Equation (20) assumes that inter-
actions between island boundaries are negligible. Moreover,
its first term considers that monomers belonging to islands
have lower free energy than monomers. The minimization
of the free energy leads to the following discrete gap length
distribution

=K (My—M, —KY~' (M;—M,)”, (22
where p; is the probability of finding a gap of length equal to
Jj lattice sites. The applicability of this model is discussed in
section 9.

In [29] a fragmentation equation is proposed to describe
the impact of nucleation on the gap length distribution for the
aggregation regime in the case i = 1. The probability density
of finding a gap with scaled length £ = L/L, p({), satisfies the
integro-differential equation

(0

Edé

+2p(0) = —qr(£) + 24, (£), (23)

where g, (¢) is the probability density that a given nucleation
occurs at scaled position ¢ inside a gap of any size, and g,(¢)
is the probability density that a given nucleation occurs any-
where inside a gap of scaled length ¢. Equation (23) has been
corroborated by a rigorous derivation using the second quant-
ization formalism in the continuum approximation [67].

In Blackman’s original paper [20], g.(¢) and gq.(¢) were
estimated by using the (local) monomer density n; (x, L) inside
a gap of length L in the aggregation regime. Assuming that in
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this regime the monomer density inside a gap reaches a steady
state, for which

d’n; (x,L)

dx? +R7 >0,

(24)
then ny(x,L) ~ R~ x(L—x)/2 [20]. Within this approxim-
ation, the distribution of nucleation sites for arbitrary i is
given by

ni™ (x,L)

fOLn’i'H (x,L) dx

Pu(x,L) = ; (25)

which helps define the fragmentation kernel () as shown
below. According to the MF approximation for i =1,

and

v/
41 (0) o p(0) /0 2 (x) d
4 (6) ox L X p (@) (/) dx,

with  (\) =L [ dxP,(x,L)§(A —x/L) = 3072 (1 — \)?
[20]. This implies w oc #° for the nucleation rate inside a
gap. As mentioned in section 3, later works [58-62] used
kMC simulation to demonstrate that the MF approximation
provides an excellent approximation for () in the case of
irreversible attachment. However, the ‘exact’ nucleation rate
calculated in [58-62] is proportional to ¢* instead of £°, so that
MF approximation overestimates w and leads to a distribution
p(¢) that decays faster than that found by kMC simulations.

The asymptotic behavior of equation (23) was evaluated in
[64] for different values of i, resulting

ga
P~ {Zz exp(—ct?)

{—0

(26)
£ — o0,
with ¢ a constant, and the exponents « and y determining the
distribution behavior for small and large values of ¢, respect-
ively. The MF approach leads to « =i+ 1 and v =2i+3
by assuming that nucleation is a rare event solely driven by
monomer diffusion, i.e. i + 1 monomers are necessary to cre-
ate a stable island and the probability of nucleation is propor-
tional to n’i“ (x,L) (see equation (25)) [29, 64].

For the PIM and i=1, [23, 64, 75, 76] present extens-
ive numerical simulations devoted to analyzing the p(¢) tails.
The behavior p(¢) ~ ¢* for £ < 1 and p(¢) ~ =2 exp(—C/?)
for £>> 1 was found in [23], where it is suggested that the
large gap behavior is a manifestation of the conserved quant-
ity 12N?N; R ~ 1.6, which corresponds to the third moment
of p(¢). Similarly, simulation results of the gap length distri-
bution for irreversible attachment were explored in [64] for
different values of i. The numerical results (pym Y Ynum)
obtained from kMC simulation [67] for the exponents defined
in equation (26) are summarized in table 3 and compared to
results from the MF approximation and the eCP method. It
must be noted that the exponents (pum ¥ Ynum) are effective
exponent; for instance, in the CP approach fori =1and [, = 0,
w ~ L* implying v =4 while the ‘average’ value of the gap

Table 3. Exponents o and v defining the asymptotic behavior of the
gap length distribution in equation (26). Results from the mean-field
approximation (MF), kMC simulations (num), and the extended
Castellano-Politi method (eCP) are included.

i amp =i+1 Olnum YME = 2i+3 “Ynum YeCP
0 1 0.88 3 2.5 N/A
1 2 1.7 5 3.1 4

2 3 2.8 7 4.4 6.875
3 4 2.7 9 5.1 9

ensemble is y,um ~ 3.1, suggesting the existence of gaps for
which the nucleation rate is lower than that predicted by the
CP approach.

Both, the MF approximation and the eCP overestimate
the exponent of the nucleation rate. In the case of the MF
approach, the discrepancies originate from the complete dis-
regard of the correlations between the i + 1 monomers. In turn,
the failure of the eCP method is rooted in the assumption that
the monomer density profile has already reached its steady-
state value in larger gaps at the time of nucleation.

The effect of an aggregation barrier on the gap length distri-
bution was considered in [66]. For finite barriers, both eCP and
MF approximations fail to describe nucleation inside a gap,
leading to distributions that decay faster than these found by
kMC simulations. As expected, the distribution p(¢) for finite
barrier decays slower than the case with zero barrier. The pres-
ence of large gaps in which the monomer density cannot reach
its steady state before fragmentation leads to the formulation
of a two-regime fragmentation kernel [66]. In this way, the
following empirical nucleation rate was suggested

w1 if 0>,
w () o £ with 72{7 e 27)

’Yex lf é < gcv

where /. is an unknown fit parameter determining the scaled
gap length below which the monomer density reaches the
steady state before nucleation occurs. On the other hand, 7ex
is an integer exponent depending on [, and i. For [, = 0, ¢ is
given by the exponents shown in table 3 [64]. For the strong
barrier case, Yex = 3 fori =1 and «x = 4 for i =2. As natural,
the presence of an aggregation barrier decreases the exponent
of the nucleation rate. Additionally, the results presented in
[66] suggest that p(¢) ~ £ for strong barriers with 0 < o < 1.
This is a consequence of the fact that, even for strong barriers,
the density of monomers is equal to zero in the vicinity of a
given island.

Mulheran et al [76] presented a more recent approach than
Blackman’s [20] for the description of p(¢), which applies the
distributional fixed-point equation (DFPE) for island nucle-
ation to both point and extended islands. DFPE is expressed
by

CEN(142), (28)
where ¢ is the normalized gap length, ¢(\) is the probability
density of fragmenting such gap into sections with lengths A
and 1 — ), and « is an independent random variable with such
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probability density. The symbol £ implies that the quantities
on the left and the right sides of the DFPE share the same distri-
bution. Then, the main assumption of this approach is that the
functional form of p(¢) does not change by nucleation except
for a scale factor. The latter leads to the integral equation

po= [ mm(x’”p( )

which assumes that the distribution of the gap lengths is
unchanged by fragmentation.

According to the MF approach the function () can be
approximated by using equation (25). DFPE relates the frag-
mentation probability distribution within the gaps with the
consequent gap size distribution p(¢). DFPE and the frag-
mentation approach lead to the same asymptotic behavior
for p(¢) in the limit £ — 0. However, although the analytical
behavior given by the solution of equation (29) for £ — oo
is unknown, numerical evidence shows different asymptotic
behaviors in this limit for DFPE and fragmentation approach.
Indeed, DFPE predicts a distribution that decays slower than
the kMC result. These discrepancies are attributed to using an
MF approach for the nearest-neighbor gap sizes and neglecting
longer-range correlations. The latter are expected to be more
relevant for larger gaps created early in the growth process
when the functional form of p(¢) strongly depends on the cov-
erage 0. Nonetheless, the numerical solution of equation (28)
describes properly the simulation results.

The gap length distribution relates directly to the average
island concentration at a distance x around a given island, c(x).
It has been shown that [56, 77, 78]

¢
c(0)exp <—/0 dxc(x)) .

with the concentration related to the probability of nucleation.
In the MF approach, the latter is written as the square of the
density of monomers and therefore c(x) ~ 713 (x) where i; (x)
is the density of monomers around an island.

On the other hand, the capture zone (CZ) of an island is
defined as the distance between the midpoints of its adjacent
gaps (see figure 3). The CZ distribution is related to the gap
length distribution between next-nearest neighbor islands [23].
To explore the possibility of finding a universal distribution for
arbitrary i and dimension d, the ansatz

0
S|
A

PN

\ dA,

(29)

p(0) (30)

P, (y) :awyw exp (_bwy2)7 (31)
was proposed, i.e. that P(y) followed the Wigner distribution,
with a,, and b,, normalization constants, and w = (2/d)(i + 1)
[24]. This result is the focus of some controversy leading to
a broad discussion on the shape of the gap length and capture
zone distributions [23, 64, 75, 76]. Extensive numerical sim-
ulations suggest that this ansatz can be used to describe those
distributions around the maxima but fails to describe their tails.

As a first approximation, the CZ distribution can be estim-
ated by the convolution of two gap length distributions
[20, 23]

Table 4. kMC results for the exponent «y for the gap length and
capture zone distribution, -y, and ., respectively [64].

Equation (32) only provides satisfactory results for i = 0. However,
the functional form provided by equation (33) is satisfied by the
kMC results for all the considered i values [64].

i Ve e

0 251 2.73
1 3.13 4.18
2 4.36 5.88
3 5.09 7.20

P(y)= / dxp (x) p(2y —x), (32)

which intrinsically assumes that the lengths of two consec-
utive gaps are uncorrelated. Using the asymptotic (¢ — c0)
form of the gap length distribution given by equation (26) into
equation (32), it can be shown that [29]

y<1

2641
P(y) ~ 33
0) YOI 2 exp(=2¢yY)  y>> 1.

)

For the particular case of the MF approximation, P(y) ~
y~/2~lexp (—2¢y**3) for large y and P(y) ~ y**+3 for small
y. Note that equation (32) implies that both p(¢) and P(y) decay
with the same exponent v for large ¢. However, simulation
results in [64] show that this is not the case with P(y) decay-
ing faster than p(¢). Table 4 displays the results found in [64]
for the v exponents of GL and CZ distributions; both expo-
nents coincide only when i =0 and their difference increases
with i. This suggests that the correlations between adjacent
gaps cannot be neglected and equation (32) overestimates the
exponent . O’Neill et al [64] explains this result by realiz-
ing that the nucleation rate decreases significantly over time
for larger critical island sizes, hinting at less well-mixed sys-
tems. Additionally, for i = O the island nucleation is driven by
monomer deposition while for i > 0, it is driven by monomer
diffusion and deposition.

The CZ distribution also provides information about the
aggregation capture kernel of an island. The capture kernel of
a given island, oy, can be calculated using the local density
of monomers inside a gap with length L, n;(x,L) and equat-
ing the global capture rate of a monomer D o N; to the local
rate 2D [dn; (x,L)/dx],—o. The case of irreversible attachment
was considered [21] and later generalized for finite aggrega-
tion barriers [, [56]. According to these studies, the capture
kernel of an island having a CZ of length y is

_2¢, tanh (3/2)
& 1+1,&  tanh (5/2)

(34)

s ()

where &, and &, are the nucleation and monomer capture
lengths, respectively, and y=y/& [21, 56]. The capture
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lengths are completely defined by the capture kernels accord-
ing to

1 1
- + ) oW, (35)
u s>2i+1
and
1 .
5] =(i+1)o,N;. (36)
u

For zero and small barriers, &,(y) is proportional to the
hyperbolic tangent of the CZ length. In contrast, for strong
barriers, 6,/ 2/ (vl,) implies that the local capture kernel
becomes independent of the CZ length. Hence, the CZ offers
insight into the spatial structure formed by the islands and
also sheds light on the aggregation rate. It should be noted
that P(y) and p(¢) provide mutually complementary inform-
ation. Several systems are recognized to exhibit the same gap
length distribution, yet they display different capture zone
distributions [79].

On the other hand, the notion of gap length distribution
and the approach of the fragmentation equation have been dis-
cussed in different contexts [78, 80—82]. Therefore, the meth-
ods used for EG can be applied to other one-dimensional sys-
tems described by an array of points. For instance, [83, 84]
report the distribution of distances (gaps) between adjacent
parked cars in London, which is modeled using equation (23)
in [78, 81]. In the car parking context, g7 (¢) is the probabil-
ity that a driver chooses a gap with scaled length ¢ to park,
while P, (x,L) is the probability to park at a position x inside
a gap with length L. It is reasonable to assume that the driver
should avoid parking too close to the cars on the borders of the
gap to guarantee enough space to leave the gap when neces-
sary. This ansatz implies that P,(x =0,L) = P,(x=L,L) =
0, similar to what happens in the case of one-dimensional EG.
Furthermore, [78] shows that the results 1()\) = 2sin’(w \)
and v =4 give an excellent fit to the empirical data presented
in [83, 84]. The value of v shows the natural strong preference
of drivers to park in large gaps rather than in small ones.

6. Island size distribution

The island size distribution Py = N;/N is one of the most
extensively measured quantities in EG experiments. Several
empirical models have been proposed to explain the experi-
mental findings. For instance, Amar and Family [85] suggested
a coverage-independent distribution in the aggregation regime
given by
Py =Ais' exp (—iB,-sl/Bf), (37)
where C; and g; are fitting parameters that depend on the crit-
ical nucleus size i.
Based on the results of many extensive MC simulations,

Bartelt and Evans demonstrated that the island density takes
the form [11, 86, 87]

Ny~ 0872 f(s), (38)

with f(s) a universal scaling function of i, independent of cov-
erage and deposition rate and s = S/S. From the continuum
limit of the RE, it can be shown that f(s) is related to the scaled
capture number distribution, C(s) = o/, according to

22— 1-C'(x)
C(x) —zx

£5) =f(0)exp [ [ .9

where the parameter z is the dynamical exponent related to
the time evolution of the average island size S ~ #°, and the
constant f(0) is determined by the normalization condition
[T dsf(s) = 1.

Perhaps the most common approach to theoretically estim-
ate P; is based on the solution of RE. The time evolution of
the island size distribution for a given set of capture kernels
(0, and o) can be evaluated from the solution of equations (7)
and (8). Unfortunately, analytical solutions are available for a
few specific kernel cases. One example is the simple case of
size and coverage independent kernels, i.e. constant kernels
oy = 0. For large coverage, it can be shown that [56]

}*iX(IJrX)

)

Nyiivi ~ %/ dvexp (—?) {\/ﬁ (v—2z)
(40)

where Y is the growth exponent defined by N; ~ 6%, z = (s —
7)/V2rand T =G R f09N1 de’.

Whenever the aggregation barrier can be considered infin-
ite, the formation of islands with a size larger than i 4 1 is very
unlikely. Consequently, the aggregation capture kernel can be
taken as constant. In most cases, the capture kernel of an island
(oy) strongly depends on both the coverage and the island size,
and equation (40) does not apply. A second case in which ana-
Iytical solutions can be found is presented [88], where the RE
are solved in the continuum limit for a kernel given by the
power-law oy /o = ms"=1/™ with m a constant depending
on the growth model. This assumption gives rise to universal,
time-invariant size distributions that depend only on m.

Another example of an analytical expression for Py is
given in [32], in which a 1D lattice gas at thermodynamic
equilibrium was introduced to model the size distribution
of monoatomic wires formed at step edges. As described in
section 5, starting from an analytic expression for the system
free energy, the minimization procedure leads to a (unscaled)
size distribution that depends only on the island density and
coverage, given by

=KM,—K* ' M

Ky
PS ? mo

(41)

where K and M,, denote the total number of islands and
monomers, respectively.

For most realistic cases it is necessary to resort to numer-
ical schemes to solve the RE. For example, [89] presents a
method to evaluate the island size distribution for the EIM with



J. Phys.: Condens. Matter 36 (2024) 463001

Topical Review

0,0 0,5 1,0 1,5 2,0 2,5 3,0
1’2 1 L 1 1 L 1’2
- i=1and | =0
VAN a
1,0 SN sc | {10
Do —AF
0,84 ! \ —--—MF 10,8
Y - = CRE
\ = kMC
Ps 0,6 7/ 0y L= 40,6
0,44 (.7 X {04
/'. l\‘

0,2 ‘\‘ 10,2
0,0 . . — . 0,0
0,0 0,5 1,0 1,5 2,0 2,5 3,0
S

0,0 0,5 1,0 1,5 2,0 2,5 3,0
0‘8 1 1 L L 1 018
o i=1 and =250
222\ s¢
| , ~h —AF |
06 o \ e 06
\ - = CRE
0,4 ‘ " ke 0,4
P y s
S
0,2+ 40,2
0,0 T T T T T 0,0
0,0 0,5 1,0 1,5 2,0 2,5 3,0
S

Figure 5. Island size distribution for point islands with i = 1 and attachment barriers /, = 0 (left) and I, = 250 (right) at coverage § =0.25
and R = 5 x 10° [56]. Symbols correspond to kMC simulations, while continuous and dotted lines correspond to the self-consistent (SC)
and mean-field (MF) approaches. The red line corresponds to the Amar and Family equation (AF, equation (38)). As usual, Py is normalized

accordingto - Ps=1lands=> sP,=1.

i=1. This approach is based on the solution of difference-
differential RE assuming that the unscaled island size distri-
bution can be written as

o0 §Rn
Ps=06°(1-0)° Y " ons(0) o (42)
n=0 ’

where ¢, s(0) represent the coefficients of the Taylor expan-
sion, which must be calculated numerically. In contrast with
the other approaches, this method does not assume that R
tends to infinity nor a scaled form for Pgs. In this way, its main
advantage is that it allows the evaluation of Py with high pre-
cision for finite values of .

As previously shown, the capture kernels and the distribu-
tions p(¢), P.;, and P; are related quantities that provide com-
plementary details about the microscopic process associated
with EG and allow the analysis and interpretation of experi-
mental results. In fact, the connection between P(y) and P; is
indirect; as shown in [90], P, displays a mean-field behavior in
d =4 whereas P(y) does not exhibit such behavior. The expli-
cit relation between p({), P., and P, remains unknown.

In an attempt to mutually relate these quantities, a self-
consistent (SC) rate-equation approach to irreversible sub-
monolayer growth with i =1 was developed in [21, 91, 92].
This approach considers the correlations between the island
size and the corresponding average capture zone. The method
requires the numerical integration of the RE for the island size
distribution and the analytical solution of a set of approximate
equations for the evolution of the average CZ surrounding an
island of size s. As the main assumption, the average capture
size per freshly nucleated dimer is considered proportional to
the average length per island. Moreover, by uniformly rescal-
ing the average CZ of each island, the combined effect of both
the preferred nucleation of dimers in large capture zones and
the preferred ‘breakup’ of large capture zones due to nucle-
ation is approximated. This self-consistent scheme was gener-
alized to incorporate the effect of hindered aggregation on the

island formation processes for arbitrary nucleus size i [56]. A
major advantage of the SC approach is the possibility of cal-
culating P for arbitrary coverage values in excellent agree-
ment with results from kMC simulations, as shown in figures 4
and 5.

In the regime of zero and weak barriers, P, is a monomodal
distribution with a well-defined maximum. On the contrary,
this distribution becomes a monotonically decreasing function
for large enough barriers. In fact, theory predicts P — . i11
as [, — oo, and therefore islands with size i + 1 are the only
ones formed. This result can be explained as follows. The
formation of large islands requires the aggregation of several
monomers into smaller islands. However, the typical time of
aggregation for a gap of length L increases for large [, values
by a factor 6/,/L compared to the case of zero barriers. For
strong barriers, the formation of large islands requires a sig-
nificantly longer time than in the case of zero and weak bar-
riers. Additionally, nucleation events occur more frequently
than aggregation ones for large /, values; at a given cover-
age, this leads to a decrease in the average island size for large
barriers measured against the case of weak barriers.When no
barrier is present, the most probable island size is larger than
the average s; in contrast, the aggregation is hindered for large
barriers, the distribution becomes monomodal, and it is more
likely to find islands with size i 4- 1.

On the other hand, an explanation for experimental results
[93-95] showing mono- and bimodal P, distributions has been
provided in [96, 97]. In these works, a 1D model includ-
ing diffusion, aggregation, and detachment of particles from
islands in the post-deposition regime, i.e. without flux, was
studied using computer simulations. For completely reversible
attachment, the system lacks an equilibrium or steady state.
Moreover, the average island size has three different regimes
from which the long-time one corresponds to an exponential
decay of P,. Nevertheless, for partially reversible attachment,
a sequence of four aggregation regimes is found with P, fea-
turing a pronounced peak for small i. This result is explained
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in terms of the stability of small islands, which stops giving
monomers away to the largest ones at earlier times.

A related study focuses on the effects of lattice mismatch
and long-range repulsive interactions that prevent the forma-
tion of large islands [98]. This work proposed a model includ-
ing diffusion, attachment, and detachment, where the detach-
ment rate of particles at the (stable or unstable) cluster edges
increases with the cluster size. Depending on the temperature
and the coverage, the functional form of the island size distri-
bution changes from monomodal to monotonically decreasing.
This is a remarkable result because both types of distribution
have been reported for island growth near step edges of vicinal
surfaces [32, 35]. Indeed, the distribution shape is quite sens-
itive to the detachment rate; for instance, rapidly increasing
detachment rates preventing the formation of large islands lead
to peaks very close to the average size and to rapidly decreas-
ing tails. Conversely, slowly decreasing rates provide peaks
close to half the average size and fat right tails. These res-
ults can be used to interpret experimental data in real systems
and differentiate the mechanisms that work against large island
formation.

7. Numerical simulation

Most of the simulation studies designed to describe the time
evolution of monomer and island densities in EG are based on
the kMC algorithms using solid-on-solid models [15, 20, 23,
66]. Growth is initiated by the random deposition of monomers
at a rate J per site onto an empty one-dimensional lattice
(substrate) with length L. Usually, re-evaporation is forbid-
den implying that coverage 6 = Ft. This condition can be
reached experimentally by setting the appropriate temperat-
ure. The hopping rate at which any monomers hops to a
neighbor site is determined by the configuration-dependent
Arrhenius-type expression r(T) = Dexp(—nEy/kgT) with
D = (2kgT/h)exp(—Es/kgT) the free atom migration rate,
and n = 0, 1,2 the number of lateral nearest-neighbors before
the hop occurs. The parameter Ey defines a pair bond energy,
kg is the Boltzmann constant, and T is the temperature. The
original kMC algorithm considers a one-dimensional array
with N{L+ 1 cells. The first N|L cells have length r(7) and
correspond to diffusion events. The last cell has a length F L
associated with deposition. A random number between 0 and
N;L+ FL allows the selection of a cell and the specific pro-
cess of the system evolution. If the kth cell (1 <k N L) is
chosen, the kth monomer is selected to hop to one of its nearest
neighbors. If the last cell is selected, a new monomer is depos-
ited at arandom site on the lattice. The physical time is updated
by At = —logr,/(r(T)N,L+ FL) where 0 < r, < 1 is a uni-
formly distributed random number.

In practice, it is more convenient to implement an equi-
valent algorithm [15] in which the total rate associated with
hops and depositions are given by R, =rN, L and R; = F L,
respectively. At each simulation step, one process between hop
and deposition is selected with probabilities [15, 20]

2RN,

== nd
1+2RrN, O

Ph Pa (43)

1
O 14H2RN

and a new monomer is randomly deposited on the substrate
if deposition occurs. The algorithm described before can be
simplified considering that 2 R N| hops of the monomers hap-
pen on average between consecutive depositions. Therefore,
each time a monomer is deposited, 2R N; diffusive moves of
monomers are made and the physical time is tracked using the
coverage 0.

In most simple EG models, deposition on occupied sites
is forbidden. If a hop is selected, a free monomer is ran-
domly chosen and displaced to one of its nearest neighbors.
For unbiased diffusion, the hop probability to the left or right
is 1/2. However, barriers hindering aggregation or nucleation
can be included by decreasing the probability of hopping into
occupied sites [56, 63, 66].

The described algorithms can be applied for both exten-
ded or PIMs. Furthermore, nucleation and aggregation can be
treated in different ways. For instance, when an irreversible
attachment is considered, a monomer is irreversibly captured
if it is deposited on or hops onto an occupied site. Similarly,
nucleation or aggregation occurs when the site is occupied by
either a monomer or an island [90].

Evans and Bartelt introduced monomer-monomer and
monomer-island short-range interactions in simulation
procedures [11, 14]. In these works, nucleation or aggreg-
ation occurs when a monomer is deposited on or diffuses to
the nearest neighbor site of an occupied site. For point islands,
irreversible attachment (i = 1), and finite 3, simulation results
show that P(y)’s peak increases with  for d =1, in contrast
to higher dimensions behavior. The dependence of the peak
height on R is more relevant for the model without short-range
interactions than for Evans and Bartelt’s model. However, the
asymptotic functional form of P(y) is almost independent of
model details such as the short-range interaction.

Although the algorithms described before are quite simple,
the simulation of EG is challenging as it must be implemented
in the ® — oo limit. To improve the efficiency of the simu-
lations, [99] proposes an alternative method to simulate one-
dimensional EG. The method is based on the idea that given
a stochastic system whose evolution can be divided into non-
interacting parts for some periods, then the kinetics of each
part can be simulated independently. In this way, a 1D lattice
with L sites and periodic boundary conditions is considered, in
which monomers can be classified according to the monomer-
monomer and monomer-island separation lengths. At the time
t a configuration consists of na active monomers, ng boxed
(passive) monomers, and # islands, where passive monomers
are those located too far away from islands or other monomers,
and evolve according to an analytical approach instead of kKMC
rules. Therefore, the box of a given passive monomer is an ima-
ginary region of the space where its evolution can be calculated
analytically due to the absence of other islands or monomers.
The gain in the speed of the simulation is achieved because as
long as passive monomers stay within the boxes, it is unne-
cessary to employ computational resources in their evolution.
The original algorithm allows simulating EG for i=1 and
large values 3 ~ 10'> and L ~ 107, while its generalization
to higher i allows the numerical evaluation of p(¢) and P(y)
asymptotic behaviors [64].
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8. Two-Step growth protocol

A novel EG protocol based on two different steps was pro-
posed in [28]. In the first step, a small quantity of monomers
is deposited simultaneously on the substrate at random pos-
itions. This step finishes when the last monomer nucleates
forming a new island or aggregates to a previously formed one.
However, the predominant reaction during this step is nucle-
ation, and then N| + 2N = 6, with 6, the density of monomers
at the beginning of the first step. During the second step, addi-
tional monomers are sequentially deposited on the substrate
at a controlled rate F. These additional monomers are more
likely to attach to the islands formed during the first step than
to nucleate new ones. Therefore, aggregation is the predomin-
ant reaction in the second step. A major advantage of the two-
step growth (2SG) protocol is that nucleation and aggregation
occur in different time regimes. Then the two processes are
well separated by design, allowing a better control and under-
standing of the island formation mechanism. Another advant-
age is that both p(¢) and P(y) can be accurately approximated
with the Gamma probability distribution [100, 101]

B2 s
T(8)”

Assuming that the gaps between neighbor islands are not cor-
related, P(y) can be calculated from the convolution of two gap
length distributions (see equation (32)). This implies that the
shape/scale parameter 5 for P(y) is twice the corresponding
one to p(¢). In [101] it was shown that

P(y) = (44)

exp(—5y).

p(0) =ab3lexp(—abyl) and

P(y) = ga“@éf exp(~2afpy), (45)
where a is the fraction of nucleated monomers, with a =0 at
t=0and a = 2N/, at the end of the first step. For large R val-
ues, nucleation is negligible, and equation (45) remain valid
during the second step. In contrast, the gap length distribu-
tion remains unknown for the standard protocol based on the
sequential deposition of monomers during the whole process.

Moreover, in the first step of the 2GS protocol, the gap
length distribution is related to the monomer density according
to

0
where 7 is the average local density of monomer inside a gap
of length .
Since nucleation is negligible during the second step, the
RE can be simplified. For the case i =1, equation (8) can be
rewritten as

where the transformation 7 =D fot Ni(f)dt has been con-
sidered. Assuming that coverage is 6 at the beginning of the

S=2
S>2,

st - —0'2N2

- (47)

o0s—1Ns_1 —0sNg

Table 5. Key results from [101] for the gap length distribution
evaluated for different nucleation (/,) and aggregation (/) barriers.

Nucleation length =0 6L>1 L,=0 I©L>1
Aggregation length =0  L=0 6L>1 L>1
plO) ~ 00 (<) 9=1 JI=1 d=1 Pd-o00
pll) ~exp(—CH ¢ >1) C=2 C=2 C=3 C=2
Ny~ Cexp(—£°) £=1/6 £¢=3/8 £=1/6 £=3/8
¢=1/3 ¢=0 (=1/3 (=12

second step and that the island distribution satisfies the initial
condition Ns—,(t =0) = /2 and N>, (t = 0) = 0, the solu-
tion of equation (47) in the Laplace space results [100]

(48)

with § = Y2, SPs. This result can be numerically inverted
for a given set of capture kernels. In the simplest case of con-
stant kernels, o, = o, the island size distribution is given by

572 exp

(=7), (49)

—2)!

with S = 7+ 2 [56].

The effect of hindered reactions in the 2SG protocol was
studied in [101]. As natural, the nucleation barrier affects the
evolution during the first step only, while the aggregation bar-
rier appears exclusively in the second step. The simulation res-
ults suggest that the time evolution of the monomer density
strongly depends on the values of the barriers. Concurrently,
different barrier values could lead to the same island size dis-
tribution even if p(¢) and P(y) are different. This hints that
p(¢) and P(y) are more sensitive to the energy barriers than
P, showing that these distributions provide complementary
information. Then, none of them alone completely describes
the statistical behavior of the system.

A summary of the most important results of [101] for the
gap length distributions and monomer density is shown in
table 5. It is important to highlight that equations (32) and (49)
remain valid for all barrier limits shown in table 5. For all
the regimes considered, p(¢) decays exponentially, implying
that the island nucleation probability for points far away from
the islands edges can be taken as constant. In contrast, for
¢ < 1, both the monomer density and the nucleation probabil-
ity strongly depend on the distance from the island, especially
for strong nucleation and aggregation barriers where 9 — oo.
On the other hand, the long time behavior for N, can be cal-
culated using equation (46), which relates the global dens-
ity N, to the local density inside a gap with a given length.
In all cases, it results found N, ~ t~Sexp [— (t/%a)c] with &
and ¢ exponents depending on the barrier strength, and 7, is
the global aggregation time. Moreover, equation (46) predicts

an exponential factor that is not present in the results given
by the RE.
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Figure 6. (a) Island size and (b) gap length distributions for Ag 1D wires grown at the step edges of a Pt(997) surface. Lines and dots
correspond to analytical and experimental results, respectively. The data were taken from [32, 102].

9. Experimental results and applications

One of the most common methods for producing one-
dimensional islands is the deposition on stepped surfaces. For
example, the growth of Ag 1D wires at the step edges of a
Pt(997) surface was analyzed in [32]. The P, and p(¢) dis-
tributions were measured and compared to the equilibrium
ones obtained from the discrete model given by equations (22)
and (41), as shown in figure 6. Although the functional form
of the gap length distribution is well described by the theor-
etical model (i.e. equation (22)), the island size distribution
is predicted to be a monotonically decreasing function show-
ing important differences with the experimental results in the
case of small islands. The experimental Py is well described by
the analytical approach only for large islands sizes. Despite its
simplicity and the absence of any fitting parameter, the pro-
posed discrete model partially captures the physics determin-
ing Py and p(¢).

To improve the comparison presented in [32], Tokar and
Dreyssé considered additional interactions unaccounted for in
the original model, which leads to length distributions fitting
the experimental data with higher accuracy [102]. The inclu-
sion of a dipole-dipole interaction proportional to r—2, where
r is the interatomic distance, modifies the energy of the islands
giving origin to a non monotonic distribution which repro-
duces quite well the experimental results (see left panel of
figure 6). Further, it is found that the chain energy as a func-
tion of its length exhibits a positive curvature attributable to
repulsive forces.

Similarly, kMC simulations [95] describe well the mono-
tonic decay of Py for Co/Cu(775) and Ag/Pt(997) at temper-
atures of 160 and 190 K, respectively [32]. These results sug-
gest that P depends not only on external parameters such as
temperature and deposition rate but also on the duration of the
experiment, since the lifetime of many one-dimensional struc-
tures at low temperatures can significantly exceed the duration
of the experiment, these structures remain in a non-equilibrium

state. Moreover, the simulation also revealed that a transition
from one equilibrium state to another occurs at heating or cool-
ing through a non-equilibrium state, which is observed in most
experiments.

Another example of island formation on stepped surfaces
is given in [93], and modeled in [22]. There, the self-assembly
of uniform Co quantum wires on a vicinal Cu(111) surface
was studied by scanning tunneling microscopy (STM). In
contrast to other works, two phases of one- and two-atom-
wide Co wires are found depending on coverage. Additionally,
Co wires assemble only at the lower terrace of a step edge,
unlike previous results where top-only or top-bottom step-
edge Co island growth was observed. To explain these res-
ults, a simple model for reversible growth of 1D nanowires
on the steps of vicinal surfaces has been proposed [22]. Using
RE and kMC, the authors analyzed the fast qualitative change
of the island size distribution as the system evolves from
the low-temperature deposition to the high-temperature post-
deposition annealing. This change occurs when the average
size of the islands before the annealing is larger than that
after the annealing. In the case of no deposition, the aver-
age island size decreases when monomers detach from large
islands while small islands grow at their expense, which is
called anti-ripening in [22]. The anti-ripening process pro-
duces in the course of its evolution bimodal and monotonous
P, distributions with functional forms distinct from those asso-
ciated with equilibrium situations. This phenomenon offers a
theoretical explanation of the island size distributions reported
in [93].

In the same vein, a kMC simulation study of the forma-
tion of 1D cobalt chains on copper vicinal surfaces is presen-
ted in [94]. The growth process is determined exclusively by
kinetic parameters such as the temperature, flux of depos-
ited atoms, and degree of coating rather than by the binding
energy or quantum effects. The binding energies obtained in
this work were several times larger than the experimental ones
found in [93]. This discrepancy arises because the islands are
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Figure 7. Island length distribution for monoatomic Ga chains
grown on Si(100) surface at coverage 6 = 0.08. Dots corresponds to
experimental data while the line corresponds to the solution of the
RE with linear capture kernels s = a + S. Data were taken from
[103].

meta-stable structures, whose length is determined by diffu-
sion barriers rather than by the binding energy, which in turn
implies that the latter cannot be determined from P;.

A second method to produce one-dimensional structures is
based on the anisotropic diffusion of monomers across the sub-
strate surface. For instance, single-atom-wide Ga rows were
assembled by deposition of Ga on Si(100) surfaces at room
temperature [35]. It was found that the experimental P is
monotonically decreasing, which is an unexpected outcome
for a system with homogeneous nucleation and no desorp-
tion. Results from kMC simulations suggest that this beha-
vior arises from the significant capture inhibition of diffusing
atoms occurring in Ga/Si(100).

Some experimental results of [35] were discussed in the
light of the RE for irreversible heterogeneous growth at nucle-
ation centers [103]. This theoretical approach assumes capture
coefficients that depend linearly on size; then the RE solution
for P can be written using the Polya distribution and satisfies
the scaling hypothesis for large lengths. This approach farly
fits the experimental length distributions of linear chains of
indium and galium grown on Si(100) surfaces, as shown in
figure 7. Dubrovskii et al [103] analyses different coverage
values and, in all cases, P, is well described for large s values
with some discrepancies for small island sizes.

In a related study, one-dimensional chains of atomic indium
were grown on a Si(100) surface at room temperature, and ana-
lyzed by STM and kMC simulations [34]. In particular, the
island density and the island-size distribution were obtained
for different coverages 6 and deposition rates F. As the main
result, it was found that the monotonous decrease of P, at low
coverage is a consequence of the detachment of indium atoms
from the islands, decreasing correlations between the positions
of adjacent islands.

Finally, it is worth discussing briefly some works related
to colloidal epitaxy. Due to the characteristic size and time

scales of colloidal particles, both nucleation and aggregation
in self-assembled colloidal monolayers can be experimentally
observed with a resolution equivalent to the particle size [2,
104, 105]. Since both the range and strength of the monomer-
monomer and monomer-substrate interactions can be easily
tuned for colloidal particles, [50, 51] explores the applic-
ation of colloidal systems to test generic theoretical mod-
els for EG. It is found that the established analytical tools
used in MBE can describe the simulation results for a one-
dimensional system under the two-step growth protocol. In
these references, analytical results are compared with extens-
ive simulations based on molecular dynamics (MD). A major
advantage of MD simulations is that any assumptions about
the relevant processes or their associated rates are required.
Moreover, it is possible to study the interplay between the
thermal energy and the energy associated with monomer-
monomer, monomer-island, monomer-substrate, and islands-
substrate interactions. Strong interactions favor nucleation and
aggregation processes but decrease the mobility of monomers
on the substrate. Similarly, it has been proposed that the self-
assembly of colloidal structures can be explored experiment-
ally using colloidal particles confined to microgrooved chan-
nels, on which the deposition can be controlled by phoretic
flows [106]. Another possibility is the use of optical tweezers
[107] which can be employed to manipulate the initial number
of islands of the second step by configuring seed structures
[108].

10. Conclusions and perspectives

One-dimensional structures can be fabricated using stepped
surfaces or anisotropic diffusion. The nature and properties of
the resulting structure depend on several parameters, such as
temperature, pressure, deposition rate, lattice constants, etc.
The growth protocol also plays a primordial role. In the stand-
ard protocol based on the sequential deposition of monomers,
both nucleation and aggregation occur simultaneously; this
leads to quite different gap length and capture zone distribu-
tions from those assembled using the two-step growth pro-
tocol. Despite advances in the individual description of each of
the fundamental processes involved in EG, such as deposition,
diffusion, nucleation, or aggregation, a complete understand-
ing of the interplay among them remains unreachable.

Films grown by epitaxy techniques often evolve away from
thermodynamic equilibrium, and their morphology is determ-
ined by kinetics. The out-of-equilibrium processes related to
EG are complex; their understanding is crucial to improv-
ing the control over the final layer structure, which strongly
depends on the phenomena occurring at the early stages of the
process. Yet in the simplest models, several out-of-equilibrium
processes are required to describe the system kinetics. Each of
these processes has an associated time scale, and their relev-
ance depends on the temperature as these are thermally activ-
ated. For instance, high temperatures activate the detachment
of monomers from the substrate and the islands. So far, there is
no unified analytical method to describe all physical phenom-
ena involved in layer growth. None of the methods discussed
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here offers a complete depiction of the complex phenomena
associated with EG; for instance, despite the achievements
facilitated by theoretical tools like fragmentation equations or
RE, the role of nucleation and aggregation on the functional
form of the island size, gap length, and capture zone distribu-
tions remains a topic of ongoing debate.

For one and two-dimensional systems it is possible to per-
form detailed kMC simulations for large values of ¥ and large
evolution times. However, kKMC simulations assume the know-
ledge of all the relevant processes and the associated charac-
teristic times, which are not necessarily known. On the other
hand, simulations based on MD require an approximation for
the interaction potentials but implicitly consider all the pro-
cesses. Unfortunately, performing MD simulations for long
evolution times is computationally expensive.

It is worth emphasizing that the RE for EG has been extens-
ively investigated for about forty years. Yet, controversial
issues remain related to the functional forms of capture kernels
and their dependence on the coverage. In addition, inform-
ation about microscopical parameters such as typical nucle-
ation and aggregation times, and critical nucleus size, encom-
passed in measurable quantities such as Ny, N, Py, p(¢) or P(y)
requires further studies for a more complete understanding of
the knowledge that can be acquired from experimental res-
ults. Moreover, the mutual relation between the main quant-
ities used to describe the system such as P, P(y), and p(¢)
remains unknown.

Numerical evidence indicates that the nature of the nucle-
ation depends on the length of the gap, as the monomer dens-
ity seems to reach the steady state faster in small gaps than in
large ones. This is evident in the behavior of P(y) and p(¢),
which can be described using a two-regime model based on
two different nucleation mechanisms. Some efforts to clarify
this relation include self-consistent expressions that require
numerical solutions or approximations for the joint probability
distribution to find an island with length S and capture zone y.
The extraction of microscopical parameters from experimental
results requires reliable expressions linking them to measur-
able quantities. Unfortunately, it is usual for different expres-
sions to lead to different microscopic quantities. Similarly, the
presence of energy barriers hindering nucleation and aggreg-
ation processes impacts the functional form of the island size
distribution. For example, large aggregation barriers lead to a
monomodal behavior for Py while a bimodal behavior is found
with zero barriers.

A major advantage of the 2SG protocol is that the nuc-
leation and aggregation processes occur at different stages
of film growth. This separation improves the understanding
and control of the growth process; however, this protocol has
not yet been explored experimentally. Similarly, experimental
realizations of one-dimensional EG are not as well explored
as their two-dimensional counterpart. However, efforts aimed
at the EG of one-dimensional structures have been increasing
in recent years, opening the door to the validation and refining
of the theoretical frameworks proposed up to date.
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