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Resumen

La precision alcanzada por las técnicas experimentales con atomos ultrafrios ha permitido la
creacion de simuladores cuanticos, facilitando la exploraciéon de sistemas unidimensionales en
el laboratorio. En estos sistemas, las fluctuaciones son inherentemente colectivas y se propagan a
grandes distancias debido a las frecuentes colisiones. Como resultado, se han desarrollado marcos
tedricos que aprovechan estas fluctuaciones para describir dichos sistemas. Los gases ultrafrios
confinados en redes 6pticas no solo sirven como simuladores cuanticos de sistemas tradicionales
de materia condensada, sino que también actian como plataformas para crear nuevos sistemas
cuanticos de muchos cuerpos. En este trabajo, se proponen dos técnicas numéricas para explorar
un gas bosonico de espin-1 contenido en una red 6ptica unidimensional, en la fase fuertemente
interactuante y en el régimen del aislante de Mott. La primera técnica es un enfoque de campo
medio, conocido como el ansatz de Gutzwiller, que aproxima la funcién de onda de muchos cuer-
pos como el producto de contribuciones individuales en cada sitio. Adicionalmente, se ha desar-
rollado un ansatz mas avanzado que considera parejas de sitios acoplados, lo que permite explorar
regiones del espacio de fases que no son accesibles con el ansatz tradicional. La segunda técnica se
basa en redes tensoriales, especificamente en la representacion del estado como un estado de pro-
ducto de matrices (MPS), combinado con el algoritmo de Decimacién en Bloques con Evoluciéon
Temporal (TEBD). Esta técnica se utiliza para analizar las propiedades del estado fundamental y
el comportamiento magnético del sistema bajo la influencia de un campo magnético externo. Am-
bas técnicas se evaluaron en el contexto de un Hamiltoniano de Heisenberg Bilineal Bicuadratico,
incorporando correcciones perturbativas para tener en cuenta el efecto Zeeman cuadratico. Los
resultados de este trabajo demuestran que las redes tensoriales, en particular los MPS, propor-
cionan una técnica numérica robusta para capturar los fenémenos cuanticos exhibidos por los
bosones de espin 1. Los calculos de la energia del estado fundamental y los perfiles de magneti-
zacion confirman la eficacia de las redes tensoriales para representar la fisica esencial del sistema.
Ademas, la investigacién de las propiedades de entrelazamiento revela que la entropia de entre-
lazamiento del sistema sigue una ley de area, caracteristica de los sistemas unidimensionales con
gap. También se exploraron observables de quiralidad y correlacién de espin, revelando infor-
macién relevante sobre el comportamiento del sistema bajo diversos parametros de interaccién.
Los resultados son consistentes con estudios teéricos y numéricos previos, destacando el potencial
de las redes tensoriales para abordar retos en la fisica cuantica de muchos cuerpos. Este trabajo
introduce una perspectiva numeérica novedosa dentro del contexto de la investigacién en Estado
Sélido en la Universidad del Valle, allanando el camino para futuros estudios utilizando técnicas

avanzadas de redes tensoriales.

Palabras clave: Redes tensoriales, MPS, simuladores cuanticos, Aislante de Mott, ansatz de Gutzwiller.
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Abstract

The precision achieved by experimental techniques with ultracold atoms has enabled the cre-
ation of quantum simulators, facilitating the exploration of one-dimensional systems in the labo-
ratory. In these systems, fluctuations are inherently collective and propagate over large distances
due to frequent collisions. As a result, theoretical frameworks have been developed that lever-
age these fluctuations to describe such systems. Ultracold gases confined in optical lattices not
only serve as quantum simulators for traditional condensed matter systems but also act as plat-
forms to create new many-body quantum systems. In this work, two numerical techniques are
proposed to explore a spin-1 bosonic gas contained in a one-dimensional optical lattice, in the
strongly interacting phase and in the Mott insulator regime. The first technique is a mean-field
approach, known as the Gutzwiller ansatz, which approximates the many-body wave function
as the product of individual contributions at each site. Additionally, a more advanced ansatz
has been developed that considers pairs of coupled sites, allowing for the exploration of regions
in the phase space that are not accessible with the traditional ansatz. The second technique is
based on tensor networks, specifically representing the state as a Matrix Product State (MPS),
combined with the Time-Evolving Block Decimation (TEBD) algorithm. This technique is used
to analyze the ground state properties and magnetic behavior of the system under the influence
of an external magnetic field. Both techniques were evaluated within the context of a Bilinear-
Biquadratic Heisenberg Hamiltonian, incorporating perturbative corrections to account for the
quadratic Zeeman effect. The results of this work demonstrate that tensor networks, particularly
MPS, provide a robust numerical technique for capturing the quantum phenomena exhibited by
spin-1 bosons. The calculations of ground state energy and magnetization profiles confirm the
effectiveness of tensor networks in representing the essential physics of the system. Furthermore,
the investigation of entanglement properties reveals that the system’s entanglement entropy obeys
an area law, characteristic of gapped one-dimensional systems. Chirality and spin correlation ob-
servables were also explored, revealing relevant information about the system’s behavior under
various interaction parameters. The results are consistent with previous theoretical and numer-
ical studies, highlighting the potential of tensor networks to address challenges in many-body
quantum physics. This work introduces a novel numerical perspective within the context of Solid
State research at the University of Valle, paving the way for future studies utilizing advanced ten-
sor network techniques.

Key words: Tensor networks, MPS, quantum simulators, Mott-insulator, Gutzwiller’s ansatz.
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INTRODUCTION

The Bose-Einstein condensate (BEC) represents a fundamental milestone in the 20th century quan-
tum physics["2l. The theory developed by Bose and Einstein in 1925 predicted the formation of a
quantum state of matter in which a significant number of particles occupy the lowest energy state.
This phenomenon, initially challenging to confirm experimentally due to the extremely required low
temperatures, led to the development of revolutionary laser cooling techniques. These techniques
enabled the experimental realization of BEC in dilute alkaline gases in 199531, opening new doors
for the exploration of quantum phenomena at the macroscopic scale and triggering advances in ar-

3, as

eas such as high-precision interferometry!*l and the creation of extremely sensitive devices!
well as fostering the development of atomic control techniques!®, such as optical lattices(”:%], that

offer unprecedented control and tunability of quantum systems for future research and applications.

The combination of Bose-Einstein condensates and optical lattices offers a unique platform to
study strongly correlated regimes and complex quantum phenomena, providing valuable insights
at the frontier of condensed matter physics!®l. Optical lattices, conceived as periodic Stark shift
potentials generated by laser beam interference, have been fundamental in atomic physics, enabling
diffraction, trapping and cooling of atoms[°l. In particular, these networks have been used to explore

the fascinating world of quantum simulators within condensed matter!!°!

. Pioneering experiments,
such as those performed by Hemmerich and Grynbergl''2], have demonstrated the ability to cool
atoms down to the micro-Kelvin regime in multidimensional optical lattices. Techniques such as
laser cooling have succeeded in reducing atoms to their ground state with remarkable filling factors.
However, a particularly successful strategy has been the loading of ultracold atoms into ground states
by prior formation of a Bose-Einstein condensate in a weak magnetic trap, followed by adiabatic
turn-on of the optical lattice[%!3], This dynamics, inspired by band structure and Bragg scattering
in crystalline solids, allows the controlled exploration of phenomena such as coherent matter-wave

interferometry and the superfluid-insulator Mott phase transition 4],



Chapter 1. INTRODUCTION

The inclusion of the spin degree of freedom introduces an additional dimension of complexity
and richness to the exploration of condensed matter(!>]. By considering such particles, the door is
opened to a wide range of fascinating and potentially useful physical phenomena. Spin-1 bosons

[16]

exhibit unique properties, such as the presence of quadrupole magnetic modes!'®!. Unlike magnetic

dipoles that are characterized by a vector pointing in a specific direction, quadrupoles describe a
more complex spatial arrangement of the spin states, leading to what is known as nematic order('”].
In this order, spins tend to align in a plane, exhibiting anisotropic fluctuations without generating
net magnetization. This lack of net magnetization distinguishes quadrupolar order from typical
magnetic ordering such as ferromagnetism or antiferromagnetism, where spins align or anti-align
along a specific axis. Spin-1 systems allow for exploration of different phase transitions, such as
from polar phases, which exhibit non-zero magnetization, to quadrupolar or nematic phases!!'®] that
remain robust against external magnetic fields due to their lack of magnetization. The interplay
between quadrupolar and dipolar interactions creates complex structures and phase transitions, of-
fering rich collective magnetic phenomena and intricate magnetic structures, which have potential

applications in quantum technologies!['°.

The study of quantum spin chains presents significant challenges due to the difficulty of
simulating systems with more than a few dozen particles. Even the most advanced supercomputers
would be unable to compute an exact solution due to the exponential scalability of the problem.
For a system of size N, the memory required to encode its state scales as 3", where 3 corresponds
to the number of internal states. In the face of this complexity, numerous approximate numerical
techniques have been developed in recent decades by physicists and mathematicians to better under-
stand the relevant properties of quantum spin chains[?’l. Among them is the Gutzwiller variational

(21]

ansatz!'/, which features as a mean-field approximation to describe complex quantum states and is

further detailed throughout this document.

Tensor networks have emerged as a powerful technique for analyzing many-body systems in
quantum mechanics, offering efficient solutions to the computational challenges inherent in such
complex systems[??]. At their core, tensor networks represent the quantum state of a system us-
ing multidimensional tensors, effectively capturing correlations between particles. This approach
provides a structured and compact representation of highly intricate states!?*l. Moreover, tensor
networks offer efficient methods for manipulating tensors, including contraction and decomposi-
tion, which streamline calculations of crucial physical properties such as energies, wave functions,

and observables!?4],

In this work, we leverage the versatility of tensor networks by utilizing Matrix Product States

(MPS) to represent quantum states. MPS stands out as a particularly advantageous choice due to its

2



Chapter 1. INTRODUCTION

capability to efficiently approximate one-dimensional gapped systems, aligning perfectly with our
focus on such systems. Furthermore, in tandem with the groundbreaking Density Matrix Renormal-
ization Group (DMRG) algorithm, a class of algorithms has emerged for efficiently time-evolving
MPSs under a nearest-neighbor Hamiltonian!>>l. Notably, Time-Evolving Block Decimation (TEBD)
is among the most prominent methods in this category, offering efficient handling of such evolutions.
In our study, we harness the power of TEBD alongside MPS for a comprehensive analysis of quantum

systems.

This thesis is structured to provide an exploration of quantum many-body theory applied to
spinorial systems with an internal degree of freedom of spin-1. In Chapter 2, fundamental concepts
are elucidated to construct a theoretical framework for our investigation. This sets the stage for our
exploration of two distinct numerical methods in subsequent chapters. Chapter 3 delves into the
analysis of the Heisenberg Bilinear Biquadratic Hamiltonian, reviewing initially the typical single-
site Gutzwiller ansatz to solve coupled differential equations and determine ground state phases.
This approach allows for the measurement of select observables crucial for understanding the sys-
tem’s behavior. Later, the possibility of expanding this ansatz to couple two lattices sites is explored.
In Chapter 4, we shift our focus to tensor networks, showcasing their effectiveness in characterizing
the same physical system. Leveraging the algebraic properties of tensor networks, we effi-
ciently measure relevant observables and gain insight into the system’s phases. Finally, we retrieve
some conclusions about the numerical methods and the results by comparing the two Gutzwiller

approaches versus the tensor network one.






Spin-Lphysics

In this chapter, the goal is to introduce the physical system in which the numerical methods de-
scribed in Chapters 3 and 4 will be tested. This system consists of a set of strongly correlated spin-1
particles trapped in an optical lattice in the Mott insulator regime. One of the important defining
features of our system is the nature of the particles, which in this case have a spin of 1. To ex-
plore the implications of this for our system, we begin by introducing the Bose-Hubbard model for
spinless particles trapped in a one-dimensional periodic potential. Then, we incorporate the spin
degree of freedom and introduce a quadratic Zeeman field that partially lifts the degeneracy and re-
veals new magnetic phases. Finally, we restrict our system to the Mott insulator regime with unitary
filling, recovering the effective Hamiltonian via van Vleck’s second-order quasi-degenerate pertur-
bation theory, which results in the bilinear-biquadratic Heisenberg model with an external quadratic

magnetic field.

2.1 | Bose-Hubbard Hamiltonian

The Bose-Hubbard Hamiltonian stands out as the most basic yet non-trivial model for elucidating
the behavior of interacting spinless bosons within a periodic potential. It encapsulates the essential
physics governing strongly interacting bosons, highlighting the interplay between kinetic and inter-
action energies. Widely applied in solid-state physics, this model has successfully described various
systems such as short correlation length superconductors, Josephson arrays, and the behavior of cold
atoms confined in optical lattices[2027],

The most naive approach we can propose when describing a system of N particles loaded in a

one dimensional lattice is given by the general Hamiltonian of interacting particles, Zf\]zl (TZ + \7) +

%Zi,jzl ﬁij. Where T; is the kinetic energy operator, V is a periodic potential and Pij corresponds to
the interaction potential. Nevertheless, this does not turn out to be the most appropriate formalism

5



Chapter 2. Spin-1 physics 2.1. Bose-Hubbard Hamiltonian

to describe the physics of many-particle systems.

By resorting to the second quantization formalism we find a more convenient way to rewrite
our Hamiltonian. Here, the basic entities are not wavefunctions of individual particles, as in first
quantization, but rather field operators. These operators create or annihilate particles at specific

quantum states and fulfills the bosonic commutation relations:
Wix)=) Weby, WHx)=) wibl. (2.1)
i i

[\i/(x),\iﬁ(x')] — 5(x—x), [\if(x),\if(x)] _ [\p*(x'),\iﬁ(x') 0. (2.2)

Where we have chosen the position representation so that we can expand the field operators in
terms of the Wannier functions Wg(x): a set of functions highly localized on the i — th lattice site,

making them useful for expressing field operators in the second quantization formalism[2%].

W) = =) Rpe), | Wi W) = o (2.
k

Here, {(x) represents the Bloch states, L the number of sites, R the lattice constant and k the

quasi-momentum with its values located on the first Brillouin zone.

The Hamiltonian written on the second quantization formalism takes the following form:

2
A N - A N 1 A A A s A
n— deW+(x)(imV2 FV N () + 5Jdxdx’\lﬁ(x)\lﬁ(x')V(x,x')\P(x’)\If(x), (2.4)
where it can be pointed out that the first part refers to the kinetic energy of the particles along with
the induced periodic potential representing the lattice, while the second term captures the inter-
action between the particles through an effective pseudo-potential V = gé(x,x’), where g = 4"—5’2“

manifest the strength of the interaction with a scattering length a.

Rewriting the Hamiltonian in a more convenient form,
N P U
—_— + A ~ A
H——]Z(bi bj—i—h.c)—l—?Zni(nH—l)—yZni, (2.5)
(i.j) i i
f,b; are bosonic creation and

i77]
annihilation operators that allow the particles to tunnel between neighboring lattice sites. It is char-

the first term accounts for the kinetic energy of bosons where b

acterized by the hopping parameter J, representing the amplitude for particles to move from one

site to another. The second term displays the interaction term, which reflects the repulsive forces

6



Chapter 2. Spin-1 physics 2.1. Bose-Hubbard Hamiltonian

between bosons occupying the same lattice site. It is defined by the on-site interaction energy U,
signifying the cost associated with having multiple bosons on a single site. Followed by the chem-
ical potential term, denoted by u, which introduces a potential energy contribution for adding or
removing a boson from a given lattice. It controls the overall particle density and accounts for the

conservation of the total number of particles.

Consistent with 2.4, the hopping and interaction parameters take the form:

] = Jw;‘(x)(_z—il:v2 + V(x))Wj (x), U= gjdeW(X)l‘*- (2.6)

It should be noted that the term associated with the chemical potential is introduced manually
in 2.5 because it allows to fix the particle density, which is crucial when one wants to study the

transition between different phases (such as the transition from superfluid to Mott insulator).

2.1.1 | Superfluid - Mott insulator Transition

At temperatures close to absolute zero (typically in the nanoKelvin order), the Bose-Hubbard Hamil-
tonian delineates two distinct scenarios. In the interaction-dominated regime, characterized by J
significantly smaller than U, the system enters the Mott insulator phase. Conversely, in the kinetic
energy-dominated regime, where tunneling prevails over repulsion, the system demonstrates su-
perfluid characteristics. The emergence of superfluidity results from the interplay between kinetic
energy, seeking particle delocalization, and interaction energy, aiming to localize particles and min-

imize number fluctuations.

In the superfluid regime, the Hamiltonian is mainly governed by the kinetic energy term, leading
to negligible quantum correlations. This allows for an effective description of the system through
a macroscopic wave function, where the many-body state approaches identical single-particle wave
functions, reflecting a well-defined macroscopic phase indicative of superfluidity[>*3°]. Atom de-
localization over the lattice results in an interference pattern resembling a coherent array of matter
wave sources when the lattice is turned off, such that the single particle wavefunction for N atoms

can be written as,

M

s oc Za})N 10). (2.7)

=1
On the other hand, with increased interactions, the average kinetic energy for particle hopping
decreases, rendering it insufficient to overcome potential energy costs. This results in atom local-

ization at individual lattice sites, reducing number fluctuations. In the Mott insulator phase, the

7



Chapter 2. Spin-1 physics 2.2. Spin-1 Hamiltonian

system’s ground state is characterized by localized atomic wave functions with fixed particle num-

bers per site,

M n
o [ (4) 10y (2.8)
i=0

(a)

3.0
2.5
2.0
=
J 1.5
1.0
0.5
0.4 0.0 . .
.0 01 0.2 0.3 0.4 Mott insulator Superfluid

tiy

Figure 2.1: (a)Phase diagram for the Bose Hubbard model where (7) is plotted as a function of t/U
and p/ U exhibiting the Mott’s insulator and superfluid phases showed in (b).

Figure 2.1 shows the Mott insulator transition of a translational invariant system in the % - %
planel®!l. The physics behind the diagram goes as follows: beginning within the Mott insulating
phase and subsequently increasing % while keeping % constant, there exists a point where the ki-
netic energy associated with adding an extra particle and allowing it to move within the lattice equals
the interaction energy cost. At this juncture, the introduction of an additional particle restores phase
coherence, causing the system to transition into the superfluid regime. Conversely, when decreas-
ing p from a position within the Mott phase, there will be a point where it becomes energetically

advantageous to remove a particle from the system.

2.2 | Spin-1 Hamiltonian

Following the same logic of the Bose Hubbard Hamiltonian described above, we write a Hamiltonian
characterizing the interaction of spin-1 bosons, such that in principle we also have three terms al-

luding to the hopping, the interaction, and the chemical potential,

8



Chapter 2. Spin-1 physics 2.2. Spin-1 Hamiltonian

the hopping term H, that accounts for the probability of particles tunneling from one site to
another between neighboring sites is written in terms of the bosonic creation and annihilation oper-

ators,
Hy=-] Z(?’}rﬂi’i,a + B;r,o?’jr(f )' (2.10)

where the operators l;:ra(l;m) create (annihilate) bosons with internal degree of freedom o =
-1,0,1 in the i-site.

The next step consists of building the interaction Hamiltonian and for this, we consider the sim-
plest possible case which corresponds to computing the interaction of two spin-1 bosons. In this
case, the natural basis to describe this scenario is the coupled one, given by the addition of angular

momentum,

A

|SllSZlSrms> - Sl;§2;§21§z;

since S = S, = 1, the possible values for S are 0,1,2. However, due to the symmetric nature of
bosons the only allowed values are S = 0,S = 2, such that from the whole set of states spanning the

Hilbert space for the two-particle interaction we only preserve,

|212> = |1!1>

|z,1>:\/g|o,1>+\/g|1,o>
2,0) = \/g|—1,1>+\g|o,o>+\g|1,—1>
|2,—1>=\/g|0,—1>+\/g|—1,0> (2.11)

|2)_2> = |_11_1>

0,0) = \/;‘1'”*\/;0’0”\/;1"”-

We restrict ourselves to a contact pseudo-potential interaction type motivated by the low energy
regime, in which particles scatter off each other when occupying the same position, where we only
take into account the first term in the partial wave expansion, hence s-wave scattering[>?l. Now,
the on-site interaction is expressed in terms of two interacting channels F = 0,2 using the projector

operators Pr = Y (S,m,|S,m,), we can express the potential energy as:

9



Chapter 2. Spin-1 physics 2.2. Spin-1 Hamiltonian

N N dapmch? R
_ 2 F L
V = EF Vo= > EF Ppé(r r ) (2.12)

(33]

From the second quantization treatment of our general Hamiltonian!”°!, we found that the inter-

acting part looked like,

DI RO AT (2.13)
z;kl
where V; = Y  gpPrd(r, —11), being gr = 4“277’ Introducing all the projectors of the symmetric

states defined in 2.11 we obtain the full interaction term which describes two categories of inter-
actions between spin-1 particles during collisions: spin-preserving and spin-changing collisions.
Spin-preserving collisions involve two particles interacting, leading to two outgoing particles with
identical spin projections. In spin-changing collisions, particles alter their spin projections during
the collision while preserving the total spin projection. However, the conservation of the total spin

projection is maintained throughout the entire process in both scenarios,

QI:Z[%(B{E{B@+Bi115i113,115,1+2?;{l§gl}b + 251,551 o)
i
2 N
+g0—i_6 g2b+b+b0b0+g 3g0(b'|'b+ b0b0+b+b+b b ) (214)

280 - 82710t 7
+Tb{btlb_1bl]i.

Putting all terms together, we obtain the final Hamiltonian,

HI—]Z(b+ bza"i_bng]G)‘i_HI_l/‘ana‘f'QZO- nzo (2-15)

i,,0

Here we have added a term describing a quadratic Zeeman effect (QZE), where Q represents the
strength of the quadratic Zeeman field with the constrain Q ~ t2/U, motivated by the fact that in
the condensed matter realm, two forms of field symmetry breaking are explored: the linear Zeeman
effect and the quadratic Zeeman effect. Although the linear effect is remarkable, the quadratic field
allows us to unveil the fascinating features of the spin-changing collisions non-present in spin-1/2
systems and emerging naturally in these spin-1 systems, where quantum fluctuations have a more
pronounced influence. Unlike the linear Zeeman effect, the quadratic Zeeman effect in 1D systems
gives rise to more intriguing phenomena, making it an area of special interest in quantum systems

[34;35;36]

research Furthermore, in experimental settings, magnetic fields tend to oscillate rapidly

in time[%7], resulting in effects that cancel out on average. In contrast, the quadratic Zeeman effect

10



Chapter 2. Spin-1 physics 2.3. Bilinear Biquadratic Heisenberg Hamiltonian

e ©
- .

Target Virtual

Figure 2.2: Representation of a 1D optical lattice loaded with two particles, before (target) and after
(virtual) hopping.

provides more complex and captivating results. This phenomenon reveals itself in a particularly

intriguing way in one-dimensional (1D) systems.

2.3 | Bilinear Biquadratic Heisenberg Hamiltonian

As mentioned in the previous section, the Bose-Hubbard model is characterized by two phases, and
in this work, we are interested in studying the regime of strong interactions in the Mott insulator
phase, so the kinetic term must be treated perturbatively to obtain the effective Hamiltonian that
captures the desired physics, which in fact is the generalized Heisenberg model for spin 1 particles!],

and thus allows a focus on the magnetic properties of the system.

Our starting point is the Hamiltonian for a system of spin-1 bosons described by equation 2.15.
We begin by defining the basis for a reduced system that reproduces the dynamics of interest, which
corresponds to a two-celled lattice with two particles,

The unperturbed Hamiltonian is then diagonalized and second order quasi-degenerate perturba-
tion theory (see Appendix A) is applied to obtain an effective Hamiltonian that captures the physics
of the Mott insulator. The matrix elements of the effective Hamiltonian up to second order are given
by:

@ |y = - L ]
(m| H® ') 2lz<m|Ht|Z><l|H,f|m>Em_El+E;n_El, (2.16)

where |m) are two-site states with one particle per site (target states) and |I) are the two-site states

with two particles on a single site and an empty site (virtual states) as showed in the Figure 2.2(a)

and (b) respectively.

11



Chapter 2. Spin-1 physics 2.3. Bilinear Biquadratic Heisenberg Hamiltonian

Since we are considering a small hopping amplitude J, the interaction is restricted to the nearest
neighbors. Then, we can express the obtained matrix for the effective Hamiltonian in terms of S=1
spin operators, which happens to coincide with the Bilinear Biquadratic Heisenberg Hamiltonian,
which is known as a generalized Heisenberg model and is commonly parameterized as:

H= —]Z[cos(@)ﬁi Siiq +sin(6)(§i . SAiH)z] - Z]D(éiz)z, (2.17)

where, cos 0 gives the strength of the bilinear coupling and sin6 of the biquadratic one. Here
we have added the quadratic Zeeman term, for which D = —Q/] with the main purpose of magnify
the magnetic properties of the system as described in 2.3.1. As shown in ref.['®], the appearance of
quadrupole degrees of freedom is equivalent to the fact that the interaction Hamiltonian contains
the biquadratic term in spin operators, so that this Hamiltonian allows for the description of the
quadrupolar degrees of freedom present in the system.

2.3.1 | Phases of the Bilinear Biquadratic Heisenberg model

Over the years, considerable attention has been devoted to the study of spin-1 bilinear biquadratic
models. This goes back to the initial construction of an exact ground state[*! of the spin-1 BBH
chain at @ = arctan(1/3) in the middle of the Haldane phasel*”], as well as the development of a
form of spin wave theory by Papanicolaoul!®], which is readily applicable to spin-1 BBH models in
bipartite lattices.

In the one-dimensional context, the spin-1 bilinear-biquadratic model without the external mag-
netic field (D=0), exhibits a complex and diverse phase diagram (see Figure 2.3(a)). This diagram
includes some well-established phases, such as the Haldane gaped phase!?], a dimerized phase[3°],
and a ferromagnetic phase. In addition, lesser-known phases have been identified, such as the crit-

ical phase with dominant nematic spin correlations[*!]

state are entirely determined by an angle 64?1,

. In this case, the properties of the ground

Here, we want to explore some properties of the induced phases by the quadratic Zeeman field
(D # 0) in the Mott insulator regime shown in Figure 2.3(b). On the one hand, there is the ferro-
magnetic regime composed of 3 phases: Ising, Large-D and XY-Ferromagnetic. It can be seen that
the Ising-FM can be reached for (6 < _?T") and D > 0. In this phase, the fundamental state is dom-
inated by magnetic projections of spin m = 1,-1 aligned along the external field axis. Meanwhile,
for D < 0 the Large-D phase is characterized by a vanished total magnetization, where the spin
projection m = 0 dominates, implying a lack of significant magnetic response in principal terms.
Nevertheless, there is another phase, for small values of |D| with D < 0, called XY —FM phase, where

the fundamental state is characterized by a combination of all magnetic spin projections, where the
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Figure 2.3: Phase space diagram for the spin-1 bilinear-biquadratic Heisenberg model at unit filling
a) in the absence of an external quadratic Zeeman field and as a function of 6. The well-established
phases are the Haldane phase, the ferromagnetic phase and the dimerized phase.!**]. b) in the pres-
ence of an external quadratic Zeeman field [*4],

probability of having 0 spin projections is slightly greater than the probability of having +1 projec-
tions. The system also presents an antiferromagnetic region (AFM) for 6 > 37t/ 4, in which we can see
that for a D > 0 field an XY-nematic phase is induced. Here projections m = +1 are equally biased,
which results in the system being in a superposition of these states. Therefore, there is no preferred

direction for the system, rather it is defined by an axis or director.

A critical aspect of exploring the physical system outlined above lies in the ability to discern how
properties of its phases behave. Therefore, the next two chapters are dedicated to the development
of numerical methods aimed at reaching the ground state of the system, among other objectives,
and subsequently applying various observables. Chapter 3 focuses on employing the Gutzwiller
ansatz, which enables the solution of coupled differential equations and facilitates the identification
of ground state phases. This method is instrumental in understanding the behavior of the system
and allows for the measurement of key observables crucial for characterizing its phases. In Chapter
4, an alternative and yet more powerful numerical approach using tensor networks, specifically Ma-
trix Product States (MPS), is introduced. This method offers a structured representation of quantum
states, allowing for efficient anzats for the system representation by means of symmetry implemen-
tations and tensorial properties for the linear algebra calculations, just to mention only a few. This
technique also allow us to optimize measurements of observables and providing additional insights

into the phases of the system.
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Gutzwiller Variational Ansatz

The Gutzwiller ansatz is a well-established method in the field of many-body quantum mechanics.
It is particularly useful for studying strongly correlated systems, where the traditional mean-field

theory fails to capture the full complexity of the interactions between particles!*]

. By incorporating
variational parameters and a Gutzwiller projection, the ansatz allows for a more accurate description
of the ground state properties of these systems. The Gutzwiller ansatz has proven to be effective in
investigating a wide range of phenomena, such as metal-insulator transitions, magnetism, and high-
temperature superconductivity. Its ability to capture the effects of correlations and adapt to different
interaction strengths makes it a valuable tool in understanding the behavior of complex materials

and quantum many-body systems[4°].

3.1 | One-site Gutzwiller ansatz

The Gutzwiller mean-field method has found extensive application in various research papers fo-
cused on the Bose-Hubbard model. In its most basic form, this method relies on approximating the

many-body wave function by multiplying individual site contributions as:

nmax

wy = [)_filno (3.1)
i n=0

where |n;) denotes the Fock state of n atoms in the i-th lattice site, n,,,, is a system size-independent
cut off in the number of atoms per site, and f, corresponds to the amplitude of having # atoms in
the i-th lattice site, which in this case corresponds to complex time-dependent coefficients. The am-
plitudes are normalized to }_, |fnii|2 = 1. In the dynamical case, these amplitudes can be found by
considering the variational principle, minimizing of the action of the system giving by S = fd tL.

The Lagrangian associated to the Hamiltonian is given in!*’] and looks like:
ih . . A
L= ((WIV) ~(PIW)) ~ (W A ). (3-2)
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The dynamical equations can be retrieved from the Euler-Lagrange formulation[*%],

d| dL ar
— == - (3.3)
dt df;il df,;il

After implementing the aforementioned steps and performing the corresponding algebraic pro-
cedures for the spinless Bose-Hubbard model with nearest neighbor interaction [see Appendix A],

the dynamics can be characterized by the following set of coupled differential equations,

g ==t ) [V (G )
IV (R D A )] (3.4)
+ 2 i n(n=1) = ufin,

where the 7 index runs over the L lattice sites, n and m correspond to the internal degree of free-
dom (number of particles in this case), where n,m = 0,1, 2 since the maximum allowed number of
particles per site is two, for keeping ourselves up to the first Mott-insulator lobe ranging the full t/U

axis.

In this work, particles with spin-1 are considered, such that the index associated to the internal
degrees of freedom is now associated to the possible magnetic projections of the particles at each

site, when we focus on the Mott-insulator regime with one particle per site

m=1
)y =] [ D filma)- (3.5)

i m=-1
Since the study of the phases is based on the biquadratic bilinear Heisenberg Hamiltonian, an
approximation of the Bose-Hubbard model for spin-1 particles confined in the Mott insulator allow-
ing only one particle per site; each site exhibit exclusively the three degrees of freedom related to the

magnetic projections of the particle located at that site.

3.2 | Imaginary Time Evolution

In the realm of quantum many-body problems, the imaginary-time evolution method stands as a
well-established computational approach, adept at singling out the ground-state component through
temporal evolution along the imaginary time axis. Imaginary time, though an unphysical yet po-

tent mathematical concept, finds widespread utility across various physical domains, encompassing
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quantum mechanics!*”], statistical mechanics!°%], and cosmology[°']. Often referred to as a Wick ro-
tation, the substitution of real-time with imaginary time establishes connections between Euclidean
and Minkowski space, quantum and statistical mechanics, and static problems with dynamic coun-

terparts [52]

. In the realm of quantum mechanics, the propagation of a wavefunction in imaginary
time facilitates the exploration of finite-temperature properties, the determination of ground-state

wavefunctions and energies, and the simulation of real-time dynamics (>3],

As we know, time evolution in quantum mechanics is governed by the Schrodinger equation,

ih% = Hip(x,t). (3.6)

When the Hamiltonian is time-independent, then it is feasible to solve the above equation to find
the time dependence of W(x,t). What you need to do is first solve the eigenvalue equation for the
Hamiltonian H,(x) = E,,(x), where 1, (x) are the eigenstates and E, the energy eigenvalues.
Second, we need to expand the wave function at an initial time (say t = 0) in terms of the energy

eigenstates:

$(x,0) =) n(0)pu(x), (3.7)

n

where ¢, (0) are the expansion coefficients that can be found by calculating the overlap between

¥ (x,0) and the energy basis eigenstates. Third, the wave function at a later time ¢ is given by:

P(xt) =) c,(0)e iy, (x). (3.8)

n

The time dependence is such that each energy eigenstate 1, (x) "oscillates" at a frequency propor-
tional to the corresponding energy eigenvalue E,, /. Now, considering a change of variables 7 = it.
One can think of 7 as "imaginary time". Applying this change of variables to the Schrodinger equa-

tion we obtain:

I (x, .
—h% Ap(x, ). (3.9)

Again, as H is time-independent, the dependence on 7 can be solved in the same way in which

the dependence on t was solved above, and we obtain:

PoT) =) cu(0)e FETp, (x), (3.10)

it can be seen that the function ¢ (x,t) at imaginary time 7 is no longer obtained by an oscillat-

ing superposition of energy eigenstates, but instead by an exponentially decaying superposition of
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energy eigenstates. Furthermore, the exponential decay rate is proportional to E,,.

What have we accomplished by making this variable change from t to 7? Consider the limit of

large t:

W(x, T3> 1) ~co(0)e EoTupy (x). (3.11)

In this limit, the ground state n = 0 is projected out to the initial state, because the correspond-
ing exponential decay is the slowest one. Therefore, by evolving the system in imaginary time, we
can obtain the ground state of the Hamiltonian ¢, (x) as the long imaginary time limit. To obtain the
ground state of the system from the set of differential equations obtained in 3.4, the Runge-Kutta 4th

order method, an iterative method used to solve ordinary differential equations, was implemented.

Performing the change in the time coordinate by the definition of imaginary time defined above,

the expression defining the system is given by,

if ,
E_G(f,—zr). (3.12)

The code loops over the set of equations until the energy minimization criterion is reached, fol-

i
lowing the flowchart3.1-

3.2.1 | Code implementation

The implementation of the method was done following the steps of the code written in C++ proposed
by Rodriguez in!>*! and structurally consists of 4 steps to find the energy (see Fig.3.1). First, the
trial state is initialized with the values given by the balanced mixture, then the system is evolved
using the RK-4 with the respective Wick rotation. Due to the non-unitarity of the previous step, the
function is renormalized after each step and the convergence of the energy is evaluated by comparing
the two consecutive values of the energy (from the previous and the current step) according to the
established convergence criterion. This energy renormalization process is subject to the numerical
technique being used. In the case of tensor networks, our next numerical technique, more specifically
TEBD, no normalization is required thanks to the Suzuki-Trotter decomposition applied to the time

evolution operator (see Chapter 4).

3.3 | Two-sites Gutzwiller Method

Here we aim to describe a natural extension of the Gutzwiller ansatz to a two-site ansatz where the

variational state is expressed as the tensor product of the Gutzwiller wavefunctions of two neigh-
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Set initial conditions
(Balance mixture)

Evolve RK4 using:

t — -IT

(Perform anormalization of the wavefunctionj

Check energy criteria
for convergence

[En;-E;l <1072

Figure 3.1: Flowchart of the Gutzwiller variational method numerical implementation.

boring sites, and there is only one coefficient associated with this two-site state implying the non-
separabity among them as shown in Eq.3.16. This type of ansatz simplifies the state by considering
inherent shared information between two adjacent sites in the lattice, and it’s a natural approach in
variational methods for studying strongly correlated systems, since it respects all Hamiltonian sym-

metries.

The two-site unit cell to be considered is now the one shown in the top of Figure 3.2, such that

site i is now composed of two sub-sites and the full ansatz can be written as:

) = ]_[ Z Fri oy |1y 1) (3.13)

mg,my

One of the motivations behind the extension is related to the physical model we are studying, in
our case the biquadratic bilinear Heisenberg Hamiltonian (see Fig.2.15). This model exhibits entan-
glement between spins, and a two-sites ansatz has the potential to better capture such entanglement
by considering correlations between neighboring spins. This could be important for accurately de-

scribing the properties of the ground state.
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Two-site:

One-site:

Figure 3.2: Pictorial representation of the new definition of ’site’ for the extended Gutzwiller com-
pared to the usual definition for a single site.

A similar development was performed as in the previous section to obtain the differential equa-

tions, but this time the operators take the form:
Si-8) = (8k+82)-(87 +57), (3.14)

where, $' are the spin-1 operators acting at each sub-site. This led to the set of equations shown
in Appendix B.

We can see, by comparison of the cosine term of the Hamiltonian for example, how the extension

to two sites modifies the number of terms in the Hamiltonian but nevertheless retains some symme-

try.

One site:

1YY coso| Y (Ffa e+ £l Pmen)
(ijy m i

1. ot 1 N
(2= nln= 1) fEFEN 2= m(m 1) 4 SFN2 - (4 D £ 2= (4 1m)

1 . . y 1 . , y
(G han2= O D fE L2 = (e Dm et SN2 = (D £ £ 2= m(m - 1)
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The first observation is that, as can be seen, the number of terms has doubled, but the important

detail is that now the coefficients have two indices associated to the sub sites a and b for each site
i of the lattice. Following the same logic, the extension for the entire Hamiltonian is developed.
However, given the number of terms to evaluate and considering that this time we had to evaluate
the magnetic projections for both m, and m,, a symbolic code was developed in Python to run the
evaluations and return the simplified set of equations ready for the energy minimization process.

The code presents a structure organized as scheme 3.3.

def Gutz_coef(f,j,m)
define the coeffs and it’s conjugate with the respective boundary conditions

def sin(f,N,n,M,m):

def cos(f,N,n,M,m): Def1nihth: tﬁ;:e ?erms
n the Hamiltonian

def D(£,N,n,M,m): ' 1rent

def sum(sin_output,cos_output,D_output,N,n, M, m):
for N in range(-1,2):
for n in range(-1,2):
for M in range(-1,2):
for m in range(-1,2):

— return the terms of the energy already evaluated in the respective magnetic
projections

Figure 3.3: Python implementation pseudocode to simplify summations over magnetic projections.
Here the functions sin,cos and D corrresponds to the three terms of the Hamiltonian preceded by
the respective constants, where N, n run over the values of the magnetic projections n,,n, and M,
m run over m,,m, The range goes from -1 to 2 denoting the three magnetic projections and the
correspondence is 0 — |-1),1 —[0),2 — |1).
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In the study of the Bilinear Biquadratic Heisenberg model, excitations, collective spin modes,
and entanglement are fundamental aspects that dictate the low-energy physics and quantum behav-
ior of the system. The choice of ansatz in variational methods like the Gutzwiller ansatz significantly
influences how these phenomena are represented in the wavefunction. By extending the ansatz to in-
clude correlations between neighboring sites, a two-site ansatz provides a more accurate description
of collective spin modes and low-energy excitations compared to a one-site ansatz. This enhanced
representation captures the coherent motion of spins across the lattice and accounts for quantum
entanglement effects between adjacent spins. As a result, the two-site ansatz offers a comprehensive
understanding of the low-energy physics of the model, shedding light on the behavior of strongly
correlated spin systems and the intricate interplay between quantum phenomena such as entangle-

ment and collective spin dynamics.

This extension of the traditional ansatz to a two-site ansatz can be compared with other types of
methods that aim to study quantum many-body systems. In this work it has been compared with
the MPS, because although they are fundamentally different approaches with different mathemati-
cal formulations, both techniques involve variational optimization to find the parameters that best
minimize the energy. Furthermore, in principle both can capture correlations between neighboring
sites and can capture some degree of entanglement with different complexity levels in both compre-

hension and implementation.
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Tensor Networks

Tensor networks (TN), such as matrix product states (MPS), are invaluable tools in tackling the com-
plexity of quantum many-body lattice systems[>°]. These systems pose a challenge due to the expo-
nential growth of the Hilbert space, making their theoretical and numerical exploration daunting.
However, structured patterns in physically relevant states offer avenues to overcome this complexity,

with tensor networks providing a crucial framework for their analysis[°°.

In this chapter, we look into the Matrix Product State (MPS) representation, a key player in the
realm of tensor networks[>7:>¢]. Our exploration extends to comparing MPS with alternative ansatz
methods like the Gutzwiller ansatz. By understanding the strengths and limitations of each ap-
proach, we gain insights into their applicability in describing quantum many-body systems.
Furthermore, alongside the static description provided by MPS and other tensor network represen-
tations, we explore the dynamic evolution of quantum systems. This exploration is facilitated by
methods such as the Time-Evolving Block Decimation (TEBD) algorithm. TEBD enables efficient
simulations of imaginary-time evolution, complementing the static analysis and providing a com-

prehensive understanding of quantum dynamics within tensor network frameworks.

Throughout our discussion, we anchor our exploration in the specific physical system described
on Chapter 3: a one-dimensional array of spin-1 particles confined to an optical lattice, which we
characterized by the Bilinear Biquadratic Heisenberg Hamiltonian, serving as a concrete example to

illustrate the concepts and methodologies discussed in this chapter.

4.1 | Tensor network theory

In a more precise definition, a tensor is a mathematical object that generalizes concepts like scalars,

vectors, and matrices. It is characterized by multiple indices (T;jk;,,), and its components represent
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quantities that transform in a specific way under coordinate transformations. In tensor network
notation a single tensor is simply represented by a geometric shape with legs sticking out of it, each

corresponding to an index, analogous to the indices of Einstein notation as shown in Figure 4.1

(a) [57]'

Figure 4.1: Tensor network diagrams. The 3 figures in (a) show the representation of a vector v,
matrix A and rank-3 tensor T. The diagrams in (b) show a matrix-matrix product (boxes sharing
legs) and a general contraction.

This new representation allows us to perform different operations, one of the most usual and

general ones being contractions. For instance, the matrix product
Cit =) AijBjx, (4.1)
j

corresponds to the contraction of the index j, and can be represented for the top diagram on Fig-
ure 4.1(b). Contractions are essential operations that facilitate the efficient manipulation and anal-
ysis of complex quantum states. These networks often involve the connection of multiple tensors,
each associated with different physical degrees of freedom in a quantum system. The contraction
process combines these tensors by summing over shared indices, effectively reducing the overall

dimensionality of the system.

4.2 | Matrix Product State

In our exploration of tensor networks for our one-dimensional system, the Matrix Product State
(MPS) stands out as the most suitable choicel>°]. Its selection is motivated by distinct advantages

that differentiate it from alternative methods, particularly the Gutzwiller ansatz we explored above.
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One notable difference lies in the measurement of entanglement between subsystems. MPS offers
a straightforward approach to computing entanglement entropy, thanks to its numerical structure
closely mirroring the physical system. This characteristic facilitates the quantification of entangle-
ment between different parts of the system, providing valuable insights into the underlying quantum
correlations. Contrastingly, the Gutzwiller ansatz, while effective in capturing certain aspects of the
system’s behavior, may present challenges in measuring entanglement. Its description of the system
often involves mean-field approximations, which might not fully capture the entanglement present
in the system, consequently, the Gutzwiller framework could be more intricate and less straightfor-

ward compared to MPS.

Moreover, MPS offers unique capabilities, allowing us to delve into systems of considerable size
where thermodynamic properties become evident. This is in contrast to methods like exact diag-
onalization, renowned for their precision but impracticality for larger systems. Importantly, as we

(60]

focus on 1D spin chains, it’s worth noting that MPS methods seamlessly extend to 2D models!®"! and

are not restricted solely to systems involving spin-1 particles. This versatility underscores the broad

applicability and relevance of MPS in diverse quantum systems [01:6%63],

In the realm of computational advantages, tensor networks, such as MPS, offer a significant break-
through in dealing with the curse of dimensionality inherent in quantum many-body systems. Con-
sider a spin-1 system, where the state is described by a vast number of coefficients, growing ex-
ponentially with the system’s size. Traditional methods, like storing the full state, quickly become

impractical due to this exponential growth.

Tensor networks address this challenge by parameterizing the state in terms of a polynomial
number of parameters, achieved through the concept of bond dimension. The bond dimension acts
as a cap on the entanglement between neighboring particles, effectively limiting the complexity of
the description while retaining essential quantum correlations. By controlling the bond dimension,
Tensor networks strike a balance between accuracy and computational feasibility, allowing for effi-

cient representation and manipulation of quantum states.

Moreover, we say that tensor networks satisfies the entanglement entropy area law[??], if for ev-
ery partition of it into two connected parts separated by a boundary d;, the entanglement entropy is
upper bounded by Sd; < c|d|, where ¢ is some constant, independent of L. In other words, it means
that the entanglement entropy of a subset of the system scales as the contact area of the subset with
the rest of the system, rather than its volume, as in typical quantum states. This property reflects the

inherent locality of quantum entanglement and plays a crucial role in the efficiency of TN algorithms.
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To fully leverage the advantages of Matrix Product States, it is essential to understand the mathe-
matical tools and construction principles underpinning this method. Two critical components in the
effective application of MPS are the singular value decomposition (SVD) and the systematic building
of MPS representations. In the following sections, we will dive into the role of SVD in simplifying
and optimizing the tensor network structures, and explore the practical steps involved in construct-

ing MPS representations.

4.2.1 | Singular Value Decomposition

A fundamental mathematical component in numerical algorithms applied to TNs involves the Sin-
gular Value Decomposition (SVD)[24], closely related with the Schmidt decomposition of quantum
states. The Schmidt decomposition asserts the possibility of expressing a bipartite quantum state
using an orthonormal correlated basis for the two parties, known as the Schmidt basis. This repre-
sentation includes x real and positive coefficients, referred to as the Schmidt coefficients, where x is
denoted as the Schmidt rank. When orthonormal bases for two vector spaces, let’s say "A" and "B" are
considered for the coefficients of the state vector representation, the Schmidt decomposition aligns
with the SVD of the matrix containing these coefficients.

The Schmidt decomposition states that a bipartite quantum system |W),5 € H4 ® Hp can always

be written as:

X
[\WHap = Z/\a|a>A|a>B» with {la)},{la)g} orthonormal basis, (4.2)
a=1
where 1, > 0 are the Schmidt coefficients which are real numbers and x < min(da,dp) the

Schmidt rank.

In terms of matrix components and its diagrammatic form (see figure 4.2), this reads:

X
Whap =) Wilidaljdg; where W;=) UiaAasVy, (4.3)
ij ap

A

Figure 4.2: Diagrammatic form of the SVD where A, = 1,0, are the Schmidt coefficients.
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The key takeaway from this brief exploration is that the Schmidt decomposition for a quantum
state aligns with the SVD for its coefficients when there exists an orthonormal basis for the Hilbert
spaces H 4 /p. This observation holds significant implications for approximation strategies within TN
methods. Specifically, truncating singular values is directly connected to truncating Schmidt coef-
ficients, either precisely or approximately (especially in scenarios involving non-orthonormal bases

for HA/B)'

There exists a profound connection between the geometric configuration of a selected TN and
the entanglement among distinct spins within the quantum many-body state it encapsulates. In the
context of a quantum state denoted as [i), the Von Neumann entropy emerges as the quantum coun-
terpart to classical entropy, encapsulating the information content associated with the entanglement

patterns and is defined as[0430],

$(p) = ~Tr |plogo| (4.4)

where p = |¢) (| is the quantum state density matrix. By employing the definition of Von Neu-
mann entropy, the concept of entanglement entropy comes to the fore as a quantification of quantum
correlations within a bipartite quantum system. Consider a partitioning of the quantum state [¢) into
two non-overlapping components, denoted as A and B. The entanglement entropy, characterizing the

quantum entanglement between these distinct partitions, is expressed as:

S5(pa) = Tr[palogpa] = —Tr[pplogps] = S(ps), (4.5)

where g4 = Trp[p] is the reduced density matrix of subsystem A and pg = Tr4[g] is the reduced
density matrix of subsystem B. The positive eigenvalues A2 of p4 and Py correspond to the Schmidt
values A, of the Schmidt decomposition of |i)) into A and B parts respertively. This connection
further extends to the truncation of entanglement within the quantum state, as evidenced by the

entanglement entropy S between Aand B: S=-Y*_, A2log)2 < logx1°°].

4.2.2 | Building a MPS

In the previous section, we explored the intimate connection between the geometrical structure of
TN and the upper bound imposed by the Schmidt rank. Exploiting this relationship unveils an
interesting opportunity: we can intentionally choose TN representations for quantum states that
naturally satisfy the entanglement entropy area law. These specifically crafted TN representations

prove valuable for approximating quantum states found in nature, as these states often exhibit ad-
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herence to the entanglement entropy area law[2%°°],

Figure 4.3: Decomposition of a tensor in terms of a MPS. Here the vertical legs correspond to the
internal degrees of freedom or physical indexes (magnetic projections in this work), while the hori-
zontal links A (whose magnitude is x) are the bonds between the tensors and their dimension given
by the Schmidt rank.

Let’s consider a system of N quantum particles, and the ket i) that describes the state of the
entire system. The state for the entire system is represented by vector in the Hilbert space H, which

is visualized as a tensor product of individual sites:

Wy=")  Cipilin)®li)@-lir), (4.6)

il /i2/~~~;iL

where C; ; i is a tensor with N-legs (see Fig.4.3, top diagram) that represents the physical

JAr
indexes of the system. The first step consists of performing a Schmidt decomposition to isolate one

site from the rest of the chain splitting the system into two parts A and B,
Np
Wy =) Aglay*@la)®. (4.7)
a

Here {Ia)A} and {|a)?} are two orthonormal bases corresponding to each part of the system, with
N4 and Np elements.

Before proceeding with the tensor splitting process, let’s see how we would rewrite the above
bases in terms of a suitable basis, which in second quantization formalism constitutes the occupation
basis. The transformation involves only projecting the state of the single site (B block), such that the

state in Eq. (4.7) can be rewritten as:
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Wy =) AaTa"lalnL). (4.8)
T e

Where I;* are the matrix elements of the transformation and |, ) the Fock basis elements. Next,
we must concentrate on block A of our system and break it down again into two blocks by means of

Schmidt’s decomposition as shown in Fig.4.4(a).

n, n; ny n,

Fnl Fnz an I"n“ FnL
az a0z A3qy ar1ay, ai

Figure 4.4: (a)Shows the next step of the decomposition for the site L—1. (b) Displays the completely
decomposed state after iteratively applying the SVD on the blocks on the left.

lar) =) Aa,, lar-p)le), (4.9)
a1
same as for the first site that was separated, we projected on the Fock base the state |w,, ). Putting
all the pieces together, the construction of the state takes the following form:

Wy =) ALl e Aa Tat lar 1) lne_1)lnr), (4.10)

ar-1aL
np-1np

being Ec.(4.8) the description of the state having separated only the last two sites of the whole
chain. Continuing the same logic, the state of the whole system can be decomposed by separating all

the sites one by one as showed on Fig. 4.3 and expressing them as:

W)=Y Tal dayTaa, - Aay Tatlay Ay T Iy . mp ), (4.11)

ny..np
Finally, it is possible to define a tensor AZSS ag = Aa, I}f:as .. Such that in the end, the state written

as an MPS takes the simplified form:
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) = Z ADLAR AN AR ). (4.12)

ay..ay
ny..np

Here, the ay are virtual indices that link a site to its neighboring sites and their dimension is closely
related to the interlacing of the system, while the n; correspond to the physical indices (internal de-
grees of freedom) that are given by the system under consideration. Taking into account Gutzwiller’s
ansatz as described in chapter 3, [) =[]; L, o, F;inam,, |m,, my), applying the above decomposition

to rewrite the state in terms of a product of matrices we obtain the following,

W= ) flefatmamy), (4.13)

Mg, My

showing explicitly the resemblance of the Gutzwiller ansatz and the MPS formulation, and hence,
the fundamental essence of this work. In Eq.4.13 the bond dimension is given by «, which is nothing
else than the dimension of the matrices, which define the entanglement between the states in the
system. A large value of «, the representation better capture the entanglement in the system. And
as discussed in Chapter 2 the Hamiltonian that governs the system under consideration, following
the tight-biding approximation, fullfil this characteristic, and as a strong consequence the hopping
term the Hamiltoniant term is retrived as the two-neighbouring sites contribution. Hence the whole
system Hamitonian may be descomposed as two-sites Hamiltonians.

4.3 | Time-Evolving Block Decimation (TEBD)

The TEBD algorithm relies on an approximate representation of the state that is well-suited for

one-dimensional quantum systems[67:05],

This representation selectively ignores highly entangled
basis states, allowing for the efficient storage of low-energy states characterized by minimal bipartite
entanglement. The algorithm introduces a method for applying operators that act on consecutive
sites within this framework, facilitating the effective simulation of time evolution. This simulation
is achieved by decomposing the time-evolution operator into sweeps of two-site gates through a
Suzuki-Trotter expansion. TEBD is versatile, extending its capabilities to calculate ground states

through the simulation of evolution in imaginary time.

4.3.1 | Suzuki-Trotter Decomposition

In numerous scenarios, calculating the exponential operator poses a considerable computational

challenge. The conventional approach for evaluating the exponential operator e*M

involves diago-
nalizing the operator M. Yet, in quantum many body problems, the process becomes intricate, as

the basis of the diagonalized representation is frequently nontrivial. This complexity arises from our
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common interest in Hamiltonians featuring two or more terms that do not commute with each other.

The Suzuki Trotter decomposition is an approximation technique useful for simulating the time
evolution of quantum systems in the context of quantum simulations. The decomposition is based
on the Trotter-Suzuki formula, which states that for any two operators A and B that fulfills [A, B] # 0:

A+B _ 1. i B\
e = lim (enen) , (4.14)
n—-oo

where the expansion is valid because for any two non-commutative operators the following approx-

imation holds
XA 3B _ x(A+B)+0(x?) (4.15)

The TEBD algorithm for simulating the time evolution of a 1D quantum state consists of using steps
above by the application of time evolution operators between neighboring sites. This approach en-
ables the efficient simulation of any moderately entangled one-dimensional state. The critical re-
quirement is that the Hamiltonian must exclusively consist of next-neighbor terms, allowing it to be
expressed as a sum over two-site Hamiltonians H = Zf\’_l I—AIZ",-H, here I—AI,"iH is the Hamiltonian on
the sites i and i + 1. Such that,

H = Z Hi,i—i—l + Z Hi,i—i—l :A+B (4:].6)

i even iodd

Then, we define the time evolution operator as U (At) = e~iHiin At (where we are choosing 1 = 1).

If we define T — —it, we can perform an imaginary time evolution with U(t) = e~ which allows
us to find the ground state of a Hamiltonian, as we already did along the Chapter 3 using this
same definition to calculate the Gutzwiller ground state. We need to express the evolution operator
within the MPS formalism, which can be achieved through the Suzuki-Trotter Decomposition [*°] as

a product of individual next-neighbour evolution gates,

0(d0) =| [ Oiert@n|| [ Oiisatan] (4.17)

i odd i even
where U; ;| = e~iHiis1A and acts on only two sites. This can be understood as follows: to do a single
iteration of this operator, we first evolve the odd sites and then we evolve the even pair of sites. This
is considered as a single iteration of the time evolution. Unlike Gutzwiller’s method in which after
each time step in the evolution process the state must be renormalized by hand, here it is handled
implicitly through the structure of the algorithm rather than explicit renormalization at each step
since the time evolution operator is unitary, hence keeps the norm of the state. The key step in TEBD
where the MPS structure is restored involves SVD, followed by truncation of the smallest singular

values. While the truncation introduces an approximation, the SVD itself decomposes the tensor
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exactly into unitary matrices (up to the truncation): A = UAVT, where U, V' are unitary matrices
to the left and right, respectively and A is a diagonal matrix of singular values. After applying the
SVD, the tensor is decomposed, and the smallest singular values are truncated. This truncation does
introduce a small error!”%], which can be seen as a slight deviation from perfect unitarity that can be
controlled by choosing a sufficiently large bond dimension to capture the significant singular values
while truncating only the smallest ones. Such that each SVD step ensures that the tensors remain

normalized in a local sense.

4.3.2 | Update procedure

As in the previous section, our objective is to simulate time evolution through the repetitive ap-
plication of evolution gates that act between neighboring sites in a Suzuki-Trotter decomposition.
Unfortunately, these gates operate on two consecutive sites, leading to a partial disruption of the
one-site translational invariance. Thus, we simply go one step further and expand to a two-site

representation,

W) = ZZA;r;ﬁAl“rl“x“|ml,mi+1>. (4.18)
afy i
With the same symmetry argument used before, now assuming invariance by shifts of two sites,
it follows that the state can be represented by Fig.4.5, which has a resemblance to equation 3.13 of
Chapter3 where we broke down the state into two neighboring sites.

Pl It i it )(H 1
Figure 4.5: Initial trial two-sites state in terms of MPS showing explicitly the Schmidt coefficients
and the corresponding transformation I to the occupation basis. [Self made figure]

Once we have prepared the initial trial state using the MPS representation with a two-site unit
cell and incorporating the time evolution operator, we can employ the previously outlined approach

to determine the variational ground state MPS, also shown in Figure 4.6.

We start the sequence by performing an imaginary time evolution over either even or odd pairs
of sites, using the gate defined in red in Fig. 4.6 (a) and this is done through the contraction of the
state with the operator Uyp (see Fig. 4.6 (b)). Subsequently a SVD is implemented (Fig. 4.6 (d))
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a. . b.
Ai-l 1"1 Al F i+1 AlJrI

—o 5

—

Contraction

l SVD

~

ff I [+1

(‘}auge , ‘ *
symmetry
| e. bt i F1+1 /1
Original form ? ‘

Figure 4.6: Logical sequence of execution of steps to perform a time evolution on the state.

to the evolved state to recover the canonical form of the MPS and carry out the truncation of the
Schmidt coefficients to maintain the growth of the bond dimension stable. The final step consists of
exploiting the Gauge symmetry of the system and introduce 1-A~! on both ends as showed in Fig. 4.6
(c) and absorbing the 17! we obtain again the original form of the MPS, ready for the next evolution
step. In addition to this processing, we are interested in monitoring the convergence of the energy
after each time step to corroborate that the process is indeed finding the base state of the system.

4.3.3 | Python algorithm

The TEBD was implemented in Python using only the fundamental linear algebra libraries (numpy,
math) following the existing example of an iTEBD implementation for the ising model in!"!l. For
this implementation a Victus HP laptop computer with AMD Ryzen 7 7840HS processor, 16 GB
RAM and Ubuntu 24.04 LTS operating system was used.
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The following are the detailed steps that structure the code and the different measurements that

were performed in this work:

1. The first block of the code is composed of the definitions of the physical parameters (/,D,0,N
and x), as well as the numerical parameters such as (7 : timestep,iterations). In addition, the
Hamiltonian and the basic tensor contraction structures used throughout the code in more
complex functions are also defined. For the purposes of this work, N = 10 sites were consid-
ered, ] = 1.0 and the values of D and 6 were varied according to the measurements shown in
4.4. The value of the bond dimension is not fixed perse but is calculated every time the SVD
is performed, such that the truncation of the Schmidt coefficients does not entail much loss of

information. Numerically speaking this is,

¥ = np.min {[np.sum { s > 1e—1@ ), x_max])

s

On the other hand, 7 is chosen such that the time step is small enough so the evolved state
conserves its norm, and the number of steps the evolution is performed is giving by the con-
vergence criteria of the energy |E; — Ef| <1076.

Now, the canonical forms of an MPS are specific ways of representing these states such that
certain properties, like normalization and orthogonality, are maintained. There are two types
of canonical forms: the left-canonical form and the right-canonical form and their respective

contractions are given by the functions (a) and (b) on Fig.4.7.

d. )\i I b. [; 7\1
‘ Q, a, a, o, ‘
a
0 E‘li HIF a,
A A
, n; n;
xS ©op %oy
mult_left(A,A,T) mult_right(A,A,T)

Figure 4.7: Scheme of the MPS contracted to the left and right respectively. Here A represents a
tensor of dimension (x, x).

2. Once we have defined the ways of contracting the MPS we define the environment of a site i
as the TN consisting of all the tensors in the original TN, except those at site i. Calculating the

environments is crucial for the subsequent calculation of expected values of the observables,
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Figure 4.8: Schematic representation of the environment, where V in this case corresponds to the
identity matrix.

where the left environment L; for site i can be constructed recursively from the left-canonical
tensors and similarly, the right environment R; for site i can be constructed recursively from

the right-canonical tensors starting with L; =1 and Ry =1.

3. After the whole structure has been built, which is entirely based on tensor contractions, it is
necessary to perform some calculations of certain quantities. The most immediate and simple,
but yet important, one concerns the calculation of the norm, for which we make a contrac-
tion between the ket and bra, for each site as shown in Fig.4.9(a). On the other hand, for the
calculation of the expectation value of a two-sites observable we rather follow the scheme on
Fig.4.9(b). It is worth to notice that this is valid for the Hamiltonian of our system since is a

two-site and non-separable operator.

Er

a,

a, Q,

AL A
Ai E A&l [h

contract_two_site(A, A, T,env_left,env_right) contract_two_site_op(A,A,T,env_left,env_right,op)

Figure 4.9: Contraction of the MPS for two consecutive sites with operator (b), and without operator
(a). Here, V corresponds to the environment on the left, whatever it is and E, corresponds to the
right environment.
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4. Once we figure how to compute the norm and the expectation value, we can now calculate the

energy per site as shown in section 4.4 below:

—/L—l. (4.19)

Which is no more than incorporating diagrams (a) and (b) of Fig.4.9.

5. Using the same logic we can calculate other local observables as magnetization or density pro-

files and are introduced in the next section.

4.4 | Measurements

In this section we present the results of using the tensor network formalism, more specifically the
MPS to represent a quantum many-body state and evolve it under the dynamics of an effective
Hamiltonian. The previous sections have already explored how to write the state and how to evolve
it through the TEBD. However, it is important to write explicitly how the operators are formulated
in this formalism and how expected values are calculated for the purposes of the physical measure-
ments made in this work.

Prior to studying the physical observables, it is worthwhile to verify an important feature of the
system, namely entanglement. To do this, in Fig.4.10 two relevant quantities have been depicted, in
a) the respective singular values for site 5 in each of the phases, in which it can be seen that for the
first 20 values there is a significant decay, however, since the truncation of the Schmidt coefficients
has a fairly high tolerance, the resulting vector has many components but of very small values. It can
also be seen that the Ising and Dimer phases (blue and green lines, respectively) show more entan-
glement than the other phases. It is in fact the Dimer phase that shows the most entanglement with
at least 3 orders of magnitude more than the next one. On the other hand, Fig.4.10 (b) shows the
entanglement entropy that has been calculated as S(A) = —Y ;s?log(s?), where s; are the singular
values obtained from the Schmidt decomposition across the bipartition between A and its comple-
ment B. This quantity exhibits a logarithmic growth, which is a great benefit for the use of MPS in
1D, as its controlled growth allows it to be used as a tool to determine to what extent the truncation

of the Schmidt coefficients is leaving out relevant information.
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— Ising FM

e
———
-
I

Singular value

0 10 20 30 40 50 2 8 14 20 26 32 38 42 50
Index L

Figure 4.10: a) Shows the trend of the singular values for site 5 of the chain for each of the phases of
the system (having considered a chain of 10 sites).(b) Scaling of the bipartite entanglement entropy
S with the number of sites L.

4.4.1 | On-site observables

A huge advantage of the MPS representation of states is that only a few local matrices are needed
to calculate the effect of a local operator on the state, or its expectation value. Here we look at the

expectation value of a one-site operator O’ that acts only on the site i.

The expectation value is given by:

(V|0 W) = Z Z (e Ay T X O A TE o Ag Iy, 1), (4:20)
)

{11:»,1”11'} {a{lai

in graphical representation, this becomes as shown as follows in Fig.4.11,

0 1 1 2 i1 i i L L
Aaﬂ 1_5‘10‘11 Aal Ic‘lIaZ AGH 1-‘;171 a; Aaf I-‘aL-laL AaL
% n 0; n, a

* 0 1% *1 *2 * -1 i* ki Ik *L
Aaﬂ I‘;a Aal IC‘Haz Aa” 1:1:'-1‘1:' Aa[ I“IL-JU‘L AaL

01

Figure 4.11: Scheme of the expectation value of a on-site operator O, which is done by contracting
the left and right environments along with the operator acting on the site i as showed on Fig. 4.8.

In Fig.4.11 notice the interior vertical lines, the projections n; from the bra and n; from the ket

meet. Due to the orthogonalization relation (n’|n;) = Ou!,n; they have to be equal, except at the loca-
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tion 7. It is worth mentioning that all A values are actually real, as they are singular values.

This expression can now be simplified by using the normalization Eq.4.24, which iteratively make
all matrices from both ends of the chain all the way to site i contribute only with Kronecker deltas,

such that the new scheme is as Fig.4.12. The remaining contribution can be seen as:

(PIOW) =) ) (A Tar o Aa |0 T oA I (4.21)
n,n; al,a;
i-1 ] i
)Lai—;r I‘;:—;rar Aai
a a

* i1 I* i
Aa I—C'li—lal Aai

i-1

Figure 4.12: Reduced diagram of the expectation value for the operator O showed in Fig. 4.11.

Normalization

Considering the ansatz of the Eq. 4.12 to describe the system state, where each of the matrices AZ;;O[S+1

comes from an SVD and therefore satisfies:

ZASA*S =1, (4.22)
ar,

where the expression can be written in matrix components, this equation reads,

ZAZISQMAZ;%H = 5ai,ai" graphically: %y n, = e (4.23)
ar

In the pictorial representation above, closed lines imply a summation. The normalization of the
whole MPS can be deduced in a simple way, by applying the graphical form of Eq. 4.15 site by site.
Along this work the state is written in the Canonical form such that the normalization becomes:
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)(i-l Fi

Y (T a) (1a)*(Tsa,,) =1, graphically: % n, = = 8ap  (4.24)
g L—s
A*i-l Fi*

A similar normalization can also be shown to hold when summing over the second matrix index
of I'" and for the right side of the chain.

One of the peculiarities and differences of tensor networks with respect to the Gutzwiller ansatz
is how the evolution of the system is handled by the TEBD algorithm. TEBD employs the Suzuki-
Trotter decomposition to approximate the time evolution operator. This decomposition breaks the
evolution into a series of short-time steps, allowing TEBD to handle the evolution more efficiently.
Each short-time step is approximated by a sequence of local unitary operators, which act on a small
number of neighboring sites in the quantum system. However, the evolution provided by TEBD
is not perfectly unitary (see Fig. 4.13) due to the necessity of truncating the SVD at each step to
manage the bond dimension. By carefully choosing an appropriate bond dimension and criteria for
truncation, one can control the accuracy of the approximation, thereby minimizing the deviation

from unitarity and preserving the norm of the state as closely as possible.

1.004 T T T

1.002 1

O

£ [ :
g 0998 |- 1.0000001] |
z |
s
0.996 = —
0.994 | 0.9993999] .
150 200 250 300 330 400
0.992 L 1 1 1 1
0 500 1000 1500 2000 2500 3000

[terations

Figure 4.13: Norm of the state for each step during the process of imaginary-time evolution.

Fig.4.13 is performed for a chain of L = 10 sites with a time step 7 = 0.001 and x = 20. As can be

seen at a scale of 1 x 107!, the norm remains constant at unity. However, zooming in proportionally
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to 1x1077 shows that the line has decaying behavior in sections, indicating that the unitary character
of the TEBD is not absolute but is considerably good for the chosen parameters.

Energy and Magnetization profiles

For the calculation of the energy, the steps mentioned in Section 4.3.2 are carried out to make the
respective contractions of the calculation for the expected value of the energy. As mentioned be-
fore, TEBD is particularly well-suited for simulating one-dimensional quantum systems because it
leverages the structure of MPS, which efficiently represent the quantum state of 1D systems. This
evolution is approximated using a Suzuki-Trotter decomposition to break the Hamiltonian into a se-
ries of local operators and then evolves it in imaginary time with the purpose of finding the ground
state. Due to the fact that the use of Suzuki-Trotter decomposition introduces errors that accumu-
late over time the appropriate parameters such as the size of the time steps and the bond dimension
x (which controls the accuracy of the approximation), should be carefully chosen so that one can
control the error introduced by the approximation.

Before plotting some values for the relevant parameters (D,6), it is important to have in mind
that introducing a quadratic Zeeman field alters the system’s energy dynamics, leading to a partial
lifting of its degeneracy. This alteration influences the preference for energy minimization among
states characterized by different spin magnetic projections, depending on both the sign and strength
of the field. In the absence of a quadratic term (D = 0), the system exhibits triple degeneracy (see
Fig. 4.14 b)), where states with magnetic projections of —1,0, and 1 all minimize energy equally.
Conversely, when D = 0, the degeneracy is modified: for D < 0, magnetic projections of —1 and 1 are

equally favored, whereas for D > 0, projection 0 becomes the favored state (see Fig. 4.14a) and c)).

'y

Energy

a.D>0 b.D=0 ¢.D<0

Figure 4.14: Diagram of the Zeeman field effect on magnetic projections. a) For D > 0 the mini-
mization of the energy will be dominated by the 0 magnetic projection. b) For the case in which the
Zeeman field is absent a triple degeneracy occurs and for c) D < 0 the magnetic projections —1,1 are
favored.

With this in mind, we refer back to the phase diagram shown in Fig. 2.3 of Chapter 2, which
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Figure 4.15: Convergence of the system energy across iterations for a value 6 = —0.85 varying the D
field.

indicates for each pair of values of the interaction parameter 0 and the quadratic magnetic field D in
which phase of the system we are. To give us an idea of how the energy of the system behaves for a
certain distribution of the relevant parameters, we plot the energy of the ground state for & = —0.85

and different values of the quadratic Zeeman field D, as showed in Fig.4.15.

It can be seen that the system converges to different energies for each value of the external field
so that the energy has an inverse relationship with the quadratic field, where it becomes larger as D
decreases. It can also be seen that the number of iterations varies for each case, with the Ising-FM

being the region for which the energy converges the fastest, followed by XY-FM and then LargeD-FM.

The second measurement used to test the code corresponds to the magnetic density profiles, i.e.,
the percentage population of all magnetic spin projections per lattice site along the chain. This is an
important measurement because it reports the known behavior of the system in each of the phases.
For instance, Fig.4.16 (a) shows the XY-Ferromagnetic regime (visible for —0.97 < 6 < -0.757 and
D < 0) for which it is corroborated that for negative values of the Zeeman field, the spin magnetic
population of 0 = 0 dominates along the spin chain, this behaviour stays until a critical point D, is
detected, where a crossing line to the next phase is located (Fig4.16 (b)). The Ising-FM phase shows
that the most dominant spin magnetic projections are ¢ = +1, while the o = 0 projection has a null

contribution (see Fig.4.16 (c).), accounting for the expected behavior for that phase.
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Figure 4.16: Magnetization profile for a system of L = 10 lattice sites and 6 = —0.857m. The plot a).
corresponds to the XY-FM regime at D = —0.4, b). For D = 0 where the boundary to the next phase
is located, it is not feasible to obtain a narrow result, and c). Ising-FM phase at D = 0.4.

A very similar analysis can be done for the plots in Fig. 4.17. This time 6 = —0.7 was taken,
where for D = —0.4, the Large-D phase shows a dominance by the 0 = 0 magnetic projection, while
o0 = +1 present null contributions. Meanwhile, for the XY-Nematic phase (D = 0.4), the population

of 0 = +1 are equall and dominant over 0 = 0

a. C.
R B B e e e W 1
0.8 0.8
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Figure 4.17: Magnetization profile for a system of L = 10 lattice sites and 6 = —0.77. The plot a).
corresponds to the Large-D phase at D = —0.4, b). shows the behaviour at a transition point and as
in Fig. 4.16 is not very sharp, and c). shows XY-Nematic at D = 0.4.

Chirality

Chirality is one of the local observables that distinguishes between phases that are susceptible to the
external quadratic Zeeman field. The expected value of the chirality in terms of the magnetization

densities or spin operators is given by:
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Figure 4.18: Chirality as a function of the external Zeeman field D for different values of 6. The
image on the left corresponds to a measurement made using Tensor Networks, while the one on the
right was made using the Gutzwiller ansatz[>%].

This operator has information about the population difference between the two dominant mag-
netic varieties created by the external quadratic field. From the analysis of the magnetization profiles
that characterized each phase and the eq. 4.25 it can be extracted that when (7;) = -2, the system
is in the LargeD-FM regime, for () = 1 in the Ising-FM phase is present, and if -2 < (%) < 1 the
XY-FM phase is the dominant. Also, from Fig. 4.18 it can be seen that for the Ferromagnetic side,
the chirality reaches a minimum value when the field D takes values where the magnetic projection
m = 0 grows. Then for D > 0 the chirality jumps to the maximum value denoting the domain of the

m+ 1 projections.

It is worth mentioning that the image generated using Gutzwiller was made with 50 sites, while

the simulation used for TN only used L = 10 sites.

4.4.2 | Correlations

In addition to expected values of local operators discussed above, another type of observable, very
important in physics studies, are correlation functions. As in the case of on-site observables all
the matrices to the left/right of the interval in which the correlation takes place are reduced to the

identity which notably simplify the numerical calculations. Let O be some operator for which we
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wish to compute the two point correlator (@’1 @;JFA) where the superscripts denotes the site at which

the operator O is applied. Graphically this expectation value is written as:

0 1 1 2 i1 i i L L
Aﬂu In.:z,,-z, Aﬂ; I;xﬂz Aa,,, Ir;(-,a( /LI, FaL e AﬂL
ao ()1 02 aL
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A“u I:zua, Aﬂ; l?z,az Aa“ Ic:'z,,Ja, )‘ﬂa I;L A, AGL

Figure 4.19: Scheme representing a two-point correlation, which is done by contracting the tensor
train to the right/left of the sites where the operator is applied reducing it to 4.20.

We refer to the object
i

a;,4q;

E'(O") = I’:;",a;+1 (Dn;,nilfi‘;am graphically:

’
ni,ni

i (4.26)

i
a;;q;
as the O-transfer matrix. Note that we usually just refer to [Eq as the transfer matrix and simply

denote it by E. The correlator can then be written as:

(O305™) = Tr[]ES((A)S)(SJﬁI ]Ek(n))lE5+A(©S+A)], (4.27)
k=s+1

and can be simplified as:

1—-3 I-'k I—- s+A

s 1 A As (s}t~ Afsinrs Aoy

S* K* S+A*

s s T QeQpepys ~Apspyr Ugop

Figure 4.20: Reduced diagram to calculate a two-point correlation, where the trains of tensors on the
edges and in between the sites where the operator O is acting, have been contracted
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Correlation (§f§f>

The correlation (SAIZSA ]z) corresponds to a non-local measure and can be understood as an observable
of two sites that can be separated as <Oij) =(0; ®©j> and tells us how the z component of the spin

is affected when it is in a certain projection at the i-th site by another one located at the j-th site.
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Figure 4.21: Correlation (SZSZ) as a function of the distance between sites for a). Ising-FM at 6 =
—-0.857 and D = 0.2, along with a log-log plot to showcase the algebraic decay b). XY-FM at 6 =
—-0.85m and D =-0.2, ¢). at & = —0.857 and D = -0.8 for LargeD-FM.

In the plots presented in Fig.4.21 it can be seen how much dependence there is between the spin
magnetic projections along the lattice sites (in this case L = 20 has been taken). The plot contem-
plates the parameters 6 = —0.857w and D = 0.2;-0.2;-0.8 corresponding to the three ferromagnetic
phases. For all three a relatively fast decay of the correlation between the magnetic projection in the

z-direction at site i-th and a different projection at site j-th can be seen.
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Figure 4.22: Plot taken from(72] where the correlation (§f§f) has been calculated as a function of

the distance between the site, but onl72]

formulation and b) numerical calculation using Quantum Monte Carlo

, a) is an analytical result obtained through a path integral
(731,
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Chapter 4. Tensor Networks 4.4. Measurements

After performing a log-log plot on the the behaviour on the correlation function for the Ising-FM
regime (Fig.4.21), a linear relation arose, indicating that the curve is experiencing a decay shaped by
a function like y(x) = C-x7%, where a is the slope of the linearized curve, which doesn’t decay as
quickly as quadratic or cubic relationships. This figure can be compared with the behavior observed
in Fig.4.22 (a), where it can be seen the rapid decay of the correlation as one move away from the
i —th site is shown, but this time the result is obtained through an analytical procedure. In addition
to this, the same correlations were measured by Diego Luis[73! (see Fig.4.22(b))for a similar set of
parameters but this time the results were obtained through the implementation of a quantum Monte
Carlo.

In spin-1 systems, in addition to the usual magnetic order parameters (like ferromagnetism or
antiferromagnetism), we also have quadrupolar order parameters due to the higher-dimensional
spin representation. Quadrupolar phases do not exhibit conventional magnetic order but rather
involve alignments of quadrupole moments. These phases are characterized by the absence of dipo-
lar magnetic order but can have nematic or other orders. In these phases, the order parameter is a
rank-two tensor. A well-known example of a quadrupolar state is the $, =0 state of a spin-1 sys-
tem, which has no net magnetization but exhibits anisotropic spin fluctuations that break the SU(2)

symmetry 4]

. The phases in spin-1 systems can be mapped out using models such as the bilinear-
biquadratic Hamiltonian treated here, which considers both bilinear (spin-spin) and biquadratic
(quadrupole-quadrupole) interactions. This model helps in understanding the competition between
magnetic and quadrupolar degrees of freedom and in identifying different phases depending on the
parameters of the system. From the measurement of the populations of spin-1 magnetic projections
(-1,0,1) in 4.16 and 4.17, an analysis can be done to gain insights into the quadrupolar characteris-
tics of the system. For instance, the relative populations of the 0 = -1,0,1, and states can indicate
the presence of quadrupolar order. A high population of the S, = 0 state often suggests quadrupolar

characteristics since it represents a state with no net magnetization but potential quadrupolar order.

Additionally, MPS demonstrated advantageous performance in visualizing correlation effects,
which are inherently present in quantum many-body systems. By employing the TEBD algorithm,
we efficiently simulated our system of interest, reaching the ground state and obtaining accurate
energy calculations and magnetization profiles. The MPS approach provided a straightforward and
effective means of measuring entanglement entropy, enabling a detailed understanding of the sys-
tem’s quantum correlations. Furthermore, MPS required significantly fewer sites (N = 10) to achieve
results comparable to the Gutzwiller ansatz with a larger number of sites (50 sites for the one-
site Gutzwiller). This reduction in computational resources underscores the efficiency of the MPS

method as well.
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Conclusions and Perspectives

5.1 | Conclusions

Along this work we looked into the behavior of spin-1 bosons on a one dimensional lattice. Our study
began by identifying the relevant components of the spin-1 Hamiltonian, which includes a general
pseudopotential interaction among spinor particles and the influence of an external quadratic Zee-
man magnetic field to get access to distinctive features, such as quadrupole magnetic modes and
the potential for diverse phase transitions. These systems can exhibit collective magnetic behaviors,
including ferromagnetic and antiferromagnetic phases, as well as more intricate structures when
dipolar interactions are present. Likewise, the inclusion of a non-zero spin introduces additional
dimensions to the interaction dynamics and the coupling with external magnetic fields. After de-
termining the different regimes of the system, we applied perturbation theory to derive an effective
Hamiltonian for the Mott insulator phase. This led to the bilinear-biquadratic Heisenberg model,
which also incorporates the effects of the quadratic Zeeman field.

The project’s primary goal was to explore the feasibility and effectiveness of translating the prob-
lem into the tensor network framework. This involved the careful study of a robust numerical
method such as tensor networks, by means of which we found a way to represent our system based
on MPS already existing in the literature and adapt them to the parameters of the system of interest.
Subsequently, the approach was validated by comparing the results with those obtained with the
traditional Gutzwiller method. The comparison aimed to ensure that the tensor network methods
provided reliable and accurate results, thus establishing a solid foundation for future research using
these advanced numerical techniques.

The methods employed in this study involved two primary approaches: the Gutzwiller variational
ansatz and Tensor Network methods, specifically Matrix Product States (MPS). The Gutzwiller ap-
proach, both in its one-site and two-site forms, deals with the problem by solving a set coupled dif-

ferential equations to determine the ground state phases, focusing on specific observables essential
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for understanding the system’s behavior. The drawback of this is that wanting to consider an ansatz
with two coupled sites makes the size and complexity of the treatment of the differential equations
to grow significantly. In contrast, the MPS method leverages the algebraic properties of tensor net-
works to efficiently characterize quantum systems. Utilizing the Time-Evolving Block Decimation
(TEBD) algorithm which integrates the same imaginary time evolution used for the Gutzwiller, but
this time accompanied by a Suzuki-Trotter decomposition. The MPS provides a compact representa-
tion of the quantum state, enabling accurate measurement of observables and offering insights into
the system’s phases. This dual-method approach ensured a comprehensive analysis and comparison
of the numerical results, validating the effectiveness of tensor networks in representing and analyz-

ing quantum many-body systems.

We dedicated a part of our investigation to the entanglement properties of these systems. In
gapped systems, the number of significant singular values and their decay rate tend to obey an area
law, where the entanglement entropy remains constant with increasing subsystem size. This prop-
erty is particularly evident in gapped 1D systems, such as the Mott regime, where the calculated

entanglement entropy varied slowly as a function of the subsystem size.

Through our analysis of the energy and magnetization profiles, we observed distinct physical
properties that characterize the ground state of spin-1 bosons on a lattice. The ground state en-
ergy calculations revealed that the Tensor Network methods provided accurate and reliable results,
closely matching those obtained from the Gutzwiller ansatz. This agreement validates the effective-

ness of tensor network methods in capturing the essential physics of the system.

From the side of the physical measurements, we can highlight some concluding remarks from
Chapter 4. Firstly, we retrieved the ground state of the system, which allowed us to measure the
energy and corroborate that it converges for different values of the interaction parameter and ex-
ternal magnetic field, and the values are independent of the initial conditions for the coefficients.
Subsequently, the magnetic profiles were obtained using the expected value of the magnetic spin
projection per site, after evaluate the populations for different pair of parameter across the phase
space, we could determine that for the Ising-FM and XY-Nematic phases (this is D > 0), the spin pro-
jections +1 have the highest population over the lattice, while projection 0 is almost null. Also, the
magnetic spin projection 0 is dominant in the Large-D phase, as well as in the XY-FM, while there is
a negligible contribution of the projections +1. All this is telling us that the magnetization profiles
showed that the system exhibits various magnetic phases depending on the interaction parameters
and the external magnetic field. Following this analysis, the next local observable measured is the
chirality, for which in the Ising-FM region (6 = —-0.857,D = 0.5) is T = 0.997, in a good agreement
with the theoretical calculation given by 4.25. For the Large-D phase, the chirality is T = -1.72
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which is close to the algebraic value T = -2 and coincides with the previous conclusion that the
dominant manifold is the spin projection ¢ = 0. The chirality in the XY-FM phase is T = -1.67, so
that is located in between the other two values from the other two phases interpreted as a competi-
tion between manifolds, with a dominance of the 0 magnetic spin projection.

The last observable we measure, was a non-local one as the correlation of the spin projections per site
to study the magnetic dependence, evidencing an algebraic decay for almost all of the phases. This
result is in agreement with two other measurements done by Montilla and Gonzalez in the frame-
work of their bachelor’s thesis, where they also calculated this observable by developing an analyti-
cal functional method such as Green’s functions and path integrals, and a numerical method such as
quantum Monte Carlo, respectively.

This work introduces a numerical perspective, contained in the world of tensor networks, that allows
to approach models that are frequently used in the Solid State research group of the Universidad del
Valle and that has qualities that can be useful to reach corners that are not reachable with other
numerical methods, leaving the door open to continue undermining in the different tools that this

formalism offers.

5.2 | Perspectives

This work was intended to introduce a tool that would provide a reformulation of quantum many-
body systems that would facilitate their numerical implementation when the traditional derivation
of differential equations becomes too complex. However, the world of tensor networks comprises
many structures, each with their respective properties suitable for different types of systems, which

deserve to be explored further. Therefore, as perspectives of this work it is considered appropriate:

m To build a translationally invariant MPS which allows to apply an iTEBD (infinite time-evolving
block decimation) which at the same time allows to simulate unitary evolution and to com-
pute the ground state of one-dimensional quantum lattice systems in the thermodynamic limit.
Here the algorithm would be extended to tackle a much broader class of problems. Namely, the
study of gapless systems allowing for the exploration of the magnetic properties of our system

of interes but this time in the superfluid regime.

m Perform the numerical implementation of the the two-sites extension of the Gutzwiller ansatz
and compare its results with those obtained from the Tensor Network method to compare the
amount of computational resources used and to know in terms of accuracy and ease of imple-

mentation, what are the advantages and limitations of each method.

m Reformulate the problem in terms of other more adequate bases to study the physics of the

system that allow to explore more clearly the properties displayed by the quadrupole degree of
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freedom. An example of this could be to reformulate the whole problem in terms of the basis of
spin-coherent states or the cartesian basis, in such a way as to separate the bilinear-biquadratic

Hamiltonian into contributions where the quadrupole can be made independent.

m Regarding the physics of the system, it is worthwhile to exploit the entanglement properties
of the MPS structure and to navigate in the dimer phase that has been little explored in recent
works, as well as to analyze useful parameters that allow us to describe some of the physics at
the D = 0 phase transition line, for which no relevant information could be extracted in the

measurement performed in this work.
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Effective Hamiltonian

This appendix outlines the computations that led to deriving the effective Hamiltonian for the Mott
insulator. This derivation involves applying second-order quasi-degenerate perturbation theory to
the kinetic term of the Bose-Hubbard Hamiltonian for spin-1 particles. The section concludes by

obtaining the bilinear biquadratic Heisenberg Hamiltonian.

A.1 | Second Order Perturbation Theory

Van Vleck’s quasi-degenerate perturbation theory aims to iteratively reconfigure the Hamiltonian
matrix into an effective Hamiltonian that is block diagonal. By employing similarity transformations
in this process, the resulting effective Hamiltonian shares identical eigenvalues with the original
matrix (7],

The theory is particularly useful when dealing with systems that exhibit degeneracy, where two
or more states have the same energy. Van Vleck’s approach is designed for situations where the
degeneracy is not exact but is instead lifted by a perturbation, and there is a small energy separation
between the nearly degenerate states. The total Hamiltonian of the system is considered the sum of
a zeroth-order Hamiltonian (whose solutions are known) and a perturbation Hamiltonian, which is

responsible for lifting the degeneracy.

A=H,+V, (A.1)

here, Hj is the unperturbed Hamiltonian, and V is the perturbation. In our case, we will use the
kinetic term of the spin 1 Bose Hubbard Hamiltonian as the perturbation. Before the application of

perturbation theory, we must first diagonalize the unperturbed Hamiltonian,
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H, :Z%(b{b{blbl B BT b by + 26T BED, by + 2bt1bgb,lb0) + 8O b by
i

_ A ~ A AL AL A A 2 — ”
+%(b{bilbobo+bgbgblb_l)+%b{bilb_lbl (A.2)

where we have the terms associated to the interaction between the particles, the chemical potential
and the quadratic Zeeman field.

First, let’s write the states in a more convenient way,

|S,m,ny = |1,m,ny = |m,n),

where S is the total spin, m is the quantum number associated with the magnetic projections, and n

is the number of particles. Here, we already know the three values the quantum number m can take:

I-1n_1)®[0,n0)®[1,n1) = [n_1)®[ng) ®[ny).

Once defined the form of the states we are going to consider the easiest case which corresponds
to two sites and two particles inside, such that we can define virtual and target states as shown in

the table below, where each ket is labeled with a subscript pointing to its respective site.

1100), ®[100), 1200); ®]000),
1100); ®]010), 020}, ®]000),
1100); ®]001), 1002); ®]000),
1010, ®[100), 1110); ®]000),
1010); ®]010), 1101); ®]000),
1010}, ®]001), 011); ®]000),

1001), ®[100),
|001), ®|010),
|001), ®|001),

Calculating the energy for the virtual states is easy in this case because since we only have one
particle in each site we don’t need to deal with the interaction term of the Hamiltonian, but only

with the chemical potential and quadratic Zeeman field. However, for the target states, we do have
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interaction since there are now two particles in the same site. It is worth noting that two target states

are not diagonal,

5 28, + V2
Ao1020) = | - 20+ £2280 1020) + 2, - o) 1101)
H0|101>:[—2;4+2Q+%2g0]|101>+gx/5|020> (A.3)
Collecting all the information together,
Virtual states Energy
200)®]000) | —2u+2Q+g,
|020)®]000) | Non-diagonal state
002)®]000) | —2u+2Q+g,
1110)®]000) 24+ Q4+
[101)®]000) | Non-diagonal state
011) ®[000) 24+ Q4+

The following task is diagonalize the matrix associated to the subspace spanned by [020)|000)
and [101)[000).

[101) [020)
(101] 2Q+% \/Ti(gz—go)
V2 28,480 (A'4)
(0201 57 (&2~ o) =it

From the characteristic equation, the eigenvalues and eigenstates,

1 4
/\izQ+(gO—J2rg2)i§\/4Q2+gQ(go—g2)+(go—gz)2~ (A.5)

The eigenstates are going to be a superposition of the non-diagonal states,

|+) =A|101) + B|020)
|-y =C|101) + D|020).

The constants can be found from Hy|+) = A, |+),

B_ A +20-(8+280)/3
A V2(g2-80)/3
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where, (101|+) = A and (020[4). And due to the orthogonality (—|+) = 0, we can find C and D
as —-B/A = C/D. Now, parametrizing |+) and |-),

|[+) = cosO[101) +sinO|020), |-) = -sinO[101) + cosO[020). (A.7)

Where,
A —20Q-(g2+2g)/3

tanf =
V2(g2-£0)/3

(A.8)

From here, the idea is try to use Quasi-Degenerate Perturbation Theory to add the hopping as a
perturbation. The matrix representation of the effective Hamiltonian up to a second order correction

are given by the expression A.9:

1 1

(2 _ 1 /
Hom =5 IZ<m|Ht|l><l|Ht|m> | (A.9)

where m, m’ are the target states and I are the virtual ones. The effect of the hopping term over the

target states can be condensed in the following table,

Target states Virtual states

m Em l El
|100)[100) —2u+2Q | [200)[000) —-2u+2Q+ ¢
|100)|010) —2u+Q |+)1000) 2u+ Ay

1100)[001) —2p+2Q | [002)]000) —24+2Q + g,
010)[100) —2u+Q | [110)]000) —2u+Q+g>
010)]001)  —2u |-]000) 24 A
010)[001)  —2u+Q | [110)]000)

1001)]100) —2u+2Q
001)]010) —2u+Q
001)[001) =24 + 2Q

The matrix representing the effective Hamiltonian corresponds to a matrix of 81 terms but only
a few terms are non-zero, and taking into account some constraints, we can reduce the calculation to
only 5 terms. On one hand, we have that the Hamiltonian is hermitic such that it is only necessary to
calculate the upper or lower triangle, moreover, there is an exchange symmetry between the states
of the sites, such that H,; = Hy;, H3; = H7; and Hg; = Hg;.
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1 —4¢?
Hll :4t2( ): )
Ey-Ej, &2
1 —212
H :2t2( ): )
2 E,-E, 82
cos?0 sin6
H :2t2( ): 212,
33 2Q—/\++2Q—/\_
in’0  cos’6
H :—4t2(5m ):4tZQ,
2 LA
H —\/EtzsinGCOSG( SRR S - L) =212
3 20-A, 20-A_ A. o A)T '

The Hamiltonian in its matrix form is:

%2 0 0 0 0 0 0 0 0
0o =2 0 212 0 0 0 0 0
& &
0 0 2A 0 V2128 0 2*%A 0 0
o =22 g =22 9 0 0 0 0
) 82
H?=| 0 0 V2t2& 0 -42Q 0 V2122 0 0 (A.10)
_2¢2 —2t?
0 0 0 0 0 & 0 &2 0
0 0 2:2A 0 V2t2& 0 2£2A 0 0
_2¢2 —2t2
0 0 0 0 0 % 0 % 02
0 0 0 0 0 0 0 0o =

A.2 | Bilinear Biquadratic Heisenberg Hamiltonian

In the previous section, we found the matrix representation of the Bose Hubbard Hamiltonian for
spin 1 particles, now this effective Hamiltonian can be mapped in terms of spin 1 matrices. We can

start by considering a general decomposition:

H= QZ(gf)z +ay(S1-8) +ay(S1-$2)* +as(S7- S5 +5Af : §§)2 +a4(57-S5)? (A.11)
;

Considering that,

A+, a- G+ a- ,
! 2 ’ ! 21 2

Performing the matrix operation:

S-S, =8-85+8 .8+ 8z
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a) + g + g + 20 0 0 0 0 0 0 0 0

0 az + a3 +Q 0 ay 0 0 0 0 0
0 0 —a1 + 2a2 +az +ag +2Q 0 a) — az 0 g + a3 0 0
0 ay 0 ag + a3 + Q 0 0 0 0 0
H= 0 0 ) — a3 0 2a9 + 2a3 0 ] — g 0 0
0 0 0 0 0 az +ag + Q@ 0 a1 0
0 0 as + ag 0 a) — az 0 —al + 207 +az +ay + 2Q 0 0
0 0 0 0 0 ay 0 ag + a3 +@Q 0
0 0 0 0 0 0 0 0 a1 +az + ay + 2Q
Such that the matrix representation of the decomposition A.11 is given by:
By comparing this matrix with A.10, we can establish a relationship between the constants,
—2£2 4¢2 212
a; = —— )y = — — — a3 =a,=0(t*) =0
82 38 3%
Defining a; and a; as a; = —JcosO and a, = —Jsin6, we express the relevant parameters of the
system:
a 29, +
tang = 22 = 282780 (A.12)
a 380
2, o 2t 2 2
J=+/a] +a;= 10gy + 48082 + 485 (A.13)
38082
Where we take the hopping parameter ] = 1 and the angle 6 € [-7t/2,~% + tan~!(1/3)] and
D = —-Q/]. Hence, the effective Hamiltonian matches with the Heisenberg bilinear biquadratic
Hamiltonian,

H= —]Z(cos(@)éi Sip1+ 5in(6)(§i . SAI-H)2 +D(§f)2). (A.14)
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Coupled Differential Equations

This section is devoted to the derivation of the coupled differential equations with which the dynam-
ics of the system is studied. Initially the equations were calculated for the spinless Bose-Hubbard

model and later for the biquadratic bilinear Heisenberg model.

B.1 | One-site Gutzwiller for spinless Bose-Hubbard Model
ﬁBH:—tZ(ﬁjderajai)Jr%zﬁi(ﬁi—ﬁ)—yzﬁi (B.1)
) i i

Before obtaining the Euler-Lagrange equations, it is necessary to calculate the Lagrangian in (put

number of the equation). Such that the state and its derivative are given by:

|¢>—®;an,|n> ;= ®k2fnk<nk| (B.2)

l

|¢>—2

e 1anz|” >](an |n; ][ZZf]:H”;H J (B.3)

]+1 iy

(il = X Zf <nk|][an (nj ][ZZf"fil ;'+1|] (B.4)

J A1

Then, the inner product is given by
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®j1 Z|”j+1>]]

Mj+1

@lo)y=) |oc) fiftml|||e}” Zf,f,.m»][Zféln»
=) (e )_fih w][ifﬁffn (ol

ny,N; ny,n
#j+1 fj+1
]+1 f Miy1 JNj4

J
Y [ zf,;;f,;;][zﬁsz%
; ™ ; i1

Mjp1,Mg —

]+1 Z nJH <”k|n]+l>] (B.5)

(pl) = X ® 1Dfn |2][2f

By doing an analogous process, the conjugate of the previous product can be obtained,

<ww—[{fﬁjmﬂ&y ](miyﬁf] (B.7)

]+1

&1 ) Ifn ] (B.6)

]+1

Then, due to normalization,

Y P =1

Sy =Y Y Il
joo

S@lpy=) ) fifl (B.8)
jon

So that the first part of the Lagrangian,
Lo=) Y (R -7 (B.9)
i

Now for £,, it’s necessary to calculate the expectation values for the three terms of the Hamilto-

nian:

Ly = (YIHNYp)

We calculate the expected values of the three terms of the Hamiltonian separately,
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m Hopping term
—t(pl ) _ata;+ala;lp)
(i,j)
= (pla} 4; 1)

——
Glpy=--®) filny@) flmln-1)e--

< the rest of the terms remains unchangeable <

<¢|a*a]|¢>=z Zf“fn mitiey U AT

it

—>(¢|a alll,l)>
— ..®anil_\/n_i|ni—1>®Zf1{j|nj>®-._

< the rest of the terms remains unchangeable <«

(plata, |¢>—Z[Zf Fanme) fl A 1

i

m Interaction term

(Wl Z( |¢>——<¢|Zan 1) ;)

lTlf

-2 &Zfﬁf(ml][Zan ni(ni=1)In; >]
n,=0

1 n;=

(| Hip lip) = %Ztilﬁilz -ni(n;— 1)]
i |n;=0
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m Chemical potential term

Wlope ) nilp)=—pepl )Y fifiln)
=y

® Z i <”k|]( ani,. “n |ﬂz‘>]
1, =0 n;=0

(WIA ) =—p) Z fit P

i n=

(B.16)

(B.17)

Collecting all those terms together we obtain the second part of the Lagrangian. Now corresponds

to compute the derivatives to obtain the Euler-Lagrange equations:

|
d (oL )_ oL
dt\oft ) ofy
|
d(dc,)  acL,
dt\ofs' ]  ofu!

For the first part of the Lagrangian £,

— RHS:
JdL, ih ( ]
i 9 e fn = (fu; (fn)
ih j_
= _7fn]jbn1n]61]
_ ik
=/
— LHS:

Thus, the differential equation:
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d
~ih o fi =0 (B.22)

For the second part of the Lagrangian £,,

Since £, does not depend on f,jii,

L,

ofr
i(a‘?% ] —0 (B.23)
dt !

Now let’s calculate the derivatives for the three terms in £,

= Hopping term in (B.11 & B.13)

*(z+1 (i+1) i+1) ((i+1)
*k Z n+1fn, nj +1 ®Z n+1 Njyq 2L 1+1+an 1fn,\/_®an,H+1fniH Vni+1+1

i1 M1

(B.24)

Splitting by two the expression,

(i+1) (i+1)
*k [Z +1fn, nj + ®an,+l—1fn,+1 ‘V”i+1]

it

#(i+1) £(i4+1)
:(fni n; + 5zk5nk,n,+1 Zf #i1—1 nlﬂ i

i

(i+1)
Z +1f”1 ni+1 ®(f”tl+1 an+161+1k6”k"1+1—1)
ko[ (k+1) (k+1) “(k=1) ,(k-1)
_f” -1 ®Zf”k+l 1 me Vi1 +ka1+1fnk1 Vg ®fn +11lnk+1

ity My_q

| ‘Zf;f_lf;,.vmz

i1

B.2 | One-site Gutzwiller for Heisenberg Model

Para este caso consideraremos el Hamiltoniano de Heisenberg biquadratico bilineal descrito en el

apéndice A (ref).
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For the spin-1 case it’s necessary to modify the Gutzwiller ansatz since we’re now interested in

the magnetic projections,

|@—ﬂ§:&m> (B.25)

i m=

In order to calculate the expectation values, let’s decompose the Hamiltonian in three parts:

:_]Z[ T ]—]D IZ(SM )2 (B.26)

({i.j)

m Let’s consider the part of the Hamiltonian above,

The expectation value is given by

- IS8y =) I P omie ) Ifh P em; (B.27)

— I[85 +815L )ip) ——{me Frsriy2=mi(m +1)@ me Fayaiyf2 = my(m; = 1)
+ ) FiFain2=mi(mi—1) ® Zféjf,;,.m/z— mj(m; +1)
i j
m Let’s consider the cyan part of the Hamiltonian above,
H=Dj Z(SA;‘)2 (B.28)
i
The expectation value,
— @A) =DJ ) |fpl?-m? (B.29)
i
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Appendix B. Coupled Differential Equations B.2. One-site Gutzwiller for Heisenberg Model

m Let’s consider the green part of the Hamiltonian above,

The calculation of the expected value is analogous to what was done for the cyan and orange
part above. Collecting all the terms, the expected value of the Hamiltonian looks like:

<H>——IZCOSQ[Z|fW m; ®Z|f’” |2;;z (me ] \/m‘ng’{uf;:}iq
j

(ij) i

J2-mj(mj—1) +Zf,,, ”,71\/ —m;(m; —1) ®me 1\ 2 M j(m; +l))]

—]Zsme[ZIfm |2m2®Z|fm Pmf + 5 me o (my 1) 2=mi(m;+1)
(i) i

®Zf%ff;i_1<mj—1>\/z m, 2me (= 1) 2= my = 1)
®me ol (1) 2= (mj 1) +

+

me M\/z—mi(mi+1>J2—<mi+1><mi+z>®zf,z;jf;§_z 2 mj(mj~1)
2 (m=1)(m;-2) me w2 mi(mg = 1)3[2 = my(m ®me
\/Z—mj(mj+1)\/2—mj(mj+1)+iZf,fl \/z mi(m; +1) \/2 (m; +1)
®j£ﬁf;jﬁ:/,\/zm,-<mj1>\/zm,-<m;1>+

+DJ ) [ [Pm2.
i
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Appendix B. Coupled Differential Equations B.3. Two-site Gutzwiller for Heisenberg model

Once we have obtained the Lagrangian of the system,

2= i) - ) - irty), (8.30)

we can perform the derivatives,

i

_d o i
il =) Y coso| ) (il P+ fi1f Pon-n)
(i m
1 . . y 1 . i
(LA f LS Qm) + S A0+ 1) £ fTQm+ 1)
1, 1w 1 . o
+ (G QO+ 1) i O+ 1) + 5 £O(n+1) - é*lfmﬁlﬂ(m»]
) o _— 1/ . _ y
S1 )Y sin0[FilA P I P o (O ) £ (= DO ()
(i m
. . ) 1/ .. . y
Q1) £ o 4 DO+ 1))+ 5(£mQn+ 1) £ e+ 1)Q(m+1)

LnOn) - fi7 5 on=1)Q0m) )+ 3 (£, (- DO ) - 5 5 mO(m)

fi e DO+ 1) 7 fritmO o+ 1))+ 3 (i (4 D)0+ 1) 7 mO (m o+ 1)
=100 £ mO )+ (FL00-1)00) - L0 m-1)
A0 )0 0m+2) £ 00+ 2001+ 1))+ (O £ fi 10 m+1)2
RO+ £ 02+ 4o+ )2 £ f 1 0m)?

A0 ST 00m+ 1)+ 3(FaQ0+ 200+ 1) Q0+ )0 (m +2)

+ O (m-1)Q(m) - 1,0 (n - 1)Q(n)] +D]J aninz-

B.3 | Two-site Gutzwiller for Heisenberg model

The derivation of the equations for two sites is analogous to the previous section, except that this

time the state will be in the form:

Wy =[ T D Fooy I ) (B.31)

i Mg,my

In order to calculate the expectation values of the Hamiltonian, we need to take into account that

the operators for the two-site expansion look obey:
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Appendix B. Coupled Differential Equations B.3. Two-site Gutzwiller for Heisenberg model

w $1-81 (8l 4 88 + 81

w SE 80 (Sl 4 §) (Sl 4 S

In addition to the above consideration, the derivation of the Lagrangian and the subsequent
derivation of the equations follows the same process as indicated in the derivation of the differential

equations for the Gutzwiller for one site.

kak
dt( kal;”kb _]ZCOSG[ Z fil(,nb|fr:1)n11b Mg =+ ”b)(ma =+ mb) +fn nb|fm n (”a + nb)(ma + ml))
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1 ' : i+1 prit]
+§ Z (fri,flnb 2- (”a -1 )”/1 + ](”1””11,1 2= (nb -1 )nb )( nlzjrmbfmzflmb 2- mu(ma - ])

M, 1y,

| * *]—
+ff711+'111 fml(;;z,,—l 2 —my(my, — l>)+( nlz ;ln fmz +11m \12 —my(m,+1) +fm my fmiﬂmllﬂrl 2 —my(my + 1))
; , i , 1 i
fan, 2—(n,+ 1)nﬂ+f”ﬂ”b 2—(ny+1)ny |+ 5 E ( n 1\ 2~ (ng+1)n, + F— 2—(ny+1)ny,

M, my,

i+1 pri+1 i+1 41 ) i—-1  pxi—1 )
( m,m; fm”Jrlmb 2- ma(ma + 1) Jrfm 1y fm”merI 2- mb(mb + 1))+( mymy ) m,—1my, 2_7”(1(’”{1 - 1)

+ r}zzzilm, th,j;},)—l 2- mb(mb - 1))(]6;1[,“}1[, V 2- (”a - 1)”(1 + fnlnub 2- (nb - 1)”[} )]

+ ZSlnG[[zfn nblfn ny, (”a + le)2 |fnl—’1—1; (mu + mb)2 + 2fnianb|fnianb| (nu + nb)z |fn My (ma + mb)2]
(ij)

+l[(f,ia_1nbnu 2= (ng=1)ng+ fi o ympn2= (ny = 1)) (£ 1, frtm, (ma = 1)3/2 = (mg = 1)m,
ot fnty (my = 1) 2= (my = 1)my) + (f) o, (0 4+ 1)y[2 = (g + 1)m,

fﬂmlb—l—lfmmb<mb+1)\/2_(mb+1>mb>(fnia+lnh”u 2= (ng+Vng+ £, ymy 2_(”b+1)”b)]
+1[(f,;+1nhna 2= (g + )ng+ fi o ympn]2 = (4 1)) (o 33 ftm, (0 +1)y2 = (mg + 1)m

LR (my - 1)y2= (my 1)) + (£ FL, (= 1)y[2 = (g = 1)

a
1 forom, (1 = 1) 2_(mb_l)mb)(frfa—lnbna\/z_(na_1)na+fniunb—1nb\/2_(nb_1)nb)]

65



Appendix B. Coupled Differential Equations B.3. Two-site Gutzwiller for Heisenberg model

1 . .
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