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ABSTRACT

This thesis addresses the problem of finding eigenvalues for preconditioned Toeplitz matri-
ces based on a conjecture made by Professor Manuel Bogoya et al. In many cases, working
with an ill-conditioned matrix can be computationally expensive. This is measured by what
is known as the condition number of the matrix. The effect of preconditioning is to attempt
to reduce this condition number so that the matrix is less sensitive to perturbations, that is,
to small changes. Various types of numerical algorithms have been implemented to find the
spectrum of Toeplitz matrices, and simple-loop theory allows for the derivation of asymp-
totic expansions for this type of matrix 7;,( f) generated by a symbol f. However, this theory
is not available in the context of preconditioned Toeplitz matrices.

Key words. Asymptotic symbol, asymptotic expansion, Banach space, Hilbert space, L”
space, bounded operator, Fredholm operator, spectrum.

En este trabajo se aborda el problema de encontrar valores propios para matrices de Toeplitz
precondicionadas basados en una conjetura realizada por el profesor Manuel Bogoya et al.
En muchas ocasiones, trabajar con una matriz mal condicionada puede resultar muy costoso
computacionalmente. Esto se mide con lo que conocemos como el nimero de condicién de
la matriz. El efecto de precondicionar es intentar disminuir este ntimero de condicion para
que la matriz sea menos sensible a perturbaciones, esto es, a pequefios cambios. Distintos
tipos de algoritmos numéricos han sido implementados para encontrar el espectro de matri-
ces de Toeplitz y la teoria simple-loop permite derivar expansiones asintéticas para este tipo
de matrices T,(f) generadas por un simbolo f. Sin embargo, esta teoria no estd disponible
en el contexto de matrices de Toeplitz precondicionadas.

Palabras clave. Simbolo asintético, expansion asintética, espacio de Banach, espacio de
Hilbert, espacio L?, operador acotado, operador de Fredholm, espectro.
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INTRODUCTION

A Toeplitz matrix, named after Otto Toeplitz, is a matrix in which each descending diagonal
from left to right is constant, for example, a Toeplitz n x n matrix has the following form

ag a-1 a-2 -+ QA_pyl
al ag a_1
as ap - - a_g |> 1)
a—1
an—1 az a1 ag

but it does not have to be a square matrix. For a function a € L!(T), where T is the complex
unit circle, its kth Fourier coefficient is given by
1 ™

- a eia’ efika'd
27_[_ o ( ) 07

ay

with these coefficients we can form a sequence of Toeplitz matrices {7},(a)}>; which is
generated by the function a (commonly referred to as the symbol of the sequence) and has
the form (1). The study of spectral characteristics such as determinants, eigenvalues, singu-
lar values, pseudospectra of T;,(a), etc., has been a field of fruitful research for more than
a century, starting with Szeg6 seminal paper [9] in 1915. Toeplitz matrices have numerous
applications in areas such as numerical analysis, engineering, stochastic processes, time se-
ries analysis, signal processing, quantum and statistical mechanics, and image processing.
A very popular application is the numerical solution of differential and integral equations
with the approximation technique of Finite Differences, Finite Elements, Finite Volumes,
and Isogeometric Analysis because when employing regular gridding in those numerical
solutions, the resulting matrices have (almost) pure Toeplitz structure. The available eigen-
solvers nowadays compute the eigenvalues precisely and reliably for moderately large ma-
trices, i.e, orders in the first thousands, provided they have a “reasonable” condition number.
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But several real-world applications involve really large and severely ill-conditioned matri-
ces, i.e, matrices of size ~ 10° for modeling or the cube root of ~ 10?3 in applied physics,
and in these situations even the most powerful computers in the world fail to correctly find
the eigenvalues. It is therefore desirable to have formulas for a direct and precise calculation
of the individual eigenvalues of the sequence of Toeplitz matrices regardless of the size.

In the present project, our goal is to understand the known spectral theory for Toeplitz
matrices and to numerically find approximations for the eigenvalues of some sequences of
Toeplitz matrices with a symbol under specific assumptions.
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ASYMPTOTIC ANALYSIS

In the present chapter we will get an idea of some important and useful concepts, namely,
asymptotic approximations and O notation. For further theory the reader may go to refer-
ence [8].

Definition 1.0.1 (Asymptotic symbols).

(i) If f(x)/¢(x) — 1 as z — oo, we write f ~ ¢ and we say that f is asymptotic to ¢ or ¢
is an asymptotic approximation to f.

(ii) If f(z)/¢(xz) — 0as z — oo, we write f = o(¢), meaning that f has lesser order than ¢.

(iii) If | f(x)/¢(z)| is bounded as z — oo, we write f = O(¢). The least upper bound is
called the implied constant of the O term.

The O symbol is sometimes used in an interval [a, c0), i.e, the corresponding quotient is
bounded from a and on. This notation can also be understood when x approaches a finite
value, namely x — a, and we refer to a as the distinguished point of the asymptotic (or
order) relation. We will assume  — oo unless otherwise specified. Some examples with
this notation are the following.

Example 1.0.2. We can check that

1

X

(z+1)°

= (1+-)" =0,

X

as * — 0o, which means we have the asymptotic relation (z + 1)? ~ z%. We can visualize
this in the graph 1.1.

Example 1.0.3. Now, we know z/2? is equal to 1/z whenever = # 0 and also we know its

1
22

limit is 0 when z goes to infinity. Therefore, - = o(2). See graph 1.2.
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Figure 1.1: Graph of the quotient of the functions (z + 1)? and z? in blue. The orange line
corresponds toy = 1.

Example 1.0.4. From the definition of hiperbolic sine,

sinh(z) =

we can show that
sinh(x) R 1

er 2’

as z — oo. Hence, we have the asymptotic relation sinh(z) = O(e”) because the quotient of

these functions is bounded, graphically we can see it as in figure 1.3.

Example 1.0.5. In this example, instead of taking + — oo we will take z — ¢ and then, we

have the asymptotic relation % ~ 2(:”7;@ Moreover, @ = O(x — ¢) = o(1). The first

relation described (~) can be seen graphically, with ¢ = 5 in figure 1.4.

The involved variable in an asymptotic relation does not have to be continuous, for example,

(o) - (3) o (2).
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Figure 1.2: Graph of the quotient of the functions - and 1 in blue. The orange line corre-

sponds to y = 0,i.e, the z-axis.

and also, is not always the case that the variable is going to infinity, i.e,

~ , as T —c.

When the variable is complex, one has to specify the path going to infinity, which is done
with the concept of sectors. Let S be an infinite sector with a < Arg(z) < ( and let S(R)
the intersection between S and |z| > R, then the asymptotic relations can be defined within
S(R) in the same way already done in the real case. We now give a useful theorem having
properties for doing calculations with asymptotic symbols.

Proposition 1.0.6 (Properties.). Let f, g be functions, then,
(i) O(f)O(g) = O(f9g).
(i) O(f)o(g) = o(fg).

(iii) o(f) = O(f)
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Figure 1.3: Graph of the quotient of the functions sinh(z) and e” in blue. The orange dotted
lines correspond toy = 1 and y = —1.

(iv) O(f) + O(g) = O(|f] + ).
(@) O(0(f)) = O(f).
(i) o(o(f)) = o(f)
(vit) If f(x) = |g(x)] for every sufficiently large x then O(g) = O(f) and o(g) = o(f).
(viii) If f(z) > |g(x)| for every sufficiently large x then O(f) + O(g) = O(f).
(ix) If f > 0 then f < o(g) implies f = o(g).
(x) f~ gifandonlyif f = (1+ o(1))g, given that infinity is not a limit point of zeros of g.

Proof. The proof of all these properties follow from the definitions of the asymptotic sym-
bols. O

The following theorem is useful for some calculations since it concerns to power series.
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Figure 1.4: Graph of the quotient of the functions “”2;225 and 2(1; %) in blue.

Theorem 1.0.7. Let Y3 ) asz° be a convergent series for |z| < r then foreveryn € N, Y 2 asz® =
O(2") in any disk |z| < p such that p < r.

Proof. Let x € (p,r), then a;z® — 0 as s — oo (because of the convergence of the series),
hence there exists a constant A such that

las|z® < A
for every s € N. Then we have,
o0 o0 s 1-n|.n 1-n
— — xS x — |z| x—p
S=n s=n
which proves Y o2 asz® = O(z"). O

Having defined these symbols we are interested in knowing if they are compatible with
differentiation and integration. Asymptotic and order relations may be integrated subject to
some restrictions. For example, if f(z) ~ 2* where z € C, then

/aoo F(t)dt ~ /aoo t*dt
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Sometimes, because of the complexity of equations it is of interest to study the asymptotic
solutions rather than trying to find the exact root, this proves to be useful since in many
cases it is possible to give accurate approximations. Consider for example the equation

T+ tanhz = u

since | tanh z| < 1, it follows that when  — oo the left-hand side is dominated by z. If we
rewrite the equation as
r =u—tanhx

we can think that z(u) ~ u when  — oo which also means
T ~u, as u-— oo.
Now, using the fact

tanhz =1 —2e 22 4274 2767 ...
tanhz =1+ 0(1)

we proceed with the following steps.

Step 1.
r=u—1+o0(1).
Step 2.
t=u—1+0(2®)=u—1+0(e"2).
Step 3.

r=u—1+2e24+0(e 1)
=u— 14 2exp(—2u + 2+ O(e™2)) + O(e™ )
=u— 14 2exp(—2u + 2) exp(O(e~2%)) + O(e™*¥)
=u—142e 2214 0(e™?") + O(e™)
=u—142e 22 LO(e™).

Continuing this process we find in each step approximations with errors of steadily dimin-
ishing asymptotic order. We will now do the same for the equation x tan x = 1, first we will
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change it into a form which is easier for doing calculations,
xtan(z) =1
1
tan(x) = —
() = -

X

1
nm + arctan (—)
T

Now, since arctan(1/z) is bounded, we have the asymptotic relation x ~ nm as n — oo.

Using Taylor’s expansion for the tangent arctan(1) =1 — 2L + 1o — 14 ... we proceed

T 3z3 55
as follows.
Step 1.
z=nr+0(x"!) =nr+0Mn1).
Step 2.
— 1 -3
xr=nm+ 7+ O 1) +0(n™°)
_ 1 1 -3
=nw+ nr 1+ 02 +0(n™?)
1
=nr+ —(1+0n"2)+0n3)
nm
1
=nw+ — +0(n73).
nm
Step 3.
r=nw+ — — Si?’ +0(z79)
1 1 1
e nr+ L +0(3) 3(nr+ L +0(n3))3 +0@™)
1 1
=nm+ — 1 1 3 3+O(TZ_5)
4+ (nm)? T O(n ) 3(nﬂ-) (1 + (nﬂ)2+10(n—4))
1 1 2 1
= (1 —4 —4 -2 -5
et mr( (nm)? + O(n + ((mr)2 +0(n )> ) 3(n7r)3(1 +0(™)) +0(™)
_ 1 5y _ L -5
o (nm)3 +0(™) 3(nm)3 +0(m™)
=nm+ ! 1 +0(n™?)
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Before continuing with more examples, we present a theorem which will be of help in some
cases for doing asymptotic calculations.

Theorem 1.0.8. Let f be a continuous and strictly increasing function in an interval (a,oco) and
f@) ~ 1 when 1» — oco. Let 1, be the root f(1,) = u > f(a). Then,

Y(u) ~u, when u— oo.

Proof. Since f is strictly increasing then w; > us if and only if ¢, > v,,, and so we have
u — oo if and only if 1 — oco. By hypothesis, ¢ = f(1)(1 + o(1)). Replacing by ¢, yields

Yu = f(Pu)(1+0(1)) = u(l + o(1))

Note that the first o(1) is associated with ¢» — oo while the second one is associated with
u — 00, the change in the limit from 1 to u can be done due to the continuity of f. O

Let us illustrate this theorem for solving 2% — log(x) = u. Here the error term log(z) is not
bounded, if we make ) = 2% then we end up with the equation

1
Y — 5 log(¢) = u.

Now taking f(1)) = ¢—3 log(t) we have the necessary hypothesis for applying the Theorem
1.0.8 since f is strictly increasing when ¢ > % and then ¢ ~ u when u — coso x = uz (1+
o(1)), and going back to the original equation yields,
2% = u+ log(x) = u + log(u"/?) 4 log(1 + o(1))
= u + log(u'/?) + o(1)
1
=u+ 3 log(u) 4+ o(1).

Taking square root we get,

v = (u-+ 3 log(u) + o(1)"/?

(14 LloE) 1y

u u

11 1 1
RV NEEL: O +o(-) +0(=)
4 u u2

1log(u) 1
— /2 - oglw) -
U +1—|—4 " +0<u>.

In the following examples we continue to illustrate the technique of “steps” for obtaining a
desired order in some equations.
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Example 1.0.9. Consider the equation ztan(z) = u with 0 < z < § and the following
transformation

T x 123 1z° 127 129 O(:L‘H)

TTYTu 3w sl T Tw ow O\l
Then, we obtain a fourth order approximation with the following steps.
Step 1.

When u — 0o, z — 5 implies O(%) = O(1).

Step 2.
rof)
Step 3.
g teold)
1 1
=3 u(z-2o(5))
SO
Step 4.
z= - %+3u3+0(1)
3
b)) i b A o) vold
3
= S0 —u fu?) - Ju +@( +O(%))+O(ul5)
50w - (- o

Example 1.0.10. For solving the equation tan(z) = x numerically we will use the fact that
forz > 0,

1
arctan(z) = g —tan~ ! <—>
x

and so z = nm + tan~!(z) = 7(n + 1/2) — arctan(1). Using the Taylor expansion of tan~

we arrive at,

1 1 1 1 1
J,‘:ﬂ'(n—f-*)—*"‘i—f)?"‘ﬁ

2 x  3x3 + O(;U*9)'
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Let u = m(n+ 1/2) and consider f(z) = z + tan' (1), we are looking for roots for f(z) = u.
Since f is increasing, continuous and f(z) ~ = then by Theorem 1.0.8 it follows that z(u) ~ u
when u — co. Now we work on the approximation steps until we get to some desired order
of the error.

Step 1.
0™
x u
u(1+o(1))
1
=u——(1+0(1)) + O0(u™)
=u—u ' +O0™)
Step 2.
xzu—;—F@—FO(u )
1 1
=u— + +O0(u™
u—14+0@w) 3u-1+0@w))3 (™)
R 1 1 1 s
TS R O(u=2) * 3ud (1 —u=2+0(u=?))3 +0(u™)
1 —9 -2 1 -2 -5
:u—a(l—u +O(u ))—l—ﬁ(l—i-O(u )+ O(u™)
1

—u—ul—u 0w + §U_3 +O(u™?)

—u—u! - %u_?’ +O(u™3).
Step 3.

1 1 1

r=u——4-———=+0u’)

r  3z3  Bab

=u—(u—ut— %u_?’ +O0w™3)) "t + é(u —u - §U_3 + 03N+ 0w™)

cu—u(1—u? - §U_4 + O )+ éu_3(1 _u?o §U—4 + O ) + O™

1
=u—u'(1+u?2+0w™)+ gufg(l +O0(u™?) +O(u™?)
=u—ul—uP+OW®) + éu% +O0(u™)

2
=u—ut - §U_3 +0(u™®).

Example 1.0.11. Consider the following equations

M (z) cos(p(z)) = cos(x) + o(1) M(x)sin(¢p(z)) = sin(z) + o(1)
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with M > 0 and ¢ a continuous function. Then we prove M(z) = 1 + o(1) and ¢(z) =
x + 2nmw + o(1).

In fact, if we square both equations and then add them up we get,

M?(z) (cos*(9(x)) + sin*(¢(x)) = (cos(x) + 0(1))? + (sin(z) + o(1))?
= cos?(z) + sin?(x) + (cos(z) + sin(z))o(1) + o(1)
=1+4o(1),

and then M (z) = (14 0(1))"/? = 1 + o(1). Replacing this in any of the initial equations, we
obtain,

(14 0(1)) cos(¢p(x)) = cos(z) + o(1) —> cos(p(x)) = cos(x) + o(1),

¢(x) = arccos(cos(x) + o(1)).
Using Taylor’s formula f(x + h) = f(x) + f'(x)h--- = f(x) + O(h) with f(z) = cos~!(x)

and h = o(1), we arrive at

d(z) = cos L (cos(x)) + O(o(1)) = z + 2n7 + o(1).

Example 1.0.12. Find approximations for the roots of the equation z e!/* = e.

By doing algebraic manipulations we find the equation

1
S _
. + log(x)

Taking ) = 1/x and f(¢) = ¢ — log(x) we have the hypothesis for Theorem 1.0.8 since f is
increasing, continuous and f(v) ~ . If we consider f(¢’) = u then ¢(u) ~ u when u — oo,

hence,

é:uu+ou»—%x=%ﬂ+0ﬂD

and going back to the original equation, we obtain,

1
— 41
— og(x)

14 wlog(x)
B T

:%u+xmg@y
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Step 1.
v = %[1 n %(1 +0(1))log (%(1 + 0(1))}

_ % n %[(1 + o(1))(— log(w) + o(1))]

= L L tog(u) + o(1) log(u) + o(1)]

u o u?
_ L1 losw) +o(1)0(1°i(2“)).

2

u u
Step 2. We break this step in three items, starting in (i) with our main equation and then we
calculate an approximation for z log(x) in (ii) with the one found in Step 1, we do the same

in (iii) for the log part needed for (ii).

(i) =z = 1(1+zlog(x)).

) wlos(e) = (1~ 252+ (5 ) 1og (1~ 1582 1 0(542)).

(iii)

(1 0 ) ity (1 -5 o)
~ log(u) — loigu) n O<loig,U))-

Replacing (ii) in (ii),
rlog(z) = (L - 80 | (980 (L gy - B 4 o8]y

_ _10gu(u) N (loglf;t))2 +i0<loigu)>

_ _logu(u) N (loglf;i))z N O<1Oi(2U)>-

Finally, replacing the last equality in (i), we obtain
1 1y, log(u) |, (log(w)? |, log(u)
x—a(l—kxlog(as))—E(l— " + 2 +O( 2 ))
1 log(u) n (log(u))? N O(loggu)).
u

U u? u3

This is one approach for solving this problem but we can also try without natural logarithm
with the equation = = e*e~!/%. Since e7'/* = 1 4 o(1) then z = ¢*(1 + o(1)). Using the

Taylor’s formula for the exponential,
1 1 1

e 4 -
¢ :1:+2x2 313
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we can then proceed as follows.

Step 1.
x=e"(1— % +0(z72))
U 1 —2u

=e (1- oy H O 2))
= (1- A o)
=e"—1+0(1)+0(e™)
=e"—14+0(e™").

Step 2.

x=e" (1—%4—%4—0(1‘_3))

. 1 1
- ¢ (1 el — et +O0(e=2v)) + 2e2(1 — e +0(e 24))

5 +0(™)

1
=e' -1+ 3 e U +0(e7 ),

Finally, we end this section of asymptotic analysis with a topic known as Asymptotic ex-
pansions due to Poincaré (1886). If we have the following function,

F(z) = /000 e " cos(t)dt

with z > 0, then we can approximate the integral using Taylor’s series for cosine,

t2 t4 6

o) . t
j— —Z _— —_— — — LY
F(x) —/0 e (1 o1 + TR + )dt
1 1 1 1

[ L S

.
oo
1
= E :(_l)nx2n+1’

n=0

x
241"

this series converges when x > 1, and then F(z) = If we try doing the same with the
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function,

ooe—a:t
G(r) = dt
(@) /0 1+t
—/ el —t+ 2 — 3 - )dt

0

1 1 21 3l
A R
this series diverges for infinite values of x. In the former example, this process was valid
because we could change the integral symbol with the sum symbol of the series since it
is uniformly continuous in any bounded interval of ¢. In the latter case, the expansion of
(1 +t)~! diverges when ¢ > 1, then in the interval of integration we can not change the
integral with the sum. Nevertheless, what we did give good approximations of the function.

If we call €,,(z) = G(x) — gn(x) where,

1 1 20 3 oo (n—1)!
gn(l"):;—;+;—g+'”+(—1) peot
it can be proved that
n!
len(2)] < pr)

and so, the error is less than the first few omitted terms of the series. These ideas show the
power of an asymptotic expansion.

Definition 1.0.13. Let f be a function of complex or real variable. If for any n € N,
f(z)=ao+ az Mt asz i 4 Fap Y 4 R, (2)

with R,,(z) = O(27") when z — oo in an unbounded region, then we say that ) | a;27% is an
asymptotic expansion of f and we write,

f(2) ~ag+arz 4 agz? 4.

Theorem 1.0.14. A neccesary and sufficient condition for a function f to have asymptotic expansion
is
2"Ry(2) = an,

when z — oo uniformly with respect to Arg(z).

Proof. Write
f(2)=ao+arz +agz 2+ +an12” Y 4 Ry(2).
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If 2" R, (2) — ay, then 2" Ry,(2) = an(1 + o(1)), equivalently, R, (z) = % (1 + o(1)) implying
R, (z) = O(z7"™). Now, if R,,(z) = O(2™") for every n € N then,
2"Ry(2) = Zn(:% + Ry11(2))
=ap + 2"Rpt1(2)
= a, +0(z")0(z~ ")
=an + O(Z_l)
=a, +o(1),

proving what we wanted. O
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FUNCTIONAL ANALYSIS

In the present chapter we give the basic concepts of functional analysis. We follow [5] and
[6] as main references.

2.0.1 Metric Spaces

When studying basic calculus in R the central concept is the limit because it allows to define
differentiation and integration, two important topics in analysis. This operation of taking
the limit is associated with an idea of closeness which is measured with a distance function.
We want then, to abstract the concept of distance for more general settings.

Definition 2.0.1. A metric or distance in a set X is a function
d: X x X - R{
satisfying:
(i) d(z,y) =0iff z = y.
(ii) Symmetric: d(x,y) = d(y, x).
(iii) Triangular inequality: d(z,2) < d(z,y) + d(y, 2).
As one can easily check, these properties are satisfied by the usual distance in R".

Definition 2.0.2. A metric space is a set X together with a metric d. We write (X, d) or
simply X if there is no possible confusion with the metric taken.

The following are some examples of metric spaces.

22
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Example 2.0.3. Let X be any non-empty set and consider the function

0, z=y
d(z,y) = :
1, z#y
Then,
(i) by definition d(z,y) only when z = y.

(ii) by definition this functions is symmetrical.

(iii) letz,y,z € X. If z = 2z then d(z, ) = 0 and so the triangle inequality is satisfied since
d(z,y) + d(y,z) > 0. If  # z then either x # y or y # z, in both cases d(z,z) =1 <
d(z,y) +d(y, 2).

Example 2.0.4. Consider the set /> of all bounded infinite real sequences with arbitrary
elements

x=(z1,22,...), y=(y1,92,--.),

and let
d(z,y) = Sup Tk — Yl

The proof that this is indeed a metric follows from the fact that the absolute value satisfies
the properties of a metric, along with the properties of the supremum, which together ensure
the triangle inequality.

Example 2.0.5. Let /7 (1 < p < o0o) be the set of infinite sequences (z;);2; in R (or C) such

that
o0
Z |z |P < oo,
k=1

and

B =

e = (3 o —ui).
k=1

The proof of the first and second properties for d to be a metric are the same as in Example
9. Before all this, we have to proof that the definition of d makes sense because it’s possible
that the sum in d doesn’t even converge.

From Minkowski’s inequality it follows

n n

(3 o= =)P < (3 Jeel)F + (3 el

k=1 k=1

3=
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and since x,y € /),

s 1 > 1
(Z|$k|p)”<00a (Z|yk\p)”<00,
k=1 k=1

implying N
(Z |xg — zk|p)% < 00.
k=1

This also proved the triangle inequality since it’s the same as for finite index but when
n — oo (which is possible because of what was just proven).

The concept of sequence is also of great interest since it is related with the topology of the
space we are working with, we can use it to characterize closed sets, accumulation points
and continuity. The notion of convergence of a sequence is again closely related to the metric
of the space.

Definition 2.0.6. A sequence (z,) in a metric space (X, d) converges to x if for every ¢ > 0
there exists N € N such that
n>N—d(z,,z)<e

We wrrite this as

lim z,, = x.
n—o0

Some desired properties of convergent sequences in R such as the uniqueness and bound-
edness of the limit, also hold in more general settings such as this one. We recall that a set
M C X is said to be bounded if
sup d(z,y) < 00,
T, yeM
which is equivalent to saying that A is contained in a ball.

Proposition 2.0.7. Every convergent sequence in a metric space is bounded and has a unique limit.

The following proposition will be particularly useful for proving the completeness of metric
spaces.

Proposition 2.0.8. If y, — y and for every n € N, d(zy,, ypn) < k then d(z,,y) < k

Proof. Let ¢ > 0, and using the triangle inequality we have

d(xn,y) < d(xnayn) + d(yna y) <k+te

therefore, d(z,,y) <k O
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Definition 2.0.9. A sequence (z,) is called a Cauchy sequence if for every ¢ > 0 there is
N € N such that
n,m >N — d(x,, zy) < €.

A metric space is said to be complete if every Cauchy sequence is convergent.

We will later show some examples illustrating the fact that not every metric space is com-
plete, i.e, not every Cauchy sequence is convergent. However, the converse is true, as stated
in the following theorem.

Theorem 2.0.10. Every convergent sequence in a metric space is a Cauchy sequence.

Before exploring some examples of complete (and incomplete) metric spaces we give some
important theorems which exhibit the relationship of sequences with the topology of the
space.

Example 2.0.11. Let (x,) be a Cauchy sequence in ¢*°, let x,g") denote the k-th component of

the n-th element of the sequence (z,). Recall that in this space the points are bounded real

sequences (let’s say ]a,i")\ < M, for k > 1), and the distance function were defined as

d(z,y) = Sup |2k — Ykl

Then, since (z,,) is Cauchy, for every ¢ > 0 there exists N such that for n,m > N

d(xpm, Ty) = sup |m,(€m) — a:,(gn)| < g,
k
so that for every k£ > 1
|x,(€m) - xlgn)| <e, (2.1)

then the sequence
((1) (2) .3 (n) )

R R AN Y

is a real Cauchy sequence. Let y;, be its limit and y = (i), we now prove that y is in ¢?. This
follows from
k] < lye — 2]+ |2V < e+ M,

hence, y = (yx) is a bounded sequence then y € ¢>°, moreover letting n — oo in equation

(2.1) yields
)

‘xggm _yk| <¢g,

this shows z,,, — y proving that /> is complete.
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Example 2.0.12. Let (z,,) be a Cauchy sequence in the space ¢’. Then for every ¢ > 0 there
is N such that for m,n > N we have

d(Tm, Tp) = (Z ]m](gm) — :L‘,(fn)\p)% <e. (2.2)
k=1

Then for a fixed & the sequence (") is a real Cauchy sequence, say it converges to y;, and
let y = (yx). We prove y € . From triangle inequality we know

S lul” <>ty — 2P+ S (2P 2.3)
k=1 k=1

k=1

Letting n — oo in inequality (2.2) , we get
(e}
Z |x,(€m) —yi|P < el < oo,
k=1

(which also proved z,, — y) and since z,, € ¢ then

o
S ™| < oo,
k=1

therefore, from inequality (2.3) we conclude

o0
Z lykl” < oo,
k=1

and so y € (P. Since (z,,) was an arbitrary Cauchy sequence in ¢?, this proves its complete-
ness.

2.0.2 Banach spaces

Now, we are interested in studying the relation between vector spaces and metric spaces,
with this goal in mind we define the concept of norm which tries to abstract the properties
of the absolute value in R.

Definition 2.0.13. Let X be a vector space, a function
Il : X = R,
is called a norm if it satisfies:

(i) |lz|| = 0if and only if x = 0,
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(i) [[Azf] = Al
(i) [l +yll < llzll + vl

for any scalar A and z,y € X. A vector space X together with a norm ||-|| is called a normed
space.

The norm naturally induces a metric in the space given by
d(z,y) = |l —yl-
Definition 2.0.14. A normed space X is said to be a Banach space if it is complete with
respect to the metric induced by the norm.
Theorem 2.0.15. The norm is a continuous function.

Many of the examples given on the previous section can be viewed also as normed spaces
or, moreover, Banach spaces.

Example 2.0.16. R" with its usual norm.

Example 2.0.17. (P with the p-norm given by

lll, = (i ji”)

3 =

Example 2.0.18. /*° with the norm given by

2]l = sup .
(2

Note that, in the previous section we proved that the examples above were complete with
the induced metric. It follows that they are all Banach spaces. An interesting fact about the
p-norms is that if we think of R? with these norms then we will have different shapes for the
unit circle as shown in figure 2.1.

Now we give some theorems which shows the connection between linear algebra and the
norm.

Lemma 2.0.19. Let x1, 22, . .., , be linearly independent in a normed space X. Then, there
exists ¢ > 0 such that for any linear combination the following holds

lorzy + oz + -+ + apzpl| > c(|an| + |ag] + -+ + |an]).
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1 1 p=1
p=1.5

|- -1 _p 2
0.5} 4 |l— p=00

| | |
-1 —-0.5 0 0.5 1

Figure 2.1: Unit balls in different p-norms. As p — oo, the shape transitions from a diamond
(p = 1) to a square (p = o).

Proof. For a proof the reader may consult [6, Lemma 2.4-1, page 72]. O

Theorem 2.0.20. Every finite dimensional normed space is complete.

Proof. Let X be a finite dimensional normed space and let {ej,...,e,} be a basis for it.
Consider (z,,) a Cauchy sequence in X. Since z,, € X, then,

(m) (m)

wm = aier +ayVes + -+ alMe,.

Now, for every € > 0 there exists N € N such that if m,r > N we have ||z, — z,|| < . Using
the lemma above,

e > flam =l = || (0™ = o esl| 2 (3 foi™ = a7,
=1 i=1

hence,

o™ — ol <

Q1 m

This means the sequence (agm)) is a Cauchy sequence for every 1 < i < n. Therefore, it
converges say to a;. If we let x = aje; + azes + - - - + ape, then we can see that z,, — =,

showing X is complete. O
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2.0.3 Hilbert spaces

We already defined what a metric is by doing a generalization of the concept of distance in
R, likewise, we abstracted the concept of length of a vector by defining the norm in a vector
space. Another familiar operation is the dot product in R", given z = (2;),y = (y;) € R" we

n
=1

which can be used to write the norm

have

2]l = V-,

and also to give a necessary and sufficient condition for vectors to be orthogonal, namely,
z-y=0.

Definition 2.0.21. Let X be a complex(or real) vector space. A function
(-, ): X xX —=C,
is called an inner product if it satisfies
M) (@ +y,2) = (x,2) + {y,2),

(i) (az,y) = a(xz,y),

(ili) (z,y) = (y,2),
(iv) (z,z) =0«+— 2z =0.

It follows, from these properties that

(z,ay) = (ay, x) = afy, ) = &y, z) = &(z,y).
A vector space with an inner product is called inner product space.
The inner product naturally induces a norm,
lz]| = V{z, ).

We will prove it is indeed a norm. For this, we first prove the Schwarz’s inequality

(@, )] < [l {lyll -
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If y = 0, then it holds since (x,0) = 0 and moreover it is an equality. If y # 0, then, for every
aeC

0< Jlo—ayl® = (& —ay,z — ay)
z,x —ay) — (ay,r — ay)

{
=
=
=
=

z,x) —alz,y) — (ay, z) + (ay, ay)
z, ) —alz,y) — oy, ) + aaly,y)
z, 1) — oz, y) — of(y,z) — aly, y)].

Letting o = (y, ) /(y, y) we obtain,

[z, >|
lyII*

multiplying both sides by ||y||? yields the inequality we wanted.

Remark 2.0.22. Note that equality happens when y = 0 or ||z — ay|? = 0 (z = ay), hence
when {z, y} is a linearly dependent set.

Proposition 2.0.23. If X is an inner product space then
]l = vz, @),

is a norm.

Proof. We need to prove the three properties of being a norm, first, ||z|| = 0 if and only if
(x,x) = 0 which is equivalent to = 0. Second, we have

2
lol| = V/{ax, az) = Vaa(z, z) = /|l ||z]* = |of |2,
and lastly for the triangle inequality,

lz +yll* = (2 + y,x +y)

= (z,z) + (z,9) + (y,7) + (v, )
< ll®+ 2]yl + Iyl

= (=l + llyl)*.
Therefore, ||z|| defines a norm. O

An inner product space is called Hilbert space if the normed space associated is a Banach
space, i.e, if the space is complete with the metric induced by the inner product norm.
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Proposition 2.0.24. If X is an inner product space then, the Parallelogram’s equality holds
2 2 2 2
[+ ylI” + lz = ylI” = 2= [" + Iy [")-
This proposition gives us a criterion for deciding whether a norm comes from an inner
product or not.

2.0.4 Linear operators

From linear algebra we know that the homomorphisms between vector spaces are called
linear transformations which are functions that preserves the operations. In this context,
a function between metric spaces will be called operator and then a linear transformation
between normed spaces is called linear operator.

Definition 2.0.25. Let X,Y be normed spaces and T: X — Y. The operator T is said to be
bounded, if there exists ¢ € R such that

1Tz < c|l=ll,

upon division by ||z|| we see that c is at least as big as the supremum of

T
]
Define the norm of the operator as
T(x
T s 1T@L
sex\(oy 1zl

The set of all bounded linear operators T: X — Y is denoted by B(X,Y).
Remark 2.0.26. We will use Tz or T(x) indistinctively for = evaluated in the operator T.
Proposition 2.0.27. Let T be a bounded linear operator, then
(@) [|T|| = supyjp=1 [ T(2)]-
(ii) The norm ||T|| is indeed a norm defined on the space of operators.
Proof.

(i) Foreach z € X \ {0}, let z = ky, where ||y|| = 1 and k € C then,
ITx|| _ [IT(ky)ll _ [E[I Tyl
] 1yl Kyl

Proving what we wanted.

= [Tyl -
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(ii) This follows from properties of the supremum. ]

Theorem 2.0.28. If a normed space X is finite dimensional then every linear operator on X is
bounded.

Proof. Let X be a finite dimensional vector space and let {e;,es,...,e,} be a basis for X.
Suppose x = aie; + azez + - - - + aney is any element in X, then,

n n n
— o < . |l < ) | < )
ITal = |T( Y aies) | < D lai ITeill < max [[Tei 3 lail < max [[Tesf (e )
=1 i=1 =1
for some positive constant c according to 2.0.19. Therefore, T is bounded. O

Theorem 2.0.29. Let T: X — Y be a linear operator, then T is continuous if and only if T is
bounded.

Proof. First, suppose T is bounded. Let ¢ > 0, then,
1Tz = Tyll = [[T(z =)l < ITl lz = yll <[TI[d
and so, letting § = ¢/ ||T|| yields the continuity.

Conversely, consider T to be continuous, i.e, given € > 0 and zp € Dom T there exists § > 0
such that
|l —xol] <9 — || Te— Tzl <e.

Letx —xzg = ﬁy, for some non-zero y € Dom 7. Then,
0

il
Implying T is bounded since || Ty| < 5 [|y||. O

| T2 — Tao|| = | T(z — z0)| [Tyl <e.

We will now state and prove some important result which are going to be very useful in the
next section, but before that we explain a little bit the L spaces.

Definition 2.0.30. Let (X, X, 1) be a measure space and 1 < p < oo. For a measurable
function f: X — C the L? norm is defined as

= ([ 157an)”

For this function to defined a norm we consider the relation in X givenby f ~ gif f = ¢
almost everywhere. The set of all such functions f satisfying || ||, < oo is denoted LP(X, ).
Separetely, we define the space L*°(X, ) using the norm

1flloc = esssup|f| = {a € R: p(|f|"*(a, 00)) = 0}.
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Remark 2.0.31. Sometimes L” (X, ;1) is simply written as L? when it is clear from the context
in which measure space we are working.

A very interesting property of L spaces is that whenever the space X is of finite measure,
they are embedded one in another, i.e, if 1 < p < ¢ < oo then, L4(X, ) C LP(X, i) and so,
we have the following pictorial representation

Ll

L2

L3

L

For the proof of this fact, we use Holder’s inequality. Given that a, b are conjugate exponents,
that is,

-+ -=1.
a+b

We have the inequality,

/X|fg|d/t§(/X!f\adu)i</)(|g|bdﬂ>ll’.

Suppose h € L9(X, p1). Taking f = |h|P, g =1,a = ¢/pand b = ¢/(q — p) yields

a=p

/X|hlpdu§ (/X(|h|p)f,du)§(/quzp du)T

q9—p

» a—p
= h g1 / d p
(fme) ([, an)
q9—p
= (I[2lg)?(u(X)) 7 < o0.
Hence, h € LP(X, p1), proving that L? spaces are nested.

Lemma 2.0.32. Let M;: L? — L? denote the multiplication operator. Then M is bounded
if and only if f € L®, moreover

[IM]| = [|f]loc = esssup|[f],

i.e, the operator norm of M is the essential supremum of the absolute value of f.
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Proof. First, we know f < esssup | f| almost everywhere, then, for every g € L?,

|Mg|]? = /ngQdu < esssup f2 /deu = esssup f*||g||*.

Which is equivalent to
1Mygl| < esssup |£[llgl]

Hence,
0] = sup LML esssup L llgll
g gl -~y gl

obtaining one side of the inequality

= esssup |f],

|[Mf|| < esssup | f].

For the other direction of the inequality, note that since f(x) < esssup | f| almost everywhere,
it follows that, for any € > 0 sufficiently small, the set

A={x: f(z) > esssup|f| —e >0}

has measure greater than 0. Let B C A such that ;(B) < oo, then, if Ip denotes the charac-
teristic function on B,

|[M I || = / F21% dpp > (esssup|f| — <) / 13 dy = (esssup | f] — &) 1]

Therefore,

Since this holds for every ¢ > 0 we will have,

|[My 15|
ﬁ > esssup | f|

and then,
|| My1p||

||| > B
/ 5]

= esssup | f|. O
Lemma 2.0.33. Suppose {4, } is a sequence in B(X,Y") with the property that
sup || Apz|| < oo,

for each 2 € X. Then sup,, || 4, < oc.

Proof. For a proof the reader may refer to [4, Theorem 14.3, page 83]. O
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Theorem 2.0.34 (Uniform boundedness principle). Let X, Y be Banach spaces and suppose F' C
B(X,Y) with the property that sup 4 || Az|| < co. Then, sup 4cr || 4| < oc.

Proof. Assume sup ¢ ||A|| = co. Then, for every n € N there exists A, € F such that
|Anll > n, now, using the hypothesis

sup ||Apz|| < sup ||Az|| < oo.

neN A€eF
Therefore, by the preceding lemma, sup,, ||A,| < oo which contradicts || A, | > n for every
n € N. O]

Theorem 2.0.35 (Banach-Steinhaus). Let {A,} C B(X,Y) be such that for every x € X, {Apz}
is convergent. Then, the operator defined by Ax = lim,,_,~, A, x satisfies the following inequality,

[|A]] < sup || Ap||.
n

Proof. Let {A,z} be convergent for every x € X. Then this sequence is bounded and thus
sup,, ||[Anz| < oco. By the uniform boundedness principle, we have sup,, || 45| < co. We also
have the inequality

1Anz]l < [|An]l [l < sup | An]| [l] -

Taking limits yields,
|z = lim | Aua] < sup |Aq | la]

Therefore, ||A|| < sup, |4 O

Remark 2.0.36. Another idea for the inequality in Banach-Steinhaus Theorem is the follow-
ing. If {A,,} are bounded operators then

|Az|| = lim ||A, x|
n—oo
= liminf || A, x|
n—oo

which implies || A|| < liminf, o ||An|] < sup, ||Ax]-
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TOEPLITZ MATRICES

We are interested in the study of complex matrices of the following type,

the first question which naturally arises in this context is, when does this matrix induce a
linear operator in a specific sequence space /F (1 < p < 00)?, in particular, we want to answer
this question in ¢? since this will give us the chance to use some tools of L? space (which is
the completion of ¢?). Having this in mind, let # = (;) € ¢? and let b = (b;) be any row of
A. Then, since Az is done by perfoming a row of A dot product the vector z, we have the
following,

b-x= iblmz
=1
< i b
=1
< (SRS )
=1 i—1

Hence, a sufficient condition for each component of Az to be well defined (finite) is b € 2.
Moreover, we want to know when Ax € ¢2, since this would mean A: /2 — ¢2 is a linear
operator. It is not difficult to check that if y = Az then y,, = > ;%) a_;; (—1)7i- Now, we turn
to the question of when

o0
Z i < oo
i=1

36
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In other words, when is y = Az in ¢2. For this, consider the following,

o (o] o0 9
z_: |yn = Z ‘ Za—i+(n—1)$i‘

n=1 =0

< Z (Z ’a—i+(n—1)$i\)2
<2 [(Z \a_”(n_l)!?)(z WQ)}
Z’xz‘ ZZ‘CLHTL 1) 7

therefore, a condition for y = Az to be in ¢? is that
o0 oo
Z Z |a—z‘+(n—1)|2 < 0.
n=1 =0

We already gave a partial answer to our first concern. Next, we want to know in what cases
A is a bounded linear operator. Why bounded? Because it is a desirable property since for
linear operators boundedness and continuity are the same. An answer to this question is
given by a classical result due to Otto Toeplitz.

We state and prove now one of the main theorems of this thesis.

Theorem 3.0.1 (Toeplitz 1911). The matrix A defined at the beginning of this section defines a
bounded operator on ¢? if and only if the numbers a,, are the Fourier coefficients of some function

a € L>(T),
1 2 . .
an = — a(e!)e™ 140, n € Z.

27
where T denotes the complex unit circle.
Proof. By Lemma 2.0.32 we know that the multiplication operator is bounded if and only if
a € L*>. Consider the set {e,, } ,cz where

1

We know it is an orthonormal basis for L?(T). We want to see what the matrix representation
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of the multiplication operator is. For this we shall study the behavior of its columns,

M (ex) = E a;e;
jez

aer = E a;€j
jez

ap = Q€L - ey

0 = / a(t)ex(tenD)dt
T

1 2w . .
ap = — a(e'?)elF=m0q9.
2w 0
We have already found a formula for the components of the k-th column, if we repeat this
for the (k + 1)-th column,

LT e et L T ey e ne1))0 4
bn—% i a(e'”)e d9_27r/0 a(e'?)e df = ap_1,

in consequence, the n-th component of a column equals the (n — 1)-th component of the
previous one and so we have the following matrix representation

a a-1 a—2 G-3 Aa—4
al aq a_1 a_2 a_3
La = N ag al ag a_1 a_9o
as a2 al apg  a-1
as a3 a2 air Qo

where the a,,’s are the Fourier coefficients and then L, defines a bounded operator on 02 if
and only if a € L™ and ||L,|| = ||a||c. The matrix A we are looking for can be viewed as
the compression of L, to ¢*(Z.), this implies

Al < || Lall-
For a natural number n, consider the projection P, : ¢ — ¢2 which acts as follows
(:Bk)kez — ( .5 0,0,z_p, ..., 21,29, .. )

The matrix representation of the operator P, is given by (0|1) where [ is the identity matrix
starting in the (—n)-th column, then

PnLaPn: 019 )
0] A
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the divisions being in the (—n)-th column and row. Then, we can see that (P, L, Py )|mp, is
essentially the same as A. This proves

Al = [[SnLaSnll,

and since S,, — I strongly, it follows that S,,L,S, — L, strongly. Therefore, by Banach-
Steinhauss Theorem 2.0.35,

HLaH < SUPHPnLaPnH = HAH
n

In conclusion, we proved A is bounded if and only if a € L*> and ||A|| = ||a]|sc- O

We denote both the matrix A and the operator it induces in 2 by T,, the function a in this
context is known as the symbol of the Toeplitz operator 7.

In matrix theory, it is always useful to think in terms of the spectrum of matrices since
the eigenvalues and eigenvectors carry important information. There are many applica-
tions of these concepts, which vary from pure mathematics (eigenvalues are used to solve
ordinary differential equations) to applied mathematics (optimization, numerical analysis,
techniques in statistics such as PCA, etc.). From a class in basic linear algebra, we know
that working with matrices and linear transformations is the same in the finite-dimensional
case, and it is worth noting that when constructing the isomorphism between the vector
space of matrices and the vector space of linear transformations, we use the basis of the
spaces involved. It is of no surprise then that if we want to generalize this behavior, we
would first have to define the concept of a basis for infinite-dimensional vector spaces. For
this problem, several answers have been given (Hamel basis, Schauder basis, etc.). More-
over, it is also known that compact linear operators have been found to be similar in spectral
properties to finite-dimensional matrices, and thus, having them is a tool for studying the
eigenvalues and eigenvectors of linear operators. Another property of great value is self-
adjointness since it provides information about the eigenvalues (which are real), and we
also have properties like orthogonality, which allows us to decompose spaces into a direct
sum of eigenspaces. For this type of operator, there is also a developed theory from which a
well-known theorem comes, the Spectral Theorem.

Returning to Toeplitz operators, so far we know when they are bounded. For further in-
vestigation, we would want to have information about their spectral decomposition, which,
in fact, turns out that neither of the two tools already mentioned are available, and this is
due to the two following propositions. First, we recall two definitions, the one of compact
operator and self-adjoint operator.
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Definition 3.0.2 (Compact operator). An operator K € B(X,Y) is compact if for every
bounded sequence {z,} in X, the sequence { Kz, } has a convergent subsequence.

Definition 3.0.3 (Self-adjoint operator). An operator K is said to be self-adjoint if K* = K.

Proposition 3.0.4 (Gohberg 1952). The only compact Toeplitz operator is the zero operator.

Proof. Let a € L*™ and suppose T, is compact. Let @Q),, be the projection
(o, x1,...) = (0,...,0, 2y, Tpt1).

As @, — 0 strongly, it follows ||Q,TQn|| — 0 but Q,7,Qx|imo, has the same matrix as T,
then ||T,|| = ||QnTu@n|| = 0. O

Proposition 3.0.5. T, is self-adjoint if and only if a is real-valued.

Proof. T, is self-adjoint if and only if a, = @, which happens if and only if a(t) = a(t)
which is equivalent to a being real-valued. O

We will now look for tools and concepts which can be of help for studying Toeplitz matrices,
in particular we delve into some topics of functional analysis such as C*-algebras and index
theory of Fredholm operators.

A vector space V is a set together with an addition operation and a scalar product satisfying
some properties. If we also have a multiplication operator within V' such that it is associa-
tive, compatible with scalars, and distributive over addition, then we say V is an algebra. A
Banach algebra is a Banach space X which is also an algebra satisfying ||ab|| < ||al| ||b]|. We
say that a conjugate linear map a — a* is an involution if a™* = a and (ab)* = b*a*. Finally,
a C*-algebra is a Banach algebra with an involution satisfying ||a*a|| = ||a||*. If there is an
element acting as an identity for multiplication, then we have a unital C*-algebra. Two im-
portant examples of C*-algebras are given by the set B(H ) of bounded linear operators and
the collection /C(H) of compact linear operators, where H is a Hilbert space.

Example 3.0.6. Let H be a Hilbert space. Since Hom(H) is a vector space and B(H) C
Hom(H) is closed under addition and scalar multiplication, we know it is a vector (sub)space
and if we also consider the norm operator then we have it is a Banach space. Taking multi-
plication as the composition yields,

I(F1 o Fo)z|| = [ Fu(Fax)|| < (| [ Fox ]| < [l [1ES ] ]

whenever I, F» € B(H). Hence, it is also a Banach algebra. When constructing the Hilbert-
adjoint operator by means of the equality,

(Fa,y) = (z, F"y)
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there are many properties it satisfies, one of these (which we are interested in) are:
(i F**=F
(i) (F) o Fy)* = Fy o Fy
(it)) |F* o F|| = |F|)
saying that the passage to adjoint operator serves as involution in B(H), making it into a
C*-algebra.

Example 3.0.7. Again, let H be a Hilbert space. We know every compact operator is bounded,
then IC(H) C B(H). Using the characterization of compactness of an operator as sending
every bounded sequence to a sequence (in the codomain) which has a convergent subse-
quence, we can prove this set is closed under addition, scalar multiplication and composi-
tion. Moreover, the properties of the involution do not depend on whether the operator is
compact or not, hence, the collection of compact linear operators is a C*-algebra. Being an
algebra is in a way being a ring, then, we can talk about ideals, it turns out, C(H ) is an ideal
of B(H ), (this can be prove using again a sequence argument).

Example 3.0.8. The set L™ is also a C*-algebra with passage to complex conjugate as invo-
lution.

A very interesting property of unital C*-algebras is given in the next theorem and allows
us to define what is known as the spectrum of an element without specifying in which
subalgebra or algebra we are working in.

Theorem 3.0.9. Let B < A where A, B are C*-algebras sharing the same identity. Then, an element
is invertible in A if and only if it is invertible in B

Proof. For a proof the reader may want to check [7, Theorem 2.1.11, Page 41]. O

Definition 3.0.10. Let A be a C*-algebra with identity e. We define the spectrum of an
element as
spqa = {\ € C: a — Aeis not invertible in A}.

By the previous theorem we can write this set as sp a.

Finally, we close this part of C*-algebras with the definition of morphism and a theorem
giving some properties to have in mind.

Definition 3.0.11. A morphism F' of C*-algebras is a linear operator preserving the product
and involution, i.e,
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(i) F(ab) = F(a)F(b)
(i) F(a*) = F(a)*
Theorem 3.0.12. A morphism F': A — B of unital C*-algebras satisfies the following
@ [|[F(a)l] < o],
(ii) Im F < B,

(iii) If F' is injective then it preserves spectra and norm.

Definition 3.0.13. Let X, Y be Banach spaces. An operator A in B(X,Y) is called a Fredholm
operator if the dimensions of KerA and CokerA are finite. Then, the index defined by,

Ind A = dim KerA — dim Coker A

is a well-defined value.

Remark 3.0.14. We will use the usual notation of 7(A) and d(A) for denoting the dimension
of the kernel of A and dimension of cokernel of A, respectively.

We are going to state some results which will be of help for proving the theorem summariz-
ing some well known properties of the index of a Fredholm operator.

Definition 3.0.15. A closed subspace M of X is said to be complemented in X if there exists
a closed subspace NV such that,

i) X=M+N
(i) MNN=0
In this case we say X is a direct sum of M and IV, and we write X = M & N

Proposition 3.0.16. An operator A € B(X,Y') has a closed range if and only if there exists ¢ > 0
such that
[Az] = cllz]l,

for every x € X.

Proposition 3.0.17. An operator A € B(X,Y) is a Fredholm operator if and only if it has the
representation
A=D+F,

where F has finite rank and D is a one-sided invertible Fredholm operator.
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Theorem 3.0.18. A necessary and sufficient condition for an operator A € B(X,Y") to have a left
inverse is that ker A = {0} and Im A is closed and complemented in Y. In this case, the operator AL
is a projection onto Im A and where L is a left inverse of A.

Proof. Suppose A have a left inverse L. Then, Az = 0 implies z = LAx = 0. Meaning
ker A = {0}, moreover, note thatif y € Y theny = ALy + (y — ALy) with ALy € Im A and
y— ALy € ker AL = ker L. If y = Az € ker AL then,

0=ALy=AL(Az) = Az = y.

Hence Y = Im A @ ker AL = Im A @ ker L. Now, let ker A = {0} and Y = Im A & M where
both are closed subspaces of Y. Consider P: Y — Im A be the natural projection and A; to
be the operator A when restricted the codomain to Im A4, this makes A; a bijective bounded
operator and A~! P a bounded left inverse of A since

A7 'PAzr = A Az =z,
proving what we wanted. O

Lemma 3.0.19. Given A € B(X,Y) and B € B(Y, X ), where X, Y and Z are Banach spaces.
Suppose that AB = F and BA = G are Fredholm operators. Then Aand B are Fredholm
operators.

Proof. Since Im F' C Im A and ker A C ker G it follows that d(A) < d(F) < oo and v(4) <
v(G) < oo. Thus A is a Fredholm operator. Similaly for B. O

Theorem 3.0.20. (Properties) Let A: X — Y and B:Y — Z be Fredholm operators, then the
following holds

(i) Im A is closed.
(i) BA is a Fredholm operator and Ind BA = Ind A + Ind B.

(iii) The adjoint operator A’ of A is also Fredholm and Ind A’ = —Ind A.

Proof. (i) Since the kernel and cokernel are finite dimensional, then there exists sub-
spaces M, N such that

X =M @ KerA, Y =N @ ImA.

Consider the function B: M x N — Y given by B(u,v) = Au + v, with ||(u,v)| =
|lul| + ||v||. Note that it is inyective since B(u,v) = 0 implies Au = —v, i.e, Au,v €
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ImANN = {0}. Thenv = 0and u € KerAN M = {0}. Therefore, B(u,v) if and only if
(u,v) = (0,0). On the other hand, note that
1B (u, v) || [|[Aw + of| < [JA] lull + [lof] < sup{||All, 1} ([lu]l + [[o])-

In consequence, B is bounded. Now, since Y is direct sum of Im A and N we see B is
also surjective. Hence, B is a bounded invertible operator and

1B | Aul| > | B~ (Aw)|| = [|(u, 0)|| [Ju]] -
Therefore, Im A is closed, since || Au| > BT Bl—lH [l

If A is Fredholm then we know ker A and coker A are finite dimensional. Then,
ker BA=kerA® M

since ker A C ker BA implying the former can be complemented with a closed sub-
space M. Note thatif y € Im ANker B theny = Az and BAz = 0, meaning = € ker BA.
Letting x = n +m where n € ker A and m € M yields y = Az = An 4+ Am = Am.
This means the restriction of A to M is onto. Moreover, if m € M and Am = 0 then
m € ker AN M = {0}. Hence A is bijective and

dim M = dim(Im ANker B) < n(B) < oco.
Let N; = Im Aker B and n; = dim Ny, then
n(BA) = n(A) +ni.

Now, since n; < oo we have it is complemented in ker B with a subspace say Ns. Since
d(A) is finite then Im A is complemented in Y, and since Im A N Ny = {0} then there
exists a finite dimensional subspace N3 such that

Y:ImAEBNQEBNg.
Therefore, d(a) = na + ns.

Now, since ker B = N1 & No C Im A & Ns it follows that B restricted to N3 is one
to one (therefore dim BN3 = dim N3) and if y € Y, say y = Az + z2 + z3 implies
By = BAx + Bxs + Bxs = BAx + Bz and then,

Im B = Im BA© BN;.
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From this and the fact that d(B) < co we obtain,
Z =ImBA® BN3® W,
for some finite dimensional subspace W and this implies
d(BA) = dim BN3 + dim W = dim N3 + d(B) = nz + d(B) < oc.
Thus we conclude BA is a Fredholm operator and

ind(BA) = n(BA) +d(BA) = n(A) + ny —d(B) — ns

— 1(A) +7(B) — n> — d(B) — g
— 0(A) — ny — s+ n(B) — d(B)
= ind(A) + ind(B).

(iii) Since A is a Fredholm Operator then A = D + F where D is a one-sided invertible
Fredholm operator and F has finite rank. Note that A" = D’ + F’ so we shall show D’
is a Fredholm Operator. If L is a left inverse of D then LD = I and DL is a projection
onto Im A, which implies F' = I — LD is a projection onto the subspace complementing
Im A. Since d(D) < oo it follows that F' is a finite rank operator. Since F is of finite
rank then so it is F’, by analogous of Proposition 3.0.17 we know L'D' = T — F'is a
Fredholm operator. Therefore, D’ is Fredholm by Lemma 3.0.19. Similarly if D has
right inverse. Therefore, A’ is a Fredholm operator. The equality in the index follow
from the fact

n(A) = d(A),  d(A') = n(A).

O]

Lemma 3.0.21. If A4,, = T},(a) + P, K P, + W, LW, +C), is a sequence such that sup ||4,|| < co
then
A, = T(a)+ K

strongly.

Proof. For a proof the reader may refer to [3, Proposition 2.5, page 19] ]

Lemma 3.0.22. Let K and L be compact operators and let {C,} be a sequence of n x n
matrices such that ||Cy,|| — 0. Then

{P,KP, + W, LW, + C,} € O,

where O stands for the set of al sequence { K, } such that % — 0and sup || K,]|| < o0
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Proof. For a proof the reader may refer to [3, Lemma 5.9, page 89] ]
Theorem 3.0.23 (Szeg®). Let a be a continuous real-valued symbol. Then,

1

n 2
S T 5= [ st as 61
j=1

for every f € Co(R).
Proof. We know {T%(a)} € S(C) for every k € N, that is,

Tk (a) = Ty, (b) + P,K Py + Wy, LW, + Ch.

Passage to the strong limit n — oo yields, T%(a) = T(b) + K according to Lemma 3.0.21.
Since we know T%(a) = T'(a*) + K; with K a compact operator then T'(a* — b) is compact.
Therefore, b = a* and then,

Tk (a) = T (a*) + P,K P, + Wy, LW, + C,,.
from Lemma 3.0.22 we have,
Tk (a) = T, (a*) + K,

with K,, € O. Now,
ir Kol _ ([l

n - n

=o(1)

whence
tr T (a)  trTu(a")

n n

+o(1).
Since the trace of a matrix is equal to the sum of the diagonal elements and also the sum of

its eigenvalues,

n

tr T%(a) = Z()\j(Tn(a)))k»

=1

n 2 )
b T (@) = n(a®)o /O (a(c))* 6,

T 2r

we obtain (3.1) for f(xz) = 2* and so, this proves int he case f polynomial. Now, let f €
Co(R), m = min|a|, M = max|a|. Given ¢ > 0, there is a polynomial p such that |f(x) —
p(x)| < e for x € [m, M]. Since \;(Ty,(a)) € [m, M] for al j and n then

% D 1 X(Tu(a))) = p(Aj(Tu(a)))] < %na =c
Jj=1
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and we also have,
1 27

o [ |flale) —pla(e))| 8 <.
T Jo

The above together with the fact that we have the desired limit for polynomials yields,

n 27
YT - o [ flate)a6] < 3,

27T0

when n is large. ]
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EIGENVALUE’S APPROXIMATIONS

This chapter concerns the implementation of a method found in the article [2] for the ap-
proximation of eigenvalues of some types of matrix which are the product of an inverse
Toeplitz matrix and another Toeplitz matrix. We write a conjecture formulated by M. Bo-
goya et al. and then explain the method and each crucial part of the code which was done
in Mathematica.

Conjecture 4.0.1. Let g, be two even functions with g > 0 in (0, 7), and suppose f = /g
is monotone increasing over (0, 7) and sufficiently smooth. Set X,, = T,;1(g)T,,(I). Then,
for some integer & > 1, some 5 € (0,1], and every j = 1,...,n, as n — oo the following
asymptotic expansion holds:

>‘j (Xn) = f(sj,n)a Sjn = ej,n + Zpk(ej,n)hﬂk + Ek,n,a, (4.1)
k=1

where

The numbers s, , are arranged in nondecreasing order.

* h=1/(n+1)and¥§;, = mjh.

The coefficients py are continuous functions from (0, 7) to R depending only on f.
o Ej,0 = O(h(@+D8) is the remainder that satisfies the inequality

| Ejnal < khoHDP
for some constant x depending only on «, g, (.

This conjecture came as an improvement of some other results obtained by the authors of
the paper we are working with [2]. In fact, a specific case of Conjecture 1.1 of this paper
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was formally proved by Bogoya, Béttcher, Grudsky, and Maximenko. Following conjecture
4.0.1, we shall use a numerical algorithm to approximate the eigenvalues of any matrix X,
with the given hypothesis. We can break the algorithm into the following steps. First, a
precomputing phase in which we will have the eigenvalues of X,, for some small values
of n. Second, an extrapolation phase that aims to determine (approximately) the values of
pi(0;n) having n fixed and 1 < j < n and also with specific o. Third, the interpolation
phase in which we estimate the functions pj, for any value in the interval [0, 7]. Finally, the
fourth step concerns the examination of the errors between the exact eigenvalues and the
calculation using the process described in the conjecture.

In the conjecture, we see 0;,, = mjh = n”—jl One of the key details in this method is to realize

that for some combinations of j, n we get the same value of 6;,,,

I R )
n+1 c¢n+1) (c(n+1)—1)+1

Ojn =

= ecj,c(n—i-l)—l .

Showing that for any ¢ € Z* we have the preceding equality. Thus, if we let ¢, = 2F~!
for k € Z* we obtain an increasing sequence of matrix sizes, whose eigenvalues will be
computed and used in the precomputing phase. In the following we mirror notations for n
and h, i.e, hy, corresponds to 1/(ny + 1). For the precomputing phase we start with an initial
and fixed n; and a positive integer a which gives us information about how many matrices
we will be using in this phase, since for every 1 < k < o we compute the eigenvalues of
Xnk/ where n; = Ck(n1 + 1) —1= 2k—1(n1 + 1) —1L.For1<j;1<m letjk =crj1 = 2k_1j1.
Therefore, with the current notations we have,

Hjl,m = sz,nz == Hjna,na-
Let 0, denote this number since it changes according to j; because n; is fixed.

In the following grid we can graphically get an idea of the method described above. We call
each row a level and levels corresponds to matrix sizes, in each one of these we will find
then, the eigenvalues of X,,, in blue and red dots, which we have from the precomputing
phase. In the extrapolation phase we will find an approximation for each function p;, in the
red points o;,. After this, we use interpolation for knowing the value of p;, in the interval
(0, ), since having this would mean we can then calculate s;, and according with the con-
jecture this implies we can also find the j-th value of X, with the equation \;(X,,) = f(s;n)-
This explains roughly the method and how the figure helps in understanding it.
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Na @
Na—1
e e e O e e o O o e o O e o o O e e o O e o o O e o o O o e o
n2
ni o
g1 02 Ony—1 Onq
Continuing with the method, we use the equation in conjecture 4.0.1 with nq, ..., n, to form

a system of linear equations in the variables pj(c;, ).
2
Sin = T = P13 + 25007 + 4 palog ) + By
2
Sjamz — 0y = pL(@j )RS + p2(05 )05 + - 4 pal05 )57 + Ejy g

Sjama — Oj1 = P1 (Uj1)hg + p2(0j1)hiﬁ +ee pa(o-jl)hgﬁ + Ejl:nlva'

If we let p;, be the approximation of pj, then we can see the system as follows:

hP B2 P\ ([ palog) Sjim
nd w2 o g | pelos) Sjama
: - : ~ |
B 28 ag | \ '
hoa ha™ - ha” ) \ pa(oyy) Sjana 1

and since 1 < j; < ny; we will find the value of pj in n; points. The system above can be
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written as follows in a simplified notation. First, let

S1ny S$2,ny T Sny,ny
S2.no S4,n9 e $2-n1,n2
S =
SQa—l’na SQO‘_I-Q,HQ e 52a—1_n17na
The matrix S has as rows the vectors s;, ,, for k =1,...,, and thus, it has o rows. Now, if
we write S, for the j;-th column with j; = 1,...,n;, then we can write the system as

HPp(0j,) = Sj, — o), 1,

where 1 is the vector having one in all components. Note that we would solve this system
for each column, i.e, n; times.

After having this, we move to the next stage which corresponds to the interpolation part in
each level ny, of the grid. If we want to find the value of py(0) for § € (0,7),if = o, then we
already know the value of p;(¢) from the extrapolation phase. Otherwise, we will pick the
m closest points in {01, 02, ..., 04} to # and we interpolate with {py(c1), pr(02), - - ., pr(0a)}-
The value of m is usually calculated with the formula o — k£ + 12. However, we did it by
trying/error in the code. Finally, our approximation of eigenvalues with a terms will be
given by the formula of conjecture 4.0.1

)‘](Xn> = f(sj,n) ~ f(ej,n + Z ﬁk(ej,n)hk> :
k=1

It is also worth noting that the numerical results achieved by using this approximation are
extremely precise (as stated in paper [2]).

We also want to highlight the importance of having a formula for approximating eigen-
values since it gives a way to find any eigenvalue of X,, for arbitrary n without having to
compute all the eigenvalues of X,,, as would be the case if we did it in any eigensolver.
Computing eigenvalues for large matrices presents significant challenges. For example, the
computational resources needed for computing the spectrum of a matrix, increase signif-
icantly as its size does it too. Moreover, if we are dealing with very large matrices, the
memory capacity of the computer may be exceeded, preventing the computation from even
starting or stopping halfway. Even if the computation is feasible in terms of memory, the
time required to calculate all eigenvalues can become absurdly long, making the process im-
practical. Furthermore, when working with eigensolvers the accumulation of rounding er-
rors during the computation can lead to inaccurate or even completely incorrect eigenvalue
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estimates, especially for very large and potentially ill-conditioned matrices. Therefore, hav-
ing an approximation formula allows us to target specific eigenvalues of interest without
having to compute the entire spectrum, saving both computational resources and avoiding
large numerical errors.
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NUMERICAL IMPLEMENTATION

In the present chapter we will explain as much as possible the implementation of the code

which was done in Mathematica for the method described in the previous chapter.

We divided the code in 4 parts, precomputing, extrapolation, interpolation and error. The

following corresponds to the first part. We started by defining some functions we will use

later on. The h, 6 from (4.1), the a;; which are the Fourier coefficients of cos(j6), and jj, ny

which are the index and matrix size respectively.

hin_] := 1/(n + 1);

NiThetal [§_, n_] := N[Pil*j*h[n];

ali_, j_] := Switeh[i, 3, 1/2, -3, 1/2, _, 0];
Jlk_, 311 := 2°(k — 1)=%31;

nk[k_, nl ] := 2%(k - 1)*(nl + 1) - 1;

For this implementation we will work with the following functions (and their inverses):

2 —cos(x) — cos(2x) 40 — 15 cos(z) — 24 cos(2x) — cos(3z)

hilw) = 3+ 2cos(x) falw) = 1208 + 1191 cos(x) + 120 cos(2x) + cos(3x)’
which we wrote in the code as:
11[x_] := 2 — Cos[x] — Cos[2 x];
gl[x_] := 3 + 2 Cos|[x];
flix_] := 11[x]/gllx];
12[x_] := 40 — 15 Cos[x] - 24 Cos[2 x] — Cos[3 x];
g2 [x_] = 1208 + 1191 Cos[x] + 120 Cos[2 x] + Cos[3 x];

53



then, we built the corresponding matrices X,, = T,, *(¢)T, (1) for these functions:

and calculated the eigenvalues we needed with the following function:

after saving the eigenvalues for n =100, 201, 403, 807, 1615 with a precision of » = 40 we
applied the inverse of f; and f; accordingly obtaining s; ,, for building the matrix S. Since
we will be working with n; = 100 we formed also the matrix H and built the function for
calculating o,
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NiSigma] [n1_] :-
SetPrecision[Table[![Theta][jl, nl], {j1, 1, nl}], 40];

For the extrapolation we programmed a function for finding the solution of the system of
linear equations given the matrix S, the initial matrix size n; and the index j; indicating
which column of S we will use.

Linv[matrix_, Jjl1_, nl_] :=
IH B (matrix[[All, 31171 - ![Sigma][nl][[jl]]);

and then use this function to create another one in which we could organize each approxi-
mation py(c;,) in a matrix:

‘[Rho]matrix[matrix_, nl_] := Module[{solutions},
solutions = Table[Linv[matrix, i, nl], {i, 1, nl}];
Transpose[solutions]]

Finally, a function for graphing each row of this matrix.

graphbyrow [matrix_] :=
Module[{nFilas = Length[matrix]},
Table[ListPlot [
Transpose [ {Range[Length[matrix[[1]]]], matrix[[i]]1}],
PlotLabel —-> "Fila " <> ToString[i]], {i, 1, nFilas}]];

Next, we test how the code is working so far with an example using f; and f>. By showing
the graphs of each row of the folowing matrices f1M, f2M.

f1M
f2M

\[[Rholmatrix[S£1l, 100];
\|[[Rho]matrix[S£2, 100];

In f1M and f2M we have the values p;(0;,) (k-th row and j;-th column) found in the
extrapolation part for the function f; and f respectively.
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Figure 5.1: Extrapolation graphs of p;, for k = 1,2,3,4,5 using a grid of n; = 100 for the
matrix X, = T, !

n

(9)T, (1) with [(z) = 2 — cos(x) — cos(2z) and g(z) = 3 + 2 cos(x).
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Figure 5.2: Extrapolation graphs of pj, for k = 1,2,3,4,5 using a grid of n; = 100 for the
(9)T (1) with I(z) = 40 — 15cos(z) — 24 cos(2x) — cos(3z) and g(x)

matrix X,, = T, !

1208 4 1191 cos(x) + 120 cos(2x) + cos(3x).
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We continue with the final part which is the interpolation. We create a function for doing the

interpolation described above with a number of points of interpolation given by "ninter".

Again, we test the code to check if it follows the expected dotted pattern for p; with f; and
f2 as shown in the graphs below.

since the graphs overlap properly then we proceed to define p;, using the interpolation func-
tion:

Lastly, we make the function for calculating s; . Note that we will be able to control how
many addends we have by changing «.
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Figure 5.3: Polynomial interpolation (with 2 closest points) graphs of j; for k = 1,2,3,4,5
grid of ny = 100 for the matrix X,, = T, *(9)T,.(l) with I(x) = 2 — cos(x) — cos(2z) and

g(x) =3+ 2cos(x).
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Figure 5.4: Polynomial interpolation (with 2 closest points) graphs of p;, for k = 1,2,3,4,5
using a grid of ny = 100 for the matrix X,, = T}, }(g)T,(I) with I(z) = 40 — 15cos(z) —
24 cos(2x) — cos(3z) and g(z) = 1208 4 1191 cos(z) + 120 cos(2x) + cos(3z).
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The last part of the code corresponds to analyzing the error between the eigenvalues calcu-
lated from this algorithm and the actual eigenvalues. For this we computed the eigenvalues
of X,, for n =1024, 2048 and 4096. Then we compare them to the numerical approxima-
tion given by the code and we got the following graphs using o = 1,2, 3,4, 5 (with colors
red, blue, orange, cyan and black, respectively). Figures 5.6 and 5.8 show the absolute er-
rors AE;YTEk) for f1 and f2 respectively and for different k levels where N (k) represents the
numerical approximations with £ terms in s;,,. The choice of colors is as follows:

* k=1
* k=2
L4 IIw:l
e k=05

More can be said about the figures, for example, our code performs well for £ = 1,2, 3 but
for k = 4,5 the errors are unstable and irregular, we can not see a pattern in there as we do
in the former case. For this reason we chose to do the error tables just for k = 1,2, 3 since
in these three cases we got the expected results. For tables 5.1 and 5.2 we use the following
notation for errors,

AEN®)
AE;\,TTE’C) = |/\j(Xn) - )‘j(Xn)N(k)|a NEé\,fék) = (1 + n)kAEj'\,[rEk)a RE;‘\;EIC) = ‘)\ (;; )|
7 n

and

AEN®) — max AEN® NEY® = max NEN",  REN®) = max RE}™).
AEis called absolute error and it measures how far is the actual eigenvalue with the numeri-
cal approximation. NE is the normalized error and it is a scaled version of the absolute error,
in this case the normalization parameter is (1 + n)* and it is for adjusting the scale of the
error. However, depending on the method, another parameter will be used as in the paper
[1], in which the scale parameter is n*/;j*. This error is useful for studying the convergence
of errors and the expected stable behavior of errors. RE is the relative error and since it is
divided by the absolute value of the each eigenvalue it provides a way to analyze the error
independently of the magnitude. It does not depend on the scale of the eigenvalue so we
will have a “standard” way to evaluate the size of the error, for example, a low relative error
is strongly related with a precise approximation.
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Figure 5.5: Base 10 logarithm scale for the errors AE;, ,, for the matrix X,, = T,, '(¢) T, (!) with
l(z) =2 — cos(x) — cos(2x) and g(z) = 3 + 2cos(z). The horizontal axis corresponds to the
j-th eigenvalue. A grid size of n; = 100, § = 1, 40 digits of precision for computations.
Different o = 1,2, 3,4,5 levels in ascending order from red to black. In order, the matrix
sizes used were n = 1024, 2048, 4096.
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Figure 5.6: Base 10 logarithm scale for the errors RE; ,, for the matrix X,, = T, 1(¢) T, (!) with
l(z) =2 — cos(x) — cos(2x) and g(z) = 3 + 2cos(z). The horizontal axis corresponds to the
j-th eigenvalue. A grid size of n; = 100, § = 1, 40 digits of precision for computations.
Different o = 1,2, 3,4,5 levels in ascending order from red to black. In order, the matrix
sizes used were n = 1024, 2048, 4096.
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Figure 5.7: Base 10 logarithm scale for the errors AE; ,, for the matrix X,, = T,, '(¢) T, (!) with
[(x) = 40 — 15 cos(z) — 24 cos(2z) — cos(3z) and g(x) = 1208 + 1191 cos(z) + 120 cos(2x) +
cos(3z). The horizontal axis corresponds to the j-th eigenvalue. A grid size of n; = 100,
B =1, 40 digits of precision for computations. Different o = 1,2, 3,4, 5 levels in ascending
order from red to black. In order, the matrix sizes used were n = 1024, 2048, 4096.
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Figure 5.8: Base 10 logarithm scale for the errors RE; ,, for the matrix X,, = T, 1(¢)T,(!) with
[(x) = 40 — 15 cos(z) — 24 cos(2z) — cos(3z) and g(x) = 1208 + 1191 cos(z) + 120 cos(2z) +
cos(3z). The horizontal axis corresponds to the j-th eigenvalue. A grid size of n; = 100,
B = 1, 40 digits of precision for computations. Different o = 1,2, 3,4, 5 levels in ascending
order from red to black. In order, the matrix sizes used were n = 1024, 2048, 4096.
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Table 5.1: Errors for & = 1,2, 3 levels with different matrix sizes n, corresponding to the
matrix X,, = T, }(9)T.(1) with I(z) = 2 — cos(z) — cos(2z) and g(x) = 3 + 2cos(x). A grid

size of n; = 100, 8 = 1 and 40 digits of precision were used for computations.

k=1
n AEN( NEN ™) REY ™
16 441 x1072 749 x 107! 6.58 x 1072
32 228x1072 7.52x10"! 3.37 x 102
64 1.16x1072 7.53x107! 1.71x1072
128 584 x1073 7.54x10"! 859x 1073
256 293 x 1073 7.54x 1071 4.31 x1073
512 147 x107% 7.54x107' 2.16 x 1073
1024 7.36x107* 754 x 107! 1.08 x 1073
2048 3.68x107* 754 x10"' 540 x 10~*
4096 1.84 x107* 7.54x107Y 2.70 x 10~*
k=2
n AEN®) NEN® REN®
16 888x107%* 233x107' 2.89x 1073
32 213x107% 232x107' 5.60x10°*
64 547x1075 231 x107! 1.45x107*
128 1.38x107° 230x 107! 3.67x10°°
256 347 x 1076 229 x 107! 9.25 x 10~6
512 8.69x 1077 229x 1071 232x10°6
1024 2.18 x 1077 2.29x 1071 5.82x10~7
2048 5.44 x 1078 229 x 107! 1.46 x 10~7
4096 1.36 x 107% 2.28 x 1071 448 x 10~8
k=3
n AEN®) NEN®) REN®)
16 582 x 1075 247x 107! 6.73x107°
32 687x107% 247x107! 9.35x 1076
64 895x1077 245x10~! 1.23x 107
128 1.14x 1077 245x 107t 1.57x 1077
256 144 x 1078 245x 10" 1.99 x 10~8
512 181 x107° 245x10~! 250x 1077
1024 227 x 10710 245 x 1071 3.82x 10710
2048 2.84 x 1071 245 x 10! 1.63 x 10~10
4096 3.60 x 10712 248 x 10~! 843 x 107?
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Table 5.2: Errors for & = 1,2, 3 levels with different matrix sizes n, corresponding to the
matrix X,, = T, (¢)T;, (1) with I(z) = 40 — 15cos(x) — 24 cos(2z) — cos(3z) and g(x) =
1208 + 1191 cos(z) + 120 cos(2x) + cos(3z). A grid size of n; = 100, § = 1 and 40 digits of

precision were used for computations.

k=1
n AFE1 NE1 RE1
16 | 4.92x 1073 8.36x 1072 8.19 x 1072
32 | 251 x 1073 8.29x 1072 4.19 x 1072
64 | 1.27x 1073 8.26x 1072 2.12x 1072
128 | 6.39 x 107 8.25x 1072 1.06 x 1072
256 | 3.21x107* 824x1072 5.33x1073
512 | 1.61 x 107* 824 x 1072 2.67 x 1073
1024 | 8.03x 107° 823 x1072 1.34 x 1073
2048 | 4.02 x107°> 8.23x 1072 6.68 x 1074
4096 | 2.01 x 107° 8.23x 1072 3.34 x 10~*
k=2
n AE2 NE2 RE2
16 |2.05x107* 593 x1072 3.21x 1073
32 [5.62x107° 6.12x1072 858 x107*
64 | 1.44x107° 6.10x 1072 222 x10°*
128 | 3.66 x 107% 6.10 x 1072 5.63 x 107°
256 | 9.23x 1077 6.09 x 1072 1.42x 107°
512 | 231 x 1077 6.09 x 1072 3.56 x 1076
1024 | 5.80 x 10~% 6.09 x 1072 8.92 x 1077
2048 | 1.45 x 1078 6.09 x 1072 2.24 x 10~ 7
4096 | 3.63 x 1072  6.09 x 1072 5.63 x 1078
k=3
n AE3 NE3 RE3
16 | 956 x 1076 4.69 x 1072 1.27 x 1074
32 | 1.28x107% 4.60x 1072 1.77 x107°
64 | 1.70x 1077 4.67x1072 233 x10°6
128 | 217 x107%  4.66 x 102 3.00 x 107
256 | 2.74x107° 4.65x1072 4.12x 1078
512 | 3.44x 10710 465 x 1072 7.48x 1079
1024 | 431 x 10~ 464 x 1072 1.71 x 107
2048 | 5.40 x 10712 4.64 x 1072  4.14 x 10710
4096 | 6.76 x 10~ 465 x 1072 1.42x107°
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