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1. Resumen ejecutivo:

Se  espera  que  describa  el  proyecto,  planteamiento  del  problema,  objetivos,
metodología, principales resultados obtenidos y las conclusiones. La extensión debe ser
de máximo de 500 palabras (en español y en inglés).

Resumen: Los conceptos de correlaciones y complejidad van de la mano en sistemas
atómicos.  Incluso  sistemas  relativamente  ``pequeños''  pueden  ser  extremadamente

1  Todas las personas relacionadas en el informe y que participen en el proyecto deben haber suscito el acta de propiedad 
intelectual de acuerdo con los formatos establecidos.
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complejos debido a las fuertes correlaciones entre sus constituyentes. En este proyecto
se  estudiaron  las  correlaciones  y  sus  consecuencias  en  dos  clases  de  sistemas
atómicos  con  dependencia  periódica  en  el  tiempo:  el  átomo  de  helio  forzado
periódicamente y átomos fríos en redes ópticas que incluyen modulaciones periódicas
en el tiempo.

En el primer sistema la interacción interelectrónica es la causa de su no integrabilidad,
de su alta  complejidad y  de las correlaciones electrónicas que combinadas con un
forzamiento  externo  periódico  en  el  tiempo  son  responsables  de  la  formación  de
paquetes de onda no dispersivas, es decir, objetos cuánticos que se propagan a lo largo
de órbitas clásicas del  sistema sin  dispersión. A pesar  de su posible  impacto en el
campo  de  la  información  cuántica  y  del  control  coherente  no  existe  aún  evidencia
experimental a cerca de los paquetes de onda no dispersivos y tampoco se habían
diseñado  mecanismos  para  preparar  al  átomo  de  helio  en  los  estados  altamente
excitados que los generan. Nuestros resultados – basados en sofisticados algoritmos
computacionales  elaborados  a  partir  de  la  teoría  de  Floquet  –  dan  lugar  a  una
propuesta para preparar y detectar estos estados a partir del estudio de sus acoples
con estados ligados del átomo. Igualmente, se encontraron y caracterizaron las vidas
medias y algunas propiedades de localización de los paquetes de onda no dispersivas. 

La teoría de Floquet es igualmente adecuado para el tratamiento de gases bosónicos
en redes ópticas con modulaciones periódicas en el tiempo. Problemas fundamentales
de sumo interés en la comunidad científica internacional están relacionadas por ejemplo
con procesos de transporte y dinámica fuera del equilibrio.  En particular,  usamos el
modelo inclinado (tilted) de Bose-Hubbard de dos bandas para la descripción de gases
bosónicos en redes ópticas, el cual se transforma en un sistema periódico en el tiempo
en  el  marco  de  interacción.  Con  ayuda  de  este  método  fue  posible  construir  un
simulador cuántico para magnetismo usando redes ópticas, diseñar protocolos para la
preparación de estados en sistemas minimalistas de dos partículas en dos sitios de red
y explorar procesos de difusión en el  espacio de Hilbert  en regímenes caóticos del
sistema.  Esto  último nos permitió  verificar  la  hipótesis  de  termalización  de estados
propios  que  es  fundamental  para  la  formulación  de  una  teoría  consistente  de
termalización cuántica. 

Los productos mas importantes obtenidos son dos tesis de pregrado, un artículo A2,
una ponencia nacional e importantes avances en el desarrollo de una tesis doctoral.

Abstract:  Correlations and complexity are two concepts that come together in atomic
systems. Apparently simple “small” systemas can be highly complex due to the strong
correlations between their components. In this project we studied the correlations and
their consecuences in two kinds of atomic systems with periodic time dependence: the
driven helium atom and cold atoms in optical lattices.

In the first system, the inter-electronic interaction is the cause of its non-integrability,  of
its  high  complexity,  and  of  the  electronic  correlations.  The  latter,  combined  with  an
external periodic driving, gives rise to non-dispersive wave packets,  that is, quantum
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objects that propagate along classical periodic orbits without dispersion. Despite their
possible impact in quantum information and coherent control, there is no experimental
evidence  of  their  existence.  There  had  been  neither  designed  mechanisms  for  the
preparation and detection of the highly excited states the generate this objects.  Our
results – based on sophisticated computational algorithms developed starting from the
Floquet theory – give rise to a proposal for the preparation and detection of these states.
This proposal is originated from the study of the coupling of the so called frozen planet
states to bound states of helium. Furthermore, we were able to find and quantitatively
caractherize the energies, lifetimes and some localization properties of non-dispersive
wave packets. 

Floquet  theory  is  equally  appropriate  for  the  treatment  of  bosonic  gases  in  optical
lattices with time-periodic modulations. Fundamental problemas fundamentales of great
interest for the international scientific community are related to transport processes and
dynamics out of equilibrium. In particular, we used the Bose-Hubbard model for tilted
optical  lattices,  which  is  transformed  into  a  periodic  time-dependent  system  in  the
interaction picture. 

With the help of this method it was possible to build a quantum simulator of magnetis
using optical lattices, to design protocols for the preparation of some states  of interest in
minimal systems of two particles in two sites, and to explore diffusion in Hilbert space in
chaotic  regimes  of  the  system.  The  latter  allowed  us  to  verify  the  eigenstate
thermalization hypothese, which is fundamental for the formulation of a consistent theory
of quantum thermalization.

The most relevant products obtained within this proyect are two undergraduate thesis,
an A2 article, a poster in a national event, and significant advances for a doctoral thesis.

2. Síntesis del proyecto: 

En una extensión   máxima de  5  páginas,  se  debe mostrar  el  cumplimiento  de  los
objetivos del proyecto y debe incluir:

Tema:  Teoría  de  Floquet  para  el  estudio  de  correlaciones  en  sistemas  atómicos
dependientes periódicamente en el tiempo

Objetivo general

El objetivo general de este proyecto consiste en estudiar la dinámica tanto de átomos
de helio en presencia de campos electromagnéticos como de bosones en redes ópticas
con dependencia periódica del tiempo usando teoría de Floquet.

Objetivos específicos

 Estudio de los acoples dipolares y canales de decaimiento de estados de planeta
congelado (EPC) de helio.
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 Estudio  de  los  canales  y  ratas  de  decaimiento  de  paquetes  de  onda  no
dispersivas (POND) en el átomo de helio forzado.

 Detección  de  POND  en  sistemas  bosónicos  ultrafríos  en  redes  ópticas
unidimensionales.

 Estudio  de  transiciones  cinéticas  a  través  de  diferentes  fases  cuánticas
obtenidas por la variación bien sea adiabática o súbita de parámetros.

Metodología

La parte fundamental para el éxito del presente proyecto consistió en la implementación
del formalismo de Floquet tanto en el átomo de helio forzado como en sistemas de
átomos fríos en redes ópticas. 

Estados de planeta congelado y paquetes de onda no dispersivos en helio: 

Se usó un modelo planar que permite la implementación relativamente simple de la
representación matricial del hamiltoniano del sistema para su posterior diagonalización.
La construcción de los elementos de matriz del hamiltoniano y del operador de dipolo se
puede  conseguir  eficientemente  usando  lenguaje  simbólico  (por  ejemplo,  con
Mathematica),  para  su  implementación  posterior  en  FORTRAN.  Las  matrices
resultantes son de tipo escaso (sparse matrices) y tienen una estructura de banda. 

Los EPC son estados resonantes inmersos en el continuo del espectro de helio. Los
estados resonantes se pueden identificar usando el método de rotación compleja, por
medio del cual las coordenadas  de posición se rotan en el plano complejo en un ángulo
dado  dando  lugar  a  un  problema  de  valores  propios  que  ya  no  es  hermítico  sino
simétrico complejo. La implementación de este método nos permitió identificar tanto las
energías como las ratas de decaimiento de EPC. El análisis de los acoples de estos
estados con estados ligados del  átomo se hizo  estudiando sus proyecciones en el
espacio de configuración y las secciones transversales de fotoionización desde estados
simpletados excitados hasta regiones de energía donde se encuentran dichos estados.
Desde el punto de vista numérico las matrices diagonalizadas mas grandes alcanzaron
a ocupar aproximadamente 30GB de RAM. 

De otro lado, para el átomo forzado la estructura de bandas y el carácter escaso de las
matrices en el problema de valores propios para el operador de Floquet se mantiene.
Sin  embargo  la  diagonalización  completa  de  este  problema en  las  regiones  donde
aparecen los paquetes de onda no dispersivos define un problema computacional de
grandes proporciones (matrices a diagonalizar requieren una memoria RAM del orden
de  500GB)  fuera  del  alcance  de  nuestros  recursos.  Alternativamente  en  procesos
multifotónicos que involucran estados altamente excitados y campos electromagnéticos
de baja frecuencia e intensidad (como es el caso en la formación de POND) interviene
típicamente  un  número  relativamente  pequeño  de  resonancias   del  átomo  no
perturbado.   Es  decir,  filtrando  inteligentemente  los  estados  del  átomo  fue  posible
reducir significativamente (aproximadamente en un factor 20 o más) las dimensiones
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del problema de valores propios y caracterizar las energías y tiempos de vida de los
POND.  

Gases bosónicos en redes ópticas:

Para  estudio  de  correlaciones  y  transporte  en  sistemas  de  átomos  fríos  en  redes
ópticas  se  usó  el  modelo  inclinado  (tilted)  de  Bose-Hubbard  de  dos  bandas.  El
hamiltoniano correspondiente es independiente del tiempo, pero se puede transformar
en uno dependiente periódicamente del tiempo en el marco de interacción. A partir de
aquí se usa el formalismo de Floquet para estudiar la evolución temporal del sistema. El
problema numérico asociado es algo exigente pero con los recursos adquiridos a través
del proyecto (estación de trabajo de alta capacidad, entre otros) fue posible resolverlo.

Resultados obtenidos

La  investigación  en  el  marco  del  presente  proyecto  ha  culminado.  Los  resultados
obtenidos se encuentran en su mayoría consignados en los trabajos de grado (anexos)
de los estudiantes Manuel Muñoz e Isabel Guzmán y en el artículo (anexo)  Chaotic
level mixing in a two-band Bose-Hubbard model [C. Parra-Murillo, J. Madroñero, y S.
Wimberger, Annalen der Physik 527, 656 (2015)]. Además de esto aún hay resultados
no publicados, obtenidos en el marco del doctorado del estudiante Alejandro González.

Isabel Guzmán mostró que los EPC están fuertemente acoplados con algunos estados
simplemente  excitados  del  átomo de  helio.  La  caracterización  de  estos  acoples  se
consiguió  a  través  de  un  estudio  exhaustivo  de  las  secciones  transversales  de
ionización y de las proyecciones de los estados en el  espacio de configuración.  El
resultado más importante de este estudio es la formulación de un posible mecanismo
para la detección de EPC usando procesos de excitación con dos lásers a partir del
estado base y usando estados simplemente excitados como puente de transición hacia
EPC.

Alejandro  González  desarrollo  un  sofisticado  código  para  obtener  y  caracterizar
paquetes de ondas no dispersivas de helio. Este código incorpora la diagonalización
numéricamente  exacta  de  la  representación  del  átomo  de  helio  no  perturbado  en
términos de cuatro osciladores acoplados y hace uso del método de rotación compleja
para resolver las resonancias del sistema (estados doblemente excitados) que de otra
manera  están  inmersos  en  el  continuo.  Los  estados  resonantes  y  del  continuo
obtenidos  allí  se  usan  para  construir  la  representación  matricial  del  operador  de
Floquet. Detalles sobre este método se encuentran en el anexo Few-level model for the
driven 2D helium, el cual es parte de un artículo en proceso de redacción. La ventaja de
esta representación es la reducción significativa del tamaño del problema de valores
propios:  nuestros estimativos indican que las matrices involucradas en problema de
valores propios del operador de Floquet ocuparían una memoria superior a 1TB usando
la representación en osciladores armónicos. En cambio, en esta nueva representación
las matrices a diagonalizar no sobrepasan los 15GB. 
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Con ayuda  de  este  método  se  encontraron  POND por  debajo  de  los  umbrales  de
ionización  N=4, 5,  6 y  7 para estados triplete de helio.  La figura siguiente muestra
diferentes proyecciones de un POND por debajo de N=6. 

La  cuasienergía  y  su  rata  de  decaimiento  en  unidades  atómicas  (ua)  son
respectivamente -0.07317 y -6.8E-07. Las columnas corresponden a proyecciones para
t=0,  T/4  y  T/2,  respectivamente,  siendo T el  periodo del  forzamiento externo.  En la
primera fila se observa la proyección del estado a lo largo de la configuración colineal,
es decir, cuando el ángulo entre los radios r1 y r2 (distancia de los electrones al núcleo)
es 0. En la segunda fila se observa la proyección del electrón interno cuando el electrón
externo se localiza en una posición fija alrededor del máximo de la densidad total de
probabilidad (r2≈150ua. Las proyecciones del  electrón externo para una posición fija
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(r1≈20ua) del electrón interno se muestran en la tercera fila. Se observa que el electrón
interno no se ve afectado por  el  campo externo mientras el  electrón externo oscila
periódicamente con el campo alrededor de su posición de equilibrio.

De  otro  lado,  los  resultados  de  Manuel  Muñoz  se  enmarcan  en  el  contexto  de
simulación  y  control  cuántico  usando  redes  ópticas.  Primero,  se  estableció  una
conexión  entre  el  sistema de átomos fríos  en redes ópticas  y  cadenas de espines
usadas  para  el  estudio  de  magnetismo  cuántico.  Concretamente,  se  construyó  un
simulador cuántico basado en una cadena de espínes de Heisenberg para caracterizar
procesos de segundo orden en el modelo de Bose-Hubbard. Estos procesos consisten
en la  propagación de cuasipartículas (par de ocupación hueco-doblón).  El  resultado
fundamental  es que la  propagación de estas cuasipartículas puede ser  interpretada
como un paquete  de ondas de espínes en la  cadena de Heisenberg.  Segundo,  se
exploró la dinámica entre bandas que se puede establecer mediante la inclusión de un
término que acople éstas a  partir  de ocupaciones dobles de los sitios de red en la
banda inferior. Para el  sistema minimal (dos particulas en una red de dos pozos) el
resultado  principal  es  el  acceso  a  estados  que  se  asemejan  a  estados  de  Bell
(importantes para computación cuántica). Sin embargo, este resultado no es robusto al
escalar el tamaño del sistema. 

Finalmente,  el  modelo  de  Bose-Hubbard  de  dos  bandas  nos  permitió  investigar
procesos de difusión caótica y termodinámica cuántica.  El  modelo usado exhibe un
régimen caótico. La evolución temporal a través de esta región genera un complejo
proceso  de  mezcla  de  estados   que  evita  la  generación  de  estados  ocupando
exclusivamente la  segunda banda que son de interés en la comunidad de óptica e
información cuántica. Esto se debe al acople no local entre las dos bandas. Una forma
de caracterizar la mezcla caótica de estados consiste en estudiar la termalización de
observables con la ayuda la hipótesis de termalización de estados propios (el  valor
esperado  de  un  observable  y  su  promedio  temporal  se  acercan  a  la  aproximación
diagonal ). Los observables  estudiados para los cuales se verificó esta hipótesis son (i)
interacción  de  partículas  de  un  mismo  sitio  de  la  red  en  una  banda  definida,  (ii)
interacción de partículas en bandas distintas de un mismo sitio de la red, y (iii) número
de ocupación de la banda superior. Los detalles de estos resultados se encuentran en
el artículo anexo Chaotic level mixing in a two-band Bose-Hubbard model.

Principales conclusiones y/o recomendaciones

La teoría de Floquet nos permitió tratar sistemas atómicos de uno o varios átomos. En
ambos casos las correlaciones bien sean intra-atómicas o entre los átomos dan lugar a
una gran cantidad de efectos, como la generación de POND, difussión en el espacio de
Hilbert y termalización cuántica. La comprensión de estos efectos es de gran interés en
el contexto de control cuántico, información cuántica, simulación cuántica, entre otros.
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Se demostró la generación de POND en el átomo de helio a partir de EPC, para los
cuales,  además,  se  propuso  un  método  para  su  detección  usando  un  proceso
bicromático de dos fotones para excitar el estado base.

Para el sistema de átomos fríos en redes ópticas se mostró que 

(i) puede ser usado como simulador de sistemas del estado sólido, como cadenas de
espínes;

(ii)  hasta  cierto  punto  se  puede  controlar  su  dinámica,  por  ejemplo,  para  generar
estados de interés como estados de Bell, sin embargo la alta complejidad del espectro
de  cuasi-energías  produce  un  complicado  proceso  de  mezcla  de  estados  que  en
impiden controlar el sistema mediante protocolos sencillos. Esta misma complejidad, sin
embargo, nos permite verficar la hipótesis de termalización de estados propios, lo cual
se enmarca dentro del muy actual contexto de termalización cuántica.

3. Productos:

Tabla No. 1. Cantidad y tipo de productos pactados en el Acta de Trabajo y
Compromiso y productos finalmente presentados

TIPO DE PRODUCTOS
No. de PRODUCTOS

PACTADOS
No. de PRODUCTOS

PRESENTADOS
Productos de nuevos conocimientos

Artículo  completo  publicado
en revistas A1 o A2

1
1

Artículo completo publicados
en revistas B

0

Artículo completo publicados
en revistas C

0

Libros  de  autor  que
publiquen  resultados  de
investigación

0

Capítulos  en  libros  que
publican  resultados  de
investigación

0

Productos  o  procesos
tecnológicos  patentados  o
registrados

0

      Prototipos y patentes 0
      Software 0
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TIPO DE PRODUCTOS
No. de PRODUCTOS

PACTADOS
No. de PRODUCTOS

PRESENTADOS
Productos  o  procesos
tecnológicos  usualmente  no
patentables o protegidos por
secreto industrial

0

Normas  basadas  en
resultados de investigación

0

Formación  de  recursos
humanos

No. de
estudiantes
vinculados

No. de tesis
No. De

estudiantes
Vinculados

No. De tesis 

Estudiantes de pregrado 4 2 2 2

Semillero de Investigación 1 1

Estudiantes de maestría 0 0

Estudiantes de doctorado 1 0 1 0

Productos de divulgación
Publicaciones en revistas no
indexadas 

0 0 0

Ponencias presentadas en
eventos (congresos,

seminarios, coloquios, foros)

No. de
ponencias
nacionales

No. de ponencias
internacionales

No. de
ponencias
nacionales

No. de ponencias
internacionales

Ponencias presentadas en
eventos (congresos,

seminarios, coloquios, foros)

1 0 1 0

Propuesta  de
investigación

Propuestas  presentadas  en
convocatorias externas para
búsqueda de financiación.

1 1

Tabla No. 2. Detalle de productos.

Para cada uno de los productos obtenidos y relacionados en la tabla anterior, indique la
información solicitada para cada uno, anexando copia de las respectivas constancias.
Como anexo a esta guía encontrará el instructivo para instructivo para la revisión de
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A two-band Bose-Hubbard model is presented which is
shown to be minimal in the necessary coupling terms at
resonant tunneling conditions. The dynamics of the many-
body problem is studied by sweeping the system across an
avoided level crossing. The linear sweep generalizes Landau-
Zener transitions from single-particle to many-body real-
izations. The temporal evolution of single- and two-body
observables along the sweeps is investigated in order to
characterize the non-equilibrium dynamics in our complex
quantum system.

1 Introduction

Describing stationary ground states and transport dy-
namics in real solid-states is notoriously difficult be-
cause of the too many degrees of freedom involved. It is
the merit of simplified models, which nevertheless take
into account the relevant physical mechanisms, to allow
analytical and numerical predictions for such complex
quantum systems. A celebrated model is the Hubbard
model first introduced for fermions, whose main approx-
imations are that it is discrete describing a lattice system
and that interactions are typically short ranged [1].

The realization of lattice models with ultracold atoms
has given new impetus to the theoretical study of many-
body models, be it for fermions or bosons. Neglecting
the spin degree of freedom, the simplest Hubbard model
in one spatial dimension is integrable for fermions,
while its counterpart for bosons is shown to be non-
integrable [2]. This originates in the fact that too many
combinations exist of distributing bosons on a lattice.
The Bose-Hubbard model we are referring to now and in
the following is given by the many-body Hamiltonian [3]

ĤBHM =
∑

l

[
− J

2

(
â†

l+1âl + h.c.
)

+ W
2

â†2
l â2

l

]
. (1)

Here âl and â†
l are the bosonic annihilation and cre-

ation operators in the lattice mode l, W denotes the

interaction strength and J the tunneling coupling be-
tween the wells. This model is only integrable for either
W = 0 (non-interacting case) or J = 0 (no dynamics)
as one may easily verify. If both energy scales J and
WNfill, where Nfill is the average filling, are comparable,
the Bose-Hubbard model is a paradigm for a quan-
tum chaotic system [2]. The Hamiltonian above well
describes an ultracold atomic gas in sufficiently deep
lattices where the ground band is very flat and decoupled
from higher lying energy bands of the periodic lattice [3].

Many extensions of the basic model of Eq. (1) have
been recently studied [3, 4]. To be more specific, mod-
els with more than the usual single-band approximation
were investigated in references [5–8], additional grav-
itational forces in [9, 10], or non-local interactions in
[11–15]. Our goal is here to present a model including two
coupled energy bands. Such a system is implemented in
ongoing experiments, for instance at Innsbruck [16–18],
Harvard [19, 20] and Munich [11, 21], and finds ap-
plication in other realizations of Wannier-Stark lattice
systems with ultracold bosons [22, 23]. Because of the
non-local interband couplings, our minimal two-band
model has similar quantum chaotic properties as its sim-
plest version (1), see also refs. [24, 25]. We will show
now how these properties can be used to steer many-
body Landau-Zener dynamics [26] and to investigate the
quantum (thermo)dynamics of the isolated many-body
quantum system.

2 Minimal two band model

Our two band model, considerably extending the Hamil-
tonian of Eq. (1), for locally interacting bosons is given by
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Figure 1 Sketch of the system we model by the Hamiltonian
(2). The hopping terms represent Ja (solid blue arrow) and Jb

(dashed blue arrow). Intraband and interband interactions corre-
spond to the terms with Wa,b, Wx, respectively. The field induced
dipole couplings are shown by the red arrows for Cμ, with μ =
−2,−1, 0. All the latter turn out to be relevant at the correspond-
ing resonant tunneling conditions as the next two figures report.

the following Hamiltonian

Ĥ2B =
∑
l,β

[
− Jβ

2

(
β̂
†
l+1β̂l + h.c.

)
+ Wβ

2
β̂
†2
l β̂2

l + 2π Fln̂(β)
l

]

+ 2πF
∑
l,μ

[
Cμâ†

l+μb̂l + h.c.
]

+ Wx

2

∑
l

[
b̂†2

l â2
l + h.c.

]

+ 2Wx

∑
l

n̂(a)
l n̂(b)

l + �

2

∑
l

(
n̂(b)

l − n̂(a)
l

)
. (2)

This model preserves the total number N of bosons on
L lattice sites. Then the full dimension of the state space
(Fock space) is given by

D = (N + 2L − 1)!
N!(2L − 1)!

. (3)

The operators β̂l and β̂
†
l represent the annihilation

and creation operators. n̂(β)
l = β̂

†
l β̂l is the number oper-

ator, with band index β ∈ {a, b} for the lower and the up-
per band, respectively. The parameter space is defined by
the parameters (Jβ, Wβ, Wx, Cμ,�). Most of the terms are
sketched schematically in Fig. 1. Jβ is the kinetic energy
scale, characterizing the nearest neighbor hopping ma-
trix elements. The W’s represent the on-site, intra- and
inter-band interaction strengths. 2μ + 1 dipole coupling
coefficients Cμ are induced by the constant gravity or
Stark field F , with μ ∈ Z. The Stark force itself is given by
the third term in the first line of Eq. (2). The average en-
ergy band gap is given by �. Two-body interactions be-
tween the local onsite single-particle energy band levels
lead to the interband exchange term in the second line of
Eq. (2).

In contrast to previous versions of the above model
[10, 27], we explicitly include here more cross-band cou-
plings with |μ| ≤ 2, for which μ = {−2,−1, 0, 1, 2}. At
least for resonant tunneling restricted to the next two
neighboring sites, more terms are not necessary since the

corresponding coupling coefficients go fast to zero with
increasing |μ| [24]. Yet, as we shall see non-onsite cross
terms are very relevant to describe, for instance, resonant
tunneling between the two energy bands induced by the
Stark field. Resonant tunneling finds important applica-
tions in solid-state devices [28] and is studied experi-
mentally with ultracold atoms in the mean-field [22, 23]
and many-particle regime [16–18]. In our sketch of Fig. 1,
resonant tunneling is almost realized between the upper
level of the middle well and the lower level of the right-
most site. The resonance conditions are given for specific
values of the Stark force, which is well controllable exper-
imentally [16–18, 22, 23]. From Fig. 1 it should be clear
that the addition of the coupling terms C±1 and C±2 is
crucial for investigating, in particular, first and second-
order resonant tunneling, i.e. resonant tunneling to the
nearest or next nearest neighbor well, respectively.

The non-integrability of Hamiltonian (2) makes nec-
essary a numerical treatment based on exact diagonal-
ization or explicit integration schemes. For the former,
we actually transform the static Stark terms into peri-
odically time-dependent phase factors for the hopping
parameters and diagonalize the corresponding time-
independent Floquet matrix. The temporal evolution for
non-periodic time-dependence is done with a highly op-
timized Runge-Kutta scheme taking into account only
the non-zero elements for matrix-vector multiplications.
More details on numerical procedures are discussed
elsewhere [29]. Here we focus on the physical conse-
quences of the strong coupling in dynamical simula-
tions. In this regime, the actual finite size of the system
expressed in number of atoms N and lattice sites L is
not really crucial since the total size D of the accessible
Hilbert space is anyway large for N, L ≥ 4 [24, 25, 29].
Hence we can restrict to rather small L = 4 and L = 5
with filling of order one for numerically expensive time-
dependent computations.

The importance of including the interband non-local
couplings C±1,±2 close to resonant tunneling conditions
is highlighted in Figs. 2 and 3.

First, we study the temporal evolution of the upper-
band population for an initial state with filling one and
all atoms in the ground band. The upper-band occupa-
tion number is given by the expectation value

M(t) =
∑

l

〈φ(t)|n(b)
l |φ(t)〉, (4)

with |φ(t)〉 being the time evolved state starting from an
initial Fock state. Figure 2(a) shows this number for N =
4 = L versus time for no interactions Wa,b,x = 0. While for
the case with only C0 nonzero almost perfect interband
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Figure 2 The temporal evolution of the initial state |ψ0〉 =
|1111; 0000〉 (N = 4 = L) in time units of the Bloch period
TB = 1/F . Shown are the upper band populations M(t) for (a)
Wa,b,x = 0 and (b) weak interactions Wa = 2.1 × 10−3, Wb =
2.6 × 10−3, Wx = 2.3 × 10−3. The different curves are com-
puted including only C0 = −0.09 (black dotted lines), C0 and
|C±1| = 0.039 (red dashed lines), and finally the full model dy-
namics with all coupling elements C0,±1,±2 with |C±2| = 2.1 ×
10−3 (green solid lines). The almost perfect oscillations in (a) and
the revival in (b) around t/TB = 750 are heavily affected by the
additional coupling terms. In particular, the phase of the inter-
band oscillations depends on the specific model and the revival in
(b) disappears in the background when including C±1,±2. The re-
maining parameters are F = 0.19,� = 1.16, Ja = 0.08, Jb =
−0.12.

oscillations occurs, the addition of the terms with |μ| > 0
complicates the dynamics. Hence, the results are differ-
ent even for the non-interacting problem. Here the sim-
plified theory of ref. [27] predicts an oscillation period
which is independent of the system size, here in par-
ticular of N and L at constant N/L = 1. Taking into ac-
count the terms Cμ, with μ = ±1,±2, the oscillations
show additional periods and the specific result depends
on the system size L instead (not shown). The situation
is even more dramatic if we look at an interacting case
in Fig. 2(b), for which the revivals, seen if only C0 is con-
sidered (dotted line), are degraded once we include the
C±1,±2 coupling terms (see solid line for the full model for
instance). This means that the periodic revivals seen for
the non-interacting case and just C0 couplings disappear
not only because of stronger interactions, but also due to
the additional couplings C±1,±2. This implies that – even
in the non-interacting case – the two-band system can-
not be mapped any more onto a simple quantum spin
Ising model, as done e.g. in [19, 30].

Figure 3 Dynamical numerical experiment to prove the impor-
tance of field inter band cross terms Cμ with μ 	= 0. (a) Typical
many-body energy spectrum across resonant tunneling charac-
terized by a single-particle avoided crossing (filled by dense lying
many-body levels). We try to transfer an initial state |ψ0〉 via a fast
(diabetic) evolution to an intermediate state |ψint〉 via a sweep
with the rates shown on the x axis in (b) into the final state |ψf〉.
The arrows indicate the start of the protocol at F0 ≈ 0.385 over
the intermediate value Fint ≈ 0.465 back to Ff = F0.(b) The suc-
cess probability of transferring a large population from aMott-like
lower band state into a corresponding upper band state as a func-
tion of the slope of the force sweep (in units of δF 〈s〉 as defined
in the main text). In the case of Cμ = 0 for μ 	= 0 the success
is high (red/upper solid line). The inclusion of more relevant cou-
plingsC±1 (green/lower solid line) and bothC±1,±2 (black dashed
line) destroys this possibility. While the details depend on the spe-
cific model used for the computation, we observe that the crucial
additional term is C±1 for the first-order resonance studied here
for L = 5 = N. Our realistic parameters are [24]:� = 0.32, Ja =
0.041, Jb = −0.046, Wa = 0.027, Wb = 0.029, Wx = 0.028,
C0 = −0.096, |C±1| = 0.046, |C±2| = 0.007.

Secondly, we investigate the temporal evolution of an
eigenstate of the two band system which has again the
form |ψ0〉 ≈ |11111; 00000〉 at a specific value of the force
F = F0. Then we sweep the force linearly in time F (t) =
Ḟ t + F0 and follow the dynamics of the corresponding
many-body state |ψ(t)〉. The goal of our optimization
procedure is to realize a final state close to |00000; 11111〉,
which would correspond to transferring a Mott-like state
from the ground band to the second band. The following
protocol turned out to be feasible, see panel (a) in Fig. 3:

(i) the initial and the intermediate state are chosen
around but slightly outside the resonant tunneling
region of width δF in the spectrum (see panel (a) in
Fig. 3); more precisely, the initial state on the left at
F0 and the intermediate state at Fint on the right at
of this region. The final state is obtained at the same
force value where we started from Ff = F0.

(ii) we diabatically evolve, i.e. with large sweeping rate
Ḟ � δF 〈s〉, the initial condition from left to right.
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Here δF is the width of the resonant tunneling re-
gion and 〈s〉 the mean level spacing. This procedure
ensures that the intermediate state |ψint〉 is of a sim-
ilar form in the Fock basis as the initial one, yet its
energy is increased.

(iii) Now we invert the evolution, i.e, the state |ψint〉 is
evolved backwards decreasing the force again. We
compute the success probability, i.e., the probabil-
ity of obtaining as a final state |ψf〉 = |00000; 11111〉
as a function of the slope Ḟ .

In panel (b) of Fig. 3 we show the success probability
(solid red line). The latter shows a clear stable maximum
over a sufficiently broad range of slopes (plateau region),
while for too large slopes Rabi-like oscillations occur.
The plateau region is obtained for sweeping rates values
which are close to but smaller than the product of the ef-
fective width δF of the many avoided crossing and 〈s〉.
Hence, if only the coefficient C0 is included the protocol
above would produce reliably the target state. Including
higher order couplings, our protocol becomes unstable
and useless for a production of this particular state with
high fidelity. For nearest-neighbor resonant tunneling,
the main contribution with respect to the naive model
(red/upper solid line) arises from C±1, while the next or-
der C±2 will become important for longer-range resonant
tunneling along the lattice (not shown here, but studied
in the mean-field regime experimentally in [22, 23]).

The two examples shown in Figs. 2 and 3 show that
we cannot neglect non-local band exchange terms Cμ,
with μ = ±1,±2, in particular at resonant tunneling con-
ditions [22, 23]. On the one hand, it denies the possi-
bility to prepare interesting higher-band states, if not
very sophisticated protocols for optimizing the transport
across the interband avoided crossing region are found.
On the other hand, only the inclusion of next-nearest
neighbor cross couplings leads to a complex mixing of
the states corresponding to the instantaneous spectra for
fixed forces F , respectively. This chaotic level mixing and
its consequences will now be characterized further in the
next section.

3 Quantum thermodynamics

Since our model conserves the particle number N, the
sum of the lower and upper band population obviously

is
∑

l

(
n(a)

l + n(b)
l

)
= N. In the limit of vanishing inter-

actions Wβ, Wx → 0, the spectrum of (2) can be split
into sets of states with the same upper-band occupation
number [25, 29], see Eq. (4). These sets of states, we call
them M manifolds in the following, are very useful also

for the characterization of the complex spectra of inter-
acting systems. As shown in detail in ref. [25], close to
resonant interband tunneling, these manifolds lose their
property of being good quantum numbers due to strong
interactions. This indicates that the spectra are strongly
mixed due to the interactions and the avoided crossing,
which squeezes the levels close together (see Fig. 3(a)).

Other useful quantities for the characterization of
strong level mixing are

θβ=a,b =
〈

1
2

∑
l

β̂
†2
l β̂2

l

〉
φ

(5)

and

θx = 2

〈∑
l

n(a)
l n(b)

l

〉
φ

. (6)

They represent the onsite intraband particle interactions
and the onsite interband interactions, respectively. Ob-
viously, both quantities are zero in the interaction-free
case.

We want to study now better the non-equilibrium
dynamics in the presence of interactions comparable
to the hopping strength. As in the previous section,
we drive an initial state across the resonant tunneling
regime, where many non-adiabatic transitions take
place. For this, we use a linear sweeping function, which
is indeed inspired by Landau-Zener transition models
for our system [31]: F (t) = Ḟ t + F0, t > 0. The rate Ḟ
is chosen in such a way to be similar to the product
of the mean level spacing 〈s〉 and the total width δF
in the parameter F of the strongly coupled region in
the spectrum. This guarantees an optimal sweeping
rate for strong level coupling in the dynamics, avoiding
too diabatic (direct crossing of the region without level
spreading) or too adiabatic (following essentially one
level only) evolutions. The scan starts slightly before
the avoided crossing at resonant tunneling and stops
slightly afterwards. The presence of avoided crossings in
the spectrum, see Fig. 3(a), generates then a spreading of
the initially localized wave packet in the instantaneous
eigenbasis of states |εi〉 with eigenenergies εi(F (t)). The
local density of states (LDOS), defined by

Pψ (ε, g ) =
∑

i

|Ci |2δ(ε − εi), (7)

with Ci ≡ 〈ψt|εi〉, characterizes this spreading. For strong
interactions, a nearly flat distribution is reached. Here
|Ci |2 ∼ 1/D, i.e. the system obeys a equipartition con-
dition. The spreading may also be analyzed using the
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Figure 4 Shannon entropy in the instantaneous
basis, see Eq. (8), in units of ln D for N = 6, L =
5. The different colors represent different M man-
ifolds of the initial state: M = 0 (black line with
circles), M = 1 (green dashed line with squares)
and M = 2 (light/blue dashed line with triangles)
and M = 3 (red dashed linewith open circles). The
inset shows the temporal evolution of the single
and two-body observables {M̂, θ̂β,x}. All of them
relax quickly to their equilibrium value given in
Eq. (9) and plotted as constant black dashed lines.
The other parameters are identical to the ones of
Fig. 3 and correspond for our filling N/L = 6/5 to
a regimeof strong levelmixing due to interparticle
interactions.

Shannon information entropy [32]

Ssh = −
∑

i

|Ci |2 ln |Ci |2, (8)

which approaches Ssh ≈ ln D in statistical equilibrium.
The evolution of the entropy is shown for typical system
parameters in Fig. 4. The entropy starts out from a small
value, which is zero when we start exactly with an eigen-
state of the system for F = F0. Then it systematically
increases saturating after crossing the minimum of the
avoided crossing. The saturation values are all identical
and close to one (actually 0.94 as predicted by random
matrix theory for fully chaotic level mixing [33, 34]).

The thermalization of observables in a complex
quantum system can be investigated with the help of the
eigenstate thermalization hypothesis [35–37]. For this,
we check whether the expectation value of our operator
Ô of interest and its time average approach the diagonal
approximation:

〈Ô〉t ≡ 〈ψt|Ô|ψt〉, O ≡ lim
t→∞

1
t

∫ t

0
〈Ô〉t′ dt′ −→

∑
i

|Ci |2 Oii ,

(9)

where Oi j = 〈εi |Ô|ε j〉. Since we are treating a closed sys-
tem, the density matrix is represented by the pure state
|ψt〉 for the full system. In the regime of strong chaotic
level mixing, the distribution of the coefficients |Ci | af-
ter the sweep is essentially flat confirming the statistical
relaxation in our isolated system (see the discussion of
the Shannon entropy above). This regime can indeed be
characterized by an effective temperature of the size of
the spectral width divided by the Boltzmann constant,
see ref. [38] for the somewhat subtle definition of tem-
perature in our isolated system of interacting particles in

terms of the instantaneous Floquet bases at fixed forces
F .

The coherent dephasing arises from passing the zone
with many avoided crossings with a broad distribution of
widths as expected from random matrix theory, see e.g.
[39]. The passing of this chaotic zone close to resonant
tunneling conditions makes the off-diagonal elements
Oi j go to zero quickly and the evolution can be well ap-
proximated by the diagonal contributions only. We study
the time evolution of the set of observables {M̂, θ̂β,x} in-
troduced above. Optimal thermalization in the instan-
taneous eigenbases is obtained for a sweeping parame-
ter Ḟ/δF 〈s〉 of order 1. This condition corresponds to the
strong mixing condition mentioned already in the pre-
vious section. All the expectation values shown in the in-
set of Fig. 4 converge to their microcanonical averages (in
our case identical to the diagonal ensemble on the right
hand side of Eq. (9)) via quantum chaotic diffusion across
the instantaneous spectrum. Hence, the right hand side
of Eq. (9) is, in practice, not any more dependent on the
initial state because of the strong level mixing and the
resulting irreversibility of the quench dynamics (see [38]
for details).

4 Conclusions and perspectives

We presented a model of two energy bands coupled by
internal particle-particle interactions and by an external
Stark force. Our model may be realized with ultracold
bosons in periodic optical lattices [16–18]. The non-
intergrability of our quantum many-body system can
be used to engineer complex dynamics. The temporal
evolution of the system across a region of strong level
clustering (avoided crossings) highlights the relevance
of additional interband coupling terms. Furthermore,
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it allows us to investigate the chaotic diffusion and
non-equilibrium properties of single and two-body
observables within the instantaneous quantum spectra.
An advantage of our system is that the sweep across the
chaotic spectral region at resonant tunneling conditions
can be done rather fast (also because the region is
small in parameter space, see e.g. Fig. 3(a)), and one
does not have to wait asymptotically long for reaching
thermalization. Together with possible experimental
implementations with ultracold atoms, our results shed
light on the understanding of thermalization in closed
non-integrable systems through the eigenstate thermal-
ization hypothesis [35–37]. Other applications include
the study of reversibility properties [38, 40] and the
deterministic production of entanglement [41] in driven
many-body quantum systems.
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Resumen

Motivados por los recientes experimentos en simulación cuántica y los avances en control co-
herente, ambos haciendo uso de gases cuánticos ulrafrı́os en redes ópticas, hemos estudiado
temáticas particulares dentro de cada una de estas dos grandes áreas de la fı́sica cuántica mo-
derna. Hemos dedicado la primer parte de esta tesis al estudio de modelos de magnetismo
cuántico en una dimensión, especialmente la cadena XXZ, esto usando un modelo de Bose-
Hubbard en la aproximación de una sola banda energética para bosones ultrafrı́os en una red
óptica unidimensional. Establecimos una conexión entre el sistema atómico y el sistema magnético
gracias a la propagación de una excitación, denominada dipolo (par ocupación doblón-hueco) del
sistema atómico en el contexto de una red inclinada. En un segundo capı́tulo hemos explorado,
con un modelo de Bose-Hubbard en la aproximación de dos bandas energéticas, la dinámica
entre bandas que se puede establecer mediante la inclusión de un término que acople éstas a
partir de ocupaciones dobles de los sitios de red en la banda inferior.

Abstract

Motivated by state-of-the-art experiments related to quantum simulation with ultra cold quantum
gases and by the advances in the coherent control of ultracold matter, we theoretically address
issues encircling two large areas of quantum physics: quantum simulation and coherent control.
We devote the first chapter of this thesis to the study of one dimensional quantum magnetism,
especially in the case of a XXZ Heisenberg model, by means of a single band Bose-Hubbard
Hamiltonian. This research, based in the issue of ultracold quantum gases, clearly shows how
the Feynmann’s idea of quantum simulation works. As it will be shown a fundamental physical
entity is the quasiparticle known as dipole, a pair of doublon-holon. A second chapter consider
a similar type of dynamics but extending our model by including a second Bloch band to our
Bose-Hubbard Hamiltonian. Here we explore possibilities of coherent control of the inter-band
dynamics estrictly induced by the creation of doublons in the lowest energy Bloch band.

v
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Chapter 1

Introduction

Since the beginning of quantum theory in the 1900′s one of its major applications has been the
study of matter. Nowadays we call it quantum matter and is one of the fields with the larger
activity in both theory and experiment. The field had a boost with the development of modern
techniques of cooling and trapping atoms that gave the Nobel prices in physics to Steven Shu,
John Phillips and Cohen-Tannoudji in 1997, followed by the successful achievement of the Bose-
Einstein condensation [1–3] that was recognized with the Nobel price of 2001 to Eric Cornell,
Wolfgang Ketterle, and Carl Wieman. That gave birth to a field known today as ultracold matter or
ultracold atoms physics, which has had great success thanks to the possibilities of trapping and
controlling quantum matter. Perhaps the first experimental proof of this high controllability was
realized by Greiner et al. in 2002 [4] by showing how a sample of Rubidium atoms loaded in an
optical lattice can undergo a phase transition between superfluid and Mott-insulator phases, and
the reversibility of the process. Since then there have been extensive developments in this field,
many of those are summarized and can be found in [5].

Since ultracold atoms loaded in optical lattices present the most cleanest setup available today,
physicists have taken advantage of this to study complex condensed matter systems in regimes
that are usually unreachable. This thanks to the implementation of today-called quantum simula-
tors [6–9]. In addition, it is possible to study quantum matter dynamically, where usually this evolu-
tion mixes a large number of accessible states and it results in diffusion in the large Hilbert space
of the problem [10]. However the high controllability of ultracold matter has allowed physicists to
propose and test protocols for the coherent control of the time evolution of quantum systems, see
for example [11–13].

1.1 Quantum simulation

The high difficulty of studying quantum systems by means of the computational tools available
today has open a whole new field in quantum physics: Quantum simulation: As Richard Feynman
said “Nature is not classical, dammit, and if you want to make a simulation of nature, you would
better make it quantum mechanical, and by golly it is a wonderful problem, because it does not
look so easy” [14]. At the core of this field we found a simple idea. As Feynman said, you can
mimic the behavior of a quantum system with another more controllable one. The main objective
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of having a more controllable system is to extract useful information about the behavior of the
original system, information that can otherwise be screened or destroyed by noise or the influence
of impurities and defects when studying the original system.

Although quantum simulation is a nice and simple idea, its implementation is not an easy task.
First, a good system to be used as quantum simulator has to be found. Fortunately, modern
techniques of cooling and trapping atoms even at the level of single ions [6], perfected supercon-
ducting cavities [15], photonic crystals [16], quantum dot and quantum circuits [17] form a set of
possibilities for a choice of which is the best suited quantum simulator.

In this work we explore quantum simulation of one dimensional spin chains. Among the different
systems that can be used as quantum simulators we will focus our attention on trapped ultracold
quantum gases, for which a high degree of controllability has been reached, and in fact they have
already been used to simulate some complex quantum systems as the Hofstader Hamiltonian [8]
and frustration in a spin system [9].

1.2 Ultracold atoms and optical lattices

Atomic systems cooled near to the absolute zero and periodic lattices made up by the superpo-
sition of counterpropagating laser beams offer one of the cleanest experimental setups we have
today. The system is characterized by a high degree of control over the parameters of the sys-
tems, as was proven by the achievement of the Bose-Einstein condensation [1–3] and the phase
transition between Mott insulator and superfluid states [4]. The possibilities for a system of ultra-
cold atoms loaded in an optical lattice are huge. This can be seen from the active and dynamic
growth this field has had over the last decade [5], and it has found its place in modern physics as
an independent field of research rather than a branch of a larger field.

In the present section we want to introduce some basic notions related to ultracold atoms and
optical lattices that are going to be helpful for understanding further developments presented in
this thesis.

1.2.1 Bose-Einstein condensation

For many years the limit of how low the temperature of a sample can be reduced was placed at the
temperature of liquid nitrogen. However, with the understanding of the statistical nature of tem-
perature that barrier could be overcome. Nowadays we frequently hear of ultracold temperatures
that goes up to hundredths of Kelvin’s as near to the absolute zero as never before. All this thanks
first to modern techniques of trapping matter as Magneto Optical Traps (MOT), optical lattices, or
optical molasses. And some modern cooling techniques as Doppler cooling [18, 19], Sisyphus
cooling (see Sec. 8.8 in [20]), and evaporative cooling [21]. The temperatures that have been
reached with these techniques have been low enough to achieve and observe some exotic and
novel phenomena. For example, Bose-Einstein condensation (BEC) [1–3] which occurs around
10−5 K in diluted gases, though this temperature depends on the confinement potential (chapter
1 of [22]).

As predicted by Bose and Einstein [23], a collection of bosons cooled near the absolute zero
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undergoes a phase transition characterized by a massive occupation of one quantum state. This
can be seen either from the singularity that appears in the occupation number when described
by Bose-Einstein statistics, or when one or more eigenvalues ni(t) of the reduced single-particle
density matrix is of the order of the total number of particles N

ρ(rα, r′α′; t) ≡ 〈φ̂†(r, α)φ̂(r′, α′)〉 =
∑
i

ni(t)χ
∗
i (r, α; t)χi(r

′, α′; t) , (1.1)

where φ̂(r, α) represents bosonic field operators, with α denoting additional degrees of freedom,
and χi(r, α; t) are single particle eigenfunctions of ρ(rα, r′α′; t). Although BEC is not the main
subject of the present work it helps us to understand up to what extend ultracold temperatures
have allowed physics to advance in the study of quantum matter.

1.2.2 Optical lattices

An optical lattice can be understood as a periodic chain of atomic traps or potential wells in which
atoms can be confined due to the interaction between their atomic dipolar momentum and the
electric field. Periodic potentials are generated by the interference of counter-propagating laser
beams, where the resulting standing wave has a period equal to λ/2 with λ the wavelength of the
used laser. If the electric field of the laser varies spatially, then it generates an electric force on
the atoms [24]

F dip =
1

2
α(ωL)∇

[
|E(r)|2

]
, (1.2)

where α(ωL) is the atomic polarizability and ωL is the field frequency. The interaction with the
electric field makes the atoms experience a dipole potential given by [24]

Vdip(r) =
3πc2

2ω3
0

Γ

∆
〈|E(r)|2〉 , (1.3)

with ∆ = ωL − ω0 the detuning between the frequency of the field and the atomic transition
frequency ω0. In the semi-classical treatment (particles are quantized and the radiation is treated
classically), the atom is treated as a two level system with decay rate Γ. An optical potential exerts
a repulsive force on the atoms if we have blue detuning ∆ > 0 and an attractive one if we have red
detuning ∆ < 0 [5]. Periodic potentials in 2D and 3D can be realized by including extra pairs of
counterpropagating laser beams and varying the angles between the pairs, typically those angles
are set such that the pairs are orthogonal. Here, we are interested in a one dimensional profile
created by the interference of two laser beams one with half the periodicity of the other. Thus, our
dipole potential reads

Vdip(r) = −V0[cos(2kLx) + s0 cos(4kLx+ φ)] , (1.4)

with s0 = V1
V0

and φ the phase difference between the two cosinusoidal waves of amplitudes V0

and V1, respectively. With this potential profile we can effectively isolate the first two Bloch bands,
that is, eigenenergy bands of a free particle in a periodic potential, and thus neglect the influence
of higher bands on the system. Usually this set up is called a bichromatic potential or miniband
structure, and its properties can be controlled by means of the parameters s0 and φ [25]. In
addition we can introduce an external field VWS(x) = Fx to define the known Wannier-Stark
system [26].
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Figure 1.1: Schematic representation of a Wannier-Stark ladder in a monochromatic potential, including
the first and second energy bands, the extra levels correspond to the raising in each band energy when
there is more than one particle in a site. With d = dL.

1.3 The Wannier-Stark system

1.3.1 Generalities

As mentioned in Sec. 1.2.2 by introducing an external field of the form VWS(x) = Fx, we obtain
the Wannier-Stark system. The Hamiltonian for the tilted lattice reads

Ĥ0 = − ~2

2m0

∂2

∂x2
+ V (x) + Fx, with V (x+ dL) = V (x) , (1.5)

where F is a static external force that can be treated as a control parameter. The energies of the
system are given by εl = E0 + ldLF [27], that is, the energies are obtained after translation over l
wells of the lattice starting from the untilted system energy E0 (see Fig. 1.1). On the other hand,
the eigenstates of the system, commonly known as Wannier-Stark states are given by

|wl〉 =
∑
m

Jm−l

(
J

2dLF

)
â†m|0〉 , (1.6)

where Jm−l is a Bessel function of the first kind, and dL is site separation distance or lattice
constant. These states are localized functions in the coordinate space at the lth well of the
lattice. Schematically, in presence of a fixed force, the energy levels of the Wannier-Stark system
represent a set of equidistant states, called the Wannier-Stark ladder. For every energy band one
can build the respective Wannier-Stark ladder and they are going to be separated by an energy
gap, say ∆ββ′ which varies as we go up in the band index β. The Hamiltonian in Eq. (1.5) is
unbounded and with a continuum spectrum, i.e., it does not have discrete eigenvalues [26]. Such
contradiction finds its solution in the following argument, the spectrum is complex and the discrete
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Figure 1.2: Schematic representation of the two main processes taking place in the Wannier-Stark system.
Bloch oscillations within the first Brillouin zone and Landau-Zener tunneling to higher bands [26].

energies presented above are resonances embedded in the complex continuum

εβl = Eβ + ldLF − i
Γβ
2
, (1.7)

where Γβ stands for the decay rate of each band that appears as a consequence of the un-
bounded spectrum and the Wannier-Stark states being metatestable. Among the effects that
arises as consequences of the external force, Bloch oscillations [28] are one of the most in-
teresting. When we place a particle on a given lattice site it will get accelerated but without
escaping from the lattice confinement. Instead it will undergoes Bloch oscillations with a period
TB = 2π~/dLF , known as the Bloch period. The other interesting process is Landau-Zener tun-
neling characterized by the promotion of particles lying in the lower band to higher energy bands,
as we can see in Fig. 1.2: when the particle is undergoing Bloch oscillations there is a non-zero
probability for it to get promoted to the upper band as it gets closer to the boundary of the first
Brillouin zone. This effect gets naturally enhanced when two different Wannier-Stark ladders get
maximally coupled via interband resonant tunneling at values of the force approximately given by

F|l−l′| ≈
∆β,β′

dL|l − l′|
, (1.8)

where ∆β,β′ is the energy separation between Bloch bands β, β′, and l, l′ are the lattice sites
whose lower(upper) and upper(lower) single particle levels become degenerate respectively. Fol-
lowing the notation of ref [29], we define r = |l − l′| as the order of the resonance with r ∈ Z. In
the following, the vicinity of the Stark force Fr will be referred as the resonant regime.

1.4 The Bose-Hubbard model

In this work we will be dealing mainly with the single-band Bose-Hubbard model. However, here
we are going to present some short passage on the derivation of the whole model for the many
body problem (a more complete treatment can be found in chapter 3 of [30]). To do so, the general
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Hamiltonian we need to study is [31],

H =

∫
φ̂†(x)[H0(x) + Fx]φ̂(x)dx+ g1D

∫ ∫
φ̂†(x)φ̂†(x)δ(x− x′)φ̂(x′)φ̂(x′)dxdx′ , (1.9)

where the second term stands for the allowed interaction between particles, which is reduced
only to contact ones described by a pseudo-potential g1Dδ(x) [32]. In order to compute the
transformation of each of the terms in Eq. (1.9) we need to define the proper field operators for
our description. These operators can be defined in the following way. It is known that the periodic
problem has its solution in the Bloch theorem, therefore ψαk (x) = eikxuαk (x) known as Bloch
waves are solutions of

H0ψ
α
k (x) = Eαk ψ

α
k (x), with H0(x) =

P 2

2m
+ V0 cos(2kLx), (1.10)

where k represents the quasi-momentum restricted to first Brillouin zone −π/dL ≤ k ≤ π/dL, α
labels the band, and uαk (x) are functions with the same period as the lattice uαk (x+ dL) = uαk (x).
Here Eαk are the eigenenergies, the so-called Bloch energy bands since k is continuous. Since
the Bloch waves are periodic functions of the quasimomentum they can be expanded in a Fourier
series. The expansion can be written as

ψαk (x) =

√
dL
2π

∑
xl

wα(x− xl)eikxl ,

with expansion coefficients wα(x− xl) =

√
dL
2π

∫
BZ

ψαk (x)e−ikxldx , (1.11)

where the expansion coefficients are the known Wannier Functions [33]. In Eq. (1.11) xl = dLl
and l labels the lattice site. Some properties of the wannier functions are that they form an
orthonormal set, and their parity is band dependent as follows∫

wα(x− xl)wα
′
(x− x′l) = δαα′δll′ , (1.12)

wα(−x) = (−1)α−1wα(x) . (1.13)

The maximal localized Wannier functions that drop exponentially for x < |dL| [34] can be obtained
once we have guaranteed the analyticity of the Bloch waves (for a deeper discussion on Bloch
and Wannier functions see App. 1 of [35]). We write the field operators in terms of the Wannier
functions to obtain a description of local single-particle states,

φ̂(x) =

∞∑
α=1

∑
l∈Z

wα(x− xl)âαl , (1.14)

where the operator âα†l creates a boson in well l on band α. For short, we will speak site l and
band α.

In the following and throughout this work we set ~ = 1 and the energy unit is given by the recoil
energy Er = k2

L/2m. Additionally, we use the rescaling

k → k/kL, x→ x/dL, Vi → Vi/Er . (1.15)
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Now that we have a clear definition of the field operators we can proceed by writing down the
explicit form of each of the terms in Eq. (1.9). The part corresponding to the periodic problem
reads∫

φ̂†(x)[H0(x)φ̂(x)]dx =
∑
α

∑
l,l′

Jαl−l′ â
α†
l â

α
l′ ,

with Jαl−l′ ≡
∫
wα(x− xl)H0(x)wα(x− xl′)dx = εαl−l′ , (1.16)

where εαl−l′ represents the Fourier transformation of the eigenenergies. Here the contribution me-
diated by Jαl−l′ is referred as hopping because it destroys a particle in a site l and creates it on a
site l′. Although there is a possibility for hopping between different bands by computing an expan-
sion of the Bloch hamiltonian in terms of the creation (annihilation) operators, the coefficients for
such transitions are zero due to the orthonormality of the Wannier functions (see Chap. 3 of [30]).

The term containing the external Stark force transforms under the field operators defined in Eq.
(1.14) as

F

∫
φ̂†(x)x φ̂(x)dx = dLF

∑
α,l

l âα†l âl + dLF
∑
α,α′

∑
l,l′

Cαα
′

l−l′ â
α†
l â

α′
l′ ,

where Cαα
′

l−l′ ≡
∫
wα(x− xl)xwα

′
(x− x′l)dx . (1.17)

We see that the external field has the following effects: first it tilts the lattice, and second it couples
different sites and bands. Here, the parity property in Eq. (1.12) implies that the external force
does not couple different sites in the same band. Finally, the term of the interparticle interaction
in Eq. (1.9) takes the form

g1D

∫
φ̂†(x)φ̂†(x)φ̂(x)φ̂(x)dx =

∑
α1,...,α4

∑
l1,...,l4

Mα1...α4
l1...l4

âα1
l1
âα2
l2
âα3
l3
âα4
l4
,

with Mα1...α4
l1...l4

≡ g1D

∫
wα1(x− xl)wα2(x− xl)wα3(x− xl)wα4(x− xl)dx . (1.18)

Since the Wannier functions are maximally localized on the lattice sites the dominant contributions
to the interaction are on-site ones given by Mα1...α4

llll . However, the parity of the Wannier functions
force many of these coefficients to vanish. A more broad discussion on the Bose-Hubbard coeffi-
cients can be found in Chap. 1 of [36].

As stated at the beginning of this section our main object of study is the single-band Bose-
Hubbard Hamiltonian. This model is a reduction of the full many-body problem presented here
when we truncate the number of energy bands to one, and in terms of the previous expressions it
reads,

H =
∑
l,l′

Jl−l′ â
†
l âl′ + dLF

∑
l

lâ†l âl +
∑
l

M1111
llll â†l â

†
l âlâl, (1.19)
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Figure 1.3: Phase diagram of the XXZ-model for S = 1/2 in presence of an external field in z-direction [37].

1.5 Some properties of the XXZ-chain model

The study of one-dimensional quantum magnetism is one of the more prolific areas in condensed
matter physics. Both, because it provides physicists with a better understanding of strong corre-
lated systems and because it has direct application on the study of real materials. One paradig-
matic model in the study of these quantum systems is known as the Heisenberg XXZ-chain model.
This model features two different phases. The ferromagnetic phase and the anti-ferromagnetic
phase or Néel phase.

Here, we have special interest in a S = 1/2 XXZ chain in presence of an external field in the
z-direction. The specific Hamiltonian reads

H = J̃
∑
n

(σxnσ
x
n+1 + σynσ

y
n+1 + ∆σznσ

z
n+1) + h

∑
n

σzn , (1.20)

where σin, i = x, y, z are the usual Pauli matrices, J̃ the super exchange coupling, ∆ the
anisotropy parameter, and h the strength of the magnetic field. Additionally, the most important
feature of this model is that the longitudinal coupling between spins interchanges up and down
spins, | ↑↓〉 → | ↓↑〉. This coherent exchange of the positions of two spins in adjacent sites is
known as superexchange (see [37]).

The phase diagram of the XXZ-Heisenberg model in presence of a z-external Zeeman field
can be viewed in Fig. 1.3, where the regions for each of the three main phases, ferromagnet,
antiferromagnet and XY are delimited. A more deep presentation of this phase diagram can be
found in [38].

We have special interest in the two opposed phases of the model, both presented in Fig. 1.3.
The ferromagnetic phase appears for ∆ < −1. In this phase the XXZ chain exhibits a ground
state where all spins point either up or down, with total magnetization different from zero. The
introduction of the external Zeeman field does not alter the system because the total spin com-
ponent σztot commutes with the Hamiltonian leading only to an increment in the energy without
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altering the wave functions. However, it does stabilize the ground state and lift the broken spin
inversion symmetry. Here the basic excitations of the ground state are called magnons. They are
single impurities that breaks the large order of the ferromagnet and can, as a consequence of the
superexchange, travel along the chain.

The Néel or antiferromagnetic phase appears for ∆ > 1. This face features, in the thermodi-
namic limit, a two-fold degenerated ground state with zero total magnetization but finite sublattice
magnetization, N z =

∑
n(−1)nσzn. In contrast with the Ferromagnetic phase quantum fluctua-

tions prevent the order from being complete since the sublattice magnetization does not commute
with the XXZ Hamiltonian.

The excitations of these phase can be understand thinking on the ground states at the thermo-
dynamic limit. One starts there from either of the two degenerated ground states and breaks only
one bond one will end up with a cluster of three spins oriented in the same fashion. Later the
superexchange will change this configuration by another one where the cluster has recovered its
alternating order but on each side of the cluster there will be two small clusters of two spins ori-
ented in the same fashion. These are known as two-domain walls and as for the magnons in the
ferromagnet they can propagate along the chain. One can see that for a finite system depending
on how many bonds you break in the antiferromagnetic ground state you could arrive to a similar
state where a single spin impurity propagates.

There is an additional phase that lies just in the middle of the two previously mentioned phases.
However, for the sake of keeping the discussion in this thesis simple and related to what will be
presented in incoming chapters we are not dealing with the XY phase here. Nevertheless we
recommend [37] for the interested reader.

1.6 The rest of this work

In Chap. 1 we presented some necessary concepts for the later developments of this work.
Mainly, they are ultracold atoms and optical lattices in Sec. 1.2, the one-dimensional Bose-
Hubbard model in Sec. 1.4, and the Heisenberg XXZ-chain model in Sec. 1.5. The subsequent
chapters are devoted to the study of two main areas. First, quantum simulation, in particular the
construction of bridges between one dimensional ultracold atomic systems and one dimensional
magnetism. Second, coherent control, taking advantage of the controllability of ultracold atomic
systems to propose and test routes towards the achievement of a some states of interest. To do
that the rest of this work is divided as follows.

In Chap. 2 we present one already proposed and tested quantum simulation of the antifer-
romagnetic Ising chain in transverse and longitudinal fields, and the link between second order
processes in the single-band Bose-Hubbard model and spin transport in the form of spin waves in
the Heisenberg XXZ-model. Later, in Chap. 3 we introduced the two-band Bose-Hubbard Hamil-
tonian with a doublon-mediated interband coupling, and the respective dynamical study was done
using two different techniques, shaking the lattice and parametric evolution. All this looking for-
ward to the achievement of some specific states. We include three appendices. App. A deals with
some generalities of the Schrieffer-Wolff transformation and its application to the models studied
in the two core chapters of this thesis. App. B presents a collection of results from Chap. 3 with
the parametric evolution. App. C presents two different issues: In Sec. C.1 a more extensive ex-
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planation of the procedure we used to study the interference time in Chap. 2 is presented, and in
Sec. C.2 the situation of having an initial state with a dipole in the middle of the lattice is studied.

10
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Chapter 2

Quantum simulation with the
single-band Bose-Hubbard model

2.1 From the single-band Bose-Hubbard model to a Ising chain

One big question that arises when you want to simulate a spin system with bosons is how to
restrict the otherwise large number of degrees of freedom allowed to bosonic particles. To find
the proper regime in which the Hilbert spaces of the spin system and the bosonic system have
commensurable dimensions is usually a hard task. However, it has been shown [39] and proven
experimentally [7] that in the single band approximation of the Bose-Hubbard model, as presented
in the previous chapter (Eq. (1.19)), it is indeed possible to find a proper regime in which the
situation mentioned above occurs for the spin and bosonic systems. In the following sections we
will present this regime and the quantum simulation that can be built working on it.

2.1.1 Mott insulator in a strong tilted lattice

The single-band Bose-Hubbard model was presented in Eq. (1.19). This model features two
phenomenologically distinct phases, a superfluid one and an insulator one referred to as Mott
insulator. This phase features negligible hopping amplitude (which translates to deep potential
wells) and a definite average density of particles, with the site occupation number fixed. This is
the phase we have interest to work with in the present chapter.

Our study is based on the B-H Hamiltonian but written in a slightly different form, where the
operators accounting for the interaction part are written such that they stand for the double occu-
pation of individual lattice sites. Such Hamiltonian reads

Ĥ = −J
∑
l

(â†l+1âl + h.c.) +
U

2

∑
l

n̂l(n̂l − 1) + F
∑
l

ln̂l , (2.1)

where J is the hopping amplitude between next neighboring sites, U is the interparticle energy
interaction, F is the strength of the external field, â†l (âl) are bosonic creation (annihilation) oper-
ators, and n̂ is the boson number operator. In particular, we set dL = 1. Usually the dynamics of
this Hamiltonian is rather complex and can lead to chaotic behavior [30].
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Here we are interested in the strong Stark forces regime and by that we mean

J, |U − E| � U, E . (2.2)

We will focus our study in a initial state given by a Mott insulator with unitary filling (n0 = 1), that
is, we will work with deep wells such that U � J and a mean density of particles per well equal
to one. In other words the filling factor N/L (number of particles over number of sites) is going
to be fixed at one. Even though we are in presence of a strong external field the Mott phase is
stable [39]. The stability of the Mott state under the presence of the tilt is justified as long as the
transition between untilted system and the tilted one is done via a sudden quench. In this case
we can energetically lock the Mott state regardless the presence of the tilt.

In the strong Stark forces regime we basically tunned the external force to a point in which it
is comparable with the energy given by the interparticle interaction. In other words the external
force is bringing the energy level of a site into an energy degeneracy with the energy level of two
particles in a next neighboring site. Then, the large Hilbert space of our problem can be effectively
reduced to a manifold of states that are resonantly coupled to the Mott state. The reduction is way
advantageous and we can see it from the calculation of the dimension of the Hilbert space for the
resonant manifold given by,

dim(Hn+1) = dim(Hn) + dim(Hn−1),

with dim(H1) = 1, and dim(H2) = 3 , (2.3)

where n stands for the number of lattice sites. This expression can be figured out by thinking
on the number of different resonant states available from the Mott state for unitary filled lattices
(N/L = 1) of length L = 1, 2, 3, ... with periodic boundary conditions. We have to remember that
the expression presented in Eq. (2.3) works only for the case of unitary filling.

The states that belong to the resonant manifold are accessible from the Mott state by means of
a resonant transition [39, 40]. Those states given by the movement of a particle from one site to
the next neighboring site when the energy levels of a single particle and two particles respectively
are degenerated due to the external force. In Fig. 2.1 we present an example of such a transition.
These resonant transitions are called dipole transitions, because in the process we have created
a pair holon-doublon (a vacancy and two particles in next neighboring sites) as a consequence of
the resonance. These dipoles are the only allowed deformations of the Mott state in our regime
of interest [39] and together they constitute a good subspace of accessible states of our system.

The restriction on having further transitions once we have created the dipole is given by the
fact that the external force does not couple the energy level of two particles with any other energy
level in the direction of the tilt. Hence, we can treat the dipole as a whole entity in itself. To write
an effective Hamiltonian it is convenient to introduce an operator that stands for the process of
create or destroy a dipole. We define it as

d̂†l =
â†l+1âl√
n0(n0 + 1)

, (2.4)

where n0 is the average occupation that we set to one [39]. By introducing this operators we have
reduced our problem to work in the subspace of dipole states and in such a scenario we can write
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Figure 2.1: Schematic representation of a resonant transition as a consequence of the strong Stark force
bringing close in energy the levels of a single particle (solid line) and two particles (dashed line) in next
neighboring sites, such transitions happened usually at U ≈ E. This process is known as resonant
enhance tunneling (RET). With d = dL.

an effective Hamiltonian for the Bose-Hubbard model in Eq. (2.1). It reads

Ĥd = −J
√

2
∑
l

(d̂†l + d̂l) + (U − E)
∑
l

d̂†l d̂l , (2.5)

where we can either create or destroy a dipole with an amplitude J and once we have created it,
it will have an energy U − E. We may notice that a single site of the lattice can support only one
dipole and once we have a dipole in a given site we cannot create a dipole in the next neighboring
site. Therefore, the Hamiltonian in Eq. (2.5) has the following restrictions:

d̂†l d̂l ≤ 1 and d̂†l+1d̂l+1d̂
†
l d̂l = 0 . (2.6)

The reduction of the Hilbert space of our system to the dipole subspace and the restrictions in
Eq. (2.6) will allow us to build a spin chain simulator.

2.1.2 Antiferromagnetic Ising model in transverse and longitudinal fields

From the restrictions on the process of dipole creation we can extract the following information:
(1) the number of dipoles per site is either one or zero. Therefore, this can be related to a system
with two occupation values that can be understood in terms of spins. (2) The second restriction
is reminiscent of a next neighboring interaction, since we cannot have dipoles in next neighboring
sites. With this two statements in mind we define the following mapping between dipoles and
spins:

σzl = 1− 2d̂†l d̂l, σxl = d̂†l + d̂l, and σyl = i(d̂†l − d̂l) . (2.7)

An schematic representation of the spin mapping is presented in Fig. 2.2.
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Figure 2.2: (a) Schematic representation of the different processes that take place within the single-band
Bose-Hubbard model. (b) Representation of the allowed processes for the tilted single band system. (c)
Spin mapping. (d) and (e) Two different phases exhibited by the Ising model in transverse and longitudinal
field Eq. (2.8); for insufficient tilt (d) we have a paramagnetic phase and for excess of tilt (e) we have an
antiferromagnetic phase [41].

We can thus write our dipole Hamiltonian in terms of spin operators, but for that it is useful to
implement the constraint forbidding dipoles in next neighboring sites in the Hamiltonian such that
we will have a next neighbor interaction. To do that we will include an energy term of the form
Wd̂†l+1d̂l+1d̂

†
l d̂l = W

4 (1− 2σzl + σzl+1σ
z
l ). After some algebra the Hamiltonian can be brought into

the following form in terms of spin operators:

Ĥs = W̃
∑
l

(
1

2
σzl+1σ

z
l − hxσxl − hzσzl

)
. (2.8)

This model is usually referred to as the Ising model in a transverse and longitudinal fields [42].
Here, hx = 2

√
2 J
W and hz = 1 − ∆

W , with ∆ = E − U , are the strengths of the longitudinal and
transverse fields, respectively, and W̃ = W

2 . It is known that the interplay between the magnitude
of the two fields drives a phase transition between a paramagnetic phase and an antiferromagnetic
phase. Interestingly this phase transition can be in general classified as a second order phase
transition [42]. However, there is a special point (multi critical point) at which the phase transition
is a first order one. This is precisely the point where the parameters hx, hz and ∆ take the values
given above. That means, our simulation works precisely at the critical point [7].

To see a little bit clearer how the simulation we have presented in the last and present sections
works, let us take a look at the dipole Hamiltonian, but first we define a control parameter given
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Figure 2.3: Energy spectrum for a chain with eight sites and unitary filled as a function of λ. We can see
that the ground state exhibits two different behaviors, one for λ � 1 and for λ � 1, that we relate with a
paramagnetic phase and an antiferromagnetic phase of the spins model. Here the dimension of the Hilbert
space is dim(Ĥ) = 47.

by λ = U−E
J that varies continuously. With that change the Hamiltonian now reads

Ĥd = −
√

2
∑
l

(d̂†l + d̂l) + λ
∑
l

d̂†l d̂l . (2.9)

The explicit λ dependence of this Hamiltonian allows us to apply the definition of quantum phase
transition given in [43]. In Fig. 2.3 we have computed the spectrum of the Hamiltonian in Eq.
(2.9) for a chain of eight sites and unitary filling as a function of λ. If we focus our attention to
the ground state we see that it exhibits two different behaviors (for further details see [43]). For
λ � 1 the system is in a state with no dipoles and one particle per site, which corresponds to
a paramagnetic phase according to the mapping presented in Fig. 2.2. For values of λ � 1
the ground state is two-fold degenerated, where these states are one with dipoles in every odd
site and one with dipoles in every even site. Either of them corresponds to an antiferromagnetic
phase, hence we can see that as we vary λ by changing the external force we drive the system
from a paramagnet to an antiferromagnet.

The quantum simulation we have just presented was verified experimentally in 2011 in Greiner’s
ultracold atoms laboratory at Harvard University [7]. There, they could observe the transition from
a paramagnet to an antiferromagnet and backwards as they ramp up and down the magnitude of
the external field. For some clarifying comments on the methods implemented in [7] we recom-
mend [41].
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2.2 Signatures of spin-waves and interference in the single-band B-
H model

In Sec. 2.1.2 we saw how it is possible to map a Bose-Hubbard model to a Quantum Ising chain
in presence of both transverse and longitudinal fields. That was done by taking advantage of the
natural resonant excitations of the Mott state once we energetically lock it in the tilted system.
However, we have not provided further insights on this excitations. The objective of the present
section is to explore the dynamics of those excitations.

As we have seen those excitations are a pair of holon-doublon called dipoles [39]. The first
fact that was known is that dipoles are a whole structure on itself and they can move as such
[39]. Therefore, a natural question that arises is whether one can have propagation of such an
excitation when starting from a state with one dipole on one edge. Besides the time evolution
of the system, the incoming sections are focused on the study of the particular situation outlined
above when open boundary conditions are taken into account.

2.2.1 Second order processes in the single-band B-H model

As stated above we performed the time evolution of our system with an initial condition given by
|11...1120〉, where the lattice was tilted upwards (F > 0), and far from any resonance. We take
F = xU + δ, where x ∈ [3, 4), and δ a proper offset to guarantee that the system was outside
of any kind of resonance. This last constraint was imposed in order to look for phenomena not
considered so far in this work (notice that the case F ≈ U was studied in Sec. 2.1). In Fig. 2.4 we
have plotted the population along the lattices sites, 〈n̂l〉 = 〈ψ(t)|n̂l|ψ(t)〉, for the time evolution
performed.

All the simulations where performed for different sets of Bose-Hubbard parameters. In particular
the results presented in this section were obtained with the parameters of [44]. Regarding the
range of values we have chosen for x it was a range where we are away of the situation presented
in Sec. 2.1 and with a not to large tilt such that the wells were completely isolated one from
another.

From Fig. 2.4 we can see that the time evolution has two major characteristics. First, it allows
the dipole to propagate all along the lattice, though the initial information about the localization of it
is not completely preserved through the propagation. Second, once the dipole has completed one
transit it starts to propagate backwards but before completing the second transit it interferes with
itself. That manifested itself as the splitting of the probability distribution of single site occupation,
as can be seen in Fig. 2.4. This sort of behavior can be linked to the so called quantum carpets
[45]. The link is more easily done in the limit of lattices with a large number of sites (as we will see
in Sec. 2.2.4). Let us talk first about the dipole propagation. If we take a look to the Bose-Hubbard
Hamiltonian in Eq. (2.1) it is easy to see that this model does not allow transport of particles
beyond hopping and resonant tunneling. However, we are seeing that the dipole as whole jumps
from one site to the next-neighboring one and so on until it has reach the opposite edge of the
chain. Actually it evolves as |111120〉 → |111201〉 → |112011〉 → |120111〉 → |201111〉. Here
the movement of the dipole can only be realized by two successive hoppings. Hence, we have a
second order tunneling process. At this point one can be wondering, how to extract the relevant
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Figure 2.4: Time evolution of the population for the lattice sites of the chain. The color scale goes from
blue for zero particles to red for two particles on a given lattice site. The initial state was |111120〉 and the
value of the Stark force in our simulations was F = 3U + δ.

physics from our model? Usually that can be done by a perturbative approach, and it is indeed the
direction we will take here. In particular, we will be using the known Schrieffer-Wolff transformation
[46, 47]. The explicit calculation of the second order correction using S-W transformation can be
found in App. A and the construction of the effective model is done in Sec. 2.2.2.

What about interference? Well, naturally the wave function (WF) of the dipole acquires a phase
as it evolves and propagates through the lattice. As it will be justified later, the dipole WF is build
up by parts that travel with different velocities and as such they arrive at the edges at different
moments in time. Therefore, as the evolution proceed there is an effect of self interference of
matter waves that gives rise to the pattern observed in Fig. 2.4.

2.2.2 Effective model

In App. A we found the proper operator that accounts for the hopping of dipoles, it reads

OSO = 2J2

(
1

F − U
+

1

F

)
(â†l+2âl+1â

†
l âl+1 + h.c.) , (2.10)

where âl (â†l ) are bosonic annihilation (creation) operators. Following the form of the Schrieffer-
Wolff transformation the effective model (see Eq. (A.5)) reads

Heff =
U

2

∑
l

n̂l(n̂l − 1) + F
∑
l

ln̂l + 2J2

(
1

F − U
+

1

F

)∑
l

(â†l â
†
l+2âl+1âl+1 + h.c.) . (2.11)

We have thus an explicit mechanism for the propagation of dipoles and the hopping of single
particles is no longer part of the Hamiltonian as a natural consequence of the Schrieffer-Wolff
transformation.

One interesting point about the Hamiltonian in Eq. (2.11) is that the center of mass is a con-
served quantity (which can be easily proven). That is, [Heff ,

∑
l ln̂l] = 0. Therefore, if we go to

the interaction picture in terms of the external Stark field we get

HI = e−iÂtHeffe
iÂt − Â , with Â = F

∑
l

ln̂l , (2.12)
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and thanks to the fact that the center of mass is a conserved quantity, the explicit form of the
effective Hamiltonian in the interaction picture reads

Heff
I =

U

2

∑
l

n̂l(n̂l − 1) + 2J2

(
1

F − U
+

1

F

)∑
l

(â†l â
†
l+2âl+1âl+1 + h.c.), (2.13)

where this last expression is telling us that seeing from the excitations point of view the lattice is
no longer tilted, and actually what the dipoles experience is a transitionally invariant lattice.

2.2.3 From the single-band B-H model to Heisenberg XXZ-model

One of the main goals of this thesis is the study of spin chains by means of Bose-Hubbard like
models. To that end we want to take advantage of the effective model accounting for the hopping
of dipoles in Eq. (2.11) and connect it to the Heisenberg XXZ-chain.

First, we will work again with the definition of dipole operators that was given in Eq. (2.4). This
definition allows us to rewrite the effective Hamiltonian as

Hd = (U − F )
∑
l

d̂†l d̂l + 4J2

(
1

F − U
+

1

F

)∑
l

(d̂†l+1d̂l + h.c.) , (2.14)

where the term accounting for the contact interaction has disappeared because now we are deal-
ing with excitations and we do not care if such excitations are build up with two or more particles,
we only care about the presence or absence of dipoles on a given lattice site. Therefore, the
possibilities for the values of occupation number are now zero or one (see Eq. (2.6)). As stated
in Sec. 2.2.2 seeing from the dipole point of view, the lattices is not tilted and we arrive to a
translational invariant model.

The second step takes advantage of the already constructed mapping from dipoles to spins
defined in Eq. (2.7) of Sec. 2.1.2, with the additional fact that such mapping defines the spin
ladder operators as

σ+
l = 2dl, and σ−l = 2d†l . (2.15)

By going through the mapping onto spin operators we arrive to the Hamiltonian

Hs =
W

4

∑
l

σzl+1σ
z
l + 2J2

(
1

F − U
+

1

F

)∑
l

(σxl+1σ
x
l + σyl+1σ

y
l )− 1

2
(W − (F − U))

∑
l

σzl ,

(2.16)
which is nothing but the Heisenberg XXZ-chain in presence of an external magnetic field as
introduced in Chap. 1, but now all the model parameters are written in terms of the initial
Bose-Hubbard parameters. We have the precise identification of the superexchage coupling
J̃ = 2( 2J2

F−U + 2J2

F ), the magnetic field strength h = 1
2(W − (F − U)), and the anisotropy

parameter ∆ = W
4J̃

. This identification of the XXZ-chain parameters with the Bose-Hubbard pa-

rameters instantly fixes a value to the ratio J̃/h and ∆. Therefore, we can easily placed our model
in the phase diagram of the XXZ-chain (see Fig. 1.3). From the parameters we have used in the
simulations we have J̃/h ≈ J̃ since h ≈ 1, and ∆ � 1. It implies that our XXZ-chain is deep
inside the Néel phase. As a test of this we compute the time evolution of our system starting from
a ferromagnet, i.e, | ↑↑ ... ↑〉, and find that the system does not evolve. Once we have placed
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Figure 2.5: Top: Evolution for the population for the different lattice sites in the case of the effective Hamil-
tonian written in terms of boson creation (annihilation) operators in Eq. (2.11). The initial condition was
|111120〉 and the rest of the parameters as in Fig. 2.4. Bottom: Evolution of the population for each of the
different lattice sites with the effective XXZ-model in Eq. (2.16). The initial condition was | ↓↓↓↓↑↓〉, the
rest of parameters as in Fig. 2.4. In both cases we re-scale the time scale of the two effective models in
order to compare them with the results obtained with the full model, since naturally those time scales do
not coincide.

our model in the Néel phase (see Sec. 1.5 and Fig. 1.3) it is easy to see why we have propaga-
tion of dipole, by understanding this as propagation of a spin impurity after we have broken the
necessary number of bonds starting from an antiferromagnetic ground state.

Now the question is whether or not this effective model, the one in Eq. (2.11) and the one in
Eq. (2.16), reproduces the two main characteristics of the time evolution presented in Fig. 2.4. To
answer that question we perform the respective time evolution with both effective Hamiltonians,
starting with the proper initial condition. The results can be seen in Fig. 2.5, where the time
scales of both plots were re-scaled in order to make clearer the comparison between the effective
models and the original one.

In the following we will focus on the effective spin model. As we have seen in Sec. 1.5, in any
of the two extremal phases (ferromagnetic and Néel) of the XXZ-chain we have possibilities of
spin-waves. Our model is in the Néel phase and from the lower panel of Fig. 2.5 we see that
indeed the propagation of the impurity occurs. However, as a consequence of the propagation,
coherence triggers interference. But interference in the effective case appears later than in the
full model. This is because we are moving a single particle and in order to interfere with itself after
it bounces back on the edge it needs more time because the accumulation of phase in the wave
function as it moves through the lattice takes more time (there is only one object traveling). The
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Figure 2.6: Top: IPR for the evolution of the doublon part of the dipole in the case of the Bose-Hubbard
model. When contrasted with Fig. 2.4 we see that localization means peaks in the IPR plot and interference
means regions of small amplitude. Bottom: IPR for the spin model, the evolution of which was presented in
the lower panel of Fig. 2.5. We have re-scaled the time axis in the bottom pannel such that the comparition
between the full and effective-spin model is clearer.

same occurs in the case of the effective model written in bosonic operators. Though them act on
individual particles, the effect of the operator accounting for the second order process is to move
the dipole as a whole. Despite of that, the interference is there, and the pattern has the same
structure. Even further it last the same amount of time. This will be studied in detail in the next
section.

Among the different observables available to characterize our system, we compute the inverse-
participation-ratio-like (IPR) functional. This allow us to have a measure of how localized or delo-
calized is the occupation distribution in Fig. 2.4 at some moment. This interplay between localiza-
tion and delocalization is linked with the propagation of the dipole in the following way. When the
dipole travels along the lattice it corresponds to a peak of localization and when the interference
appears it corresponds to a region of delocalization. The IPR-like functional is defined as

IPRBH =

∫ L

0
|PB−H(x; t)|2dx , (2.17)

IPRs =

∫ L

0
|Ps(x; t)|2dx , (2.18)

where Pi with i = (BH, s) are the probability distributions in the coordinate space that we define
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Figure 2.7: Left: Interference time as a function of the lattice length for B-H chains with even number of
sites. The exponential fit is a good approximation to the behavior of the interference time as we scale the
system size. Right: Time of interference for chains with odd number of lattice sites. Again, the exponential
fit suits neatly to the behavior of the interference time as we scale the system. In both cases the cross
marker represents the interference time within the full B-H model, for six and seven sites respectively.
The green dots are the times within the effective XXZ-chain model and the continuous red line is the best
exponential fit for the data.

as

PBH(x; t) =

L∑
l=1

1

2
n̂l(n̂l − 1)δ(x− l) for bosons , (2.19)

Ps(x; t) =
L∑
l=1

σzl δ(x− l) for spins , (2.20)

with nl the bosonic number operator, and σzl the z-Pauli matrix. It is worth to notice that in the
case of the B-H model we only track the localization of the doublon. Since the pair doublon-holon
is a whole structure and behaves as it, it is enough to track one of its parts. In Fig. 2.6 we have
plotted the IPR for the B-H model and the effective XXZ-chain model, respectively (in Fig. 2.6
the time scale of the bottom pannel was re-scaled to make clearer the comparition). In general,
both, the interference phenomena and the interplay between localization and delocalization of
the excitation in the successive periods of propagation are preserved. Furthemore, the effective
model represents rather well these effects.

2.2.4 Interference in the effective model

The interference phenomena that can be related with the delocalization of the initial excitation
along the lattice is without doubt an interesting phenomena. We take advantage of the good
mapping of the B-H model into the spin chain to characterize that interference behavior. The
reduced basis allows us to estimate the characteristic time of the delocalization, the interference
time, faster than using the original model. The results are shown in Fig. 2.7 were we go up to
L = 18, for which the basis scales linearly with the lattice length. We systematically compute the
time evolution of the effective XXZ-chain for lattices the size of which ranged from six sites up to
eighteen sites. One major feature that we found when doing this study is that the interference
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Figure 2.8: Top: Time evolution of the population for each lattice site computed with the effective XXZ-
chain spin model for a lattice of L = 100 with rigid walls as boundary condition. Emergence of the typical
interference pattern of a quantum carpet [45] as a consequence of the scaling of the lattice length. Bottom:
Time evolution of the population for each lattice site computed with the effective XXZ-chain model for a
lattice with L = 100 sites and periodic boundary conditions.

time is sensible to the parity of the number of lattice sites (see App. C). Therefore, lattices with
even number of sites were studied apart of those with odd number of sites, the results can be
seen in Fig. 2.7. The conclusion of the study is that in both cases, the interference time scales
exponentially with the length of the lattice, but the interference time is larger in the case of an odd
number of sites.

The reduction to the effective model allowed us to do something else. We are able to investigate
the behavior of the interference for large lattices, say, L = 100 sites (with L the number of lattice
sites). From Fig. 2.7 we can see that for these large lattices the interference time will be really
large. However, at this sort of thermodynamic limit the differentiation between even and odd lattice
lengths becomes irrelevant. And the system presents a unique long interference pattern. Such
pattern can be interpreted as a quantum carpet [45], which is a phenomena known to appear due
to the self interference of the wave function when confined in a box. Therefore, this interference-
like behavior that appears for small lattices lengths is nothing more that the manifestation of a
quantum carpet that emerges when we go to large lattices lengths (see Fig. 2.8). By going to the
limit of large systems we find the right explanation we were looking for the interference pattern first
depicted in Fig. 2.4. In this limit we can see that the dipole wave function consists of parts that
travel with different velocities. Therefore, they arrive at slightly different times at the edge of the
lattice and after bouncing back they start to interfere with each other. This phenomena happens
always. However, in the case of small number of lattice sites the length of the lattice was not large
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enough to make it evident. Additionally and as a mere curiosity we compute the time evolution of
the system, for the same initial condition (an impurity in one of the edges), and the same number
of sites L = 100 but now with periodic boundary conditions. The results can be seen in the lower
panel of Fig. 2.8. There we see again the emergence of the quantum carpet as a consequence
of the self interference process.

A question that arises is why in the case of periodic boundary conditions (PBC) the self inter-
ference appear? This is a natural question, given the fact that with PBC there are no edges in the
lattice. The situation of PBC can be interpreted as placing the system in the surface of a cylinder,
with time running in the direction of the axes and space wrapping the cylinder. In this scenario
it does not matter where we place the single impurity since it sees a translationaly invariant lat-
tice. The WF always splits in parts that travel in both directions. That is, the WF goes around
the cylinder clockwise and anticlockwise. Therefore, at some point these two parts are going to
met and there the interference appears. So, with PBC we have a different mechanism from that
of bouncing back at the rigid walls by which the self interference can happens and hence the
quantum carpet emerges.

Before closing this chapter let us give a short summary of what was discussed here. Mainly
we deal with the many body problem of the single-band Bose-Hubbard Hamiltonian and how
to effectively reduce it to a simple Hamiltonian for dipoles. We have shown that such effective
reduction can be linked to spin models, namely, an antiferromagnetic Ising model and the XXZ-
chain model. All this when we work with a scheme of energetically locked a Mott state in a tilted
lattice and study both the appearance and dynamics of resonant excitations of this Mott state.
These excitations are known as dipoles (pairs of doublon-holon in next neighboring sites). We
focus our attention in an interference pattern that appears in the strong off-resonant regime of the
B-H model. We studied it with the effective XXZ-chain model. We found that such interference
pattern appears as a consequence of the self interference of the wave function for the dipole as
it travels along the lattice. This is a consequence of the fact that such wave function is made
up of components that travel with different velocities (see the different rays that travel along side
each other in Fig. 2.8). Each of these components interferes with the others after they bounce
back on the rigid edge of the lattice. Finally, we found that in the limit of long lattice lengths this
interference has a beautiful interpretation in the emergence of a matter quantum carpet.
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Chapter 3

Exploration of the doublon-mediated
dynamics in the two-band
Bose-Hubbard model

3.1 Motivation

In previous chapters we have worked with the single-band Bose-Hubbard model, and with it we
have build quantum simulations of spin chains. That is a great way in which we can take advantage
of the characteristic high degree of control featured in the ultracold matter. But it is not the only
way. Actually the Bose-Hubbard model exhibits a lot of interesting physical phenomena. Though
in many cases the study of it as itself turns out to be quite complex. However, this complexity can
be translated to richness in a physical sense [30, 35, 36, 48]. Can we tackle the complexity of a
Bose-Hubbard model in such a way that we can control the dynamical transition from one initial to
target state(s)? To answer this, there exists different protocols that take advantage, for instance,
on the properties of the characteristic quantum spectrum of the system under study [10, 12, 49],
the interaction with the environment (an open quantum system), or more precisely techniques for
optimal control [50,51].

Here, aiming to get a clear answer to that question we propose a toy model based on a two-
band Bose-Hubbard Hamiltonian where the only transport mechanism is a doublon-mediated
inter-band coupling. We explore the manifold of accessible states. This exploration was done
in two different ways. First, we shake in time the optical lattice with an external pulse (see Sec.
3.3). Second, we look for the existence of resonances allowed by the doublon-mediated inter-
band coupling and we perform one-way parametric evolutions around the respective first order
resonance (see Sec. 3.4).

3.2 Theoretical model

In Sec. 1.4 we discussed the explicit form of the Bose-Hubbard model. There, we stated that one
can truncate the sum over the band index in order to have an approximation to the whole system.
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Figure 3.1: Schematic representation of the different processes that take place under the two-band Bose-
Hubbard Hamiltonian in Eq. (3.1) with the doublon-mediated inter-band coupling.

One way to obtain the two-band Bose-Hubbard model is by truncating that sum up to α = 2 in
Eqs. (1.16)–(1.18) (see [36, 52]). Here, we have interest in a different two-band Bose-Hubbard
model. The Hamiltonian that we work with through this chapter is

H =
∑
l

∑
β=a,b

[
−
Jβ
2

(β†l+1βl + h.c.) +
Wβ

2
nβl (nβl − 1) + 2πF lnβl − iΓβn

β
l

]
+
∑
l

∆gn
b
l +

∑
l

Gx(b†l aln
a
l (n

b
l − 1) + nal (n

a
l − 1)a†l bl) , (3.1)

which is a model including the first two energy Bloch bands. The system is effectively open by
introducing the respective decay rates (Γa,b) of each band [49]. A schematic representation of
the process we consider in the Hamiltonian in Eq. (3.1) can be seen in Fig. 3.1. The interband
coupling is realized via a term mediated by Gx that makes the interband transport possible only
when there are doublons, i.e., two particles in the same lattice site, in the lower band. This term
can be introduced as a second order correction to the main Hamiltonian presented in [52]. This
correction can be achieved using a Schrieffer-Wolff like transformation [47] (see App. A).

3.3 Shaking the lattice

It is known that driven systems offer a whole and rich new physics as is proven for example by
the existence of the Floquet topological insulators and the appearance of magnetic like behavior
in neutral atoms systems [9]. Here, instead of looking for new physics we want to do a dynamical
exploration. That is, we look for dynamical stable states (or structures) which are robust against
the coupling to an environment (a bosonic reservoir).
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Table 3.1: Bose-Hubbard parameters.

V0 S0 ∆g Ja Jb Wa Wb Gx
11 3 0.108 0.006 0.006 0.034 0.034 0.03

Table 3.2: Fock basis for the 2/2 system.

i 1 2 3 4 5 6 7 8 9 10
state |11; 00〉 |10; 10〉 |10; 01〉 |01; 10〉 |01; 01〉 |20; 00〉 |02; 00〉 |00; 20〉 |00; 02〉 |00; 11〉

To take advantage of the new term including inter-band transport via doublons we tilt the lattice,
such that the doublon triggers interband transport. That is, the force at which the doublon can be
destroyed to take at least one particle from the lower band to the upper band. This is done by the
external force defined as

F = F0 + FA sin2(ωqt) , (3.2)

where F0 = Wa
2π is the value of the external force bringing close in energy a single-particle level

with a two-particle level in the next neighboring site (towards the direction of the tilt), FA =
∆g−Wa

2π

is the amplitude of the oscillation, and ωq =
∆g−2Wa

2π is the oscillation frequency. We may notice
that the oscillation happens between the two-particle energy level and the single-particle first
order resonance.

3.3.1 Results

We work with the smallest possible non trivial system, say two particles in two wells (2/2), where
the filling factor is defined as N/L with N the number of particles and L the number of sites.
The results presented in this section are obtained for that system and we expect to see a similar
behavior when we move on to the larger system (4/4). Additionally, we have worked with the set
of Bose-Hubbard parameters as specified in Table 3.1 in a way that we can guarantee Ja,b �
Wa,b, with Γa,b at least one order of magnitude smaller than Ja,b. These parameters were taken
from App. 1 in [35]. For the numerical simulations we study the population inversion as our
main observable, that is the difference between the population Mb(t) of the upper band and the
population Ma(t) of the lower band,

Mb(t)−Ma(t) =
1

N

[
〈ψ(t)|

∑
l

n̂bl |ψ(t)〉 − 〈ψ(t)|
∑
l

n̂al |ψ(t)〉

]
. (3.3)

We compute the time evolution looking for a stationary state. First, we study the main probability
of appearance for each of the states in the Fock basis (the Fock basis was ordered as in Table
3.2) with the ratio Γb/Γa. The results are shown in Fig. 3.2. The value Γb/Γa = 1 splits the
dynamics into two regimes. For Γb/Γa > 1 the probability remains in the initial state |11; 00〉,
while for Γb/Γa < 1 there is a non-trivial evolution, for instance, in the case of Γb/Γa � 1 the

27



Chapter 3. Exploration of the doublon-mediated dynamics in the two-band B-H model

Figure 3.2: Average probability for each of the states in the Fock basis as a function of the ratio between
the decay rates for all elements of the basis. We see that after a value Γb/Γa = 1 only the state |11; 00〉 is
excited by the external force. The region of interest for us is Γb/Γa � 1.

states 3 and 4 get excited. We focus on the latter region. Although this division is valid only in
the time scales and values of parameters at which we have worked here, it can be shown that for
longer time scales there is a non trivial evolution for Γb/Γa > 1. Here, we are not interested in
such long time scales.

With the ratio Γb/Γa fixed to the proper value, we turn off the modulation and compute the time
evolution of our system. The results can be seen in Fig. 3.3, where it is evident that we reach a
final state which is non stationary. It is a superposition of four states, and two of them are |10; 01〉
and |01; 10〉, the superposition of which is of interest due to the fact that it resembles a Bell’s state
|10; 01〉 ± |01; 10〉. But there is an undesirable contribution of other two states.

As a final test we turn on the shaking and performed the same computation as before, we look
at the population inversion and the final state after the evolution. There is a stationary state and
is given by the wanted superposition. From Fig. 3.4 is clear that the shaking cleans the final state
giving us only the two desired states and in an equally weighted superposition. Hence we can
conclude that in the 2/2 system our scheme is successful.

Now we ask what would happen when we go to a larger system, do the superposition we just
found survives? One can think that such superposition have to appear somewhere in the time
evolution. To check that we work with a 4/4 system. The first thing we need to guarantee is that
the population inversion effectively approaches zero at some point in time and remains like that.
That is, we end up with an equal number of particles in the lower an upper band. To check that
we have computed the mean population inversion as a function of the ratio Γb/Γa, the results can
be viewed in the right panel of Fig. 3.5.

As we can see the average population inversion as a function of Γb/Γa saturates at the value−1
for outside the region Γb/Γa < 1. That is, outside that region there is a small probability of finding
a final state with equal occupation of both bands. However, inside Γb/Γa < 1 the population
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Figure 3.3: Top: population inversion as a function of time for the system without shaking. We see that
even when the population inversion goes toward zero there is no stationary state. Bottom: final state found
at the moment we stop the time evolution. From the behavior of the population inversion we see that there
are oscillations between the states being excited (states 2, 3, 4, and 6 of Table 3.2).

Figure 3.4: Top: population inversion as a function of time for the system with shaking. Now there is
a saturation of the population inversion at zero, hence we have an stationary state. Bottom: final and
stationary state found at the moment we stop the time evolution. This state is given by an equally weighted
superposition between |10; 01〉 and |01; 10〉.
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Figure 3.5: Top: behavior of the population in the lower band as a function of time without performing the
renormalization after each evolution step. As expected from a dissipative dynamics, the population decays
exponentially. Bottom: mean population inversion as a function of the ratio Γb/Γa for the 4/4 system. We
can see that even in the region Γb/Γa < 1 that was the region of interest in the case of the 2/2 system,
the population inversion never approaches zero. Therefore, the final state is not a state with equal number
of particles in each band.

inversion remains smaller than one, which means that it is possible to have a final state with equal
occupation of both bands. The population inversion never goes to zero due to fact that we are
averaging it and there is always a contribution of some states with a varied occupation of both
bands as we evolve towards the final state. However, in our numerical test we have not found the
wanted superposition, though we find final states with equal occupation of the bands. We thus
conclude that the shaking scheme works only in the case of the minimal system, but fails when
we increase the number of lattice sites.

Comments regarding the dissipative dynamics.

One important clarification we shall do is about the dissipative dynamics we are implement-
ing here. When we open the system we do not just add a decay rate to each band which
makes those states metastable, we are allowing particles to scape from our system.

Thus every now and then we have to renormalize the probabilities of our evolution vector,
in particular after each evolution step we performed the renormalization. Thanks to the fact
that the evolution steps we had taken were always from zero to the respective time value at
which we are evolving we did not alter the final result.

However, just to verify the correct behavior of the dissipative dynamics in our system we did
a calculation of the population in the lower band as a function of time without performing the
renormalization after each step. The results can be seen in the left panel of Fig. 3.5, and as
expected from this kind of dynamics the population decays exponentially in time due to the
escaping of particles.
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Figure 3.6: Top: energy spectrum of the Hamiltonian in Eq. (3.1) for the minimal system as a function of
the force amplitude F . It is characterized by the presence of AC (see inset). Bottom: long time average
occupation of the upper band as a function of the Stark force. We can see the resonant behavior in three
points (with ∆g = 0.108).

3.4 Parametric evolution

As in the previous section we have strong interest to investigate what is the resulting dynamics
of the Hamiltonian introduced in Eq. (3.1) when we vary the external Stark force. We have al-
ready presented the results in the minimal model and the expected results with the scaling of the
system for a sinusoidal-like modulated Stark force. Here, we want to use a different approach,
namely parametric evolution. By parametric evolution we mean a time evolution controlled by a
single parameter which dictates the speed at which the evolution happens. In particular we have
interest to implement such evolution to carry our initial state across an avoided crossing (AC). We
understand AC as the phenomenon of repulsion between energy levels as a function of a control
parameter.

The transit across the AC can be done by setting the external Stark force as a time dependent
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parameter F (t) and choosing the parameter governing the evolution as the sweeping rate α (see
Eq. (3.4)). The goal of the present section is to look for such couplings between energy levels
from different bands. Once we have found them, manifested as an AC, we evolve the initial Mott-
like state parametrically across the AC looking for the different final states and finally comparing
with the states that were found with the modulated external Stark force in Sec. 3.3. The present
development was done mainly following Parra-Murillo (see Chap. 4 of [35]), specially the study of
the different sweeping rates.

3.4.1 Methods and results

Since the AC is a manifestation of the coupling between two energy levels it is natural to link them
with resonances. By resonance we understand the situation in which the external field is such
that it brings to a degeneracy of the single-particle levels from different bands (see Fig. 2.1).

The first test we have to do is to check for the existence of resonances under the influence of
the doublon-mediated inter-band coupling. Here we initially worked with the minimal model, say
two wells with two particles (2/2), and rigid walls or open boundary conditions. We compute the
energy spectrum of such system and the long time average occupation of the upper band as a
function of the Stark force for the initial Fock state |11; 00〉 (similarly we compute such signal for
other initial states, see App. B). Both results can be seen in Fig. 3.6.

In particular we observe the presence of AC in the energy spectrum and the respective resonant
behavior at the same positions. We will focus our study around the region ∆g/2πF ≈ 1 where
we find the highest resonant response. Now we need to define the proper form of the external
force to perform the navigation. Following Parra-Murillo (see chapter 4 of [35]) we will perform up
to one sweep. We define the Stark force by

F = αt+ F0 , and tα =
Ff − F0

α
, (3.4)

where F0 and Ff are the initial and final values of the force such that we navigate the region
around the first order resonance, which is the one we have interest in, and tα determines the
total time for the evolution. We shall notice that different values of α will provide different time
steps. Therefore, α is a control parameter for the kind of dynamics we are implementing. The
dynamics can be enclosed in three different regimes: adiabatic, diabatic (or sudden), and non-
adiabatic [53]. In the following we have interest in the adiabatic regime with α/δ(Ff−F0)� 1. By
adiabatic we mean an evolution in which the system remains in an eigenvalue of the instantaneous
Hamiltonian. In this regime, as we show later, we find a major appearance of different states as
final ones without contribution of the initial state.

Now we only need to find the proper value of α and get the desired adiabatic evolution. In
order to do that we build a mesh of α values and compute the time evolution of an initial state
|11; 00〉 and check for the states participating in the dynamics for different α values. We present
the results of that study in Fig. 3.7. We can recognize there three different regimes, each one
associated with a different kind of dynamics. Although there is an ambiguity when we want to
define the boundaries of each regime, we have found that for our study, the adiabatic regime
ranges between (0, 0.1), the non-adiabatic regime between (0.1, 0.2), and the diabatic regime
between (0.2, 1) in units of α

δ(Ff−F0) .
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Figure 3.7: Probability of participation (Pi) for the states that take part in the dynamics as function of the
sweeping rate α. We can clearly observe the three different regimes of dynamics governed each one
by a different set of α values. We have, for small α → |10; 01〉 (black) and |01; 10〉 (orange) in an equally
weighted superposition, for intermediate α→ |10; 10〉 (blue), |01; 01〉 (purple), |20; 00〉 (green), and |02; 00〉
(pink), for large α→ |11; 00〉 the initial state in red. Here, α represents the sweeping rate, Ff and F0 are the
final and initial values of the Stark force between which the evolution takes place, and δ is a characteristic
parameter that measures the width of the AC.

For small α values we lost the information of the initial state and gain some new and interesting
states as consequence of the adiabatic evolution. For example, an equally weighted superposition
between the two alternating states, given by 1√

2
(|10; 01〉 + |01; 10〉), where the color code is

|10; 01〉 in black and |01; 10〉 in orange. On the other hand, for intermediate values of α we find
a four-state superposition given by |10; 10〉 (blue), |01; 01〉 (purple), |20; 00〉 (green), and |02; 00〉
(pink). As a consequence of the non-adiabatic dynamics the navigation process is not complete
and we end up with an intermediate state as our final state. Finally, for large α values we find
the diabatic regime, where we navigate the spectrum fast enough and the system is not able to
couple to other states ending up in the same initial state |11; 00〉 in red.

From the results presented in Fig. 3.7 we will focus our attention in the first region, the adiabatic
region, since it is there where we find a successful navigation process. From our numerical
computation we were able to obtain a given α within that region and perform the time evolution of
our system. The results can be seen in Fig. 3.8. At this point we should notice that, besides the
exploration of the doublon induced dynamics, we have found that such dynamics can sustain an
interesting superposition as the one of Sec. 3.3 which resembles an entangled Bell-like state for
the minimal system in the model defined by the Hamiltonian introduced in Eq. (3.1).

Before closing this section we will deliver some comments regarding the dynamics of a larger
system (4/4), and once there, we should check if it is possible to find some interesting superpo-
sitions as the one we just found for the minimal (2/2) system. For the 4/4 system we followed
a similar procedure than that of the 2/2 system. First we check if in the energy spectrum there
were regions with AC at which we can perform spectral navigation. To that inquiry we found an
affirmative response (results can be seen in App. B). Then we compute the time evolution of a
given initial state |1111; 0000〉 for each of the α values in the proper mesh. In Fig. 3.9 we present
the above mentioned results.
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Figure 3.8: Final state after the evolution for a value of α with the region of adiabatic dynamics. The state
is given by an equally weighted superposition between |10; 01〉 and |01; 10〉. The value of α that we used
in the calculation was α = 1.33× 10−6.

Table 3.3: Dynamical states for the initial condition |1111; 0000〉. We tabulate the maximum probability Pi
(on the left of each column) of finding the i-th state (on the right of each column) in the final state.

Diabatic region Non-adiabatic region Adiabatic region
P21 = 0.9994 |1111; 0000〉 P49 = 0.1252 |1011; 1000〉 P242 = 0.7638 |1000; 0210〉

P67 = 0.1254 |1101; 0100〉 P251 = 0.2224 |0001; 0120〉
P81 = 0.1251 |1110; 0010〉
P149 = 0.2754 |1010; 1010〉
P160 = 0.1298 |0110; 0110〉
P229 = 0.1300 |0100; 0300〉
P236 = 0.2683 |1000; 1110〉
P240 = 0.1804 |0010; 0210〉
P249 = 0.2350 |0100; 0120〉

From Fig. 3.9 we can see that the diabatic region is governed by the initial state, meaning that
we go through the AC too fast and the system does not have time to coupled to another state. In
addition, the non-adiabatic region has a high population of different states. Finally, the adiabatic
region, the one at which we have found a successful navigation process, is mainly governed by
two states, |1000; 0210〉 and |0001; 0120〉, with a higher contribution of the first one.

In Table 3.3 we find the respective states, with their respective maximum participation probability
labeled by their position in the Fock basis, for each one of the three dynamical regions, with the
proper color code to make the association easier. We may notice that the states sharing the same
color label appear as an equally weighted superposition.

In general terms the global results are not too far from those obtained in the 2/2 system. How-
ever, we were not able to find an equally weighted superposition of alternating states. In fact the
adiabatic region favors the appearance of states with a population of three particles in the upper
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Figure 3.9: Different states participating in the navigation process for the initial state |1111; 0000〉. There
are three different dynamical regions, adiabatic, non-adiabatic and adiabatic, just as in the case of the 2/2
system. However, the interplay between the states starts to be more complex due to the large number of
states involved on the evolution.

band. We do find some states with equal population of both bands, but they were not alternating
states and were inside the non-adiabatic regime of α values, as for example |0110; 0110〉.

We performed the same calculation for other two initial conditions, say |0202; 0000〉 and
|2020; 0000〉, since they are easily accessible states from the state |1111; 0000〉 through the first
order resonance between a single-particle level and a two-particle level, both states in the first
band (see [39, 40]). These results can be seen in App. B. Also, when we take a look at the cou-
pling obtained in Eq. (A.15) of App. A we see that the Schrieffer-Wolff transformation introduces
an inter-site coupling rather than a intra-site coupling as the one consider for the calculations of
this section. Due to that we repeated the same set of calculations for a Hamiltonian with such a
coupling (see further details in App. B).

Last but not least, let us give a brief summary. We have devote this chapter to the study of the
dynamical consequences of the inclusion of a doublon-mediated interband coupling to the two-
band Bose-Hubbard model. The time evolution was done in two different ways. First, by shaking
the lattice, and second by searching for the presence of AC in the energy spectrum and performing
parametric evolution in order to go through them. For both cases the external Stark force was a
time-dependent parameter F (t) over which we have control. The study had two stages. The first
one was developed on the minimal system, i.e., two particles in two wells (2/2). The second one
refered to the investigation of the robustness of the final states against the scaling of the lattice
length. The main conclusion is that, the doublon-mediated interband coupling allows us to target
some interesting states but such states are not robust against the scaling of the system. Finally,
a broader set of results can be found in App. B.
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Chapter 4

Conclusion and outlook

Throughout this thesis we did two things. First, we use a well defined quantum simulator based on
a Heissenberg chain to characterize second order processes in the single-band Bose-Hubbard
model far from the known single and many-body resonances. This simulation was based on a
previously explored simulation of the antiferromagnetic Ising chain [7]. The quantum simulation
of this chain takes advantage of the fact that once we energetically lock the Mott insulator state
on a tilted lattice, a strong tilt couples the Mott state to a certain manifold by resonant transitions.
These transitions are given by movement of particles between next neighboring sites when the
energy level of a single particle and two particles are degenerated. Finally, we can define pseudo-
spins based on this transitions to make the link between the two models. Later we found the
existence of second order processes that are not explicitly considered within the single-band B-H
model. These processes consist on the propagation of the holon-doublon quasiparticle along the
lattice. We compute the explicit form of the proper operator accounting for this process using a
Schrieffer-Wolff transformation. The link between the B-H model and the Heissenberg XXZ-model
is obtained by the same pseudo-spin mapping as in the simulation of the antiferromagnetic Ising
chain. With this identification we found that the propagation of the holon-doublon quasiparticle
can be interpreted as a spin-wave in the XXZ-chain.

Second, we present a variation of the open two-band B-H model that couples the bands by
means of a doublon-mediated inter-band coupling. These coupling has its justification in the
fact that when the Stark field induced resonant enhance tunneling in the first band, the leading
process is the creation of doublons in that band. We explored the dynamics of the system finding
a complete set of the allowed states. First, for the minimal system the main result was that among
the accessible states there is one that resembles a Bell state. Later, when exploring the dynamics
of larger systems we did not find such a state, from which we conclude that such a state is not
robust against the scaling of the system, at least no under the two approaches of the dynamics
studied in this thesis.

There are open questions in both cases. In the quantum simulation we dealt with, it is nec-
essary a deeper study of the second order processes in the single-band B-H model in order to
propose an experimental scheme that could look for them and to get a better understanding of
their interpretation as spin waves. In the case of quantum control presented in Chap. 3, it is
necessary to do additional studies of the consequences of the doublon-mediated inter-band cou-
pling and the proper mechanism by means of which it appears in the two-band B-H Hamiltonian.
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Additionally, there is a need of finding the right protocol that allows us to have a better control over
the dissipation such that the obtained Bell-like state in the minimal system survives the scaling of
the system.
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Appendix A

On the Schrieffer-Wolff transformation

Unitary transformations are among the more useful resources theoretical physics count with to
build a better interpretation of some initially tricky problem. The possibility of re-writing a problem
in a more friendly and handy way has shown to be of great advantage. Sometimes they unveil
deep connections between physical systems that one initially could have thought as totally un-
correlated. For instance, this is the case of the Ising model in a transverse field and the one
dimensional p-wave superconductor connected through the Jordan-Wigner transformation (see
Chap. 5 of [54]), or the connection between the single-impurity Anderson model and the Kondo
model proved in 1966 by Schrieffer and Wolff [46] using the unitary transformation named after
them. The latter transformation constitutes the topic of this brief appendix. For some rigorous
review of the Schrieffer-Wolff transformation (SWT) we recommend [55].

A.1 General remarks

The SWT is an unitary transformation that allows us to effectively isolate low energy physical
phenomena of a system under study. In this sense, it provides us with an effective representation
of our problem that in many examples has been proven to be in excellent agreement with the
physics and information we get from the full system [46,56,57].

There are scenarios in which some physical systems manifest second or higher order pro-
cesses that occur as consequence of first order processes like hopping or tunneling being virtual
ones. One can think of a one dimensional lattice system described by a Hamiltonian that allows
hopping of particles only between next neighboring sites. This system might, nevertheless, exhibit
a regime which features long range hoppings. Such processes can be understood as composed
by next neighboring hoppings that virtually occur as intermediate steps. In this situation one’s
interest is to write a Hamiltonian which accounts for those second order hoppings. The SWT
accomplishes precisely this: it allows one to get rid of the parts of the Hamiltonian that account
for the first order process and introduces the proper operator for the second order process (and
higher orders if necessary) which is built as products of first order process operators.

As a starting point let us think of a Hamiltonian that can be written as

H = H0 + V , (A.1)
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where H0 is a Hamiltonian for which the eigenvalues are known and V stands for a perturbative
term. The first step consists in a canonical transformation of the form

Heff = eSHe−S , (A.2)

where the operator S is called the generator and it has to be found in a way that no linear terms
appear in the Hamiltonian Heff . Using the Baker-Campbell-Hausdorff formula, the transformed
Hamiltonian can be written as the expansion

Heff =
∞∑
m=0

1

m
[S,H]m = H + [S,H] +

1

2
[S, [S,H]] +

1

6
[S, [S, [S,H]]] + ... . (A.3)

By imposing that V = −[S,H0] we can achieve the required Hamiltonian without the linear terms.
Including the expression for V in the series expansion in Eq. (A.3) in an iterative way, one gets

Heff = H0 +
1

2
[S, V ] +

1

3
[S, [S, V ]] +

1

8
[S, [S, [S, V ]]] + ... , (A.4)

where we have already included higher order terms. Since we are interested only in the descrip-
tion of second order processes, we may truncated the expansion up to that order. It will thus look
like

Heff = H0 +
1

2
[S, V ] . (A.5)

At this point it remains to introduce the Hamiltonian of the specific problem we are studying and
compute the respective generator. However, this is in general not an easy task. It is easier to
compute the specific matrix elements, that is, we use the eigenstates of H0 to write

〈i|Heff |j〉 = εi,jδi,j +
1

2
(〈i|SV |j〉 − 〈i|V S|j〉) . (A.6)

The matrix elements of SV and V S can be further evaluated by introducing the identity sum∑
k |k〉〈k| = 1. Eq. (A.6) can be thus written as

〈i|Heff |j〉 = εi,jδi,j +
1

2

∑
k

(〈i|S|k〉〈k|V |j〉 − 〈i|V |k〉〈k|S|j〉) . (A.7)

Using V = −[S,H0] it follows

〈i|V |j〉 = − (〈i|SH0|j〉 − 〈i|H0S|j〉) = (εj − εi)〈i|S|j〉 , (A.8)

where we have exploited the fact of |i〉 and |j〉 being eigenstates of H0. Eq. (A.8) implies

〈i|S|j〉 =
〈i|V |j〉
εi − εj

. (A.9)

Plugging this into Eq. (A.7) we find

[Heff ]i,j = εi,jδi,j +
1

2

∑
k

(
1

εi − εk
− 1

εk − εj

)
〈i|V |k〉〈k|V |j〉 , (A.10)

where the complete set of states |k〉 that we introduced in Eq. (A.7) turns out to be all intermediate
or virtual states that allows for the transition from state |i〉 to state |j〉. The identification of these
intermediate states is an easier task that the full calculation of the generator S. In the next
sections we apply the Schrieffer-Wolff transformation as presented here to the Bose-Hubbard
Hamiltonians we study in Chaps. 2 and 3.

40



Appendix A. On the Schrieffer-Wolff transformation

Figure A.1: Schematic representation of the second order processes corresponding to the hopping of a
dipole between successive sites. This time the intermediate states corresponds to the dipole vacuum (Mott
state), and a sate where the initial dipole has been separated and its individual constitutents are in different
sites separated by at least one well.

A.1.1 Application of the SWT to the single-band Bose-Hubbard model

We are interested in second order processes in the single-band Bose-Hubbard model. These pro-
cesses can be represented as successive hoppings of particles, as for example the one depicted
in Fig. A.1. In particular we want to explore the possibility to build an effective model in which the
hopping of dipoles as defined in Sec. 2.1.2 is allowed. Such a model will require a second order
process in the creation/annihilation operators for bosons. Therefore, as presented in Sec. A.1 the
Schrieffer-Wolff transformation turns out to be the perfect mechanism to do it.

First, we need to set the source and target states of the process. They are the Fock states
|i〉 = |201〉 and |j〉 = |120〉, respectively. Here, we are working on a 3/3 system because it is the
minimal system that can have the process we want to describe, though for a B-H system to have
dipoles it is enough if we have a 2/2 system. But for the dipole to be allowed to hop we need
at least one more site. Second, we notice that within the possibilities of the single-band model
the only way to connect the source and target states is by hopping processes of single particles.
Thus There are two intermediate virtual states given by |k〉 = |111〉 and |k〉 = |210〉 (see Fig. A.1).

We need now to identify the respective energies of the states |201〉, |120〉, |111〉, and |210〉.
Once we have that it is easy to compute the expression in Eq. (A.10) by taking into account that
V is the hopping operator given by

V = −J
∑
l

(a†l+1al + h.c.) . (A.11)
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It follows that the operator that accounts for the process in Fig. A.1 is

OSO = 2J2

(
1

F − U
+

1

F

)
(a†l+2al+1a

†
l al+1 + h.c.) , (A.12)

where the coefficients 2J2

F−U and 2J2

F were obtained computing the expression in Eq. (A.10).
Interestingly each of the two possible virtual process depicted in Fig. A.1 are represented by
combinations of the same creation (anihilation) operators acting on different sites that turn out
to be equivallent ones. To see that, let us describe what is happening on each channel of Fig.
A.1. If we label the sites by l, l + 1, and l + 2, then we are creating two particles in site l + 1
and anihilating one particle in each site l and l + 2. The two successive hoppings in top an
bottom channels are represented by a†l+1ala

†
l+1al+2 and a†l+1al+2a

†
l+1al, respecivley. These two

operators are equivallent ones due to the commutation relations for bosonic operators.

A.1.2 Application of the SWT to the two-band Bose-Hubbard model

As described in Sec. A.1, we need to identify the intermediate states that are part of the full
transit we want to perform. First, the initial and target states of our transit are the Fock states
|i〉 = |11; 00〉 and |j〉 = |10; 10〉. This final state was chosen based on the results obtained in
Sec. 3.3 where we could observe that once we are in such a state the dissipation leads us to the
desired superposition.

It is enough for our study to work with a system of two particles in two wells (2/2). In that case,
as we saw in Chap. 3 the Fock space of our problem has only 10 elements. It turns out that from
all the possible eight intermediate states there is only one such state that will allow us to complete
the desired transit. We are talking about |k〉 = |20; 00〉 and the second order processes behind
this transit consist of a hopping and a successive action of the inter-band coupling as depicted in
Fig. A.2.

The Hamiltonian of our problem is given by

H = Ha
B−H +Hb

B−H + 2πFC0

∑
l

(a†l bl + b†l al) , (A.13)

where Ha,b
B−H stands for the single-band Bose-Hubbard Hamiltonian for each of the Bloch bands,

and the extra term is the well known dipole coupling. In order to apply the Schrieffer-Wolff trans-
formationwe define V as,

V = Ja
∑
l

(a†l+1al + h.c.) + 2πFC0

∑
l

(a†l bl + h.c.) , (A.14)

the hopping in the lower band and the inter-band coupling. Once we have settled that we can
easily compute the value in Eq. (A.10). Thus, the operator that accounts for the processes in Fig.
A.2 is

OSO =

(
1

2πF −Wa/2
− 1

Wa/2−∆g

)
(2πFC0Ja)(b

†
l ala

†
l al+1 + h.c.)

= USO(b†l al+1 + h.c.) + USO(b†l al+1 + h.c.)nal , (A.15)
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Figure A.2: Schematic representation of the second order processes that take place in our system. We
start with a state |11; 00〉, then a hopping carry us to the intermediate state |20; 00〉, and finally the inter-
band coupling makes us end in the desired state |10; 10〉.

where we have included the hermitian conjugate to guarantee conservation of energy, and USO =(
1

2πF−Wa/2
− 1

Wa/2−∆g

)
. The parameter we have defined as USO is the respective form in terms

of the Bose-Hubbard parameters for the value Gx introduced along with the Hamiltonian we have
presented in Chap. 3.
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Appendix B

Miscellaneous results regarding the
parametric evolution

We have splitted this section in two main parts. First, results with the intra-site coupling (Sec. B.1),
and second, results with the inter-site coupling (Sec. B.2). Why two different kind of couplings?
The answer is simple, there are two different ways of introducing an inter-band coupling in the two-
band Bose-Hubbard Hamiltonian. This coupling can connect the two bands by means of energy
levels in the same site, just like the one we present in Chap. 3. Also, the coupling can connect the
bands by means of energy levels in next neighboring sites. The last coupling is not an intuitive
one, but we have to consider it since it is the one that the Schrieffer-Wolff transformation gives us
(see Eq. (A.15)).

Along this appendix we preserve the same color code for figures and tables when labeling
curves and states, respectively, for each pair of figure-table that stands for the results of the
evolution with the same initial state. In addition, we have included in the tables the maximum
probability of participation for the states that take part in the dynamics. We shall notice that such
probabilities does not happen for the same value of α for all the states.

B.1 Results with the intra-site coupling

As stated at the end of Sec. 3.4 we have worked the dynamical evolution of our system for each of
the α values in the proper mesh for two other different initial conditions. First we use |2020; 0000〉.
The results for this initial condition can be seen in top panel of Fig. B.1. One interesting aspect of
the results is the behavior of the states that get excited in the diabatic regime. Even when we are
doing a fast sweep the system seems to have enough time to coupled some states to the initial
one, and this coupling introduces oscillations among the participating states.

We have found that not even in the adiabatic regime the system is able to end in a superposition
of states with alternating site population like |1010; 0101〉 and |0101; 1010〉, and the only one with
equal population of both bands |1010; 1010〉 is being mixed in the diabatic regime. In top panel
of Table B.1 we present the corresponding states with their respective maximum participation
probability labeled by their position in the Fock basis. These probabilities are shown in top panel
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Figure B.1: Top: states participating in the navigation process for the initial state |2020; 0000〉. Bottom:
states participating in the navigation process for the initial state |0202; 0000〉. In both cases there are three
different dynamical regimes, adiabatic, non-adiabatic, and diabatic just as for the 2/2 system.

Table B.1: Dynamical states for the initial condition |2020; 0000〉 (top) and |0202; 0000〉 (bottom). We tabu-
late the probability Pi (on the left of each column) of finding the i-th state (on the right of each column) in
the final state for the diabatic, non-adiabatic and adiabatic regimes.

Diabatic regime Non-adiabatic regime Adiabatic regime
P10 = 0.4375 |2020; 0000〉 P148 = 0.1630 |0200; 1010〉 P233 = 0.8308 |0100; 2010〉
P43 = 0.2519 |1020; 1000〉 P237 = 0.8370 |0100; 1110〉 P245 = 0.1201 |0100; 1020〉
P80 = 0.2518 |2010; 0010〉
P149 = 0.9986 |1010; 1010〉

Diabatic regime Non-adiabatic regime Adiabatic regime
P28 = 0.6621 |0202; 0000〉 P73 = 0.9993 |0102; 0100〉 P251 = 0.9948 |0001; 0120〉

P165 = 0.8911 |0002; 0110〉
P242 = 0.1719 |0010; 0210〉
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of Fig. B.1 using the same color code of the previous table. States sharing the same color appear
as equally weighted superpositions.

Then we use the state |0202; 0000〉 as initial condition. Here, the states that are excited as a
consequence of the navigation present, in all the three regimes, a similar behavior of those of
the |2020; 0000〉 initial condition (see Fig. B.1 (top)). In bottom panel of Table B.1 we present the
respective states with their respective maximum participation probability labeled by their position
in the Fock basis. We did not find in this case any equally weighted superposition of any kind.
The only state with equal population of both bands |0002; 0110〉 participating in the dynamics is in
the non-adiabatic regime being part of a superposition.

B.2 Results with the inter-site coupling

In App. A we found that the second order process we were after, appears as a correction to the
Hamiltonian as a higher order term in the creation/annihilation operators for both Bloch bands.
The two single particle energy levels in different bands that are being connected by this term are
from next neighboring sites, hence, we talk of an inter-site coupling.

B.2.1 Results for the 2/2 system

Following the procedure depicted in Sec. 3.4 we performed the same steps and calculations for
the 2/2 system, but now with a Hamiltonian which has an inter-site coupling rather than an intra-
site coupling.

First, we look at the long time average population of the second band as a function of the Stark
force (see left panel of Fig. B.2). We found signatures of resonant behavior around three different
points, and it is of special interest for our study the one corresponding to the first order resonance,
featuring the largest resonant response.

Then, we settled up our force functions to perform parametric evolution around this first order
resonance. We compute the time evolution of our system with the initial condition of |11; 00〉 and
investigate the states that got excited for different α values. The results can be seen in the right
panel of Fig. B.2. We found that in the adibatic and non-adiabatic regimes the only state that is
excited by the time evolution is |01; 10〉, and for the diabatic regime we end up in the state |11; 00〉.

B.2.2 Results for the 4/4 system

Similarly to the previous section on the 2/2 system, here we focus our attention on the adiabatic
regime of the 4/4 system and define our Stark force such that we evolve around the first order
resonance. We compute the time evolution of our system for different α values. This calculation
was done for three different initial conditions given by |1111; 000〉, |2020; 0000〉, and |0202; 0000〉.

First, for |1111; 000〉 there are only five states that take part in the evolution (see Fig. B.3 and
Table B.2). Now there are no equally weighted superpositions in any of the three dynamical
regimes. There is only one state with equal population of the bands, located inside the non-
adiabatic regime, given by |0011; 1100〉.
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Figure B.2: Top: long time average of the population in the second band as a function of the external force
tilting the system. We observe clear signatures of resonant behavior around three specific values of ∆g

2πF =
{1, 1.5, 3}. We have interest in the first one, being this the respective value of the first order resonance.
Bottom: different states participating in the time evolution for different values of α. There is only one state
|01; 10〉 that is excited in both the adiabatic and non-adiabatic regime, and only one in the diabatic regime
|11; 00〉.

Second, for the |2020; 0000〉 there are only four different states participating in the dynamics,
see Fig. B.4 and Table B.3. Now in the diabatic regime we have presence of the initial state
|2020; 0000〉 and an additional state |2010; 0100〉. Thus even when we go fast through the AC the
system has enough time to couple the initial state to some other state. However, as we go deep
in the diabatic regime we recover the normal behavior that is expected for this regime, ending
completely in the initial state. Interestingly the adiabatic regime and the non-adiabatic regime
have presence of the same two states, |0100; 2100〉 and |0010; 1200〉.

Third, for the initial condition |0202; 0000〉 there are only four dynamical states, see Fig. B.5
and Table B.4. There is one state in the adiabatic regime, |0010; 1200〉. There is one state in the
non-adiabatic regime given by |0002; 1100〉. And the diabatic regime has two states. Initially there
is a sub-regime within the diabatic one where the state |0102; 1000〉 dominates the dynamics,
and later, deep in the diabatic regime, there is a sub-regime where the initial state |1111; 0000〉
dominates the dynamics.
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Figure B.3: Different states participating in the navigation process for the initial state |1111; 0000〉. There
are three different dynamical regimes, adiabatic, non-adiabatic, and adiabatic just as for the 2/2 system.

Table B.2: Dynamical states for the initial condition |1111; 0000〉 with Inter-site coupling. We tabulate the
maximum probability Pi (on the left of each column) of finding the i-th state (on the right of each column)
in the final state for the diabatic, non-adiabatic and adiabatic regimes.

Diabatic regime Non-adiabatic regime Adiabatic regime
P21 = 0.9995 |1111; 0000〉 P50 = 0.3071 |0111; 1000〉 P226 = 0.9902 |0010; 1200〉

P69 = 0.3069 |1011; 0100〉
P134 = 0.7257 |0011; 1100〉

Figure B.4: Different states participating in the parametric evolution for the initial state |2020; 0000〉. There
are three different dynamical regimes, adiabatic, non-adiabatic, and diabatic.
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Table B.3: Dynamical states for the initial condition |2020; 0000〉 with inter-site coupling. We tabulate the
maximum probability Pi (on the left of each column) of finding the i-th state (on the right of each column)
in the final state for the diabatic, non-adiabatic and adiabatic regimes.

Diabatic regime Non-adiabatic regime Adiabatic regime
P10 = 0.8639 |2020; 0000〉 P221 = 0.2613 |0100; 2100〉 P221 = 0.2613 |0100; 2100〉
P60 = 0.9959 |2010; 0100〉 P226 = 0.7329 |0010; 1200〉 P226 = 0.7329 |0010; 1200〉

Figure B.5: Different states participating in the parametric evolution for the initial state |0202; 0000〉. There
are three different dynamical regimes, adiabatic, non-adiabatic, and diabatic.

Table B.4: Dynamical states for the initial condition |0202; 0000〉 with inter-site coupling. We tabulate the
maximum probability Pi (on the left of each column) of finding the i-th state (on the right of each column)
in the final state for the diabatic, non-adiabatic and adiabatic regimes.

Diabatic regime Non-adiabatic regime Adiabatic regime
P28 = 0.8627 |0202; 0000〉 P135 = 0.9943 |0002; 1100〉 P226 = 0.9767 |0010; 1200〉
P53 = 0.9444 |0102; 1000〉
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Appendix C

Interference time and a dipole in the
middle of the lattice

This brief appendix is devoted to two issues. We expand on the results presented in Sec. 2.2.4
about the length of the interference patterns when we increase the size of the system. We also
present a different example of the time evolution and behavior a dipole can have when it is placed
in a different position than the edge of the chain.

C.1 Interference time

In Sec. 2.2.4 we presented the main result for the interference time which exhibits an exponential
behavior with the size of the system. This conclusion was drawn with the help of the effective
model, and we could see that the results in the whole model and the effective one match pretty
well.

However, there is still a question for which we have not given an answer yet. Why did we have
to study the case of even lattice size apart from those of odd size? From Fig. 2.7 it is clear that
interference in odd sized systems last longer that in even sized systems. Such a differentiation
can be attributed to the process by means of which the initial excitation (the dipole) delocalizes
on the lattice space and later reconstruct its initial configuration. This can be seen in the IPR-like
functional as defined in Sec. 2.2.3 which is plotted in Fig. C.1 (red curves). More precisely, we
observe a series of decreasing peaks at short times characterizing the delocalization process of
the wave packet, followed by a region of interference. For even number of sites the relocalization
occurs after this region of interference. For odd number of sites the situation is different. After
the first region of interference the wave packet behavior alternates partial revivals of the initial
configuration with interference. Only at large times the initial condition is recovered.

In left part of Fig. C.1 we present two examples of the time evolution of B-H systems with 8 and
12 sites, respectively. We see the appearance of the interference and how it clearly increases as
we scale the number of lattice sites. The interference time we are reporting was taken to be the
time between the peak of the IPR at zero and the highest value to the IPR following the previous
one. In right panels of Fig. C.1 we present the same study but for systems with odd size: 9 and
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Figure C.1: Time evolution of the population in each lattice site within the effective XXZ-chain model repre-
senting a B-H system of eight (top-left), twelve (bottom-left), nine (top-right) and eleven (bottom-right) sites.
For even number of sites the reconstruction of the wave packet occurs after the first interference process,
while for odd number of sites there is a large region of interference and partial revivals before the initial
wave packet is recovered.

11 sites, respectively.

Although the differentiation between odd sized and even sized systems is necessary from the
point of view of the interference time. The neat result here is that this differentiation is only a finite
size effect. We saw the evidence supporting this in last part of Sec. 2.2.4.

C.2 A dipole in the middle of the lattice

In Sec. 1.5 we present how it is possible to connect the single-band Bose-Hubbard model with
the Heisenberg XXZ-model by means of tilting the lattice and a proper second order tunneling
process. This connection allowed us to interpret the propagation of one single dipole as the
propagation of a single spin impurity, in other words as a spin-wave.

So far the results we have presented were for a dipole placed in one edge of the lattice. In
general one can think of other configurations. We consider here the special case when the dipole
is placed in the middle of the lattice. That is, we choose as initial condition the Fock state |112011〉.
For the sake of shortness we only present the results of its time evolution. We do not include
extensive studies of the interference and other parts of the analysis we did in Chap. 2 because
they are essencially very similar to the results already presented there.

What would be the evolution of our system with such initial condition? Since we are working in
a tilted lattice where the translational invariance has been broken one might think that there is a
natural direction for the propagation of excitations. In Fig. C.2 we present the results of the time
evolution for the initial condition |112011〉 for both the full B-H model and the effective model.

The major result that can be seen in Fig. C.2 is that our initial assumption about the time
evolution was wrong. That is remarkable, because even though we are in a system where the
translational invariance has been broken, excitations, dipoles in our case, undergo a translational
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Figure C.2: Top: time evolution of the population for the different lattice sites in the Bose-Hubbard model
with initial condition |112011〉. Blue referes to a vacancy or a holon while red means double population or
doublon. Bottom: time evolution of the population of the lattice sites in the case of the effective model for
the same initial condition as in the upper part.

invariant lattice and therefore there is no preferred direction of propagation. Also, the dipole
propagates as a whole entity and does not split in its individual components, holon propagating
in one direction and doublon propagating in the oposite one. Finally, the lower panel of Fig. C.2
we can see that the effective model is a neat representation of the dynamics in the whole B-H
system.

53



Appendix C. Interference time and a dipole in the middle of the lattice

54



Bibliography

Bibliography

[1] C. C. Bradley, C. A. Sackett, and R. G. Hulet. Bose-Einstein Condensation of Lithium: Ob-
servation of Limited Condensate Number. Physical Review Letters 78(6), 985–989 (1997).
DOI: 10.1103/PhysRevLett.78.985.

[2] K. Davis, M. Mewes, M. Andrews, N. van Druten, D. Durfee, D. Kurn, and W. Ketterle. Bose-
Einstein Condensation in a Gas of Sodium Atoms. Physical Review Letters 75(22), 3969–
3973 (1995). DOI: 10.1103/PhysRevLett.75.3969.

[3] M H Anderson, J R Ensher, M R Matthews, C E Wieman, and E A Cornell. Observation of
bose-einstein condensation in a dilute atomic vapor. Science (New York, N.Y.) 269(5221),
198–201 (1995). DOI: 10.1126/science.269.5221.198.

[4] Markus Greiner, Olaf Mandel, Tilman Esslinger, Theodor W Hänsch, and Immanuel Bloch.
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[10] Carlos A. Parra-Murillo, Javier Madroñero, and Sandro Wimberger. Quantum diffusion
and thermalization at resonant tunneling. Physical Review A 89(5), 053610 (2014). DOI:
10.1103/PhysRevA.89.053610.

55

http://dx.doi.org/10.1103/PhysRevLett.78.985
http://dx.doi.org/10.1103/PhysRevLett.75.3969
http://dx.doi.org/10.1126/science.269.5221.198
http://dx.doi.org/10.1038/415039a
http://dx.doi.org/10.1103/RevModPhys.80.885
http://dx.doi.org/10.1103/RevModPhys.80.885
http://dx.doi.org/10.1038/nphys2259
http://dx.doi.org/10.1038/nature09994
http://dx.doi.org/10.1103/PhysRevLett.111.185301
http://dx.doi.org/10.1126/science.1207239
http://dx.doi.org/10.1126/science.1207239
http://dx.doi.org/10.1103/PhysRevA.89.053610
http://dx.doi.org/10.1103/PhysRevA.89.053610


Bibliography

[11] Michael Lubasch, Florian Mintert, and Sandro Wimberger. Dynamical enhancement of spa-
tial entanglement in massive particles. Physical Review A 84(6), 063615 (2011). DOI:
10.1103/PhysRevA.84.063615.

[12] C. Sias, H. Lignier, Y. Singh, A. Zenesini, D. Ciampini, O. Morsch, and E. Arimondo. Ob-
servation of Photon-Assisted Tunneling in Optical Lattices. Physical Review Letters 100(4),
040404 (2008). DOI: 10.1103/PhysRevLett.100.040404.

[13] C. Sias, A. Zenesini, H. Lignier, S. Wimberger, D. Ciampini, O. Morsch, and E. Arimondo.
Resonantly Enhanced Tunneling of Bose-Einstein Condensates in Periodic Potentials. Phys-
ical Review Letters 98(12), 120403 (2007). DOI: 10.1103/PhysRevLett.98.120403.

[14] Andreas Trabesinger. Quantum simulation. Nature Physics 8(4), 263–263 (2012). DOI:
10.1038/nphys2258.

[15] R. Blatt and C. F. Roos. Quantum simulations with trapped ions. Nature Physics 8(4), 277–
284 (2012). DOI: 10.1038/nphys2252.

[16] Alán Aspuru-Guzik and Philip Walther. Photonic quantum simulators. Nature Physics 8(4),
285–291 (2012). DOI: 10.1038/nphys2253.
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Abstract

Complexity is found in physics even in “small” and simple systems such as the helium atom. This
system represents the paradigm of the three body Coulomb problem which is non-integrable due
to the interelectronic interaction. This interaction is the origin of its high complexity and electronic
correlations. The non-integrability manifest itself classically in the mixed phase space of the helium
atom, which is formed of small regular regions inside a chaotic sea. Of special interest is the
stable region that corresponds to the frozen planet configuration (FPC). It is large enough to
support the quantum states called frozen planet states (FPS). They are doubly excited states
and under periodic driving they might transform into non-dispersive wave packets. Those wave
packets are quantum objects that propagate along the classical trajectories of the system without
dispersion.

The major interest for the study of these objects arises from their many possible applications in
the quantum control and quantum information fields. However, any experimental evidence has not
been obtained yet not even of the existence of the FPS. In this work we will be focus in deepen
the understanding of the above mentioned states and to study the mechanisms to obtain them. In
particular, the characterization of both decay channels: the radiative decay and the photoionization
decay and the atomic transitions from those states through few photons will be studied.
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Resumen

La complejidad se encuentra en la fı́sica atómica incluso en sistemas “pequeños” y aparentemente
simples como el átomo de helio. Este sistema es el paradigma del problema de Coulomb de tres
cuerpos, caracterizado por ser no integrable debido a la interacción interelectrónica, que a su
vez es el origen de la alta complejidad y de correlaciones electrónicas. La no integrabilidad se
manifiesta clásicamente en el carácter mixto del espacio de fase del átomo de helio, formado por
pequeñas regiones regulares inmersas en un mar caótico. En especial, es interesante la región
asociada a la configuración estable de planeta congelado. Dichas regiones son suficientemente
grandes como para soportar estados del análogo cuántico. Por ejemplo, encontramos los estados
de planeta congelado que son estados doble y altamente excitados y que bajo la acción de un
forzamiento externo periódico pueden transformarse en paquetes de onda no dispersivos. Estos
paquetes son objetos cuánticos que se propagan a lo largo de trayectorias clásicas del sistema
sin dispersión.

El mayor interés por el estudio de estos objetos viene de sus posibles aplicaciones en las
áreas de control cuántico e información cuántica. Sin embargo, aún no se ha obtenido ninguna
evidencia experimental ni siquiera de la existencia de los estados de planeta congelado. Aquı́ nos
centraremos en ampliar el conocimiento sobre dichos estados y en estudiar mecanismos para su
obtención. En particular, se estudiarán los canales de decaimiento radiativo y de fotoionización y
las transiciones atómicas desde estos estados mediadas por pocos fotones.
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1 Introduction

The three body problem -as in the helium atom- has kept the interest for decades and even today
there are still phenomena that remain unexplained. The high degree of complexity is due to the
interelectronic interaction. This leads to the non integrability of the system, which produces in
the classical description chaotic dynamics and also the complex ionization spectrum of the atom
[1–3]. The non integrability of the unperturbed atom entails the partial destruction of good quantum
numbers to describe the system. This characteristic is the origin of surprising effects such as
the autoionizing doubly excited states [4]; resonance overlap that leads to fluctuations in the
atomic spectrum [5]; highly correlated states [1, 6, 7], in which highly asymmetrical, but very stable
configurations of frozen planet are found in the doubly excited atom [1, 6].

The energy spectrum of helium is composed of series of states converging to the single ionization
thresholds, where one electron is ionized from the atom (see figure 1). Above the single ionization
thresholds there are the continua of those free electrons. Below the first ionization threshold the
states are bound with one electron in its ground state and the other in an excited state while doubly
excited states are found above this threshold. Due to the interelectronic interaction, most of the
doubly excited states [8, 9] are not bound states but resonances, that is, states that can decay by
autoionization into the continua of lower series of states.

From the classical point of view the helium atom exhibits mixed regular and chaotic dynamics, that
is, only for special initial conditions the motion of the two electrons is stable. A particular stable
configuration is the frozen planet configuration (FPC) where the nucleus and the two electrons
are collinear and the electrons are located on the same side of the nucleus. The stability is a
consequence of the fast oscillations of the inner electron bouncing on the nucleus which generate
a weakly attractive adiabatic potential for the outer electron [10]. The FPC is a paradigm of the
relation between the classical system and its quantum counterpart. This can be understood
using semiclassical arguments. For Coulomb type potentials the energy regime close to zero is
a semiclassical regime, where the classical dynamics mimics the quantum dynamics [11, 12]. In
case of helium, this corresponds to the regime of highly doubly excited states. Therefore, if the
regular region of the FPC is large enough1 it can support quantum states which are called frozen
planet states (FPS). FPS are thus localized along the classical trajectories of the FPC.

FPS are a particular type of planetary states, that is, states with highly asymmetrical electronic
excitations. FPS were predicted more than two decades ago [6], but they still await for the
experimental observation. This fact is due to the negligible dipole coupling between the ground
state of helium and FPS, that is, the transition probability between these two states is close to zero
when the atom interacts with a photon with energy equal to the energy difference between the
initial and final states [2, 3]. Nevertheless, evidence for the existence of planetary states has been
already found [13]. Therefore, one process to obtain an atom in a FPS requires a multiphoton
excitation and for that reason is important to investigate the coupling between singly excited states
and doubly excited states, FPS in particular. Additionally, the decay channels, that are the possible
processes in which the atom can decay to lower energy states, carry important information about
the stability of both the intermediate states and FPS. Among these processes, the photoionization
and the radiative decay are relevant. The first decay mechanism is due to the electron-electron
interaction and produces the spontaneous ionization of one electron in an excited state. The
second mechanism arises from the interaction between the atom and the electromagnetic field,

1That is, the classical action of periodic orbits of the FPC is larger than ~.
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Figure 1: Sketch of helium spectrum. The states are organized in Ridgberg series converging to
the ionization thresholds IN , where N is the principal quantum number of the inner electron, and
all series converge to the double ionization threshold at E = 0. The states below I1 are bound.
The states above I1 are coupled to the continua of lower series and are thus resonances than can
undergo autoionization processes.

where the atom emits a photon when the transition of an electron from an excited state to a lower
energy state occurs.

The last mechanism has been recently thoroughly studied theoretically [14–17] and experimentally
[17–19]. It has been found that for special series of doubly excited states below the second
ionization threshold the fluorescence is the principal mechanism above photoionization. In
consequence, the complete characterization of FPS and the description of the transitions to these
states should be done in order to look for intermediate states that can mediate in a multiphoton
process between the helium ground state and FPS.

In this work we are going to study the coupling between excited bound states and FPS. Going
beyond the second ionization threshold in a realistic 3D approach is challenging. Therefore, in a
first approach we are going to restrict to a planar model where both electrons and the nucleus is
restricted to a plane, which has been proved to provide a good qualitative and even quantitative
description of helium [20].

The structure of this work is the following: after this brief introduction we provide in chapter 2 the
theoretical background to describe the quantum dynamics of the planar helium atom. Here we
present an appropriate representation of the stationary Schrödinger equation in terms of harmonic
oscillators in order to give a proper treatment to the singularities of the hamiltonian. We also
introduce the complex rotation method, which combined with the above representation provides
the energies and autoionization rates of the doubly excited states of the atom. Furthermore, this
approach allows us to calculate useful observables, such as the photoionization cross section, the
spontaneous emission and the probability density. The numerical diagonalization of the resulting
generalized eigenvalue problem is achieved with the help of the Lanczos algorithm.

Chapter 3 starts with a brief description of the most important known aspects of the FPC and FPS.
Then, the coupling of FPS with bound states is analysed using the theoretical tools described in
chapter 2. We conclude this chapter with a brief discussion on a possible way to experimentally
prepare FPS.

We conclude this document in chapter 4 with a brief summary of our work and an outlook for

2



possible further stability analysis of FPS, the extension of the present analysis to the real 3D helium
atom and the possibility of formation of non dispersive wave packets when considering the driven
system.

Finally, we have also included appendix A which contains some technical details about the
spontaneous emission for excited states in the 2D helium atom and the channel theory in sections
A.1 and A.2, and further results of the coupling between bound states and FPS in section A.3.
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2 The Planar Model for the Helium Atom

In this chapter we describe the most important aspects of our planar model. We start by introducing
an appropriate set of coordinates which allows us to represent the SSE in terms of four coupled
harmonic oscillators. The description of autoionizing states is achieved with the help of the
complex rotation method. Within this approach we can calculate observables such as projections
in configuration space of the probability density of resonances, the photionization cross section
from bound states into the regime of doubly excited states and rates of spontaneous emission of
resonances.

2.1 Justification of Helium Planar Model

The dynamics of the three body Coulomb problem can be described in a simplified manner by the
Schrödinger equation taking a fixed nucleus at the origin and neglecting the relativistic corrections.
For the description and subsequent identification of doubly excited states and the transitions from
bound states to FPS through few photons we need a proper representation of the stationary
Schrödinger equation (SSE). For that, we start with the hamiltonian of a two electron atom, which
is given in atomic units (a.u) 2

H =
p2

1

2
+
p2

2

2
− Z

r1
− Z

r2
+

1

r12
, (1)

where Z is the atomic number, ri is the distance from the nucleus to each electron, pi is the
corresponding momentum, and r12 is the distance between the two electrons. In the present work
we are going to be restricted to a planar model of the atom, i.e. we confine both electrons and the
nucleus to a plane. It has been shown that the planar model reproduces qualitatively and even
quantitatively well the dynamics of highly excited states of helium [21–23]. The reason for this is
twofold: on the one hand, the semiclassical limit of the Coulomb interaction lies in the high energy
regime E → 0, that is in the range of highly excited states [11]. On the other hand, the scaling
properties of the classical dynamics of helium ensure that the total angular momentum scales as
|E|

1
2 [12]. Consequently, for E → 0 the scaled total angular momentum is close to zero and the

classical dynamics is planar [24].

2.2 Coordinate Representation

The most difficult aspect to handle in the SSE is the singularities ri and r12, however, they can be
regularized with three coordinate transformations.

First Transformation

First a parabolic transformation is performed which changes from {x1, y1, x2, y2} to {µ1, ν1, µ2, ν2}

x1 =
1

2

(
µ2

1 − ν2
1

)
, x2 =

1

2
(µ2

2 − ν2
2), for i = 1, 2,

y1 = µ1ν1, y2 = µ2ν2.

2We use all over this document atomic units unless it is stated otherwise.
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The expression for ri and for the kinetic term are given by

ri =
1

2

(
µ2
i + ν2

i

)
, ∇2

i =
1

µ2
i + ν2

i

(
∂2

∂µ2
i

+
∂2

∂ν2
i

)
,

however, the interaction term r12 is still given in terms of a square root.

Second Transformation

The second transformation is a rotation of θ = 45o and it changes from {µ1, ν1, µ2, ν2} to
{µp, νp, µm, νm}

µp =
1√
2

(
µ2

1 + µ2
2

)
, µm =

1√
2

(
µ2

1 − µ2
2

)
,

νp =
1√
2

(
ν2

1 + ν2
2

)
, νm =

1√
2

(
ν2

1 − ν2
2

)
.

Third Transformation

The last transformation is another parabolic transformation that changes from {µp, νp, µm, νm} to
{xp, yp, xm, ym}

µp =
1

2

(
x2
p − y2

p

)
, µm =

1

2

(
x2
m − y2

m

)
,

νp = xpyp, νm = xmym,

with this transformation now ri and r12 are polynomial expressions of the new set of coordinates
and are given by

16r1 = ((xp − ym)2 + (xm + yp)
2)((xp + ym)2 + (xm − yp)2),

16r2 = ((xp − xm)2 + (yp − ym)2)((xp + xm)2 + (yp + ym)2),

4r12 =
(
x2
p + y2

p

) (
x2
m + y2

m

)
.

Then, the regularized Schrödinger equation is obtained multiplying the SSE by the Jacobian of the
three transformations

B = 16r1r2r12,(
− 1

2
T + V

)
|ψ〉 = EB |ψ〉 ,

where the polynomial expressions of the kinetic and potential energy are

T = 16r1r2r12(∇2
1 +∇2

2),

V = 16(Zr2r12 + Zr1r12 + γr1r2).
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2.3 Harmonic Oscillator Representation

As both the kinetic and potential terms are polynomial expressions in the new set of coordinates
and in their derivatives is natural to introduce creation and annihilation operators

axp =
1√
2

(
xp + i

∂

∂xp

)
, axm =

1√
2

(
xm + i

∂

∂xp

)
,

ayp =
1√
2

(
yp + i

∂

∂yp

)
, aym =

1√
2

(
ym + i

∂

∂ym

)
.

Moreover, as it is possible to obtain the expression for the coordinates and derivatives in terms of
these operators then, both the kinetic and potential terms are also polynomial expressions of the
ladder operators. Further simplifications can be made if circular operators are introduced

a1 =
1√
2

(
axp − iayp

)
, a3 =

1√
2

(
axm − iaym

)
,

a2 =
1√
2

(
axp + iayp

)
, a4 =

1√
2

(
axm + iaym

)
.

The new set of coordinates in terms of the circular operators are given by

xp =
1

2
(a1 + a2 + a†1 + a†2) ,

yp =
1

2
(a1 − a2 − a†1 + a†2) ,

xm =
1

2
(a3 + a4 + a†3 + a†4) ,

ym =
1

2
(a3 − a4 − a†3 + a†4) .

For example, the angular momentum Lz in terms of circular operators reads

Lz =
1

4
(a†1a1 − a†2a2 − a†3a3 − a†4a4).

Circular operators obey the same commutation relations as ladder operators

[ai, aj ] = [a†i , a
†
j ] = 0, [ai, a

†
j ] = δij .

Thus, a basis set of Fock states, which is a complete basis of the Hilbert space of wave functions,
can be used and to each pair of circular operators a harmonic oscillator is associated.

|ψ〉 = |n1〉 ⊗ |n2〉 ⊗ |n3〉 ⊗ |n4〉 ≡ |n1, n2, n3, n4〉 .

However, when the parabolic transformations are performed unphysical symmetries are introduced
because the parabolic transformation (x, y)→ (µ, ν) is a double mapping of the Cartesian plane
into the plane of the new coordinates. Then, the physical wave function must satisfy the parity
condition ψ(µ, ν) = ψ(−µ,−ν), which is taken into account by a proper symmetrization of the
Fock basis.

The symmetrization of the basis can be done analysing the permutation of the indices of the
circular operators of the Fock states S3412 (that is (1, 2, 3, 4) 7→ (3, 4, 1, 2) to show that the states
|n1, n2, n3, n4〉 and |n3, n4, n1, n2〉 represent the same physical state. From the three coordinate
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transformation it can be shown that the permutation corresponds to the transformation of the new
set of coordinates

S3412


xp
yp
xm
ym

 =


xm
ym
xp
yp

↔


µm
νm
µp
νp

↔


µ1

µ2

ν1

ν2

↔


x1

y1

x2

y2

 .

This shows that this permutation leaves invariant the Cartesian coordinates (x1, y1, x2, y2). Then
S3412 is the identity in the space of cartesian coordinates. However S3412 |n1, n2, n3, n4〉 =
|n3, n4, n2, n1〉 the action of S3412 on the basis |n1, n2, n3, n4〉 is not the identity. Therefore, the
elements of the basis must be symmetrized as

|n1, n2, n3, n4〉+ = |n1, n2, n3, n4〉+ |n3, n4, n1, n2〉 .

In addition, an invariance group of the Hamiltonian (1) contains the reflections Πx and Πy with
respect to the x and y axis, and the particle exchange operator P12 [8, 21]. Since L2

z commutes
with the hamiltonian (1) and with these simmetry operations, a good set of quantum numbers is
constituted by the absolute value |l| of the angular momentum Lz, the exchange symmetry P12

quantum number (singlet and triplet states) and the symmetry Πx quantum number εx = ±1. Since
the efect of Πx on a basis element is given by

Πx |n1n2n3n4〉 = |n2n1n4n3〉 ,

it can be shown that the appropriate symmetrized basis addapted for Πx, L2
z and P12 is [8, 21]

|n1n2n3n4〉+εx = |n1n2n3n4〉+ + εx |n2n1n4n3〉+

with εx = ±1.

In order to calculate the matrix elements of the hamiltonian, the action of the circular operators on
a state is needed

a |n〉 =
√
n |n− 1〉 , a† |n〉 =

√
n+ 1 |n+ 1〉 ,

then, the non-zero matrix elements of the hamiltonian 〈n′1n′2n′3n′4|H |n1n2n3n4〉 6= 0 have
analytical expressions that can be easily calculated. The SSE takes the form of the generalized
eigenvalue problem (EVP)

A |ψ〉 = EB |ψ〉 . (2)

2.4 Helium Spectrum

The understanding of the complex helium spectrum is essential before the SSE is solved. In order
to give a brief description we consider the full hamiltonian of the system in a compact way

H =

(
p2

1

2
+
Z

r1

)
+

(
p2

2

2
+
Z

r2

)
+

γ

r12
.

If the electron-electron interaction in H is neglected (γ = 0), then, the sum of two hydrogenic
hamiltonians is obtained

H = H1 +H2,
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with a well known spectrum organized in Rydberg series whose energy is given by 3

E = − 2

(N1 − 1/2)2
− 2

(N2 − 1/2)2
,

for each integer quantum number Ni of both electrons. These series converge to single ionization
thresholds IN and all of them converge to the double ionization threshold at zero energy. If now
the interaction is turned on (γ = 1) the single ionization thresholds IN = − 2

(N−1/2)2
are expected

to remain at the same energy position, because if one electron is ionized the separation between
the two electrons tends to infinity and the interaction term 1/r12 is negligible. Also, above I1 most
states are coupled to the continuum of lower series and therefore, they are no longer bound states
but resonances, that can decay into those continua.

2.5 Complex Rotation-Dilation Method

To extract the resonant states and their decay rates we use complex rotation and dilation. Here
we present only the most important results of the method because the complete description and
understanding of it is far beyond the scope of this work. The rotation method is based on the
analytic continuation of the Green’s function into the complex plane. The green’s function for a
time-independent Hamiltonian is

G(E) =
1

E −H
.

The complex poles of G correspond to the energies Re(Ei) and decay rates −2 Im(Ei) of the
resonant states. However, the Green’s function is not calculated, instead the coordinates of
the complex plane are rotated an angle 0 < θ < π/4 and a dilation is also introduced. The
rotation-dilation operator is defined as

Dα(θ) = eβ
r·p+p·r

2 , (3)

where β has been defined in general as a complex number

β = θ + i logα.

The action of the operator Dα(θ) on a state |φ〉 is

Dα(θ)φ(r) = ei logα+θ φ(ei logα+θ r).

The corresponding transformed hamiltonian is given by

Hα(θ) = Dα(θ)HD−1
α (θ), (4)

where Dα(θ) generates the transformations

r → rα eiθ, p→ p
e−iθ

α
,

Therefore, the rotated-dilated hamiltonian reads

Hα(θ) =
e−2iθ

α2

(p2
1 + p2

2

2

)
+

e−iθ

α

( 1

r12
− Z

r1
− Z

r1

)
.

3The eigenvalues of planar hydrogen are EN = − 1

2(N− 1
2
)2
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The operator r·p+p·r
2 is hermitian. Therefore, from (3) it follows that a dilation (θ = 0) is a unitary

transformation while a rotation or a dilation-rotation is not. Consequently, the dilated-rotated
hamiltonian Hα(θ) is non hermitian. However, the spectrum of the rotated hamiltonian is related to
the spectrum of the original one and has the following properties [25–28]

(a) The eigenvectors |ψEiθ〉 of Hα(θ) form a complete basis set of Hilbert space.

(b) The bound spectrum of Hα(θ) is invariant under complex rotation.

(c) There are θ-independent eigenvalues of Hα(θ) located in the lower half of the complex plane,
which correspond to the resonances of the hamiltonian. The real part is the real energy E of
the resonance and the imaginary part is related with the autoionization rate −Γ/2.

(d) The continuum states are located on parallel half lines that are rotated an angle −2θ around
the single ionization thresholds IN .

Since the dilation is an unitary transformation it leaves invariant the eigenvalues of the hamiltonian.
However, due to the truncation of the basis in the numerical implementation there is a dependence
of the results on the dilation parameter. Therefore, this parameter can be used as a variational
parameter for optimization of the numerical results [8].

2.6 Wave Function Representation

To analyse the localization properties of FPS the expression for the probability density of the wave
functions is needed in terms of the eigenvalues of the rotated hamiltonian and it was taken from
[8]. If we have an energy state |ϕ〉 then the electronic probability density in configuration space
reads

|ϕE(r)|2 = 〈r|ϕE〉〈ϕE |r〉 =
1

π
Im
∑
j

〈r|R(−θ)|ϕjθ〉2

Ejθ − E
≈ 1

π| ImEjθ|
Re 〈r|R(−θ)|ϕjθ〉2,

where the approximation is called the single pole approximation and it is achieved by taking into
account only a well isolated resonance |Ejθ〉 with Ejθ ≈ E and |Ejθ −Eiθ| � |Ejθ −E|, ∀i 6= j
that gives the main contribution to the sum.

2.7 Photoionization Cross Section

The Fermi golden rule, which gives the probability for the electronic transition between two states of
an atom when it interacts with an external field, applied to the photoionization process leads to the
expression for the cross section [29]. The photoionization process is a two step process: first, an
atom is excited into a resonance state by absorption of a photon from an external electromagnetic
field. Second, the autoionization of this doubly excited state decays produces an ion and a free
electron. The autoionization process is due to the interelectronic interaction. The photoionization
cross section reads

σ(ω0) = 4π2ω0

∑
j

| 〈φjE |D(ê0) |φg〉 |2,

where |φg〉 is the bound initial atomic state with energy Eg, ω0 is the transition energy, |φjE〉 is the
energy normalized continuum eigenstate with energy E = Eg + ω0, D is the dipole operator and
ê0 is the polarization vector of the incident photon beam.
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To introduce the complex rotation method the projection operator of a resonant eigenstate |ϕE〉 is
expressed in the base of the rotated states [30, 31]

|ϕE〉 〈ϕE | =
1

2πi

∑
i

(
R(−θ) |ϕiθ〉 〈ϕiθ|R(θ)

Eiθ − E
− R(−θ)|ϕiθ〉 〈ϕiθ|R(θ)

iθ− E

)
.

Using the complex rotation method the expression for the photoionization cross section (PCS)
reads [24]

σ(ω0) = 4παω0 Im
∑
i

| 〈ϕiθ|R(θ)DB |φg〉 |2

Eiθ − Eg − ω0
, (5)

where |ϕiθ〉 is the resonant state with complex energy Eiθ = Ei − iΓ/2, D = ê0 · r = x1 + x2 in
2D with the incident photon beam linearly polarized in the x direction.

2.8 Spontaneous Emission

In the spontaneous emission, a photon is emitted when the atom in an excited state undergoes
a transition to a lower energy state, due to the interaction with the vacuum electromagnetic field.
The spontaneous emission of an atom in an excited state can be obtained from the Fermi Golden
rule applied to the 2D system. We use the expression for the radiative decay in 3D (see appendix
A.1 and A.2 for details). This can be justified using semiclassical arguments: The helium atom
in a high energy regime E → 0, which corresponds to the semiclassical regime, behaves like a
2D object in space [11]. Therefore, in order to calculate the radiative decay of a doubly excited
state in helium, the position vector r for the electrons has to be expressed as a 2D vector in the
Fermi Golden rule. However, the density of photon states is the same as in the 3D case. Also, as
there are no restrictions to the direction or polarization of the emitted photon, the integration is
performed over all directions and different polarizations. After the integration the expression for the
partial decay rate of a state |φn〉 is obtained [29]

γn→f =
∑
λ

(
4ω3

λα
3

2

)
|π̂∗λ · 〈φf | r |φn〉 |2,

where π̂∗λ is the polarization vector, |φn〉 and |φf〉 are the initial and final states, and ωλ is the
energy difference between them. If the contributions to all states with energies Ef < En are added
the total spontaneous emission of the state φn is obtained

γn =
4ω3α3

3

∑
f

(〈φf |x1 + x2 |φn〉2 + 〈φf | y1 + y2 |φn〉2).

If the initial state is a resonance |ϕnθ〉 in the frame of complex rotation, the total decay rate is
[32]

γ =
4α3

3

∑
f

(Re(En)− Ef)
3 Re(〈ϕfθ|(x1 + x2)B|ϕnθ〉2 + 〈ϕfθ|(y1 + y2)B|ϕnθ〉2),

where Ef is real because only bound states are considered in the sum. Only the real part of the
dipole transition elements is taken into account (see appendix A.2 for details) since it is equal to
the dipole coupling between the initial state and the bound part of the wave function.
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2.9 Numerical Implementation

In order to calculate numerically the coupling between the bound states and the FPS first of all the
diagonalization of the EVP (2) is required. For this, we use the code used in [24], which allows us
to obtain the eigenvalues and eigenvectors of the planar helium that are needed to calculate the
photoionization cross section (5). We have implemented in this code a subroutine to calculate the
dipole matrix elements 〈ϕiθ|R(θ)DB |φg〉 in the representation described above, which includes
the jacobian B of the four coordinate transformations.

For the diagonalization of the generalized EVP (2) a Lanczos algorithm is used, which allows one
to calculate the largest eigenvalues of an eigenvalue problem. Here, the most basic aspects of the
method are briefly described. The details of the original method can be found in [33] and further
details about the subroutine we use can be found in [34–36]. In our generalized EVP the involved
matrices A and B are complex symmetric, banded, sparse and rather large. However, we are not
interested in all the eigenvalues of the system but those within a energy range centred around a
given energy E0. To achieve this, the generalized eigenvalue problem (2) can be modified to an
EVP by multiplication from the left with A−1

A−1B |ψ〉 =
1

E
|ψ〉 .

Using the Lanczos algorithm we obtain the largest eigenvalues (i.e. E ≈ 0). But before using this
algorithm the matrix A is shifted by Es to obtain the set of eigenvalues near the energy value Es,
i.e.

A → A− EsB.

The generalized eigenvalue problem is changed to

(A− EsB)−1B |ψ〉 =
1

E − Es
|ψ〉 .

The largest eigenvalues (E ≈ Es) are obtained for a given shift parameter Es and also the
corresponding eigenvectors.
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3 Frozen Planet States and their Coupling to Bound States

We start this chapter providing a summary of the most important known aspects of the FPC and
the FPS in section 3.1 and 3.2, respectively. Then, in section 3.3, we analyse the couplings of
these states with bound states (BS), with the machinery described in the previous chapter. This
will be done in order to shed some light for the experimental realization of FPS.

The nomenclature used here for BS is LBi where L is the total angular momentum and i is the
number of the bound state, with i = 1 to 6. The BS considered in this work are presented in the
table 1 with the color code established for each state. The nomenclature for FPS is similar LFNk
where N is the ionization threshold at which FPS of the series converge and k is an ascending
number used to identify FPS in the series they belong to.

Table 1: Bound states LBi, energy E, color code.

LBi E (a.u) Color code
1B1 -8.211542 Magenta
1B2 -8.077637 Cyan
1B3 -8.039947 Purple
1B4 -8.024280 Orange
1B5 -8.01630 Blue
1B6 -8.0117 Green

3.1 Classical Frozen Planet Configuration

In the FPC the two electrons are localized at the same side of the nucleus in a highly asymmetrical
collinear configuration, as is shown in figure 2(a). Although it may seem unstable, it has been shown
in classical studies [37–39] that the FPC is very stable indeed. The inner electron moves in highly
eccentric orbits colliding with the nucleus and the outer electron experiences a time-independent
weakly attractive potential, which is shown in figure 2(b), due to the rapid motion of the inner
electron. The outer electron is thus localized around an equilibrium position far away from the
nucleus characterized by slow oscillations. This potential is obtained when the rapid motion of
the inner electron is averaged [10] in its characteristic time scale [39] and from it, the equilibrium
distance of the outer electron can be determined.

The classical dynamics of the FPC is regular as can be seen in the Poincarè surface of section
(figure 2(c)) [37, 39] . Each point of this surface represents the position x1 and momentum p1 of
the outer electron when the inner electron collides with the nucleus. The volume occupied by the
stability region of the FPC is large enough to support eigenstates of the quantum hamiltonian,
which are localized along the classical frozen planet orbits. This states are characterized by a long
life-time as their classical counterpart and they can be identified in 2D helium [8].

13



(a)

(b)

(c)

Figure 2: (a) Frozen planet configuration with both electrons at the same side of the nucleus
in an asymmetrical configuration. (b) Effective time-independent weakly attractive potential [10]
experienced by the outer electron and generated by the rapid motion of the inner electron near
the nucleus. (c) Poincarè surface of section [39], where each point of this surface represents
the position x1 and momentum p1 of the outer electron when the inner electron collides with the
nucleus [10].

3.2 Frozen Planet States

When the generalized EVP (2) with the rotated hamiltonian is solved the energies and photoionization
rates are obtained. The complex spectra of the hamiltonian converging to the ionization thresholds
I4 and I5 are shown in figures 3(a) and 4(a), respectively. In those figures we can identify FPS,
which are localized close to the real energy axis (red circles), having large life-times and being
organized in series converging to each ionization threshold. These states should have the smallest
photoionization decay rates Γ due to the large stability of the classical frozen planet configuration,
compared to other resonances. The classical FPC was shown to be collinear in section 3.1.
Therefore, the expectation value of 〈cos θ12〉 for these states has to be close to 1. In figures 3(b)
and 4(b) the expectation value 〈cos θ12〉 of the resonances converging to I4 and I5 are shown,
where the resonances highlighted in figures 3(a) and 4(a) have the values 〈cos θ12〉 close to 1. For
the FPS below I4 〈cos θ12〉 ≈ 0.78 and below I5, 〈cos θ12〉 ≈ 0.84 and as we go to more excited
FPS this value goes closer to 1, i.e θ12 is closer to 0.

Figure 5(a) shows the projection of the wave function on the plane θ12 = 0 of 0F4
2 . It can be seen

that the position of the electrons at maximum probability density are significantly different: the
inner electron is very close to the nucleus at r2 ≈ 8, while the outer electron is localized far away
at r1 ≈ 57. In figure 5(b) two plots are joined together: in the left plot, we have the projection
of the probability density of the same FPS into the inner electron coordinates (x2, y2), fixing the
outer electron coordinates at the maximum probability density obtained in figure 5(a); and in the
right plot, we do the same but with the outer electron, fixing the inner electron coordinates at the
maximum probability density. We can observe in a clearer way that the position of the maxima
of both electron are farther apart. This electronic configuration was expected from the classical
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Figure 3: (a) Singlet spectrum of the rotated hamiltonian below the 4th ionization threshold, where
FPS (red circles) show large life-times. (b) Expectation value 〈cos θ12〉 for the states converging to
I4, where FPS (red circles) have a value 〈cos θ12〉 close to 1.
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Figure 4: (a) Singlet spectrum of the rotated hamiltonian below the 5th ionization threshold, where
FPS (red circles) show large life-times. (b) Expectation value 〈cos θ12〉 for the states converging to
I5, where FPS (red circles) have a value of 〈cos θ12〉 close to 1.

15



0 20 40 60 80 100
0

5

10

15

r1 [a.u]

r 2
[a

.u
]

(a) (b)

Figure 5: (a) Probability density of 0F4
2 projected into the plane cos θ12 = 0. (b) Probability density

of 0F4
2 projected into the inner electron coordinates (left part of the graph), keeping fixed the outer

electron coordinates at (57, 0), and probability density projected into the outer electron coordinates
(right part of the graph), keeping fixed the inner electron coordinates at (8, 0). The positions of the
electrons at the maximum probability density are farther apart, being the inner electron close to
the nucleus and the outer electron far away from it.

Table 2: FPS LFNk below I4 and I5, energy E, −Γ/2 and expectation value of 〈cos θ12〉.

LFNk E (a.u) −Γ/2 (a.u) 〈cos θ12〉
0F4

1 -0.180560506 -0.00000087 0.787
0F4

2 -0.175570510 -0.00000148 0.785
0F4

3 -0.172615384 -0.00000159 0.782
0F4

4 -0.170535542 -0.00000132 0.781
0F5

1 -0.109297550 -0.00000374 0.772
0F5

2 -0.106832792 -0.00000006 0.856
0F5

3 -0.105139479 -0.00000017 0.869

description of the three-body Coulomb problem discussed in section 3.1. We can also see the
remain of the classical motion of the inner electron close to the nucleus as small orbits at the left of
the position of the maximum probability density of this electron.
A more thorough study of the stability properties of FPS requires an insight into the radiative decay
rates. The formalism has been already described in section 2.8 and appendix A.1 and A.2. The
numerical implementation is in ongoing work.

3.3 Photoionization Cross Section of FPS

To study the coupling between BS with L = 1 and FPS with L = 0, we focus our analysis on FPS
converging to I4 and I5. These FPS are trivially not coupled to the the ground state of planar
helium 0G due to the selection rules of the dipole operator. It is worth to mention that 0G is neither
coupled to any L = 1 FPS (1FNk ) [23]. Therefore, to populate L = 0 or L = 1 FPS from the
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ground state it is necessary at least a two-photon transition. Here we explore the possibility of
populating L = 0 FPS 0FNk by a two-photon excitation process using as intermediate states the
BS 1Bi.
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Figure 6: PCS from the initial states 1Bi i = 1 to 6 to the final states between I3 and I4. The FPS
0F4

i (dashed lines) converge also to the ionization threshold.
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Figure 7: PCS from the initial states 1Bi i = 1 to 6 to the final states between I4 and I5. The FPS
0F5

i (dashed lines) converge also to the ionization threshold.
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Figure 8: (a) and (b) PCS near the energies of 0F4

1 and (b) 0F5
1 , respectively. (c) and (d) contour

plot of the electronic density |φ|2 into the configuration subspace of the outer electron of the BS 1Bi
i = 2 to 6 and 0F4

1 and 0F5
1 , respectively. The projection correspond to the probability distribution

for the outer electron, keeping the inner electron coordinates fixed at the maximum of the probability
density, (0.2, 0) for BS, (8.1, 0) for 0F4

1 and (15, 0) for 0F5
1 . (e) and (f) |φ|2 of BS and 0F4

1 and 0F5
1 ,

respectively, as a function of the outer electron coordinate x1, keeping y1 = 0 fixed and the inner
electron coordinates fixed at the maximum of the electronic density.
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The energies and decay rates of 0F4
k and 0F5

k are listed in table 2. In figures 6 and 7 the total
photoionization cross sections (see section 2.7) are shown with BS 1Bi with i = 1 to 6 as initial
states and taking all the doubly excited states converging to the 4th and 5th ionization thresholds.
The soft background generated by the contribution from the continua of lower series is not taken
into account here leaving only the fluctuating part of (5). The amplitude of the cross section
depends on the initial state and the height of the peaks is an indicator of the coupling strength
between the initial and final states. Here, we are not interested in the absolute values of the PCS.
We are rather interested in the relative heights of the peaks associated to FPS in the PCS from
different bound states. For this reason we are not concerned about the absolute units of the PCS.
Instead, we use arbitrary units (arb. u.) along this work for PCS. FPS are characterised by small
decay rates (see table 2) and therefore, when they are coupled to the initial BS they exhibit very
narrow profiles. The positions of FPS are marked by dashed lines in both graphs. In figures 6 and
7 we observe that for one final state the strength of the coupling varies with the initial BS. In the
following we perform a more thorough analysis in order to gain insight into the understanding of
the difference in the electronic transitions between FPS and those BS.

The PCS near the energies of 0F4
1 and 0F5

1 are presented in figures 8(a) and (b), respectively.
For 0F4

1 the strongest coupling is from 1B5, but also there are important contributions from 1B4

and 1B6. For 0F5
1 the strongest coupling is from 1B6, being the second contribution from 1B5.

In order to explain these differences in the coupling strengths we analyse the projections of the
corresponding wave functions in configuration space. This will help us to understand the coupling
between these states through the oscillator strength 〈φi|R(−θ)B(x1 + x2)|φf 〉, which actually will
be non-zero when the initial and final states overlap. For that purpose it is important to notice that
each of the three series of states, 1Bi, 0F4

k and 0F5
k , respectively converge to the same ionization

threshold, that is, 1Bi converge to I1, 0F4
k to I4 and 0F5

k to I5. Therefore, all states that belong to
one of these series share the same excitation of the inner electron, which implies that the electrons
occupy the same region of the configuration space. For this reason as the inner electron from the
bound states does not provide information about the different coupling strengths we only consider
the projections of the outer electron in the x1-y1 plane.

In figure 8(c) we show these projections for 0F4
1 and the BS 1Bi, i = 1 . . . 6, while figure 8(d)

compares the projections of 0F5
1 and the same BS. The position of the inner electron is fixed at the

coordinates corresponding to the maximum of the probability density at (0.2, 0) for 1Bi, at (8.1, 0)
for 0F4

1 and at (15, 0) for 0F5
1 . We see that the overlap between BS and FPS is large for the same

states where the coupling is also large. However, a larger overlap does not imply a larger coupling
in the PCS because, according to the expression for the oscillator strengths, it is more important
the product of the initial and final state functions. For example, 0F4

1 has the largest overlap with
1B4, however, it exhibits a stronger coupling to 1B5 and yet the overlap of the latter is smaller. This
can be understood comparing the maxima of the probability densities.

Figure 8(e) compares the transversal sections of the probability densities of 0F4
1 and the BS. These

sections are obtained from the projections of 8(c) for y1 = 0.4 We observe that in figure 8(e) 1B5

has a larger probability density than 1B4 and in x direction there is full overlap with 0F4
1 . This

explains why it exhibits a larger coupling in the PCS. The same analysis is even clearer for 0F5
1 in

figure 8(f), where the largest peak of 0F5
1 is localized around the largest peak of 1B5 and 1B6. As

the maximum of the probability density of the latter is the largest of these BS, the coupling to 0F5
1

4The largest peak of the FPS probability density maximum is typically smaller than the maxima for BS. Therefore, in
order to get a better insight in figures 8(e) and 8(f) the FPS densities have been rescaled and as the absolute value of
the peaks is not important for the analysis, arbitrary units are used for this projection.
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Table 3: FPS LFNk below I4 and I5 and BS LBi strongly coupled to each FPS (arranged in
decreasing coupling strength).

LFNk LBi
0F4

1 1B5 1B4 1B6

0F4
2 1B6

0F4
3 1B6

0F4
4 1B5

0F5
1 1B6 1B5

0F5
2 1B6

0F5
3 1B6 1B5 1B4

is stronger which is consistent with figure 8(b).

It is worth to mention again that the ground state of helium is not coupled to any FPS [23]. A
single photon transition is not enough to populate FPS from the ground state. For that reason the
analysis presented in this section is the first step to populate those states. Our study shows that
a two photon transition from the ground state mediated by single excited states 1Bi might excite
the atom into FPS. In appendix A.3 we extend the analysis described in this section for 0F4

1 and
0F5

1 to further FPS 0F4
k and 0F5

k . Summarizing these results, in table 3, we present the BS which
exhibit the largest couplings with those FPS.

We expect the results found within the planar model are valid to some extend for the real system.
We emphasize that the planar model reproduce qualitatively and even quantitatively well the
dynamics of helium in highly excited states [11, 12, 21–24] as the BS and FPS we have considered
in the present analysis. Therefore, the analysis presented here can also be applied to the real
system. This requires to take into account the following aspects. (i) FPS have been already
identified in 3D theoretical studies [6] and it has been found some non-conclusive experimental
evidence for their existence [13]. Quantitatively, the energies and the decay rates of FPS are
different from the 2D results presented in this work [22]. In any case these states are characterised
by small autoionization rates and 〈cos θ12〉 ≈ 1, that is, they are associated to the collinear classical
configuration. (ii) After characterizing FPS in the 3D system, the photoionization cross section
can be calculated using again different BS as initial states. From the planar analysis we have
presented we are certain that there are 3D BS coupled to FPS. For this it should be enough the
overlap of the respective wave function projections of the outer electron. This must be the case,
since it is always possible to find BS and FPS with similar excitations of the outer electron. We do
not know, of course, which are the coupled states beforehand. (iii) The stability analysis has to be
made for every FPS for the 3D helium atom, considering both the photoionization and the radiative
decay rates. Although there is not evidence yet of the relevance of the fluorescence for FPS, it has
been shown in theoretical [14–16] and experimental studies [17–19] for the (−1, 0)0

n series5 of 3D
helium below the second ionization threshold, that the radiative decay channel dominates over the
autoionization channel.

Finally, from the above discussion and the results presented in this section we can estimate the
wavelengths for the expected transitions needed in a real experiment to populate FPS. Figure 9
depicts the two-photon scheme from the ground state to FPS using BS as intermediate states of
the real system. The bound states, though unknown, are located close to the first ionization at I1 =

5These doubly excited states are labelled using the (K,T )An classification scheme [40].
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I4=-0.141a.u I5=-0.089a.u

λ'2=23.83nmλ2=24.49nm

λ1=50.44nm

Eg=-2.903a.u

I1=-2a.u

Figure 9: Two-photon transition scheme from the ground state to FPS below I4 and I5, using
BS as intermediate states, for 3D helium. The wavelength of the first transition, between ground
state E0 = −2.903 a.u and BS EBS = −2 a.u is λ1 = 50.44 nm and for the second transition
λ2 = 24.49 nm and for FPS below I4 and λ′2 = 23.83 nm for FPS below I5. All photons involved in
these electronic transitions are in the far-ultraviolet region (200 nm, 10 nm).

−2 a.u. The energies of 3D FPS 0F4
1 and 0F5

1 are −0.141 064 a.u and −0.089 570 a.u, respectively
[7], which are located very close to the ionization thresholds I4 and I5. The approximate wavelength
of the photon required for each transition is presented there. From the ground state to the BS the
photon should have a wavelength of λ1 = 50.44 nm. The second photon has wavelengths of λ2 =
24.49 nm and λ′2 = 23.83 nm for the transitions between BS and 0F4

k and 0F5
k , respectively. All

the photons involved in these electronic transitions are in the far-ultraviolet region (200 nm, 10 nm).
The experimental realization of these FPS requires an exact photon energy to excite the right
couplings. The lasers for generation of ultraviolet radiation can be already found with different
sources [41], though the required spectral precision is still far from be achieved.

21



22



4 Summary and Perspective

4.1 Summary

In the present work, we give a brief description of the spectrum of planar helium and we focus our
attention in the study of frozen planet states in order to analyse the coupling to bound states. For
that purpose we use a well established approach which combines a representation in parabolic
coordinates with the complex rotation method. The choice of parabolic coordinates leads to an
exact representation in creation and annihilation of four coupled harmonic oscillators. The matrix
elements of the resulting generalized eigenvalue problem have simple analytic expressions which
can be numerically exactly calculated. The complex rotation method allows us to identify the
resonance states of the atom providing their energies and autoinization decay rates. Furthermore,
within this approach we provide a theoretical description of radiative decay rates.

After the description of frozen planet states we study their dipole coupling with bound states. This is
achieved by calculating both the photoionization cross section, starting from different initial bound
states, and the projections of the probability density wave function into different planes. On the
one hand the photoionization cross sections allows us to identify bound states which are strongly
coupled to frozen planet states. On the other hand the projections on the configuration space of
the outer electron provide information about the overlap between these states and, thus, it helps us
to explain the different coupling strengths: We found that the coupling between bound states and
frozen planet states is stronger whenever the overlap between the initial and final wave functions is
large and the largest peaks of the wave functions are located in the same region of configuration
space, that is, the outer electrons of the frozen planet state and the bound state are located around
the same positions. These observations open a door in the direction of preparation of the so far
unobserved frozen planets states using a two photon transition from the ground state mediated
by single excited states. Furthermore, the frequencies required for the electronic transitions to
obtain the FPS can be estimated, being in the far ultraviolet region. Although for this energy
range different types of lasers can be found, the spectroscopic precision has not been achieved
yet.

4.2 Outlook

Fluorescence is the dominant decay channel for special series of series of doubly excited states
[14–19]. However, the relevance of the radiative decay rate of frozen planet states is not yet
understood. In the present work we have developed the theoretical background for the study of
the radiative decay rate for 2D helium. The numerical implementation will help us to understand
the role of the radiative decay in frozen planet states and to gain more insight into their possible
experimental preparation.

Qualitatively, we expect the coupling of states in the real atom and in the planar system exhibit
similar properties. Nevertheless, the quantitative description of these couplings requires an
accurate treatment of the 3D helium atom.

Finally, the effect of an external driving on frozen planet states is the creation of non-dispersive
wave packets. Though important advances have been achieved in the understanding of the nature
and properties of these objects, we still are far from their experimental realization.
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A Appendices

A.1 Spontaneous Emission

In this section, the main results of the radiative process of an atom are summarized from [29] in
section A.1 and section A.1.1. Then it is applied to two systems: the 3D helium atom and planar
helium, where some considerations will have to be made in order to justify the interaction between
a 2D object and a 3D external field.
In order to calculate the partial decay rate of a state the Fermi Golden Rule is used, which is given
by the expression [29]

Pi→f =

(
4π4

~L3

)
(Ef − Ei)

2

ωλ
|(π̂λ · rfi)F abs

fi + (π̂∗λ · rfi)F em
fi |2ρldΩ,

where Ei and Ef are the energies of the initial and final state, respectively and ωλ = Ef−Ei
~ is the

energy difference between the states. For the spontaneous emission process the absorption and
emission coefficients are F abs

fi = 0 and F em
fi = 1, respectively and the occupation number for each

mode are nλ = 0, for every mode λ of the initial state of the field, n′λ = 1, for every mode λ of the
final state of the field. Finally the photon density in 3D is given by

ρldΩ =

(
L

2π

)3 (~ωλ)2

(~c)3
dΩ.

Substituting the last expressions in the transition probability between the initial and final states we
obtain the following expression for one possible polarization λ

Pi→f =
1

2π~

(
ω3
λe

2

c3

)
|π̂∗λ · 〈φf | r |φi〉 |2dΩ.

A.1.1 3D Helium Atom

To obtain the total decay rate of the state |φi〉 the contributions from the two possible polarization
directions, and from the different possible directions of the emitted photon have to be taken into
account. The position vector written in the vector basis

{
π̂1, π̂2, k̂

}
, whith kλ the wave vector, is

given by

rfi = (π̂1 · rfi)π̂1 + (π̂2 · rfi)π̂2 + (k̂ · rfi)k̂

= rfi sen θ senφπ̂1 + rfi sen θ cosφπ̂2 + rfi cos θk̂.

The magnitude of the projection of the position vector on the plane π̂1-π̂2 is

|π̂1 · rfi|2 + |π̂2 · rfi|2 = r2
fi sen2 θ

[
cos2 φ ‖π̂1‖2 + sen2 φ ‖π̂2‖2

]
= r2

fi sen2 θ.

The probability per unit time P se
i→f for the atomic transition from φi to φf plus the emission of a

photon of arbitrary polarization is given by

P se
i→f =

∫
Pi→fdΩ =

ω3
λe

2

2π~c3
| 〈φf |r|φi〉 |2

∫ π

0

∫ 2π

0
sen3 θdφdθ

=
ω3
λe

2

2π~c3
| 〈φf |r|φi〉 |2

(
8π

3

)
=

4ω3
λe

2

3π~c3
〈φf |r|φi〉2 .
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For the total spontaneous decay rate it follows

Pi =
∑

f

P se
i→f =

4e2

3π~4c3

∑
f

(Ef − Ei)
3| 〈φf |r|φi〉 |2.

If atomic units are used and the total radiative decay is called γ, the radiative decay reads

γi =
4

3
α3
∑

f

(Ef − Ei)
3| 〈φf | r |φi〉 |2, (6)

where α is the fine structure constant, that in atomic units is given by

α =
e2

~c
=

1

c
.

Complex Rotation Method

If the initial state is a resonance |φf〉 represented by the complex scaled state vector |ψfθ〉 then both
the energy and the matrix element of the position vector has to be replaced as follows [32]

(Ef − Ei)
3| 〈φf | r |φi〉 |2 −→ (Re(Ef)− Ei)

3) Re(〈φfθ| r |φi〉2).

Ei is real because only the radiative decay from a resonance to a bound state is considered and
those states have real eigenvalues. A justification for using only the real part of the dipole matrix
element is going to be developed in appendix A.2.

A.1.2 2D Helium Atom

For the planar case, the only differences with the 3D case is that the position vector of the electrons
are restricted to the plane x-y and therefore wave functions depend on these two coordinates.
There are still two possible polarization vectors π̂1 and π̂2 perpendicular to one another and to the
wave vector polarization vector k̂. Then, after projecting the position vectors ri in the plane π̂1-π̂2

and integrating over all possible directions we obtain the same expression for the radiative decay
rate (6)

γn =
4ω3α3

3π
π
∑
i

(x2
nf + y2

nf),

=
ω3α2

2

∑
f

(〈ψn|x1 + x2 |ψf 〉2 + 〈ψn| y1 + y2 |ψf〉2).

If the initial state 〈ψf | is a resonance |ψnθ〉 using the complex rotation method then the total decay
rate is

γn =
4α3

3

∑
f

(Re(En)− Ef)
3 Re(〈ψnθ|x1 + x2 |ψfθ〉2 + 〈ψnθ| y1 + y2 |ψfθ〉2), (7)

where Ef is real because only bound states are considered in the sum.
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A.2 Channel Theory

In this section the justification for the fluorescence expression (7) is given in the frame of the
complex rotation method. In order to achieve this we need to arrive to the equivalence between
the real part of the square of Re(〈ψn|D|φi〉2) and the square modulus of the dipole matrix element
between the bound part of the wave function |ϕ〉 and the initial state |φi〉, i.e. | 〈ϕ|D|φi〉 |2. To
describe the decay channels of a doubly excited atom the main results of the channel theory from
[32, 42, 43] are summarized in this section and in section A.2.1, where the configuration interaction
between bound and unbound states is taken into account. The physical system into consideration
is described by a bound state |ϕ〉 and a non resonant continuum state |ψE〉 with energies Eϕ and
E, respectively. In the zero approximation, that is when the interaction potential is neglected, the
eigenstates of the operators QHQ and PHP are |ϕ〉 and |ψE〉, respectively, where Q and P are
the projection operators to bound and non resonant continuum states. The matrix elements of
these states are given by

〈ϕ|H|ϕ〉 = Eϕ,

〈ψE′ |H|ϕ〉 ≡ 〈ψE′ |V |ϕ〉 = VE′ ,

〈ψE′ |H|ψE〉 = Eδ(E′ − E′).

The non diagonal terms of the hamiltonian matrix, i.e. the configuration interaction, in terms of the
projection operators Q and P is given by

V = PHQ+QHP.

The corresponding eigenvector to be determined, which diagonalizes the portion of energy matrix
that belongs to the subset of states |ϕ〉 and |ψE〉, is a combination of the bound and continuum
states

|φE〉 = a(E) |ϕ〉+

∫
bE′(E) |ψE′〉 dE′. (8)

The coefficients can be found and an important quantity, the autoionization rate, is introduced

Γ(E) = 2π|VE |2. (9)

Analysing the interaction between the channels that generate the resonances one can show that
the photoionization cross section is proportional to the oscillator strength [29]

| 〈φE |D|φi〉 |2 = | 〈ψE |D|φi〉 |2
∣∣∣∣ε+ q

ε+ i

∣∣∣∣2 = | 〈ψE |D|φi〉 |2
(ε+ q)2

ε2 + 1
, (10)

where the dependence of the cross section on the energy exhibits the typical asymmetrical shape
of a Beutler-Fano profile. In the last equation, D is the dipole operator, |φi〉 is an initial state and
the asymmetry parameter q and the energy ε of the resonance respect to its center position in
units of half width are given by

ε =
E − Eϕ − F

Γ/2
, q =

〈Φ|D|φi〉
πV ∗E 〈ψ|T |φi〉

, (11)

where

F (E) = P

∫
|VE′ |2

E − E′
dE′,
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F is the energy shift due to the finite bound-continuum coupling, P is the Cauchy principal value
of the integral and |Φ〉 denotes the state |ϕ〉 modified by an admixture of the continuum state
|ψE〉

Φ = ϕ+ P

∫
VE′ψE′

E − E′
dE′

If Γ, F , and q are assumed to be constant in the energy interval defined by the resonance, the
integrated photoionization cross section of a resonance [42] is given by

σ(E) = | 〈ψE |D|φi〉 |2
[

(ε+ q)2

ε2 + 1
− 1

]
,

can be written as ∫
σ(E)dE =

∫
| 〈ψE |D|φi〉 |2

[
(ε+ q)2

ε2 + 1
− 1

]
dE,

=

∫ (
| 〈φE |D|φi〉 |2 − | 〈ψE |D|φi〉 |2

)
dE.

where the first line is derived taking into account the results from the fano profile analysis of the
interaction between a bound state and a pure continuum state [95, 96]. The last line can be
obtained from the relation between | 〈φE |D|φi〉 |2 and | 〈ψE |D|φi〉 |2 in (10). The integration over
the energy interval [−a, a] of the resonance is calculated in the limit a→∞. This can be justified
for isolated resonances since the subintegral function does not significantly contributes to the
integral outside the interval and the variable of integration is changed from E to ε

ε =
Eg + ω0 − E

Γ/2
, dε =

dE

Γ/2
,

∫
σ(ε)

Γ

2
dε =

Γ

2
| 〈ψE |D|φi〉 |2

∫ ∞
−∞

[
(ε+ q)2

ε2 + 1
− 1

]
dε (12)

=
Γ

2
| 〈ψE |D|φi〉 |2

∫ ∞
−∞

[
ε2 + 2qε+ q2 − ε2 − 1

ε2 + 1

]
dε (13)

=
Γ

2
| 〈ψE |D|φi〉 |2

∫ ∞
−∞

[
q2 + 2qε− 1

ε2 + 1

]
dε (14)

= π
Γ

2
| 〈ψE |D|φi〉 |2(q2 − 1). (15)

of (9) and (11) it follows that

〈Φ|D|φi〉 = qπV ∗E 〈ψE |D|φi〉 ,
Γ

2
= π|VE |2,

Inserting these relations [42] into the integrated photoionization cross section (12) we obtain∫
σ(ε)

Γ

2
dε = π

π|VE |2

π2|VE |2
| 〈Φ|D|φi〉 |2 − π

Γ

2
| 〈ψE |D|φi〉 |2,

= | 〈Φ|D|φi〉 |2 −
πΓ

2
| 〈ψE |D|φi〉 |2,∫

σ(ε)
Γ

2
dε ≡ | 〈ϕ|D|φi〉 |2. (16)

The integral over the resonance energy must be equal to | 〈ϕ|D|φi〉 |2 because the transformation
that diagonalizes the hamiltonian is unitary (8) and therefore cannot affect the total transition
probability.

28



A.2.1 Photoionization Cross Section

The Fermi golden rule applied to the photoionization process leads to the expression for the cross
section [29]

σ(ω0) = 4π2ω0

∑
j

| 〈φjE |D(ê0) |φi〉 |2,

where |φi〉 is the bound initial atomic state with energy Ei, ω0 is the transition energy, |φjE〉 is
the energy normalized continuum eigenstate with energy E = Ei + ω0, and ê0 is the polarization
vector of the incident photon beam. When using the complex scaling method the photoionization
cross section is given by [32]

σ(ω0) =
4πω0

c
Im
∑
j

〈ϕjθ|R(θ)D|φi〉2

Ejθ − E
.

To prove that this expression is equivalent to a fano profile lets define the oscillator strength as a
complex number

〈ϕjθ|R(θ)D|φi〉 = Bj + iCj ,

replacing this result into the expression for the partial photoionization cross section

σj =
4πω0

c
Im

(
〈ϕjθ|R(θ)D|φi〉2

Ejθ − E

)

=
4πω0

c
Im

(Bj + iCj)
2

Ejθ − E

=
4πω0

c
Im

(B2
j − C2

j )Aj − ΓjCjBj + i
(
2CjBjAj + Γ

2 (B2
j − C2

j )
)

A2
j + Γ2

4

,

where
Ejθ = Ej − i

Γ

2
and Aj = Ej − E = Ej − Eg − ω0

taking the imaginary part of the partial cross section we obtain

σj = µ2
j

[
(εj + qj)

2

ε2j + 1
− 1

]
.

with

εj =
Eg + ω0 − Ej

Γj/2
, qj = −Bj

Cj
, µ2

j =
8παω0C

2
j

Γj
.

If we compare the last expression for the photoionization cross section with

σ ∝ | 〈ψE |D|φi〉 |2
(ε+ q)2

ε2 + 1
,

then it can be seen that

| 〈ψE |D|φi〉 |2 ∝ µ2
j , then | 〈ψE |D|φi〉 |2 ∝ C2

j ,
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where |ψE〉 is the continuum part of the resonance. Therefore, the square of the real part of the
matrix element is proportional to the dipole coupling between the initial state and the quasi bound
part (the modified bound part) of the resonance

B2
j ∝ | 〈Φ|D|φi〉 |2.

Integrating the partial photoionization cross section we obtain∫
dEσj(E) =

Γj
2

∫ ∞
−∞

dεjσj(εj),

=
Γj
2

∫ ∞
−∞

dεjµ
2
j

[
(εj + qj)

2

ε2j + 1
− 1

]
,

= 4π2αω0[B2
j − C2

j ],

= 4π2αω0 Re 〈ψjθ|D|ψiθ〉2.

According to the result obtained in the (12), the real part of the square of the complex scaled matrix
element Re 〈ψnθ|D|ψiθ〉2 is therefore equal to the transition matrix element where the configuration
interaction between the bound and continuum part is neglected | 〈ϕ|D|φi〉 |2. According to this
equivalence almost the same result would be obtain in the framework were doubly excited
resonance states were considered as true bound states. A qualitative argument can be given to
justify (7). As the autoionization process arises from the interaction term, therefore the fluorescence
as a first approach can be calculated considering that the main contribution to the radiative decay
process is related to the bound part of the wave function |ϕ〉 (i.e a non interacting electron system
which interacts with the external field).

A.3 Coupling to further Frozen Planet States

To study the coupling between BS with L = 1 and FPS with L = 0, we focus our analysis on FPS
converging to I4 and I5. These FPS are trivially not coupled to the the ground state of planar
helium 0G due to the selection rules of the dipole operator. It is worth to mention that 0G is neither
coupled to any L = 1 FPS (1FNk ) [23]. Therefore, to populate L = 0 or L = 1 FPS from the
ground state it is necessary at least a two-photon transition. Here we explore the possibility of
populating L = 0 FPS 0FNk by a two-photon excitation process using as intermediate states the
BS 1Bi. For this, we show the results used to analyse the coupling between the first six bound
states 1Bi to the FPS 0F in below the ionization thresholds I4 and I5. We present the graphs of
the photoionization cross section near the energies of the FPS with different initial bound states.
In order to find a qualitative explanation for the coupling strengths between the states mentioned
above, we also show different projections of the probability density in the configuration space of
both BS and FPS.

The analysis for the differences in the coupling between BS and FPS can be extended for any
other state, but here we give the details only for the FPS 0F4

2 . The PCS near the energy of 0F4
2 is

presented in figure 10(b). For 0F4
2 the stronger coupling is from 1B6 but there is also a contribution

from 1B5. In order to explain the different coupling strengths we analyse the projections of the
corresponding wave functions in configuration space. This will help us to understand the coupling
between these states through the oscillator strength 〈φi|R(−θ)B(x1 + x2)|φf 〉, which actually will
be non-zero when the initial and final states overlap. For that purpose it is important to notice that
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each of the series of states, 1Bi and 0F4
k , respectively converge to the same ionization threshold.

Therefore, all states of one of these series share the same excitation of the inner electron, which
implies that the electrons will occupy the same region of the configuration space. For this reason
we only consider the projections of the outer electron in the x1-y1 plane.

In figure 10(d), for example, we show these projections for 0F4
2 and BS 1Bi, i = 1 . . . 6. The position

of the inner electron is fixed at coordinates corresponding to the maximum of the probability density
at (0.2, 0) for 1Bi and at (8.1, 0) for 0F4

2 . We see that the overlap between BS and FPS is large
for the same states where the coupling is also large. However, a larger overlap does not imply a
larger coupling in the PCS because, according to the expression for the oscillator strengths, it is
more important the product of the initial and final state functions. For example, 0F4

2 has the largest
overlap with 1B5, however, it exhibits a stronger coupling to 1B6 and yet the overlap of the latter is
smaller. This can be understood comparing the maxima of the probability densities.

Figure 11(f) compares the transversal sections of the probability densities of 0F4
2 and BS. These

sections are obtained from the projections of 10(d) for y1 = 06. We observe that in figure 10(f) the
largest peak of 0F4

2 is localized around the largest peak of 1B5 and 1B6. As the maximum of the
probability density of the latter is the largest of these BS, the coupling to 0F4

2 is stronger which
is consistent with figure 10(b). The same analysis applies for the rest of FPS shown in figures
10-13.

6The FPS probability density maximum is typically smaller than the maxima for BS. Therefore, in order to get a better
insight in panels (e) and (f) of figures 10–12 the FPS density has been rescaled.
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Figure 10: (a) and (b) PCS near the energies of 0F4

1 and 0F4
2 , respectively. (c) and (d) Contour

plot of the electronic density |φ|2 into the configuration subspace of the outer electron of the
BS 1Bi i = 2 to 6 and 0F4

1 and 0F4
2 , respectively. The projection correspond to the probability

distribution for the outer electron, keeping the inner electron coordinates fixed at the maximum of
the probability density, (0.2, 0) for BS and (8.1, 0) for 0F4

k . (e) and (f) |φ|2 of BS and 0F4
1 and 0F4

2 ,
respectively, as a function of the outer electron coordinate x1 keeping y1 = 0 fixed and the inner
electron coordinates fixed at the maximum of the electronic density.

32



11

12

13

14

15

16

-0.17263 -0.172615 -0.1726
E [a.u]

σ
[a
rb
.u
.]

(a)

12
13
14
15
16

03
4

0 20 40 60 80 100 120

-50

0

50

x1 [a.u]

y
1
[a
.u
]

(c)

12
13
14
15
16

03
4

0 20 40 60 80 100 120
x1 [a.u]


ϕ

2
[a
rb
.u
.]

(e)

11

12

13

14

15

16

-0.1706 -0.17054 -0.17048
E [a.u]

σ
[a
rb
.u
.]

(b)

12
13
14
15
16

04
4

0 20 40 60 80 100 120 140

-50

0

50

x1 [a.u]

y
1
[a
.u
]

(d)

12
13
14
15
16

04
4

0 20 40 60 80 100 120 140
x1 [a.u]


ϕ

2
[a
rb
.u
.]

(f)
Figure 11: (a) and (b) PCS near the energies of 0F4

3 and 0F4
4 , respectively. (c) and (d) Contour

plot of the electronic density |φ|2 into the configuration subspace of the outer electron of the
BS 1Bi i = 2 to 6 and 0F4

3 and 0F4
4 , respectively. The projection correspond to the probability

distribution for the outer electron, keeping the inner electron coordinates fixed at the maximum of
the probability density, (0.2, 0) for BS and (8.1, 0) for 0F4

k . (e) and (f) |φ|2 of BS and 0F4
3 and 0F4

4 ,
respectively, as a function of the outer electron coordinate x1 keeping y1 = 0 fixed and the inner
electron coordinates fixed at the maximum of the electronic density.
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Figure 12: (a) and (b) PCS near the energies of 0F5

1 and 0F5
2 , respectively. (c) and (d) Contour

plot of the electronic density |φ|2 into the configuration subspace of the outer electron of the
BS 1Bi i = 2 to 6 and 0F5

1 and 0F5
2 , respectively. The projection correspond to the probability

distribution for the outer electron, keeping the inner electron coordinates fixed at the maximum of
the probability density, (0.2, 0) for BS and (15, 0) for 0F5

k . (e) and (f) |φ|2 of BS and 0F5
1 and 0F5

2 ,
respectively, as a function of the outer electron coordinate x1 keeping y1 = 0 fixed and the inner
electron coordinates fixed at the maximum of the electronic density.
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Figure 13: (a) PCS near the energy of 0F5

3 . (b) Contour plot of the electronic density |φ|2
into the configuration subspace of the outer electron of the BS 1Bi i = 2 to 6 and 0F5

3 . The
projection correspond to the probability distribution for the outer electron, keeping the inner electron
coordinates fixed at the maximum of the probability density, (0.2, 0) for BS and (15, 0) for 0F5

3 . (c)
|φ|2 of BS and 0F5

3 as a function of the outer electron coordinate x1 keeping y1 = 0 fixed and the
inner electron coordinates fixed at the maximum of the electronic density.
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Descripción 2 de 15
ANTECEDENTES Y RESULTADOS PREVIOS DEL EQUIPO DE INV ESTIGACIÓN SOLICITANTE EN LA
TEMÁTICA ESPECÍFICA DEL PROYECTO

Background and previous results.

The dynamics of molecular photoexcitation by femtosecond laser pulses using the alkali molecule RbCs as a model system
were  analyzed  in  reference  [1].  In  this  scheme,  the  molecules  are  initially  produced  by  photoassociation  or
magnetoassociation into bound vibrational levels close to the first dissociation threshold. Two different approaches are used:
the "wavepacket" method, which is global, and the "level-by-level" method, which is restricted in the sense that the number of
vibrational levels is limited to a small subset. The comparison between the results of the two approaches produced qualitative
insights into the complex dynamics of the high-field regime. In particular, the important role of far-from-resonance levels, which
are  adiabatically  excited  through  vertical  transitions  with  large  Franck-Condon  factors,  and  the  outstanding  excitation
blockade, due to the presence of a quasi-degenerate level in the lower electronic state, were clarified. Moreover, a selective
transfer with femtosecond pulses in the low-field regime was observed and the accumulation of population with a coherent
train of low-intensity femtosecond pulses was achieved.
Furthermore, the enhancement of photoassociation in RbCs due to spin-orbit resonance coupling, which depends on nuclear
separation,  was  observed  [2].  In  addition,  the  influence of  the  variation  with  nuclear  separation  of  the  transition  dipole
moments on the electronic transitions was quantified, and the theoretical predictions about the preferential population of levels
close to the first threshold in the lowest triplet state after photoexcitation followed by spontaneous emission were seen to
agree with the experimental observations [2].
The dynamics of molecules (classical, semiclassical and quantum), and the coherent control of chemical reactions have been
studied. In particular a molecular rotor in combined pulses with the aim to produce oriented or aligned molecules, with respect
to the coherent control was analyzed. Atom-atom collisions forming diatomic molecules are controlling by the phase control of
the dynamics of molecules, studied systems motivated for their biological interest [3-4].
A vast experience on strongly correlated many-body systems has been achieved on the frame work of ultra-cold quantum
gases in low-dimensional  optical  lattices [5-8].  Out-of-equilibrium dynamical  problems using both hard-core and soft-core
bosons are studied in references [5-6]. Front-wave knowledge in quantum magnetism studying spinor Fermi-gases were been
developed in [7] and spinor Bose-gases in [8]. Density matrix renormalization group (DMRG) codes based on matrix product
states (MPS) formulation for these problems were developed. The codes allow the numerical calculation of local and non-local
observables such as population, magnetization, correlation functions, critical exponents, among others, in both ways statically
and dynamically.
In  reference  [9]  the  energies  and  lineshapes  of  some  of  the  resonances  associated  with  centrifugal-barrier  tunneling
(quasibound) states that arise at high values of the rotational quantum number J in the rovibrational eigenspectrum, within the
ground electronic state, of molecular hydrogen (H_2) were determined. In addition, the cross-sections for the quadrupole O-,
Q- and S-branch transitions from vibrational states close to the dissociation threshold into these resonances were evaluated
and found to be up to three orders of magnitude larger than the fundamental S-branch transition v''=0, J''=0 toward v'=1, J''=2.
These preliminary results strongly indicate that the direct, i.e. within the ground electronic state, photoassociation of diatomic
molecules through orbiting resonances is a quite plausible mechanism. These calculations were performed employing an
optical-potential  real-time wavepacket propagation method [9-11],  which allows the treatment  of  bound, quasi-bound and
continuum states on the same footing and the determination of an eigen or an optical spectrum in a single calculation.
In reference [12] it was shown that a treatment of photoejection processes in terms of wavepackets is more convenient than
the one in terms of scattering eigenstates, not only because it allows a dynamical description of the phenomena, but because
the  cross-sections  and  other  observables  can  be  extracted  from  the  time-dependent  wavefunction.  Since  a  direct
photoassociation process is, in a sense, the inverse of a photoejection one, analogous consideration should be applicable in
this case.
Molecular dynamics was studied in complex system such as Ne + Ar_2 by quantum and classical point view. This has allowed
explored the implementation of  the Wigner  function as a straightforward way to incorporate the most important quantum
mechanical effects in classical simulations of collisions involving cold weakly bound complexes. [13]
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RESUMEN EJECUTIVO

Short summary.

The success and efficiency of the coherent control of chemical reactions requires preparation of the reactants, which can be
molecules or atoms, in specific states. Cold molecules formation from cold atoms by external fields and their dynamics must
be analyze, this demands the knowledge of precise details about the molecular structure and collisions processes between
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atoms. The rapid progress in the technology of radiation sources and nanoscale engineering give us access to much accuracy
information on this cold matter. We need to study and understand this information with the expectation to obtain control over
the quantum processes; in fact it is a major role of the theoretical counter part of the field.
For the first time in Colombia, a group has combined experiences and knowledge from different areas on topics like: control of
chemical reaction by light, collision of atoms, creation of molecules, strongly correlated many-body systems, and molecular
reaction dynamics, to do contributions in a new and excited research area on Cold Molecules.
The current mechanism to produce cold molecules from photoassociation of pair of cold atoms involves two or more steps
[14-17]. The one-step process, which is proposed here using cold alkali atoms initially trapped in orbiting resonances, to go on
translational cold molecules in their ground electronic states are an original proposal in the cold molecules field. Chirped laser
pulses to control the population transfer during the process are used. We focus in molecules of experimental interest for
example KRb.
After the formation of molecule by above proposal or another, the transferring of the molecule toward specific rovibrational
states  are  studied.  Methodologies  well  established  experimentally  like  STImulated  Raman Adiabatic  Passage -  STIRAP
[14-17] and Stark-induced Adiabatic Raman Passage - SARP [17] are theoretically explored, to obtain real parameters of
pulses to get the control over internal degrees of freedom of molecule. We expect that the methodology performed of project is
extended to other polar molecules as LiCs, RbCs.
Due to photoassociation mechanism the triplet-rovibrational excited state has high probability to be populated [2, 14-17], thus
STIRAP process involves passage from triplet to singlet-rovibrational ground state. Hence, it  is interesting to analyze the
coherent direct-transfer population between the singlet and triplet sublevels of the rovibrational of the Mott-Insulator molecular
ground-state [26] as a function of the Coulomb on-site and nearest-neighbor interactions. For which on a strongly interacting
many-body molecular gas loaded on one-dimensional optical lattices are studied.
Some spectroscopic details of the molecule are taken from literature, such as electronic potentials, long-range contributions,
van Der Waals coefficients, scattering lengths, electronic dipoles, spin-orbit couplings, among others. Those are necessary to
calculate the properties here we propose. The methodology to obtain precise potentials and dipole transfer moments was
acquired in previous works. In general in this project  several analytic and numerical methods are combined to study the
dynamics of the molecule, which enriches the analyzing.
The expectations from this project are concentrated in two points: formation of the students and publication of the papers in
which the main conclusions are shown.
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Problem.

Nowadays, the cold molecules field is a hot topic. Continuous experimental successful go in hand a big theoretical effort to
analyze, to propose scenarios, to use this system to achieve dreams of scientists: to control the evolution of  a quantum
system at the ultimate limit. Control over evolution of every internal and external degrees of freedom of a quantum system is a
possible situation in cold matter.
In this project the studied points are: (I) photoassociation of cold alkali atoms to create molecules, (II) the control of molecular
internal states, (III) the study of collective processes of a molecular gas loaded on optical lattices.
In the case of cold molecules formation (I) a direct, one-step mechanism for the production of cold diatomic molecules is
proposed, entailing the stimulated photoassociation of cold ground-state atoms, initially trapped in orbiting resonances, into
translationally cold molecules in their ground electronic states. Moreover, we will attempt to control the population transfer
during the process by means of chirped laser pulses. The whole scheme will be implemented computationally employing
numerical time-dependent methods.
Using the previous technique or any other that allows us to obtain molecules in the absolute ground state [14-17], specific
rovibrational states (v, J, M) or linear combinations of the M-states [17], kipping in mind the objective to be closer to the
coherent control of chemical reactions. Theoretical study of the process to prepare KRb molecules in specific rovibrational
states is studied. (II) The well-established experimental STIRAP and SARP [15-17] methodologies are analyzed.
Once the molecules are stabilized in the rovibrational ground state,  this strongly interacting many-body molecular gas is
loaded on a one-dimensional optical lattice (III), The aim is to analyze the coherent direct-transfer population between the
singlet and triplet lowest states of the molecules.
The specific problem here is how can we find new routes or improve the existing techniques to create molecules, getting to
desired target states and controlling the internal and collective processes in the molecular dynamics?
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Justification.

The cold molecules field represents attractive structures to achieve the control of the evolution of a quantum system. Since its
origin two decades ago, the field has been quickly developed because of the many applications which motivated the world
wide community such as controlled molecular dynamics, cold chemistry, high resolution spectroscopic, test of fundamental
laws, quantum information, quantum simulators and coherent control. The rapid advance of electromagnetic sources and
nanoscale technologies allow trapping and creating molecules in well-defined internal states. Such progress clearly benefited
from a continuous exchange between theory and experiment, either for predictions or for interpretations of observed results.
Cold molecules are a new and very promising area because the huge scientific and technological impact; this combined with
expertise of the theoretical research proponents motivates the current proposal, making of this project a good opportunity to
create interdisciplinary areas in Colombia in front-wave science. The country science is measurable by the contributions made
by their researchers and the researches of the present project are working on important topics for the international community,
which allow us to be quickly spotted.
The group working on the current project proposal has vast experience on theoretical aspects, which allow us to contribute in
the prediction and interpretation of topics related with cold molecules, specifically in the three points mentioned in Problem
section. In our knowledge for the first time in Colombia a research on Cold Molecules is led.
Every expectation above mentioned is relevant to the current Science, Technology and Innovation law in Colombia. Projects in
theoretical basic science are promoting the achievement of objectives in article 3 of 1286 law, 2009, specially 1, 5, 6 and 7
which are related to the increasing and strengthening of the scientific ability, the promotion of education and the use of human
capacity.  Moreover  the  objectives of  this  project  are  relevant  for  the  priorities  as:  less poverty,  more  jobs,  international
connection and innovation that established the Strategic Plan 2011-2014 of COLCIENCIAS by the creation of skills in science,
technology and innovation of the community. The coordinated and articulated science, technology and innovation guidelines
for regional, national and international implementation, consolidation of scientific,  technological  and innovation community
through a set of tools, strategies and strengthening of the human capital. Strengthen of master, doctoral degrees in Colombia;
promote the post-doctoral research and national and international mobility.

Descripción 6 de 15
MARCO CONCEPTUAL

Theoretical framework.

The new area of cold quantum matter involving ultracold and quantum degenerate molecular gases is currently on the focus of
interest within the atomic physics, molecular physics and physical chemistry communities. Researches on cold molecules
started mainly with the formation of alkali dimers, as alkali atoms are the most widely used species for laser cooling. A detailed
knowledge of their structure is necessary for appropriate manipulation of these species in the course of their formation and
control process.
The laser cooling techniques that have been developed for atoms [18] do not work for molecules, due to the presence of
rovibrational  degrees of  freedom and the  cluttering  of  quantum states.  After  indirect  methods like  photoassociation,  the
translational  cooling  of  atoms is  keeping  then the  molecular  internal  degrees of  freedom can be cooled [18-21].  In  the
photoassociation of  pre-cooled atoms, the motion of the center of  mass is essentially unaffected, thereby preserving the
translational temperature of the recombining atoms [19]. The photoassociation process employed in Julienne?s laboratory [20]
entails  an  initial  free-bound excitation into a  weakly-bound vibrational  level  of  an  excited electronic  state,  followed by a
bound-bound spontaneous emission  into  the  ground electronic  state.  This  scheme has the  disadvantages  that  the  final
vibrational state may be an incoherent mixture of vibrational levels, and, moreover, weakly bound, in which case the molecule
may dissociate into atoms which leave the trap.  To channel  the populations into robust  final  molecular  states,  adiabatic
passage and pump-dump schemes that involve stimulated emission from the intermediate excited electronic state have been
proposed by various groups [21]. STIRAP and SARP [15-17] process have caught the molecule in a specific rovibrational
state. Again these processes conserve the translational cooling while the molecule has been driven to the lowest rovibrational
state.
A  recently  intense  scientific  interest  come  from  polar  molecules  because  they  can  be  situate  inside  lattices  to  study
many-body  dynamics,  which  provide  highly  controllable,  long-lived  and  strongly  interacting  dipolar  systems,  a  first
experimental observation is reported in [22]. Hence, it is possible to explore a way to transfer in a coherent and direct way the
molecular population between the singlet and triplet sublevels of the rovibrational Mott-Insulator ground molecular state [26] as
a function of the Coulomb on-site and nearest-neighbor interactions.
In a general way the main theoretical aspects to perform these problems come from atomic and molecular physics, dynamical
studies  of  the  molecular  internal  degree  of  freedom in  the  presence  of  radiation  and  evolution  of  many-body  strongly
correlated systems
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Descripción 7 de 15
ESTADO DEL ARTE

State of knowledge in the problem area.

The revolution in cold matter begun with cooling of atoms by laser - The Nobel Prize in Physics 1997 S. Chu, C. Cohen-
Tannoudji and W. D. Phillips - and the first successful was Bose-Einstein Condensate (BEC) of Rb and Na atoms - The Nobel
Prize in Physics 2001 E. A. Cornell, W. Ketterle, y C. E. Wieman. The BEC temperature is of the order of nano Kelvin, and the
cloud is trapped by magneto-optical fields in almost perfect vacuum (10^-14 bar).
Laser  cooling  of  atoms  relies  on  a  closed-level  radiative  transition  scheme  which  allows  the  atoms  to  undergo  many
absorption-spontaneous emission cycles until they are stopped in the laboratory frame. Such closed-level schemes are not
expected to be easily found in molecules because they have many internal degrees of freedom: vibrations, rotations and
hyperfine structure.
Production of ultra-cold molecules either by cooling thermal gases (direct methods) or by linking ultra-cold atoms (indirect
methods) is still in continuous improving. The successful association of two pre-cooled atoms to form molecules has been
achieved using photoassociation and magnetoassociation. These process are the most known indirect methods at the current
time and they take advantage from Feshbach resonance to control the interaction between atoms, this allowed to get the
molecular BEC in 2003 [23].
Cold molecules have attracted growing interest in last times, due to their potential utility in several areas: cold chemistry,
quantum dipolar system, quantum information. In many of these applications completed evolve the molecular system in a
robust  target  quantum state  is  desirable;  hence  the  control  in  all  degrees  of  freedom (electronic,  vibrational,  rotational,
hyperfine and external motion) is required [24].
Due to the atom-atom association mechanism the triplet-rovibrational excited state has higher probability to be populated [2,
17] and further technique as STIRAP must be implemented to undergo the singlet-rovibrational ground state. Although this
technique is experimentally complex, it is highly efficient and state-selective [16]. Nevertheless, it can only be applied once per
experimental realization, limiting the ultimate number of ground state molecules. An alternative to the use of STIRAP step is to
ramp up an optical lattice, this step provides no further heating [25-26] and once the loading of the ultracold molecules is
performed, the system becomes deeply bound [27] and strongly correlated and finally can be used as a quantum simulator.

Descripción 8 de 15
OBJETIVO GENERAL

General objective.

To propose and implement computationally new mechanisms for the formation of cold alkali molecules, involving the laser
control of collisions between cold atoms, the subsequent dynamics of the internal molecular degrees of freedom and ultracold
lattice molecules.

Descripción 9 de 15
OBJETIVOS ESPECÍFICOS

Specific objectives:

1. To calibrate the ab-initio potential energy curves for alkali molecules reported in the literature, in order to obtain a good
agreement between theory and experiment of spectroscopic properties and scattering lengths.

2. To determine the energies and lifetimes of the orbiting resonances arising in the ground electronic state of  the target
diatomic alkali molecule at high J.

3. To calculate the cross-sections for stimulated photoassociation of two colliding ground-state atoms into the vibrational states
of the electronic ground state of the target diatomic molecule, taking as initial states the orbiting resonances determined in
specific objective 2.

4. To simulate the coherent quantum dynamics, and possible control, of the stimulated photoassociation processes described
in objective 3, employing chirped laser pulses.

5. To propose a theoretical scheme using multiple laser pulses to produce alkali diatomic molecules in specific rovibrational
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states.

6.  To  determine  the  role  of  different  intermediate  states  to  efficiently  obtain  KRb  molecules  by  STIRAP in  the  ground
vibrational state from Feshbach molecules.

7. To design SARP laser pulses to generate KRb molecules on specific rovibrational states (v,  J, M) or superposition of
sublevels M.

8.  To  establish  the  effective  Hamiltonian  that  exhibits  the  relevant  low-energy  physical  phenomena  of  the  tightly  bound
ultracold lattice molecules in the triplet- and singlet-rovibrational ground-state in the Mott-insulator regime.

9. To identify the relevant and necessary local- and non-local-observables, critical exponents and correlations to be measured
from the lattice molecules obtained in objective 8 and perform the respective numerical implementations.

10.  To find how to  stabilize a coherent  transfer  population  between the singlet  and triplet  sublevels  of  the  rovibrational
Mott-Insulator  molecular  ground-state  as  a  functio  of  the  Coulomb on-site  and  nearest-neighbor  interactions,  using  the
obtained information from objective 9.

Descripción 10 de 15
METODOLOGÍA

Methodology for achieving each objective.

The general objective in this project involves time-dependent calculations to analyze the dynamic of molecules.
To achieve 1-4 objectives we propose an alternative scheme based on the following physical picture: Since the majority of the
atomic collisions that occur in the dilute, cold gas are binary and involve high impact parameters, i.e. high rotational quantum
numbers J, a sizable fraction of them occur with energies that coincide with the energies of orbiting resonances in the center-
of-mass frame. As these resonances are rovibrational quasibound states located just above the dissociation threshold, the
cross-sections for optical transitions from them into bound vibrational levels are much higher than those from free scattering
states [9]. Hence, by tuning the laser field to these quasibound to bound transitions, we can stimulate the formation of the
diatomic molecule. This scheme has the advantage that it entails a direct one-step process, in which the laser can be finely
tuned to any desired final vibrational state, within the J values allowed by the rotational selection rule. Moreover, we intend to
control the population transfers during such transitions employing chirped laser pulses. The resonances and cross-sections
will be computed by means of the optical-potential real-time wavepacket propagation method [9-11]. The coherent, unitary
quantum dynamics  of  the  photoassociation  processes  will  be  simulated  by  numerical  integration  of  the  time-dependent
Schrödinger  equation  [1-4,  12],  taking  as  initial  conditions  incoming  wavepackets  with  a  range  of  energies  and  widths
consistent with the low temperatures of  the phenomenon. The prototype systems will  be alkali  molecules, for  which the
potential-energy curves and dipole transition moments are well known [1, 2].
(5-7 objectives) To determine the molecular structure (vibrational energy levels, and oscillators strengths between vibrational
levels),  the numerical  method used to  solve the time independent Schrödinger  equation is  called  "Mapped Fourier  Grid
Hamiltonian Representation Method" (MFGHR) [2]. Using this numerical method we can obtain for each vibrational state of a
chosen electronic state the transition probabilities toward lower vibrational levels and the respective values of the lifetimes.
The respective potentials and molecular electronic dipole are calculated in the Laboratory Aimé Cotton in Orsay, France, and
constitute  our  raw material  for  the  construction  of  respective  tables with numerical  values  of  transition  probabilities  and
lifetimes. From these available numerical  tables,  we proceed to make graphs that allow us to analyze information, draw
conclusions for each dimer and to compare results for different molecules.
To determine the dynamics induced in the molecule in the presence of a laser pulse, two different approaches are used to
solve the time dependent Schrödinger equation. By using the 'wave-packet method', we calculate globally the evolution of the
vibrational  wave-packets  created  on  the  electronic  states coupled  by the  laser  pulses.  The time-dependent  Schrödinger
equation is solving by polynomial expansion in Chebychev basis. By using the "level by level method", we determine the
instantaneous amplitudes of population of a restricted number of vibrational levels explicitly supposed to be involved in the
excitation process. [1].
(8-10 objectives) The description of the ultracold strongly correlated molecules loaded on one-dimensional optical lattices is
performed by means of two methods depending on the length of the lattice. Focusing on few-sites quantum-state systems
(around 10 sites) we are going to use Exact Diagonalization (ED) like the Lanczos algorithm [28]. To analyze longer systems
(more than 20 sites) we are going to use the Matrix Product State (MPS) technique [29]. The later has been choose because
the  MPS  representation  efficiently  approximate  the  ground  state  of  1D  local  Hamiltonians.  The  formalism  is  highly
recommended when the amount of entanglement in the system is limited reducing the calculation complexity from an original
exponential to an algebraic growing of the Hilbert space. This method allows us to study the molecular quantum ground-state
properties via the calculations of local and non-local operators, correlations and critical exponents.
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Descripción 11 de 15
RESULTADOS ESPERADOS DE LA INVESTIGACIÓN

Expected results (knowledge).
The development of this project allows knowledge about spectroscopic properties of alkali molecules as KRb. This is important
to get full control over system and the implemented control mechanics allow us understanding on control protocols over cold
di-alkali molecules.

Expected results (products).

- Products related to achievement of new knowledge:
5 - Research papers (review A1).

- Products related to profit of social knowledge:
5 - Internal seminars. Departamento de Física y química -Univalle - ICESI.
1 - International meeting, 2 - National meeting.

- Products related to the formation and skill achievement of persons:
2 - Research work (Master student).

Descripción 12 de 15
TRAYECTORIA DEL EQUIPO DE INVESTIGACIÓN

Trajectory of the researchers.

The researchers of this project  have vast experience on theoretical studies about collisions between atoms, formation of
molecules, used of laser to control chemical reactions, molecular dynamics, atom-diatom collisions and dynamical of many
particles.  The project gathers researchers from different groups and areas: physics and chemistry hence the vision from
different areas and expertise of the researchers are an advantage to get successful results.
For first time this working team perform a research proposal with the expectation to create and lead a new line of research in
Colombia on Cold Molecules.

Descripción 13 de 15
POSIBLES EVALUADORES

Suggested evaluators.

1. Jordi Mur Petit - jordi.murino@gmail.com - google-sites: https://sites.google.com/site/jordimurpetit/ - Instituto de Estructura
de la Materia Serrano, 123 Room 138 Madrid 28006 (Spain).

2. Rosario González Férez - rogonzal@ugr.es - web-page: http://www.ugr.es/~rogonzal/ - Departamento de Física Atómica,
Molecular y Nuclear . Instituto Carlos I de Física Teórica y Computacional. Universidad de Granada - Facultad de Ciencias
Avenida de Fuentenueva, S/N 18071 Granada (Spain).

Descripción 14 de 15
IMPACTO AMBIENTAL DEL PROYECTO

Environmental impact .

This research is purely theoretical and on basic science hence there is not directly and measurable environmental impact
which is produced during its development. Analytic and numerical calculations are our main activity. Thus at present time and
near future the expected impact of this project is the same to daily human activity like: to use the car or the electric spending.
The current possibility to reduce this impact comes from the individual consciousness.
In the future, the possible impact of industrial production which can derivate from results on this research is more speculative
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hence it is not relevant do now.
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PALABRAS CLAVE (Total: 6) Ir al menú

quantum control
resonances
optical lattice
photoassociation
Cold molecules
strongly correlated system

CRONOGRAMA  (Total: 22) Ir al menú

Número Actividad Desde Hasta Tiempo

01
Calibration of electronic potentials of KRb molecule
(objective 1)

1 2 Meses

02
Calculation of vibrational energies, lifetime, cross-
section, dipole transition moments (objectives 2,3,6,7,8)

2 6 Meses

03
Characterization of orbiting resonances on KRb
molecule (objective 3)

4 9 Meses

04 Preparation of paper (objectives 1,2) 10 12 Meses

05
Implementation of a chirped pulse to control the orbiting
resonances on KRb molecule (objetives 3,4)

13 17 Meses

06
Study and analyzed of mechanics to vibrational cooling
(objectives 3,4)

17 20 Meses

07
Implementation of process to create cold KRb molecule
from orbiting resonances in the cold collision of K and
Rb atoms (objective 4)

21 28 Meses

08 Preparation of paper (objectives 3,4) 28 31 Meses

09
Determination of the interesting rovibrational states to
implement the STIRAP and SARP and comparison with
experimental reports to date (objectives 5,6,7)

7 14 Meses

10
Analysis of the rovibrational dynamic in wavepacket
created by pulse (objectives 6,7)

14 23 Meses

11 Preparation of paper (objectives 6,7) 24 26 Meses

12
Implementation of optimal pulse to control STIRAP
process (objective 6)

26 31 Meses

13
Implementation of optimal pulse to control SARP
process (objective 7)

29 34 Meses

14
Implementation of a scheme to obtain the KRb molecule
in a specific rovibrational state (objective 5)

28 34 Meses

15 Preparation of paper (objective 5) 31 34 Meses
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16
Determination of effective Hamiltonian of lattice KRb
polar molecule (objectives 8,9,10)

6 9 Meses

17
Determination of the observables, correlations, critical
exponents of the determined Hamiltonian for lattice
molecule (objective 9)

9 16 Meses

18
Numerical implementation to solve the dynamics of
determined Hamiltonian for lattice molecule (objectives
9,10)

17 26 Meses

19
Analysis a mechanics to obtain coherent transfer
population between the singlet and triplet rovibrational
sublevels in KRb molecule (objectives 10)

21 30 Meses

20 Preparation of paper (objectives 8,9,10) 29 33 Meses

21 Preparation of reports (objectives 1-10) 34 36 Meses

22
Discussions between researchers and/or international
partners. (Continuous activity during the development of
the project) (objectives 1-10)

1 36 Meses

RESULTADOS FORMACIÓN  (Total: 1) Ir al menú

Formación Descripción Personas Beneficiario

MAESTRIA
Research work of Master

students
2

students, university and
country

RESULTADOS PUBLICACIONES  (Total: 1) Ir al menú

Publicación Descripción Cantidad Beneficiario

PONENCIAS
1 - International meeting 2

- National meeting
3 community

OTROS RESULTADOS (Total: 1) Ir al menú

Resultado Descripción Cantidad Beneficiario

ARTICULO EN REVISTA
A1, A2, B, C Y D

5 7
university, country, cientific
intrenational community

COBERTURA (1) Ir al menú

Nombre
Porcentaje de
cobertura

VALLE 100

TIPO PERSONAL  (Total: 3) Ir al menú

Rol en el Proyecto Cantidad

ESTUDIANTE MAESTRIA 2

INVESTIGADOR 4

INVESTIGADOR PRINCIPAL 1
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PERSONAS (Total: 7) Ir al menú

Persona 1 de 7

Entidad Universidad Icesi

Rol en el proyecto INVESTIGADOR

Primer apellido Arango

Segundo apellido Mambuscay

Nombres Carlos Alberto

Género Masculino

Fecha de nacimiento 06/09/1973

País COLOMBIA

Correo electrónico caarango@icesi.edu.co

Tipo de identificación CEDULA DE CIUDADANIA

Número 94398430

Responsabilidades Desarrollo de objetivos 5-7

Dedicación horas semanales 4

Número de meses 36

---
Persona 2 de 7

Entidad Universidad del Valle

Rol en el proyecto INVESTIGADOR

Primer apellido Rodríguez

Segundo apellido Ramírez

Nombres Karem Cecilia

Género Femenino

Fecha de nacimiento 01/11/1980

País COLOMBIA

Correo electrónico karem.c.rodriguez@correounivalle.edu.co

Tipo de identificación CEDULA DE CIUDADANIA

Número 52517246

Responsabilidades Desarrollo de objetivos 8-10

Dedicación horas semanales 5

Número de meses 36

---
Persona 3 de 7

Entidad Universidad del Valle

Rol en el proyecto INVESTIGADOR

Primer apellido Arce

Segundo apellido Clavijo

Nombres Julio Arce

Género Masculino

Fecha de nacimiento 03/04/1963
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País COLOMBIA

Correo electrónico julio.arce@correounivalle.edu.co

Tipo de identificación CEDULA DE CIUDADANIA

Número 16270325

Responsabilidades Desarrollo de objetivos 1-4

Dedicación horas semanales 8

Número de meses 36

---
Persona 4 de 7

Entidad Universidad del Valle

Rol en el proyecto INVESTIGADOR

Primer apellido López

Segundo apellido Sotelo

Nombres José Guillermo

Género Masculino

Fecha de nacimiento 03/05/1973

País COLOMBIA

Correo electrónico jose.g.lopez@correounivalle.edu.co

Tipo de identificación CEDULA DE CIUDADANIA

Número 94382084

Responsabilidades Desarrollo de objetivos 1-4

Dedicación horas semanales 5

Número de meses 36

---
Persona 5 de 7

Entidad Universidad del Valle

Rol en el proyecto INVESTIGADOR PRINCIPAL

Primer apellido Londoño

Segundo apellido Flórez

Nombres Beatriz Elena

Género Femenino

Fecha de nacimiento 09/09/1979

País COLOMBIA

Correo electrónico beatriz.e.londono.f@correounivalle.edu.co

Tipo de identificación CEDULA DE CIUDADANIA

Número 32108113

Responsabilidades Desarrollo de objetivos 5-7

Dedicación horas semanales 10

Número de meses 36

---
Persona 6 de 7

Entidad Universidad del Valle

Proyecto recibido file:///C:/FormularioV2/img/formulario.html

15 of 20 11/06/2014 03:08 p.m.



Rol en el proyecto ESTUDIANTE MAESTRIA

Primer apellido NN

Segundo apellido NN

Nombres NN

País COLOMBIA

Responsabilidades Desarrollo de objetivos 1-7

Dedicación horas semanales 40

Número de meses 24

---
Persona 7 de 7

Entidad Universidad del Valle

Rol en el proyecto ESTUDIANTE MAESTRIA

Primer apellido NN

Segundo apellido NN

Nombres NN

País COLOMBIA

Responsabilidades Desarrollo de objetivos 8-10

Dedicación horas semanales 40

Número de meses 24

PRESUPUESTO GLOBAL (Total: 5) Ir al menú

Rubros Financiado
Contrapartida

Ejecutora(s) Otras
Total

EQUIPOS 15,000,000 13,000,000 2,000,000 30,000,000

GASTOS DE OPERACIÓN 17,652,251 0 0 17,652,251

PERSONAL CIENTÍFICO 120,000,000 115,926,617 26,788,320 262,714,937

SEGUIMIENTO Y EVALUACION 5,825,243 0 0 5,825,243

VIAJES 41,522,506 0 0 41,522,506

Totales 200,000,000 128926617 28788320 357,714,937

RESUMEN POR RUBROS (Total: 5) Ir al menú

Rubros Financiado % Especie % Efectivo % Total

EQUIPOS 15000000 50% 15,000,000 50% 0 0% 30,000,000

GASTOS DE OPERACIÓN 17652251 100% 0 0% 0 0% 17,652,251

PERSONAL CIENTÍFICO 120000000 45,68% 142,714,937 54,32% 0 0% 262,714,937

SEGUIMIENTO Y EVALUACION 5825243 100% 0 0% 0 0% 5,825,243

Totales 200,000,000 55.91 157,714,937 44.09 0 0.00 357,714,937
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Rubros Financiado % Especie % Efectivo % Total

Totales 200,000,000 55.91 157,714,937 44.09 0 0.00 357,714,937

VIAJES 41522506 100% 0 0% 0 0% 41,522,506

PRESUPUESTO POR ENTIDAD (Total: 2)
Ir al menú

Entidad 1 de 2 Universidad Icesi

Rubro Descripción
Entidad

financiadora Financiado %

Contrapartida

Especie - % Dinero - % Total

EQUIPOS

Estaciones de
trabajo y una

impresora COLCIENCIAS 0 0 2,000,000 100,00 0 0 2,000,000

PERSONAL
CIENTÍFICO Carlos Alberto COLCIENCIAS 0 0 26,788,320 100,00 0 0 26,788,320

Totales 0 0.0 28,788,320 100.0 0 0.0 28,788,320

Entidad 2 de 2 Universidad del Valle

Rubro Descripción
Entidad

financiadora Financiado %

Contrapartida

Especie - % Dinero - % Total

EQUIPOS

Estaciones de
trabajo y una

impresora COLCIENCIAS 0 0 0 0 0 0 0

EQUIPOS

Estaciones de
trabajo y una

impresora COLCIENCIAS 15,000,000 53,57 13,000,000 46,43 0 0 28,000,000

GASTOS DE
OPERACIÓN

gastos
Universidad COLCIENCIAS 17,652,251 100,00 0 0 0 0 17,652,251

PERSONAL
CIENTÍFICO NN COLCIENCIAS 60,000,000 100,00 0 0 0 0 60,000,000

PERSONAL
CIENTÍFICO NN COLCIENCIAS 60,000,000 100,00 0 0 0 0 60,000,000

PERSONAL
CIENTÍFICO José Guillermo COLCIENCIAS 0 0 15,145,000 100,00 0 0 15,145,000

PERSONAL
CIENTÍFICO Beatriz Elena COLCIENCIAS 0 0 38,682,000 100,00 0 0 38,682,000

PERSONAL
CIENTÍFICO Karem Cecilia COLCIENCIAS 0 0 19,667,617 100,00 0 0 19,667,617

PERSONAL
CIENTÍFICO Julio Arce COLCIENCIAS 0 0 42,432,000 100,00 0 0 42,432,000

SEGUIMIENTO
Y

EVALUACION
seguimiento

COLCIENCIAS COLCIENCIAS 5,825,243 100,00 0 0 0 0 5,825,243

VIAJES Cali COLCIENCIAS 13,000,000 100,00 0 0 0 0 13,000,000

VIAJES
Nacional y/o
internacional COLCIENCIAS 28,522,506 100,00 0 0 0 0 28,522,506

Totales 200,000,000 60.8 128,926,617 39.2 0 0.0 328,926,617
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PRESUPUESTO DETALLADO (Total: 5)
Ir al menú

Cuadro 1 de 5 EQUIPOS

Descripción Justificación Cantidad
Valor

unitario Entidad Financiado

Contrapartida

Especie Dinero Total

Estaciones
de trabajo y

una
impresora

Cálculos
numéricos,

impresión de
material

bibliográfico
y

documentos.
Universidad

Icesi 0 2,000,000 0 2,000,000

Estaciones
de trabajo y

una
impresora

Cálculos
numéricos,

impresión de
material

bibliográfico
y

documentos.
Universidad

del Valle 0 0 0 0

Estaciones
de trabajo y

una
impresora

Cálculos
numéricos,

impresión de
material

bibliográfico
y

documentos.
Universidad

del Valle 15,000,000 13,000,000 0 28,000,000

Totales 15,000,000 15,000,000 0 30,000,000

Cuadro 2 de 5 PERSONAL CIENTÍFICO

Nombre

Función
en el

proyecto
Tipo de

vinculación
Dedicación

Hora/Semana Entidad Financiado

Contrapartida

Especie Dinero Total

Carlos
Alberto
Arango

Desarrollo
de

objetivos
5-7 EN PLANTA 4

Universidad
Icesi 0 26,788,320 0 26,788,320

NN NN

Desarrollo
de

objetivos
1-7

POR
CONTRATO 40

Universidad
del Valle 60,000,000 0 0 60,000,000

NN NN

Desarrollo
de

objetivos
1-7

POR
CONTRATO 40

Universidad
del Valle 60,000,000 0 0 60,000,000

José
Guillermo

López

Desarrollo
de

objetivos
1-4 EN PLANTA 5

Universidad
del Valle 0 15,145,000 0 15,145,000

Totales 120,000,000 142,714,937 0 262,714,937
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Nombre

Función
en el

proyecto
Tipo de

vinculación
Dedicación

Hora/Semana Entidad Financiado

Contrapartida

Especie Dinero Total

Totales 120,000,000 142,714,937 0 262,714,937

Beatriz
Elena

Londoño

Desarrollo
de

objetivos
5-7 EN PLANTA 10

Universidad
del Valle 0 38,682,000 0 38,682,000

Karem
Cecilia

Rodríguez

Desarrollo
de

objetivos
8-10 EN PLANTA 5

Universidad
del Valle 0 19,667,617 0 19,667,617

Julio Arce
Arce

Desarrollo
de

objetivos
1-4 EN PLANTA 8

Universidad
del Valle 0 42,432,000 0 42,432,000

Cuadro 3 de 5 GASTOS DE OPERACIÓN

Descripción Justificación Entidad Financiado

Contrapartida

Especie Dinero Total

gastos Universidad

procesos internos
universidad
Operación

Universidad del
Valle 17,652,251 0 0 17,652,251

Totales 17,652,251 0 0 17,652,251

Cuadro 4 de 5 VIAJES

Lugar / Justificación

Nº dias /
Nº

personas

Pasaje
por

persona

Estadía
por

persona Entidad Financiado

Contrapartida

Especie Dinero Total

Cali / Visitas de experto
a Cali durante 2

semanas/Fortalecimiento
del intercambio y la
formación científicos 20 / 2 2,500,000 200,000

Universidad
del Valle 13,000,000 0 0 13,000,000

Nacional y/o
internacional / Pasantías
de los investigadores y/o

los estudiantes del
proyecto a laboratorios

internacionales
/Fortalecimiento del

intercambio y la
formación científicos y/o
Participación en eventos

nacionales y/o
internacionales de los
investigadores y los

estudiantes/ Divulgación
de los avances

científicos 5 / 4 3,000,000 826,125
Universidad

del Valle 28,522,506 0 0 28,522,506

Totales 41,522,506 0 0 41,522,506

Cuadro 5 de 5 SEGUIMIENTO Y EVALUACION
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Descripción Justificación Entidad Financiado

Contrapartida

Especie Dinero Total

seguimiento
COLCIENCIAS COLCIENCIAS

Universidad del
Valle 5,825,243 0 0 5,825,243

Totales 5,825,243 0 0 5,825,243

PRESUPUESTO GLOBAL TOTAL (Total: 2 entidades) Ir al menú

Entidad Financiado Contrapartida
Especie

Contrapartida
Dinero

Total

Universidad Icesi 0 28,788,320 0 28,788,320

Universidad del Valle 200,000,000 128,926,617 0 328,926,617

Totales 200,000,000 157,714,937 0 357,714,937

PRESUPUESTO GLOBAL POR AÑO (Total: 5 rubros) Ir al menú

Rubro Financiado Año 1 Año 2 Año 3 Total

EQUIPOS 30,000,000 30,000,000 0 0 30,000,000

GASTOS DE OPERACIÓN 17,652,251 17,652,251 0 0 17,652,251

PERSONAL CIENTÍFICO 262,714,937 87,571,646 87,571,646 87,571,645 262,714,937

SEGUIMIENTO Y EVALUACION 5,825,243 5,825,243 0 0 5,825,243

VIAJES 41,522,506 6,522,506 20,000,000 15,000,000 41,522,506

Totales 357,714,937 147,571,646 107,571,646 102,571,645 357,714,937
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Anexo: Few-level model for the driven 2D helium

We consider the helium atom in presence of an external electromagnetic field. In the
dipole approximation and without consider relativistic corrections, the Hamiltonian for
the driven atom reads

H = H0 + F (x1 + x2) cos(ωt)

H = H0 −
F

iω

(
∂

∂x1
+

∂

∂x2

)
sin(ωt) (1)

in the position and velocity gauge, respectively. Here, H0 is the unperturbed Hamilto-
nian and the field is a periodic with amplitude F and frequency ω, linearly polarized
along the x direction.

Floquet theory

Since the Hamiltonian is periodic in time, with period T = 2π/ω, the Floquet theorem
garantees that the solutions of the Schrodinger equation associated with can be expressed
as superpositions of time periodic wave functions

|ψ(t)〉 =
∑
j

cje
−iεjt|φεj(t)〉, |φεj(t+ T )〉 = |φεj(t)〉

where εj and |φεj(t)〉 are eigenvalues and eigenstates of the Floquet operator HF =
H − i ∂

∂t
, and are called quasienergies and Floquet states, respectively.

The Floquet states are periodic in time, so they can be expanded in Fourier series

|φεj(t)〉 =
∞∑

k=−∞

e−ikωt|φkεj〉

in tis way, the the eigenvalue problem is writen as

(H0 + kω)|φkεj〉+
F

2
(x1 + x2)(|φk+1

εj
〉+ |φk−1εj

〉) = εj|φkεj〉 (2)

(H0 + kω)|φkεj〉+
F

2ω

(
∂

∂x1
+

∂

∂x2

)
(|φk+1

εj
〉 − |φk−1εj

〉) = εj|φkεj〉 (3)

in the position and velocity gauge, respectively. So the time dependence has been elim-
inated and we have a new quantum number k. It can be shown that in the semiclassical
limit, the quantum number k counts the number of photons exchanged between the
atom and the field.
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Rotated Floquet operator in parabolic coordinates

To extract the resonant states and their decay rates we use the complex rotation method.
Additionally we introduce a dilation described by the unitary operator

Dαc = exp

(
i(logαc)

~r · ~p+ ~p · ~r
2

)
(4)

where αc is a positive real number. In this way the cartesian coordinates and momenta
transform according to

~r → αc~re
iθ

~p → 1

αc
~pe−iθ (5)

The spectra of the Hamiltonian H is not affected by the dilation, however, when the
basis is truncated, the spectrum does depend on the parameter αc if the basis set is not
large enough. So that, αc can be used as a variational parameter.

Again, the regularization of or is carried out by multiplication with the Jacobian.
Thus, after complex rotation and dilation, we obtain1

(H(α)
0 (θ)− kωJ)|φkεj〉+ F (α)(θ)(|φk+1

εj
〉+ η|φk−1εj

〉) = εjJ |φkεj〉 (6)

where H(α)
0 (θ) = −Te−2iθ/2α8 + V e−iθ/α4, η = ±1 in the position and velocity gauge,

respectively, and

F (α)(θ) =

{
Fα4

2
eiθ(x1 + x2)J, in the position gauge,

F
2ωα4 e

−iθJ
(

∂
∂x1

+ ∂
∂x2

)
, in the velocity gauge.

(7)

The expressions for F (α)(θ) are polynomial functions in the parabolic coordinates and
their partial derivatives.

Few-level model

For unperturbed 2D helium, angular momentum is a conserved quantity, ∆l = 0. The
action of an electromagnetic field couples a state of angular momentum l to states of
angular momentum l− 1 or l+ 1, i.e. ∆l = ±1. Additionally the field operator couples
states where the photon quantum number k differs by ±1. Thus, in comparison with the
unperturbed problem, in the driven system the matrices involved are very large and their
dimensions dramatically increases with the number of angular momenta included as well
as with the order of the multiphoton excitation process induced by the external field.

1A dilation by αc in Cartesian coordinates is equivalent to a dilation by α4
c in parabolic coordinates,

so onwards we denote α = α4
c .
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This defines a computational problem of major proportions, for instance, the matrices
to diagonalize requires an amount of RAM memory of the order of 500GB. Fortunately,
previous work on one dimensional helium suggest that only a relative small number of
resonances of the unperturbed atom that take part in the formation of NDWP. This
means that with an appropriate filtering of the atomic states we can reduce the size of
the matrices involved in the driven system, and thus avoid the use of supercomputers.

In order to implement this approach, we do not solve the complete driven problem,
instead, we consider a model system in which a reduced number of atomic states is
studied under the action of an external electromagnetic field. Hence, first we solve the
unperturbed system2

H(α)
0 (θ)|ϕlj〉 = εljJ |ϕlj〉 l = lmin, . . . , lmax (8)

where the index l represent the angular momentum. The states |ϕlj〉 are given in the
basis set of harmonic oscillators

|ϕlj〉 =
∑
n

ϕljn|n〉l, |n〉l = |n1, n2, n3, n4〉l (9)

and satisfy

〈ϕli|J |ϕl
′

j 〉 = δi,jδl,l′ (10)

The next step is to select the resonance states that can contribute to the formation
of the NDWP. The number of states to be included depends with the number of angular
momenta involved and with the order of the multiphoton excitation process induced
by the external field. The initial filtering criteria that we are using is to select the
states with energy around the FPS of interest. Once we have the contributing states,
we construct the basis set

|ϕl,kj 〉 = |ϕlj〉 ⊗ |k〉 (11)

where the photon quantum number k was introduced in a trivial way. In this basis, the
Floquet states that solves the driven system (6), are expressed as

|φkεi〉 =
∑
l

∑
j

φkεilj|ϕ
l,k
j 〉 (12)

Replacing the expansion (12) in (6), we obtain

(εljJ − kωJ)|ϕl,kj 〉+ F (α)(θ)(|ϕl,k+1
j 〉+ η|ϕl,k−1j 〉) = εjJ |ϕl,kj 〉 (13)

The computation of the matrix elements 〈ϕl,ki |F (α)(θ)|ϕl
′,k′

j 〉, is given in terms of the of

2The energies εlj depend on the angle θ and in case of a truncated basis, also depend on the parameter
α, however in order to simplify the notation this dependency will not be explicitly.
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Figure 1: General form of the complex symmetric matrix A
.

the matrix elements in the harmonic oscillators basis 〈m|F (α)(θ)|n〉, for which there are
analytic expresions

〈ϕl,ki |F (α)(θ)|ϕl
′,k′

j 〉 =
∑
m,n

〈ϕl,ki |m〉〈m|F (α)(θ)|n〉〈n|ϕl
′,k′

j 〉

=
∑
m,n

ϕ∗l,ki,mϕ
l′,k′

j,n 〈m|F (α)(θ)|n〉 (14)

The matrix representation of (13) in the basis (11) is written as

AX i = εiXi

where A is the block matrix

A =


. . .

...
...

...
· · · εlj − (k − 1)ω ηF 0 · · ·
· · · F εlj − kω ηF · · ·
· · · 0 F εlj − (k + 1)ω · · ·

...
...

...
. . .


and X is the column vector which represents |ϕl,ki 〉. The matrix A is a banded matrix
with the general form depicted in figure .
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