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Preface

Outline

Throughout history, humans have exhibited an inexhaustible curiosity about their environment,
its components, and abstractions. Science is the humankind instrument to convert this curiosity
into knowledge. When the acquired knowledge is mastered, it evolves into wisdom. This
practice has been the primary force propelling human progress since ancient times.

From the earliest advancements in geometry, arithmetic, and mechanics inscribed on stone
tablets, laying the groundwork for architectural marvels, to the principles underpinning rela-
tivity and quantum mechanics, upon which technologies like the geo-positioning system (GPS)
and magnetic resonance imaging (MRI) rely, science has never been the foremost priority of
any civilization. However, while only a handful of passionate individuals have genuinely ap-
preciated and delved into the sciences and their accomplishments, the fruits of their endeavors
have benefited countless others. The contributions of these dedicated scientists have greatly
enriched the vast reservoir of knowledge and wisdom that we now possess.

Cosmology, the exploration of our Universe as a physical system encompassing its origin,
evolution, and ultimate fate, has been a source of fascination for numerous scientists. While
we have reached a point where we possess paradigms to construct instruments for observation
and theories to interpret much of the observable Universe, several details remain elusive, such
as the principles behind the existence of dark matter and dark energy. As a cosmologist in
2024, with aspirations to attain a doctoral degree in Physics, I find myself pondering: "How
can I honor the tireless efforts of my predecessors and current colleagues while contributing
to the advancement of cosmology?" Regrettably, I have yet to discover a definitive answer to
this question. Therefore, during my postgraduate studies, I have resolved to delve deeply into
various topics, seeking novel techniques and approaches to unravel the profound mysteries of
our Universe.

This dissertation comprises five chapters, each covering the topics I explored during my
doctoral studies.

1. Historical Introduction

e A concise overview of some of the most significant achievements by cosmologists
spanning nearly a century following Albert Einstein’s seminal paper, where the
nascent general relativity theory was applied to formulate one of the first models
of our Universe.

2. Dark Energy
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e After introducing the concept of dark energy and its contemporary relevance, we
will present some of the most pertinent techniques employed to investigate novel
models of dark energy and explore their cosmological consequences. This chapter
draws upon the following works:"

[1] M. Alvarez, J. B. Orjuela-Quintana, Y. Rodriguez and C. A. Valenzuela-
Toledo, FEinstein Yang-Mills Higgs dark energy revisited, Class. Quant. Grav.
36, 195004 (2019).

[2] J. B. Orjuela-Quintana, M. Alvarez, C. A. Valenzuela-Toledo and Y. Ro-
driguez, Anisotropic Finstein Yang-Mills Higgs Dark Energy, JCAP 10, 019
(2020).

[3] A. Guarnizo, J. B. Orjuela-Quintana and C. A. Valenzuela-Toledo, Dynam-
ical analysis of cosmological models with non-Abelian gauge vector fields, Phys.
Rev. D 102, no.8, 083507 (2020).

[4] J. Motoa-Manzano, J. Bayron Orjuela-Quintana, T. S. Pereira and C. A.
Valenzuela-Toledo, Anisotropic solid dark energy, Phys. Dark Univ. 32, 100806
(2021).

[5] J. B. Orjuela-Quintana and C. A. Valenzuela-Toledo, Anisotropic k-essence,
Phys. Dark Univ. 33, 100857 (2021).

[6] S. Garcia-Serna, J. B. Orjuela-Quintana, C. A. Valenzuela-Toledo and H.
Ocampo-Durén, Reconstructing the parameter space of nonanalytical cosmolog-
ical fixed points, Int. J. Mod. Phys. D 32, no.11, 2350073 (2023).

[7] D. Gallego, J. B. Orjuela-Quintana and C. A. Valenzuela-Toledo, Anisotropic
Dark Energy from String Compactifications, JHEP 04 131 (2024).

3. Modified Gravity

e The chapter thoroughly examines the most general Lagrangian incorporating second-
order equations in terms of the metric, a scalar field, and a vector field, and several
approximation schemes at the linear perturbative level. This analysis is grounded in
the following references:

[8] W. Cardona, J. B. Orjuela-Quintana and C. A. Valenzuela-Toledo, An effec-
tive flued description of scalar-vector-tensor theories under the sub-horizon and
quasi-static approximations, JCAP 08, 059 (2022).

[9] J. B. Orjuela-Quintana and S. Nesseris, Tracking the validity of the quasi-
static and sub-horizon approzimations in modified gravity, JCAP 08, 019 (2023).

!The names of the co-authors are hyperlinked to their respective InNSPIRE profiles.
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4. Inflation

e While the prevailing cosmological paradigm supports the inflationary theory, certain
intricacies of this theory still elude complete understanding. This chapter draws
upon:

[3] A. Guarnizo, J. B. Orjuela-Quintana and C. A. Valenzuela-Toledo, Dynam-
ical analysis of cosmological models with non-Abelian gauge vector fields, Phys.
Rev. D 102, no.8, 083507 (2020).

[10] J. C. Bueno Sanchez, J. B. Orjuela-Quintana and C. A. Valenzuela-Toledo,
On the coupling of vector fields to the Gauss-Bonnet invariant, Rev. Acad.
Colomb. Cienc. Ex. Fis. Nat. 45, 67-82 (2021).

5. Machine Learning

e Machine learning has garnered significant attention from many cosmologists owing
to its versatility. In this chapter, we explore its applications in symbolic regression
problems. This chapter is based on:

[11] J. B. Orjuela-Quintana, S. Nesseris and W. Cardona, Using machine learn-
ing to compress the matter transfer function T(k), Phys. Rev. D 107, no.8, 08
(2023).

[12] J. B. Orjuela-Quintana, S. Nesseris and D. Sapone, Machine learning unveils
the linear matter power spectrum of modified gravity, Phys. Rev. D 106, no.6,
06 (2024)

6. Concluding Remarks and Outlooks

e Concluding remarks concerning the work done during my studies, and perspectives
for further developments related to my career.

Given the structure of this dissertation, numerous details will be omitted, and only the

primary conclusions will be presented. Interested readers can find further information in the
corresponding published works.

Keywords: Cosmology, Dark Energy, Modified Gravity, Inflation, Machine Learning.
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CHAPTERI1

Cosmology: History and Current Understanding

The field of cosmology as a physical science is relatively recent. Prior to the remarkable ob-
servational breakthroughs at the end of the past century, cosmological theories were largely
speculative, grounded in intuitive reasoning. Ranging from religious interpretations to mathe-
matical constructs within the paradigms of Newtonian mechanics or General Relativity (GR),
these theories lacked empirical validation. Observational evidence was limited to discerning the
dynamics of the Universe primarily within the nearest extragalactic systems.

During a period marked by intense astronomical exploration, E. Hubble’s groundbreaking
discovery of the expansion of the Universe in 1929 marked a significant milestone [13|. Prior to
Hubble’s announcement, the prevailing model, introduced by A. Einstein in 1917 [14], depicted
an infinite Universe characterized by a homogeneous, isotropic, and quasi-static distribution of
matter, where gravity’s attractive force was counterbalanced by the cosmological constant A.
However, alternative proposals emerged soon after Einstein’s pioneering work. W. de-Sitter,
for instance, identified vacuum solutions within GR that pointed to an expanding Universe [15—
17]. Between 1922 and 1924, A. A. Friedman delineated solutions depicting expanding universes
with unbounded open geometries and closed geometries, the latter characterized by expansion
to a maximum radius followed by collapse to a singularity [18, 19]. G. Lemaitre demonstrated
that Friedman’s solutions yielded a linear velocity-distance relation locally, suggesting that the
recession of astronomical objects could be attributed to the cosmic expansion [20].

Hubble’s revelation of an expanding Universe is a milestone in the history of cosmology. By
1935, H. P. Robertson [21-23] and A. Walker [24] independently established that the metric for

a homogeneous and isotropic Universe must adhere to the form:

2

2 2 2

+ r2df* + sin® 0d¢2) (1.0.1)

where (r,6, ¢) denote the standard spherical coordinates, K = —1,0, 1 distinguishes between

open, flat, and closed geometries, and the dynamics of expansion are encapsulated in the scale



factor a(t).

Another significant leap forward came with the discovery of the cosmic microwave back-
ground (CMB). The origin of the chemical elements was supposed to have occurred in an epoch
when the Universe was extremely hot and dense, as needed for the nucleosynthesis to take
place. This scenario, known as the Big-Bang model, required that the early universe was dom-
inated by radiation. The Universe cools as it is expanding and eventually, the radiation fluid
would decouple from the first atoms and follow free paths. These primordial photons should be
present in the Universe today as a nearly isotropic thermal background following a black body
distribution whose temperature was estimated to be around 5 K [25-29]. This Big-Bang relic
was found serendipitously by A. Penzias and R. Wilson in 1965. Penzias and Wilson were em-
ployed by Bell Laboratories to investigate radio transmissions from communication satellites.
However, they found a persistent “excess antenna temperature” isotropically distributed about
3.5 K at 7.35 cm [30]. R. Dicke and his collaborators visited Penzias and Wilson at Bell Labs
and correctly recognized the “problem” as the missing piece of the Big-Bang puzzle, the CMB
[31].

With the identification of the CMB, the Copernican principle expanded to cosmological
scales, asserting that we are not privileged observers within the Universe. This assumption,
known as the cosmological principle, posits that the Universe is homogeneous and isotropic, the
same around each point in every direction, on cosmological scales, rendering our observations
objective. This assertion, once a hypothesis, became an empirical reality. Notably, Penzias and
Wilson’s work marked the first cosmological breakthrough to be honored with a Nobel Prize,
highlighting the transformative impact of their discovery. During Hubble’s times, astronomy
and cosmology were not yet fully recognized as branches of physics, which contributed to Hubble
not being considered for the Nobel Prize despite his monumental contributions. It wasn’t until
the late 1950s that these fields gained acceptance, by which time Hubble had passed away, and
the Nobel Prize cannot be awarded posthumously.

The Cosmic Background Explorer (COBE), launched by NASA in 1989, marked the first
dedicated space mission aimed at studying the CMB. In 1992, the teams overseeing the Differen-
tial Microwave Radiometer (DMR) and the Far Infrared Absolute Spectrophotometer (FIRAS)
experiments aboard the COBE satellite reported significant findings regarding the CMB. They
revealed that the CMB constitutes a thermal bath of photons at approximately 2.7 K, with
slight fluctuations or anisotropies on the order of 107 [32, 33]. For their pioneering work, the
leaders of these experiments, G. Smoot and J. C. Mather, were awarded the Nobel Prize in 2006,
with the committee acknowledging that “these measurements [COBE-project| also marked the
inception of cosmology as a precise science” [34]. Moreover, the COBE team reported a spectral

index of the temperature power spectrum around 1, offering initial confirmation of predictions



stemming from inflationary cosmology.

Numerous other discoveries and observations have played pivotal roles in advancing cos-
mology. These include the identification of dark matter [35-37|, the observation of baryonic
acoustic oscillations [38], the determination of the Universe’s age [39], the confirmation of spa-
tial flatness [40], and the mapping of galaxy distributions on large scales by projects like the
Sloan Digital Sky Survey [41].

Of particular significance are the observations on supernovae, which revealed the accelerated
expansion of the Universe. Independently, the High-z Supernova Search Team, led by B. P.
Schmidt and A. Riess, and the Supernova Cosmology Project, led by S. Perlmutter, made
this groundbreaking discovery [42, 43]. This finding suggested two potential explanations: the
presence of an exotic cosmological fluid with negative pressure, termed dark energy, capable of
exerting a repulsive gravitational force, or the limitations of General Relativity at cosmological
scales. In recognition of their contributions, the leaders of these projects were awarded the
Nobel Prize in 2011.

Future missions, such as the Cosmic Origins Explorer (CORE) by the FEuropean Space
Agency (ESA), and Pixie and LiteBIRD by NASA, are poised to explore these mysteries fur-
ther [44-46]. Additionally, projects like Euclid by ESA and the Dark Energy Spectroscopic
Instrument (DESI) aim to measure various cosmological parameters with unprecedented preci-
sion [47, 48]. These endeavors promise to deepen our understanding of the cosmos and address
lingering questions in the field of cosmology.

The profound importance of Cosmology in driving forward contemporary fundamental
physics is evident through the multitude of esteemed prizes bestowed upon contributions in
this field, such as the Gruber Prize and the Breakthrough Prize in Fundamental Physics. Of
particular note is the 2019 Nobel Prize conferred upon Jim Peebles for his "theoretical discover-
ies in physical cosmology." Additionally, substantial resources are allocated to observational and
theoretical projects, further underscoring the significance and impact of Cosmology in scientific
advancement.

We find ourselves amidst what is often termed the "Golden Era" of cosmology, a period ripe

with opportunity to delve into one of humanity’s most ancient inquiries: What is the Universe?



CHAPTER2

Dark Energy

2.1 Introduction

The current Universe is expanding at an accelerated rate. This fact was first discovered in
type Ia supernovae (SNe Ia) surveys [49-51]| and later confirmed by several other observations
like large scale structures (LSS) [52, 53|, cosmic microwave background (CMB) [39, 54|, and
baryon acoustic oscillations (BAO) measurements [55, 56]. Observations also show that our
expanding Universe is highly homogeneous, isotropic and spatially flat at cosmological scales
[57-59]. However, the origin of this accelerated expansion is yet to be known.

This phenomenon resurrected the Einstein’s “biggest blunder” and has consolidated the cos-
mological constant A as a key element in the best cosmological description of our Universe: the
Standard Cosmological Model [60]. In this standard model, nearly 95% of the energy budget of
the Universe is distributed between two components, around 25% is attributed to a cold dark
matter (CDM) component, while 70% is in the form of A which is the responsible for speeding
up the expansion rate. The homogeneous and isotropic background geometry is described by
the flat Friedman-Lemaitre-Robertson-Walker (FLRW) metric.

Despite its general success, however, there are still some challenges that the standard cos-
mological model, also known as ACDM, has to overcome in order to become the correct theory
describing the cosmological evolution of our Universe. One of the theoretical difficulties is the
own nature of A, since if it is associated with the vacuum energy density of the Universe, the
value predicted by the theory and the value obtained from observations differs by several tens
orders of magnitude [61, 62]. This is known as the cosmological constant problem. On the
observational side, pretty interesting discrepancies in cosmological parameters are challenging
the standard model of cosmology ACDM [39, 63]. Low red-shift measurements of pulsating
(Cepheid variables) and exploding stars (Supernovae type Ia) allow a determination of the
Hubble constant Hy which disagrees (=~ 50) with the value inferred by the Planck Collabo-
ration in the context of the ACDM model [64-66]. A similar situation involves the strength

of matter clustering parameterized as Sg. The ACDM value obtained from CMB anisotropies



differs (2 — 30) when compared to Sg values determined by probes such as weak lensing and
galaxy clustering [67-80]. Although Big Bang nucleosynthesis (BBN) is a key ingredient in
the standard cosmological model, there is a factor of ~ 3.5 discrepancy between the theoret-
ically expected abundance of lithium-7 and the observationally inferred abundance obtained
from absorption spectroscopy of metal-poor stars in the galactic halo [81-86]. By measuring
the sky-averaged 21 cm brightness temperature at red-shift z ~ 20, the EDGES experiment
indicates a value for the baryon temperature cooler than expected in ACDM |87, 88]. However,
a recent analysis bears out earlier concerns and shows no evidence for non-standard cosmology
[89].

These exemplifying discordances could be due to unaccounted for systematic errors in anal-
yses of current data sets, but thus far different analyses do not show a preference for this
explanation. There exists also the very interesting possibility that the lack of agreement in
some cosmological parameters measured by different experiments could also be due to a mis-
understanding of the underlying physics. In other words, data would be hinting at new physics
not taken into consideration within the standard cosmological model [90, 91].

The profuse search for alternatives to the cosmological constant has basically split into
two categories: the introduction of non-standard forms of matter and modifications to the
Einstein gravity. On the one hand, it is expected that new kinds of matter with the right
properties (e.g., a negative equation of state implying some violation of the energy conditions)
will be discovered in laboratories. For instance, new particles in more complete theories of
fundamental interactions could dominate the energy content at late-times, avoid fine-tuning
issues and be the reason why the Universe is speeding up [92-94]. These exotic matter fields
are collectively known as dark energy (DE). On the other hand, GR might require modifications
despite its success [95, 96|, making plausible to consider modified gravity (MG) theories (for a
review on DE and MG models see, for instance, [60]).

In this chapter, we will explore several proposals intending to improve our understanding
of the role of different fields, such as vector fields, non-abelian gauge fields, p-forms, among
others, and the impact of the underlying metric describing the geometry of our Universe in the

late-time expansionary dynamics of our Universe.

2.1.1 Preliminaries

In this section, we give some details about one of the specific techniques typically used in the

analysis of theoretical proposals to explain the current accelerated expansion of the Universe.



Dynamical Systems

One of the most powerful tools used in the analysis of the parameter space of a theoreti-
cal proposal is the dynamical system technique [94, 97, 98]. In the realm of cosmology, this
technique consists of recasting the equations of motion of the fields in terms of dimensionless
variables, which are typically chosen from the first Friedman equation. This yields a set of
autonomous first-order differential equations whose stationary solutions lie in the phase space
of the dynamical variables. This technique has been widely used in cosmology (see e.g., Refs.
[1-4, 99-101])

In a nutshell, the autonomous set can be schematically represented as
{2} = filxr, ..., xp;a1,...,a8) | i =1,...,n}, (2.1.1)

where the prime denotes the derivative with respect to the number of e-folds, and f; is an
algebraic expression in terms of the n variables x; and the k parameters a; of the model. The
possible stationary states of this set, i.e., where {2, = 0 | ¢ = 1,...,n}, define the so-called
fixed points of the system, which can be found by solving the set of algebraic equations given by
{filx1,...,xp;a1,...,ax) =0]i=1,...,n}. Usually, these algebraic equations are analytically
solvable. The solutions correspond to expressions for the variables in terms of the parameters,
allowing a full characterization of the parameter space of the model.

Once the stationary states have been located in the parameter of the model, their stability
should be analyzed. In general terms, this stability can be analyzed by assuming a small
perturbation around each fixed point. Up to linear order, this yield to a system of differential

equations for the perturbations vector
dX' =JoX, (2.1.2)

where X denotes the perturbations of the variables z; around an arbitrary fixed point, and J

is known as the Jacobian matrix.!

Therefore, when evaluating on the fixed point, and upon
solving the last equation, the stability of the fixed point is completely determined by the sign
of the real part of the eigenvalues of the Jacobian matrix. We say that a fixed point is an
attractor, or sink, if the real part of all these eigenvalues are negative. If there is a mix of
positive and negative eigenvalues in a point, that point is called a saddle. If the real part of
all the eigenvalues are positive the fixed point is called a repeller or source. For a review with

further discussions and applications of dynamical systems in cosmology, see to Ref. [99].

!The Jacobian matrix for a set of n equations of the form z} = fi(z1,...,x,) is defined as J;; = g—g’;.



Conventions

Here, we establish some conventions used throughout this chapter, unless explicitly mentioned.
e The Einstein-Hilbert action is defined as
m2
S = /\/_—g {TPRJFL}, (2.1.3)
where ¢ is the determinant of the metric ¢g*”, mp is the reduced Planck mass, R is the

Ricci scalar, and £ is the Lagrangian of matter.

e The scalar field of a theory will be denoted as ¢ or ¢, and the vector field will be denoted

as A,.
e For any field, namely a scalar, vector, 2-form, its potential is typically denoted as V.

e The canonical kinetic term X of the scalar field, the strength tensor F),, associated to the
vector field, and its Hodge dual F* are defined as

1 ~
= _ingu(ﬁvrﬂﬁa Fu =VuAy =V, Ay, FY = EWQBF&& (2.1.4)

N | =

where €#7*# is the totally antisymmetric tensor density.
e Greek indices run from 0 to 3 and latin indices run from 1 to 3.

e When a function depends on several fields, e.g., f = f(¢, X, ...), its derivatives will be

denoted using subscripts, for instance

e The flat Friedman-Lemaitre-Robertson-Walker (FLRW) metric always reads
ds?* = —dt* + a(t)?6;;da'da, (2.1.5)

where a(t) is the scale factor which is a function of the time ¢ only, and z’ denotes the
spatial Cartesian coordinates (i.e., {x,y, z}). Therefore, we do not consider curvature in

this work.

e An overdot denotes derivative with respect to the time t. A prime denotes a deriva-
tive with respect to the number of e-folds, dN = Hdt, where H = a/a is the Hubble

parameter.



e The axially symmetric Bianchi-I spacetime, with a residual isotropy in the (y, z) plane is
given by
ds? = —dt? + a(t)? [e_4a(t)dx2 + e20() (dy® +dz?)] , (2.1.6)

where o denotes the geometrical shear.

e A configuration for the vector field compatible with the symmetries of the Bianchi-I metric
in Eq. (2.1.6) is
A, =(0,A(t),0,0). (2.1.7)

e When a function depends on time, or redshift, the subscript ¢ means that the correspond-
ing quantity is evaluated at some time in the deep radiation epoch, while the subscript 0

means that that quantity is evaluated at present.
e The density parameter () related to a fluid with density p is defined as

p
0= - _ 2.1.8
3m% H?’ ( )
Generally, the density parameters of radiation, matter, and dark energy fluids will be

denoted as €., ,,, and Qpg, respectively.

e Round brackets enclosing space-time indices mean a standard symmetrization: B,C,) =

(B,C,+ B,C,)/2
e The symbols A and V stands for the logic “AND” and “OR”, respectively.

Some of these conventions are pretty standard and will not be stated again in next chapters.

However, we will state new conventions if required.

2.2 k-essence

2.2.1 Introduction

The search for alternatives to the ACDM model is generally split into two broad categories:
modified gravity theories and dynamical dark energy. Recent observations, like the detection
of gravitational waves [102|, have put some models based on modifications to GR under serious
observational pressure [103-107]. These modifications to gravity or dark energy fields are
usually studied in a flat FLRW background, assuring a homogeneous and isotropic background
evolution. However, the CMB anomalies (if they exist) imply a violation of the Universe’s

isotropy at large scales, meaning that a geometry different to that described by the FLRW



metric should be considered [108—110|. It has been remarked that some of these CMB anomalies
could be explained by the introduction of an anisotropic late-time accelerated expansion? [111-
113].

Among the proposals for anisotropic dark energy, we can find models that include vector
fields [114-121], p-forms [122-124], non-Abelian gauge fields [1-3, 125], or inhomogeneous fields
[4, 112, 126]. Although the most popular models of dark energy are based on homogeneous scalar
fields (quintessence) [92, 94, 127, 128], it is known that this kind of fields alone cannot source
anisotropic stress, meaning that any initial spatial shear would be quickly damped and the
Universe will isotropize. However, in Ref. [117] was shown that if this quintessence is coupled
to the canonical kinetic term of a vector field, anisotropic late-time solutions are possible. This
study was extended to the inflationary context in Ref. [129], by considering the same coupling
but to a non-canonical kinetic term for the scalar field (the so called k-inflation). In this case,
it was shown that anisotropic inflationary solutions are a general property of the coupled k-
inflation model. Here, inspired by Refs. [117, 129], we analyze the late-time cosmology of a
non-canonical scalar field coupled to the kinetic term of a vector field; i.e. we study the coupled
k-essence model. We find that, as in the inflationary case, anisotropic solutions are a generality
of the model. In particular, we study three concrete models: the dilatonic ghost condensate
(DGC), the Dirac Born Infeld (DBI) field with exponentials throat and potential, and the
canonical scalar field with exponential potential for completeness; whose isotropic dynamics

have been extensively studied in the literature (see Refs. [130-139], for example).

2.2.2 General Model

Consider the following Lagrangian:
1
= — PO FWF" + P(6,X) + L+ L, (2:2.1)

where P is the Lagrangian of the k-essence scalar field. The function f(¢) is the coupling of
the k-essence field to the vector field.

Upon varying with respect to the metric g*”, we find that the energy-momentum tensor of
the model will have separated contributions from the vector field and the scalar field, respec-

tively given as

1
i = PxVudVod + Pou, T = OB = 10l (9) PP, (2:2.2)

2We want to mention that some of these anomalies could be also the result of an unknown primordial
mechanism acting during inflation [10].



Varying the Lagrangian in Eq. (2.2.1) with respect to ¢ and A,, we get the equations of

motion for the k-essence field and the vector field respectively as:

“(¢
V. (PxV*¢)+ Py — (Q%) / i )FWF’“’ =0, Vi (fz(qb)F’“’) = 0. (2.2.3)

The Lagrangian (2.2.1) considers the interaction between a scalar field and a vector field.
The introduction of such vector field violates rotational invariance.® In the following, we derive
the dynamical equations of motion for the model in the specific anisotropic background in
Eq. (2.1.6) using the vector field profile in Eq. (2.1.7), while the scalar field is only a function
of time in order to preserve homogeneity.

The energy density and pressure of the vector field (p4 and p4) and the k-essence field (pg
and p,) are obtained from Egs. (2.2.2) as

1 AZete 1

pa= IO =5 Pa=gpa p=2XPx =P, py=P. (2:24)

a?

From the gravitational field equations, the Friedman equations and the evolution equation

of the geometrical shear are

3mpH? = pa+ py + pm + pr + 3Mpo?, (2.2.5)

27 4 4 2 .2
—2mipH = 2XPx + 3P4 + pm + 3P + 6mpo-, (2.2.6)
3mpd + ImpHG = 2pa. (2.2.7)

In Eq. (2.2.7), we can identify that the matter source for the shear is the energy density of
the vector field. Although this source is different from zero even in the case when there is
no coupling to the scalar field; i.e. when f(¢) = 1, we will see later that it is precisely this
interaction which allows late-times anisotropic solutions with interesting oscillatory behaviors.

It is known that isotropic k-essence models allow for scaling solutions whenever the La-

grangian has the form
P(p, X) = XG(Y), Y =Xeme (2.2.8)

where X is a constant [60]. Here, we assume this form of the Lagrangian, and then the equation

of motion of the scalar field is simplified as

54 BHQPxS + Q(Pxs — Pa) — 2@%/4 —0, (2.2.9)

3We want to stress that a vector field does respect isotropy if only the temporal component is considered
[100, 140].
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where Q(Y) = <2X7DXX + Px)_l.
Our next task will be to recast the background equations in an autonomous system and find
their fixed points, in order to know the asymptotic behavior of the model [97|. Therefore, we

introduce the following dimensionless variables:

é 2 PA

o
= — = Y=— 2.2.10
Y= Vompr” © T 3mRH? H’ (2:2.10
such that the first Friedman equation (2.2.5) becomes the constraint
1=222Px(Y) — G(Y)] + 2° + Qp + Q, + X2, (2.2.11)

from which, we can write €),, in terms of the other variables. From the second Friedman

equation in Eq. (2.2.6), we compute the deceleration parameter
q= % [1432°G(Y) + 2° + Q, + 357]. (2.2.12)
For the dark sector, we define the density and pressure of dark energy as
PDE = pA + po + 3mpo?,  Ppoe = pa + Dy + 3mpo?, (2.2.13)

and thus the equation of state of dark energy, wpg = ppr/ppE, is given by

2 32?Px + 22% 4+ 3%
322(Px + Gy) + 22+ X%

Note that with this choice of including the geometrical shear in ppg and ppg we can write the

continuity equation of dark energy as

poE + 3H (ppe + ppe) = 0, (2.2.15)

which is the usual form. In the case that this anisotropic contribution is not consider in the
definition of the density and pressure of dark energy, we would obtain an equation of the
form ppr + 3H (ppE + por) o §;;119, where II¥ is the trace-free part of the energy-momentum
tensor.

We want to write the autonomous set of equations for the dynamical variables in Eq. (2.2.10).
Therefore, it is necessary to choose a specific coupling. To ease the computations we consider

an exponential function of the form

f(¢) = foe ro/me, (2.2.16)

11



where p is a constant. By taking the derivative of the dimensionless variables with respect to

the number of e-folds, dN = Hdt, we get the following autonomous system:

¥=x(q+1)— \/76/\x2 — ?Q

2 =2(g—1) +V6uzrz — 223,
Y =%(q - 2) + 222,
QL =2Q,.(q—1).

[\/ExPX A2 (P + Gy) + 2u2?| 2.2.17

2.2.19

)
2.2.18)
)
2.2.20)

(
(
(
(

We note that this system of differential equations is not closed since the function Y is not
written in terms of the variables. For this function, it is necessary to choose a specific variable
depending on the form of the Lagrangian in order to avoid possible singularities in the system,
which are related to the term z? 2Px(Y) — G(Y)] in Eq. (2.2.11).

2.2.3 Specific Models

In Ref. [5], we studied three models: quintessence, dilatonic ghost condensate (DGC), and the
Dirac-Born-Infeld (DBI) model.

Anisotropic Quintessence

In this case, the Lagrangian is
P(p, X) = X — cmpe /me (2.2.21)

with ¢ a constant. We have that Px = 1, while the function characterizing the Lagrangian is

ma
GY)=1-c=2. (2.2.22)
Y
We note that the term 2%(2Px —G) in the Friedman constraint (2.2.11) can yield singularities

depending on the variables we choose to define Y. In this case, we can use the dimensionless

variable? /2
_2é/2mp
y = cympew, (2.2.23)
where ¢, = ¢!/2, such that
2? (2Px — G) = 2° + y*. (2.2.24)

4We want to stress that avoiding singularities in the Friedman constraint by choosing a suitable variable is
extremely important, since some fixed points could be “hidden” in these divergences [141].

12



The evolution equation of this new variable is

, V6
vy =ylg+1)— 7)\:)3@/. (2.2.25)

We found two fixed points relevant for the late-time accelerated expansion phase: one
isotropic and another anisotropic. The isotropic DE point is denoted as (DE-1) and the
anisotropic one is denotes as (DE-2).

In (DE-1) only two variables are different form zero:

A A2
T =—= =4/1—-—,
Y 6

7

This point is an accelerated solution for \? < 2, as expected. The stability of the point, however,

Wet = Wpg = —1 + A?/3. (2.2.26)

change with the introduction of the parameter . Computing the eigenvalues of the Jacobian

matrix evaluated at the point, we found that this point serves as an attractor of the system

whenever
M<2 A LAV (2.2.27)
P~ 2.
Note that A &~ 0 in order to have wpg ~ —1, as required by observations [39].
For the anisotropic point (DE-2), the values of the variables are
L 2v/6 (A + 2u)
8+ (N +2u) (N + 6u)’
)= V68 — (A = 61) (A +2)) (2 + p(A + 2p0))
8+ (A+2u)(A+6p) ’
VBB = (A= 61)(A +21)) (W +2pA — 4)
84+ (A +2u) (A + 6p) ’
2 _
nog A F2AZd (2.2.28)
8+ (A+2u)(N+6p)
with 2, =0, Q,, =0, and
AN+ 2
wpr = —1 + (A+20) (2.2.29)

8+ (A +2u)(A+6p)
This point is a viable cosmological solution in the following region of the parameter space {\, 1}

4— )2
2\

A<V2 A op> (2.2.30)

We see that the condition on p, in this case, is exactly the opposite of the condition on pu for

13
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Figure 2.2.1: Stability regions for the dark energy dominated points (DE-1) and (DE-2).
Each color represents a {\, u} parameter region where the indicated fixed point is an attrac-
tor with —1 < wpg < —0.95 and the shear is small ¥ < 1073, (Left) For the anisotropic
quintessence model, these regions are separated by the bifurcation curve 2\ = 4 — A2, (Right)
For the DGC model, the region for anisotropic attractors is clearly far smaller than that ad-
mitting isotropic solutions.

the isotropic point in Eq. (2.2.27). This means that when the anisotropic point (DE-2) is an
accelerated solution, the isotropic point (DE-1) is a saddle. Also note that, since an equation
of state of dark energy near to —1 requires’ A < p, then this point needs a large u. This can
be clarified by noting that a small shear, as also required by observations [142, 143], can be
satisfied if © > A. Assuming the later, the shear and the equation of state of dark energy can
be approximated to first order by

A 2 2\

N ———, Wpp~ —1+4+ —, 2.2.31

3 3u? bE 3 ( )
We verified that under these conditions, (DE-2) is also the attractor of the system. Therefore,
for small A\ and large u this point is an accelerated solution with wpg ~ —1, a small shear, and

it 1s an attractor

5There is another possibility, namely, A ~ —2u, but we do not pursue this rather fine-tuned case.
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Anisotropic Dilatonic Ghost Condensate

Next, we study the dilatonic ghost condensate (DGC) model whose Lagrangian reads

X2
P(Qb,X) =-X + be)@/mpm,
P

(2.2.32)
and thus we have Px(Y) = —1 + 2bY/m}, while the function characterizing the Lagrangian is

G(Y)=—-1+ b%, (2.2.33)
P

where b is a constant. From the later we get G1(Y) =1+ G(Y) and Q =[5+ 6G(Y)] .
In order to avoid possible singularities in the “troublesome term” in the Friedman constraint

(2.2.11); namely, (2Px — G), we define a new dimensionless variable®

g————————— X

[ = -, 2.2.34
mp Y ( )
with ¢; = b'/2, such that
2Px — G = —1 + 31°2*. (2.2.35)
The evolution equation for this new variable is
6
' = é/\lm‘ —Il(g+1). (2.2.36)

The fixed points are now obtained by setting all the derivatives of the variables to zero in
the autonomous set, and their stability can be investigated by perturbing the autonomous set
around them, considering the variable [ instead of .

In this case as well, two DE fixed points where found: an isotropic point denoted as (DE-1)
and an anisotropic point denoted as (DE-2).

(DE-1) corresponds to the usual isotropic dark energy fixed point in the DGC model, in

which the variables take the following values:

1 _\/§A+ /8+3/\2 o L3N 3N A6+ 3X)
T 2 2 | "7 \1 " 16 18 1283

A
wer = wpp = —1+ 2 (=37 +vVas+9x2), (2.2.37)

5Tf we had chosen to continue the computations with v instead of considering the new variable I, we would
have found divergences in the points where [ = 0.
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where the other variables are zero. This point is an accelerated solution for
M\ < 2/3, (2.2.38)

as expected [60]. Applying the linear stability formalism, we found that for A > 0 the eigenvalues

of the Jacobian matrix are all negative whenever

A V16 + 32
N <2/3 A S 2.2.39
Note that A = 0 in order to have wpg ~ —1, implying u < 1//3.
In (DE-2), the values of the variables are
2\ + 24 — 2 A — 82
Y A+ 20— /84 A Mt — 8pu |
—8 4+ 3X2 + 12\ + 1242
8 — 3(\ +2p) (—/\+ VSN~ A — sm)
Y= ,
—8+ 3(A+2u)?
1
l= —{9>\4 — 10X% 1+ N2(80 — 12442) — 8Apu(191% — 14) + 32(p* + p® — 2)
8v6
1/2
+ /8 AT — A — 822 [9X + 1002 + A(40 — 367:%) + 81u(6 — 5p12)) }
1 3
= =96 — = [—9N + 30031 + 962 + 20\ (4 + 9u?) 4+ 8 (2147 — 10

1/2
27
+ /8 + A2 — A — 82 {7»” 4+ 724 — 9N? e — 108% + A (60 — 126;12)} } . (2.2.40)

and

202 + 202 — /8 + A2 — 4y — 82
—8 + 3(A + 2u)? '

An equation of state of dark energy near to —1 requires A ~ 0. The region of existence where

(2.2.41)

this point exists as an accelerated solution, —1 < wpg < —1/3, is given by’

A V16 +3A2 A V16 + 3\2
A< 2¢/2 SRARII S A QPP AR Sl i 2.2.42
<2V2/39 A =+ s SHSTIT T ( )

“Note that we concentrate in no-ghost solutions. In the canonical scalar field case, it was not necessary to
consider this explicitly since the equation of state of dark energy (2.2.29) cannot cross the phantom line.
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A small shear, as mandatory by observations (|3g| < 1073) [142, 143], requires i to be near to
its lower bound; i.e. 1/ V3 < p, which is exactly the opposite of the condition on j for the
isotropic point (DE-1) in Eq. (2.2.39). As in the canonical scalar field case, this means that
when the anisotropic point (DE-2) is an accelerated solution, the isotropic point (DE-1) is a
saddle. In this case, it was not possible to obtain an analytic expression for the eigenvalues of
J due to the complicated algebraic terms for the variables. However, we can investigate them
numerically. In Fig. 2.2.1, we can see that the two possible dark energy points are separated
by a bifurcation curve, and that, for the DGC model, the region where the anisotropic solution
exists as an attractor is small in comparison with the region for the isotropic point. This implies
that a viable cosmological evolution with a strong coupling regime between the scalar field and
the vector field is not possible. Hence for instance, if we choose parameters such that (DE-2) is
the attractor, the system will spend a large amount of time around the saddle isotropic (DE-1),

reaching the anisotropic solution in the far-far future.

Anisotropic Dirac Born Infeld Field

At last, we study the Dirac Born Infeld (DBI) model whose Lagrangian reads
Pl6, X) = ——— /T 2h(@)X + —— — V(¢) (2.2.43)
T h(9) h(¢) ’ -
and thus we have Px = v = (1 — 2hX)~!, while the function characterizing the Lagrangian is

o= (1) - (1) 248

where h = h(¢) and V = V(¢) are functions of the scalar field ¢, and m and M are mass

coefficients. The function G(Y') so defined requires

1
h(6) = —e i, V() = mi{1+ gem, (22.45)
where we have defined )
m* =2 mp, M*=cmp, n= CTM, (2.2.46)
Cm

with ¢, and ¢,; constants.
Possible singularities in the “troublesome term” z%(2Px — G) can be avoided if we use both

variables y and [, such that

ana? — ¢ (n+ VI = 2P)

.CEQ(QPX — G) SRR

. (2.2.47)
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In this case, it is not possible to obtain analytical fixed points in general. In the following, we
attach to the procedure of Ref. [129] in order to find the dark energy dominated points. At
very late-times, dark energy dominates and the contributions of radiation and matter to the
total density are negligible. Therefore, we consider €2, = €),,, = 0, and then, from the constraint
in Eq. (2.2.11), we can write the variable z in terms of z, y, and 3. The fixed points of this
simplified system are found by setting 2’ = 0, ¥’ = 0, and v’ = 0 in Egs. (2.2.17), (2.2.19), and
(2.2.25). We obtain:

e (DE-1) Isotropic point

A 1 A

- 2 .=0, Y=0, 9.2.48
2 Vo (2.2.48)
e (DE-2) Anisotropic point

(A +2u) (2v6 — z(A + 6p))
8z ’

12 4+ 22 M\ + 2p) — V62 (3) + 2p1)

Px = ’
X 82

G, =

Y=-1+ \/Tgx()\ +2p4). (2.2.49)

2

V6
0< Ay 2.2.51
ST<oy ( )

In the next subsections, we will study each point apart.

In both cases we have

and thus accelerated solutions obey

e (DE-1): Isotropic Dark Energy

In this case, it is possible to find explicit expressions for the variables x and y:

A (=42 /36 + 1207+ X7) S v
2v/6(3 + nA2) ’ VA2 — 622

The minus solution in the variable  does not correspond to an accelerated solution, hence we

z= (2.2.52)

only consider the solution with the plus sign. This point is an accelerated solution when

A —12

A>0 A 77>4—>\2

(2.2.53)

Note that, with respect to the other models studied, in this case we can get wpg ~ —1 for
A = O(10) and large 7. For instance, if A =1, n > 3297 for —1 < wpg < —0.99.
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e (DE-2): Anisotropic Dark Energy

In the isotropic case, the variable x can be obtained from a second order algebraic equation
which has analytic solutions. However, in the anisotropic case, we get a complex algebraic
equation for x which is not analytically solvable for general values of A\, i, and p. Therefore,
it is impossible to find explicit expressions for the variables. However, we do find bounds for
them in order to discriminate cosmologically viable solutions.

The tighter bound we found for x is given by

—2\/6 <x < 2\/6
3(A+2p) A+ 6u

(2.2.54)

A cosmologically viable anisotropic accelerated solution must fulfill that wpg &~ —1 and |3¢| <
1073 [39, 142, 143]. We can see that, if we take x equal to its lower bound then
4\
wpg = —14+ ——7-—, X=0. 2.2.55
Therefore, we have to choose the parameters A and p such that x approximates its lower bound,

and also p > A. We get the compatibility conditions

2 /M 1 12702 1 36 — A2
0> VAL ZAJF , A<\/277+2\/3+772, (2.2.56)

where we assumed that z is equal to the lower bound of Eq. (2.2.54). These results assure that

1> A\. Note that this procedure considers a general k-essence field.

2.2.4 Oscillatory Behavior of wpg and X

In this section, we will confirm some of the conclusions drawn from the dynamical system
analysis. We will concentrate in the anisotropic quintessence model in order to keep simple our
presentation. More details and a similar numerical analysis for the DGC and DBI models can
be found in the corresponding article (Ref. [5]).

Now, we solve numerically the autonomous set in Eqgs. (2.2.17)-(2.2.20) and (2.2.25). We
assume that, prior to the radiation epoch, the Universe underwent an inflationary period which
perfectly smoothed any initial spatial shear or inhomogeneities. Therefore, we choose ¥; = 0
as an initial condition, such that the starting point for any cosmological trajectory is from the
isotropic radiation point. We will choose parameters A and p such that the attractor point

is given by (DE-2). In particular, we have chosen A = 0.1, and p = 10 from the bound in
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Figure 2.2.2: (Left) Evolution of the equation of state of dark energy wpg and (Right) the

shear around z, = 0 for different values of the parameter p, while A is fixed and the initial
conditions are the same given in Eq. (2.2.57).

Eq. (2.2.30). Having this in mind, we set

;=107 g =2x107" 2z =10""% ¥;=0, Q. =0.99995, (2.2.57)

as initial conditions at redshift z, = 6.57 x 107, and we have integrated the system up to
z. — —1.

In Figs. 2.2.2, we show the late-time evolution of the equation of state of dark energy and
the shear for a fixed A = 0.1 and varying . We can see that the equation of state of dark energy
is very close to —1 and that ¥ is within the observational bound today, namely, |$o| < 1073
[142, 143]. We also see an interesting behavior of the equation of state and the shear: they
oscillate. This can be understood as follows. Note that when p = 25, there is no oscillations
in wpg since in this case the system spend more time in the saddle isotropic point (DE-1).
For larger values of p the coupling of the vector field to the scalar field is stronger, and the
contribution of the vector field to the density is greater. It is possible to show that at some
late-time, the density of the vector field is comparable to the kinetic energy of the scalar field,

i.e., z =~ z, and hence the scalar field obeys the equation of a constant forced and damped
harmonic oscillator. For the quintessence field we tacitly find:

O(t) +79(t) +wio(t) = Fo, (2.2.58)
which corresponds to the equation of motion of a damped harmonic oscillator with damping ~
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(which is the usual Hubble friction), frequency wg, driven by a constant force Fyy. These terms
are given by

y=3H, wi=3\A+pH? Fy= Amli’ (2.2.59)
Hence we see that, when the coupling parameter p is small, the frequency of the oscillator is
w2 ~ 3N*H? and of course v >> wy, given that A ~ 0, and thus the oscillator is overdamped.
That is the reason why we need a large i to see oscillations. Even more, we can give an estimate
of how large i has to be in order to see critically damped oscillations; i.e. when v = 4w?. Using
A= 0.1 we get u = 7.4. We confirmed that, using the same initial conditions in Eq. (2.2.57), a

very small oscillation occurs in wpg for 4 = 8 at redshift z, ~ —1 + 8.

2.2.5 Conclusions

In this work, we have studied the background cosmological evolution of a k-essence field coupled
to the canonical kinetic term of an abelian vector field, extending to late-times the work of
Ref. [129] where inflationary solutions were found. We assumed three specific realizations of
the k-essence field, namely: the dilatonic ghost condensate, the Dirac Born Infeld field, and the
canonical scalar field for completeness.

By using a dynamical system approach, we were able to show that each of these models
has an anisotropic dark energy dominated point which can be an attractor. The dynamical
system also allowed us to find the available space parameter for each anisotropic solution to be
cosmologically viable. For the quintessence field, an equation of state of dark energy near to
—1 and a small shear as required by observations [39, 142, 143], need p > X and pu > 1 (see
the left panel of Fig. 2.2.1). For the DGC model, the requirements are A\ < 1 and p > 1/v/3
(see the right panel Fig. 2.2.1), while for the DBI field we found that A can be greater than 1
(A = O(10), for instance) given that n, u > 1 [see the bounds in Egs. (2.2.56)].

We solved numerically the autonomous set of equations corresponding to each model, ver-
ifying that a correct expansion history is reproduced, and that the anisotropic dark energy
dominated points (DE-2) are indeed attractors of the systems. For every case studied, we set
the initial conditions in the deep radiation epoch [z, = O(107)] and assumed a zero initial
shear (2; = 0). For the quintessence and the DBI field, we found that wpg and ¥ oscillate at
late-times until they reach their values in the attractor (DE-2). We show that for parameters
A< 0and g > Aand p > 1, the system is underdamped, making possible to see these oscilla-
tions around nowadays. In the uncoupled case (1 = 0), these oscillations are overdamped and
thus it is extremely hard to see them. On the other hand, for the DGC model we found that
the shear today (and for the near future) would be effectively zero, because the isotropic and

anisotropic point are very near in the phase space. This implies that the cosmological trajecto-
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ries will spend at large amount of time around the isotropic point before reach the anisotropic
attractor. This also implies that no oscillations of the fields are expected to be seen.

The non-negligible shear and the oscillatory behavior of the fields, wpg, and ¥, are notorious
properties of this coupled k-essence model. However, the observable imprints of these models
which could be compared with CMB or SN Ia measurements are yet to be done. We leave a

detailed study of this subject for a future work.

2.3 Tachyonic Scalar Field

2.3.1 Introduction

As exemplified in the latter section with the fixed points of the DBI model, there are some cases
where analytical solutions to the autonomous system are not available, forbidding a complete
examination of the parameter space. For instance, if any of the equations f; = 0 involves a
polynomial of degree greater than 4 in the dynamical variables, this implies that analytical
solutions do not exist due to the fundamental theorem of Galois theory [144].

Although analytical fixed points are not available in all cases, it is still possible to solve nu-
merically the algebraic set { fi(z1,...,2,) =0|i=1,...,n} [see Eq. (2.1.1)] assuming specific
values for the parameters. In this work, we put forward a general framework to determine the
stability of these “numerical fixed points” given a finite portion of the parameter space. In the
particular case of a scalar field coupled to a vector field evolving in an anisotropic background,
our numerical scheme allows us to estimate the attraction region in the parameter space of
anisotropic accelerated solutions which do not have analytical counterparts. For this model,
we numerically solve the corresponding autonomous set assuming some values of the parame-
ters, finding general agreement with the asymptotic behaviors predicted for the numerical fixed

points.

2.3.2 Dynamical Systems: Numerical Approach

In this section, we describe our general framework to analyze the stability properties of a region
in the parameter space of a model with no analytical fixed points. Assuming an autonomous
system of n differential equations, as in Eq. (2.1.1), our numerical scheme relies on the following

steps:
1. Choice of a representative region in the parameter space of the model.

This can be done by defining an interval for each parameter, ie., a; , < a; < a,,,, for

i =1,...,k, such that the Cartesian product of these intervals build a portion of the parameter
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space. The length of each interval should take into consideration relevant physical conditions

of the model and the symmetries of the autonomous system.

2. Setting of physical constraints to discriminate between cosmologically viable and non-

viable fixed points.

These constraints are required to ensure that the numerical solutions of the autonomous
set are related to some physically interesting properties of the model. For instance, imposing
the condition weg < —1/3, where weg is the effective equation of state, implies that any found
solution describes an expanding universe at an accelerated rate. Other conditions have to be
satisfied for the consistency of the theory, for instance, the density parameters must take on
nonnegative values. Numerical solutions meeting all the chosen conditions are called “cosmolog-
ically viable”. Otherwise, they are cataloged as “non-viable solutions” and discarded. Note that
all the cosmologically viable solutions coming from the same set of parameters are physically

indistinguishable.
3. Stochastic search of viable solutions in the chosen region in the parameter space.

A large number N of random points in the parameter space {ai,... a;} is generated. The
corresponding fixed points for each set of parameters are found by numerically solving the
system of algebraic equations {f;(z1,...,2,) =0 |4i=1,...,n}.% Then, the chosen physical
constraints in the previous step are evaluated for all the solutions, such that those which fulfill
them are cataloged as “viable solutions” and the others are discarded. In our case of interest,
all the viable points will correspond to accelerated solutions of the system, i.e., Dark Energy
(DE) dominated points.

4. Stability analysis of the region of viable points.

In general, the stability of a fixed point can be determined by computing the real part of
the eigenvalues of the Jacobian matrix evaluated in the point. When all the corresponding
eigenvalues are negative, we say that the fixed point is an attractor. When all of them are
positive, the fixed point is a source or repeller. If there is a mix of negative and positive
eigenvalues, then the fixed point is a saddle.

In the cosmological context, a proper expansion history requires the existence of at least
three fixed points as follows: i) a radiation dominated point which can be a saddle or a source,
i1) a saddle matter dominated point, and #ii) a DE dominated point that can be an attractor

of the system.

8This can be done using the default numerical methods in the NSolve of Mathematica, for example.
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Note that for a given point in the parameter space, there could exist several fixed points
with their own stability; for example, the three stages of dominance (radiation, matter, and
DE epochs) should exist for a given set of parameters in order for the model to be able to
reproduce a correct expansion history. Therefore, it is necessary to compute all the available
Jacobian matrices (and their eigenvalues) for each set of parameters yielding cosmologically
viable solutions. Since viable solutions from a given set of parameters have the same physical
characteristics, the stability of the point in the parameter space is determined by the most

stable point, that is:

o If all eigenvalues of at least one of the matrices are negative, then this point is an attractor

and the other possible fixed points are discarded.
o If all eigenvalues of all matrices are positive, then the stability corresponds to a repeller.

e [f the stability is not an attractor neither a repeller in the sense described above, one or
more matrices have a mix of positive and negative eigenvalues, and the stability is of a

saddle point.

Here, we are mainly interested in DE dominated attractor points. Therefore, once an
attractor is found, the computation of the Jacobian matrices for the given set of parameters is
stopped, just to proceed to another point in the parameter space.

In the following section, we will illustrate the numerical method described here by analyzing

the asymptotic behavior of a specific model, prioritizing the search of DE domination points.

2.3.3 Illustration of the Method

Tachyon field in an anisotropic background

The Lagrangian of our template model is given by

L=-V($)\/T+ 0,00¢ — %lf(qﬁ)F“"FW, (2.3.1)

where f(¢) is a coupling function between ¢ and A,,.

As pointed out in Refs. [129] and [5], a full analytical description of the dynamical system
is impossible for some non-canonical scalar field models in a Bianchi-I background, such as the
Dirac-Born-Infeld (DBI) field. Since the Lagrangian of the DBI model shares some similarities
with the Lagrangian in Eq. (2.3.1), we expect that the dynamical system of this model also lacks
of a full analytical description. We will explicitly show that the anisotropic dark energy attractor
of our model cannot be studied analytically and use the numerical framework explained in Sec.

2.3.2 to reconstruct a portion of its parameter space.
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Dynamical System

Following the standard procedure [98], we derive the evolution equations of the model by varying
the action from the Lagrangian in Eq. (2.3.1) with respect to the metric, the scalar field and
the vector field. After these variations, we replace the Bianchi I metric given in Eq. (2.1.6),
and the ansatz for the fields in Eq. (2.1.7) obtaining:

3mH? = %f64;;42 + _1V - + P + pr + 3MEG?, (2.3.2)

s,V 2 A2 4 5.0
—om2H = ¢ \/1—_7¢2 R e N R (2.3.3)
G+ 3Ho = ?;2—];? (2.3.4)
1 _(22 — 12‘_/522]0’%4%42 - % — 3H¢, (2.3.5)
% = —% In (afe'”). (2.3.6)

Equations (2.3.2) and (2.3.3) correspond to the first and second Friedman equations, Eq. (2.3.4)
is the evolution equation for the geometrical shear, and Eqgs. (2.3.5) and (2.3.6) are the equations
of motion for the scalar and vector fields, respectively. The above equations can be recast in

terms of the following dimensionless variables

640A2

: V(¢) 1 o
= 2= 2=_ — Y= —.
T ¢7 y 3m123H27 z 2f(¢) 3m%H2a27 H
The first Friedman equation in Eq. (2.3.2) becomes the constraint
2
1= + 22+ 3%+ Q + Q,, (2.3.7)

V1—22

while from the second Friedman equation in Eq. (2.3.3) we can compute the deceleration pa-

rameter ¢ = —1 — H/H? obtaining

1
g=5 |- 3VI1 —22y? + 22 +Q, + 357, (2.3.8)
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We can easily integrate Eq. (2.3.6) such that for the vector field degree of freedom we have

(2.3.9)

where ¢ is a constant. From the Friedman equations (2.3.2) and (2.3.3), we can identify the
density and pressure of dark energy, which can be written in terms of the dimensionless variables

as
2

1
ppE = 3mpH? (\/% + 22+ 22) , Dpe = 3mpH? (—yQ\/ 1—ax2+ §22 + 22> , (2.3.10)

respectively. Now, the equation of state of DE, wpg = ppr/ppE, is given by

93 4957 + 357
R e (2.3.11)
Vi—zx

QUDE::'—1'+

In order to calculate the evolution equations for the dimensionless variables, we differentiate

each variable in Eq. (2.3.7) with respect to the number of e-folds. We get

7 =V3(1-2?% {1T_$2,322 — 3z —ay|, (2.3.12)
Y=y [?ayx +q+1], (2.3.13)
2 =2(q—1) — 228 — ?ﬂxyz, (2.3.14)
Y =%(q—2) + 22% (2.3.15)
O =20,(q - 1), (2.3.16)
where v
a(t) =mp—2, B(t)=m Jo_ (2.3.17)

The last equations can be easily integrated when « and /3 are constants. Under this assumption,
we get that the potential V' (¢) and the coupling function f(¢) are given by expressions of the

form”

V(¢) o< 1/(ag)?,  f(¢) o ()1l (2.3.18)

which correspond to common power law expressions typically used in the literature [145, 146].

9In the case of varying « and 3, the autonomous set is not closed and we would be forced to introduce more
dimensionless variables to close the system. Thus, we choose o and 3 constant to keep our presentation simple.
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Analytical Fixed points

The asymptotic behavior of the autonomous system in Egs. (2.3.12)-(2.3.16) is encoded in its
fixed points, which can be found by setting 2’ = 0, ¢’ = 0, 2/ = 0, ¥’ = 0, and €, = 0. This

yields a set of algebraic equations given by

0= (—1 + x2) {a2y4 + 2V/3axy® 4 3x?y? + Bt — 52z4}, (2.3.19)

0= y{9 (2 =1)y'+ (3= +Q, +2* + 3)2 + 3a’2y? (2.3.20)
+ 2v/3azy (322 + Q4+ 22+ 3) },

0=2{36%%2 + [SBT - ) + O + 22 = 1]+ 9 (2>~ 1) ¢} (2.3.21)
— 2382y [S(35 — 4) + Q, + 2% — 1]

0=9%%+ 3% (69, + 62> — 18) + 245°2 4 162" + ¥ (82" + 8Q,2% — 2427) (2.3.22)

+ 3200 (2%~ 1)y + 02 = 60, + 21 + 20,27~ 622+ 9

0=0,{9(* = 1)y + (322 + 0 + 22 = 1)°}, (2.3.23)

where we have replaced the expression for ¢ in terms of the dynamical variables given in
Eq. (2.3.8), and some algebraic manipulations have been performed. Notice that these equations
compose a polynomial system of degree greater than 4, since Eq. (2.3.22) is an equation of degree
6 in the variable .. This means that the system is not analytically solvable in general due to the
fundamental theorem of Galois theory [144]. Nonetheless, in the case ¥ = 0, equation (2.3.22)
implies z = 0, and Eq. (2.3.21) is trivially satisfied. This is consistent with the fact that
the vector field is the source of the anisotropy, as it can be seen in Eq. (2.3.4). The simplified
Egs. (2.3.19), (2.3.20) and (2.3.23) compose a system of degree reduced to 4, and thus analytical
solutions exist.

In order to do some analytical progress, in the following we neglect anisotropy, i.e., we
consider ¥ = 0 and z = 0, and study the fixed points of the simplified system in Egs. (2.3.19),
(2.3.20) and (2.3.23) relevant for the radiation era (2, ~ 1, weg ~ 1/3), the matter era,
(Qn = 1, weg ~ 0) and an isotropic DE era (Qpg = ppr/3m3H? ~ 1, wg < —1/3).

e (DE-I) Isotropic DE dominance:

av/ V36 1 af — a2 VV36 Tt — a2
;oY== ;
3v/2 V6
with Qpg =1, Q,, =0, , =0 and

T=F

1
wpg = —1 + 1—8a2 <—a2 + V36 + a4> : (2.3.25)
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Since wpg = Wegr in this point, the condition for accelerated expansion (weg < —1/3) is satisfied

when
la| < 342 =~ 1.86121. (2.3.26)

In this case, the eigenvalues are given by large expressions which we do not present in order
to keep our presentation simple. In summary, we find that just one eigenvalue depends on «
and 3, while the remaining four eigenvalues depend only on «. These four later eigenvalues,
namely, A; 234 < 0 in the region where (DE-I) is an accelerated solution. The fifth eigenvalue,

A5, is negative when o = 0 or in the regions

a 2 /364 ot

—— t+ = — 2.3.2
0O<a AN (< 3+3\/ I (2.3.27)

a 2 /364 at

e 1 2.3.2
a<0 A B> 3 3\/ 3 (2.3.28)

Therefore, (DE-I) is an attractor in these regions. By looking at Eqgs. (2.3.12)-(2.3.16), we note
that the autonomous system is invariant under the transformation {xr — —z,a — —a,f —
—f}. This symmetry is reflected in Egs. (2.3.27) and (2.3.28).

Numerical Fixed points

As shown in the last section, the set of algebraic equations in Eqs. (2.3.19)-(2.3.23) does not
have analytical solutions when ¥ # 0. Therefore, our numerical setup can be useful for further
analysis of the model.

Despite early anisotropies being expected to be insignificant given the homogeneity of the
CMB [59], late-time anisotropies sourced by a dark energy component are not discarded by
observations [142, 143]. In the last section, we analytically found an isotropic dark energy-
dominated point (DE-I). Then, our numerical search will be focused on anisotropic accelerated
solutions. Moreover, it is possible to find initial conditions, in the deep radiation epoch, ensuring
a proper radiation era followed by a standard matter era. Hence, in the following, we will neglect
the radiation component, i.e., 2, = 0. This assumption will simplify our numerical treatment.

Now, we proceed with the implementation of the numerical setup explained in Sec. 2.3.2.
Firstly, we have to choose a specific window parameter where the stochastic search will be
performed. Having in mind that |a| < 1.86121 for (DE-I) being an accelerated solution, we
choose a € [—30,30] and § € [0, 30]; more precisely,

{a, B} € [—30,30] x [0, 30]. (2.3.29)

Note that unlike «, 5 takes on nonnegative values since the autonomous system enjoys the sym-
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Figure 2.3.1: (Left) Region in the parameter space where the stochastic search was per-
formed. This region is divided in “non-viable” solutions and (DE-II). Points in (DE-II) match
the physical constraints in Eq. (2.3.30). These regions are separated by the black curve whose
expression is given in Eq. (2.3.31). The red line represents the points for which weg = —1/3,
which further divides (DE-II) into two regions: accelerated solutions and non-accelerated so-
lutions. (Right) Regions where (DE-I) and (DE-II) are attractors and accelerated solutions.
The black line is the bifurcation curve given in Eq. (2.3.31).

metry {r - —z,a — —«, 5 — —f}. Secondly, we impose the following physically motivated
conditions
0<Q, <1, 0<Qpp<1. (2.3.30)

Therefore, any point in the parameter space is cataloged as a “non-viable solution” if all the
found fixed points do not obey these physical constraints. If at least one of the corresponding
fixed points meets all the conditions, the point is cataloged as a “viable solution”. Now, we
generate N ~ 10% random points in the region specified in Eq. (2.3.29). For each of this
points, the set of algebraic equations in Eqs. (2.3.19)-(2.3.22) is solved, considering 2, = 0,
using the NSolve command of Mathematica.! The code for solving ~ 10* algebraic systems
takes approximately 45 minutes running on 136 parallelized mixed physical cores. This code is
available on GitHub.*!

The results of code runs are depicted in the left panel of Fig. 2.3.1, which we explain in the
following. If all the solutions for a given point in the region in Eq. (2.3.29) do not satisfy the

10Note that our numerical scheme is not tied to the Mathematica software or to the NSolve command. This
step, namely, the solution of the algebraic equations, can be done using any other coding language or algebraic
system solver.

Uhttps://github.com /sagaser /Numerical-dynamical-analysys
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physical conditions in Eq. (2.3.30), this point in the parameter space is allocated in the white
region called “non viable”. The points filling this region are cosmologically irrelevant. In turn,
if at least one of the solutions for a given point matches all the physical constraints, this point
is allocated in the “viable region” which is called (DE-II). We found that these regions, non
viable and (DE-II), are separated by the curve

a 2 [36+at

- __- .z 2.3.31
f=—g+3\V 0 ( )

which is the same curve dividing the regions where (DE-I) is an accelerated solution [see
Egs. (2.3.27) and (2.3.28)|. Region (DE-II) can be further divided into “accelerated” and “non
accelerated” solutions by the line weg(cr, 5) = —1/3. The color code in the left panel of Fig. 2.3.1
shows that it is possible to get weg ~ —1 for some values of @ and 3. The existence of (DE-I)
and the “accelerated” region in (DE-II) ensures an expanding universe at an accelerated rate,
which can be isotropic or anisotropic.

The stability of (DE-II') can be determined following the step 4 in Sec. 2.3.2. We compute
all the available Jacobian matrices (and their eigenvalues) for each of the points in (DE-IT). We
expect that at least a portion of the “accelerated” region in (DE-II) could be an attractor of
the system. As mentioned in Sec. 2.3.2, a point in the parameter space yield attractor solutions
if all the eigenvalues of at least one of the corresponding Jacobian matrices are negative. We
found that this attractor condition is obeyed by all the points in (DE-II'). Therefore, (DE-II)
is an attractor inside its own region of existence. We summarize the possible attractors of
the system in the right panel of Fig. 2.3.1. In this figure, we find out that Eq. (2.3.31) is the

bifurcation curve that separates both attractors.

2.3.4 Conclusions

In this work, we have put forward a numerical method to explore the parameter space of a
cosmological model when no analytical fixed points are available. We applied our method to a
specific model of anisotropic dark energy based on the interaction between a scalar tachyon field
and a vector field in a Bianchi I background. We have explicitly shown that the anisotropic
attractor of the system has no analytical description, given that the degree of the algebraic
system from which this point must be computed is greater than 4 [see Eqgs. (2.3.19)-(2.3.22)].
However, when the anisotropy is neglected, the system is reduced to a system of degree 4 and
thus analytical solutions exist, which we presented in Eqgs. (2.3.24). In particular, our method
allowed us to find the parameter space of the model where anisotropic accelerated solutions exist
as attractors of the system, which we plot in Fig. 2.3.1. In the corresponding work (Ref. [6]),

we checked the consistency of the method by numerically solving the full autonomous system
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in Eqgs. (2.3.12)-(2.3.16) for a particular set of initial conditions, but we do not show it here to
keep our presentation simple. As a last remark, we would like to stress on the generality of our

method, as explained in Sec. 2.3.2, i.e., in principle, it can be applied to any DE scenario.

2.4 Inhomogeneous Scalar Fields

2.4.1 Introduction

An anisotropic dark energy can be realized by considering a homogeneous but spatially anisotropic
metric, together with a suitable arrangement of the fields driving the expansion of the universe
which are typically only time-dependent [2, 3, 115-117, 122-124]. Nonetheless, in Refs. [147,
148], it was shown that a triad of scalar fields with spatially constant but nonzero gradients can
generate a homogeneous and isotropic energy-momentum tensor, i.e. invariant under transla-

tions and spatial rotations. This triad, known as “solid”, is given by
=2, 1€{1,23}, (2.4.1)

where ¢ is a scalar field and 2! is a comoving cartesian coordinate. The solid configuration for
inhomogeneous scalar fields is similar to other configurations for different fields. For instance,
the cosmic triad for vector and nonabelian gauge vector fields [114, 125, 149-151], the U(1)
triad of homogeneous scalar fields [152], and the recent Higgs triad |2], among others.

In Refs. [147], an isotropic energy-momentum tensor is achieved since the Lagrangians con-
structed from each of the three scalar fields are equal, while in Ref. [148] it is assumed that the
scalar fields possess an internal SO(3) symmetry such that the ansatz in Eq. (2.4.1) is invariant
under combined spatial and internal rotations. In Refs. [153, 154], it was shown that the solid
configuration in Eq. (2.4.1) can support prolonged anisotropic inflationary solutions'. In this
work, we show that this characteristic behavior is also present at late-times for most of the
parameter space of the model and thus the final stage of the Universe can be an anisotropic
accelerated expansion, even if the initial spatial shear is set to zero. Nonetheless, there is a
particular region in the parameter space of the model where the Universe becomes isotropic,
meaning that the solid does not source the shear, which then eventually vanishes. For com-
pleteness, we also show that dark energy dominance is possible when the background metric is

homogeneous and isotropic.

120ther scenarios of anisotropic inflation have been studied, see for instance [155-161].
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2.4.2 General Model

We call a “solid” the specific configuration of three inhomogeneous scalar fields given by

Eq. (2.4.1).13. We thus opt for studying the simple action

/d%\/_ T ZFI X+ Lo+ L, (2.4.2)

where F! is the Lagrangian characterizing the dynamics of the scalar field ¢/, whose argument

is the canonical kinetic-type term
X'=g"V,0'V,¢". (2.4.3)

This action is an extension to the late-time cosmology of the model studied in Ref. [147] in the
inflationary context.
Varying the action in Eq. (2.4.2) with respect to the space-time metric ", we get the

gravitational field equations m3G,,, = T, with T},, the total energy tensor given by

T =2) FxVud'Vuo' — g F' +T0+T, (2.4.4)
I I
where we have used the shorthand notation Fyr = d X dFZ  Varying the action with respect to ¢/,
we get the equation of motion
V. (FxiV*¢") = 0. (2.4.5)

Background Equations of Motion

Since we are interested in anisotropic deformations sourced by the solid, we adopt the geometry
of a homogeneous but anisotropic Bianchi-I metric as in Eq. (2.1.6). In Ref. [147], it was shown
that the action in Eq. (2.4.2) can be compatible with the symmetries of the FLRW metric if
the three Lagrangians F are identical; i.e. F' = F and thus Y, F' = 3F. However, in the
Bianchi-I background in Eq. (2.1.6), the canonical kinetic-type terms read

4o (t) e*QU(t)

X't = X21) = X°0) =

(2.4.6)

13Even more general configurations can be studied, like the “supersolids” in Ref. [162]
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and the requirement for the Lagrangians F'! in this case is
Y OFN(XT) = FH(XY) +2F7 (X7).
I
The Friedman equations read

3mpH? = F' + 2F? 4+ 3m36* + pm + pr,

.9 4 4
—2miH = gX1FX1 + g)<2FX2 +pmtgpr 6ma?,

(X?Fx2 — X'Fx1).

2
6+3Ho = -—
3mg

We define the density and pressure of dark energy by

PDE = Fl —|—2F2—|—3m%02,

1 2
POE = 5(23;1 —3)F' + g(zx2 — 3)F? + 3m}6?,

where we have defined the quantities

X Fyr _ X2Fya
Fl ) x2 - F2 Y

Tl =

which characterize the form of the Lagrangians F'!' and F?, respectively.

(2.4.7)

(2.4.8)

(2.4.9)

(2.4.10)

(2.4.11)

The set of Eqgs. (2.4.8)-(2.4.10) describes the cosmological background dynamics. In the next

section, we will study the asymptotic behavior of this set of equations through a dynamical

system analysis [97, 163].

2.4.3 Autonomous System

In order to proceed, we introduce the following dimensionless variables

F! F? Pm P

2=_ 2= Q="
fi fi=s

= 5
3miH? miH?’ 3miH? 3mi H?

o
H Y
such that the first Friedman equation (2.4.8) becomes the constraint

Qn=1—fE-2f2-%2-Q,.
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Changing the cosmic time ¢ for the number N of e-folds, the background equations (2.4.8)-

(2.4.10) are replaced by the autonomous system

fi=fhlg+1—20+%), (2.4.15)
Y =3%(g-2) =2 (a1 ff — 22f3), (2.4.16)
Q. =2Q0,(¢—1), (2.4.17)
where the deceleration parameter, ¢ = —ad/a?, is given by
1
q==[1+ (221 —3)f] +2(222 — 3)f; + 35>+ Q,] . (2.4.18)

2

The dark sector is characterized by its equation of state wpg = ppr/ppE, which in terms of the

dynamical variables reads

Ty fE+ 220 f3 + 322
fE+2f24%2 7

2

and its density parameter Qpg = ppg/ 3m%_,H 2,
It is necessary to choose the specific Lagrangians F'! and F? in order to get a closed au-
tonomous system. In this case, the simplest model is obtained when x; and z, are constants,

which corresponds to a power law model
Floc (XY, FPx(X)™ = x1=n, x3=m. (2.4.20)
We will see that this simple choice is enough to get interesting behaviors.

Fixed Points and Stability
The fixed points of the system can be obtained by setting f{ =0, f; =0, ¥’ =0, and 2. =0

in equations (2.4.14)-(2.4.17) and their stability can be analyzed using the linear theory.

e (DE-1) Anisotropic dark energy scaling with F': This is the first solution corre-

sponding to an anisotropic dark energy dominated universe. The variables take on the values

33+ n)(1 —n 2 2n(l +
\/ ( )( >7 = " s weH:wDE:—l—l——n( n)7
3—n n—3 3—n

fi= (2.4.21)

while the other variables are zero.
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If we now impose the conditions 2 > 0, —1 < wpg < —1/3, and |Xo| < O(0.001) — the latter

being necessary for having accelerated solutions'* — we find the following regions of existence
0 <n<0.535184, Vm. (2.4.22)

Note that if n = 0, then ¥ = 0 given that the Lagrangian F'' becomes a cosmological constant.
We find that the eigenvalues of the corresponding Jacobian matrix in this point are negative

in the region of existence given in Eq. (2.4.22) and

m>n <1 il ”) . (2.4.23)

1—n

Therefore, we conclude that (DE-1) is an attractor inside the region of existence in Eq. (2.4.22)
whenever Eq. (2.4.23) is obeyed.

e (DE-2) Anisotropic dark energy with F?: The variables take on the values

3(3/2 — 2
VABRZTm) g M w1 2T (2.4.24)
3—m 3—m

fo=

3—m
while the other variables are zero. Imposing the conditions f7 > 0 and —1 < wpg < —1/3, we
arrive at the following region of existence

0<m<0.75, Vn. (2.4.25)

Note that if m = 0, then ¥ = 0 given that the Lagrangian F? becomes a cosmological constant.
We find that the eigenvalues of the corresponding Jacobian matrix in this point are negative

in the region of existence given by Eq. (2.4.25) and

m
n >

. 2.4.26
T (2.4.26)

Thus, (DE-2) is an attractor inside the region of existence in Eq. (2.4.25) when Eq. (2.4.26) is
satisfied.

14\We concentrate in no-phantom solutions; i.e. wpg > —1, although this possibility has not been discarded
by observations yet [39].
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e (DE-3) Anisotropic dark energy scaling with ! and F?: This is the only solution
in which dark energy scales with both F'' and F2. The variables are given by

f_\/B(m—n—i-mn) f_\/S[n(n+1)+m(n—1)] g_n—m
! m+ 2n 2 V2(m + 2n) ’ m+2n’
2mn
Weff = WDE — -1 — 2n (2427)

By demanding that both f? and f7 are positive, and that —1 < wpg < —1/3, we arrive at two

possible regions for the parameters m and n:

1
(I):0 < n < 0.535184 A <m<n <1 il ”) , (2.4.28)

14+n — -n

(I1): 0535184 <n < 3 A (2.4.29)

Trn =" 3n_1
Notice that the cases m = 0 and n = 0 are not allowed in the region of existence.

Note that in the region of existence of (DE-3) there is the possibility that n = m, implying
that ¥ = 0. This follows since, in the case n = m, f; = f» and therefore F'' = F? by the
definition of the variables. This implies that the right-hand side of Eq. (2.4.10) is zero, and
thus the shear decays since the solid is not sourcing it. In other words, the shear is dynamically
erased given that the Lagrangians behave in the same way. On the other hand, and as we will
see later, the shear grows at late-times even if it is set to zero as the initial condition, since the
solid sources it given that the Lagrangians F! behave in different ways, i.e. when n # m.

The eigenvalues of the Jacobian matrix in this fixed point are given by too long algebraic
expressions involving the parameters n and m. We omit them here since only the sign of the
real part of the eigenvalues is relevant to the stability analysis. We investigated the parameter
window, inside the regions of existence, and we found that the four corresponding eigenvalues
are negative inside the whole region of existence of the point; i.e. when (DE-3) exists, it is an
attractor.

From the previous analysis, it is clear that the three dark energy dominated points can be
attractors. In Fig. 2.4.1, we plot the {m, n} parameter space where each dark energy dominated
point is an attractor. We can see that these regions are separated by bifurcation curves (black
solid lines), meaning that they are mutually excluded. This ensures that the system has only
one dark energy attractor for a particular set of parameters {m,n}. This leave the case n = m
as the only possibility to get an isotropic Universe, since the points (DE-1) and (DE-2) are
saddle while (DE-3) is the global attractor under this condition.
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Figure 2.4.1: (Left) Stability regions for the dark energy dominated points. Each color
represents a {m,n} parameter region where the indicated fixed point is an attractor. These
three regions are separated by bifurcations curves (black solid lines), i.e. they are mutually
excluded. (Right) Evolution of the shear ¥ around z = 0 for different values of the parameter
m, while n is fixed and the initial conditions are the same given in Eq. (2.4.30). The thin
vertical line signals the value of the shear today.

2.4.4 Observational Signatures

From the magnitude-redshift data of SNe Ia, the analysis of Ref. [142]| showed that the present
value of the spatial shear is constrained to be |¥] < 0(0.01). More recently, the authors of
Ref. [143] used a combination of the observational Hubble data H(z) and SNe Ia measurements
to put the tighter bound of |Xg| < O(0.001). Similarly, future weak-lensing measurements with
the Euclid satellite are expected to reach a similar sensitivity level of |Xy| < O(0.008) [164]. In
order to investigate the evolution of the shear at late-times when dark energy is able to effec-
tively source it, in the following, we numerically solve the autonomous system in Eqs. (2.4.14)-
(2.4.17)

We assume that, prior to the radiation epoch, the Universe underwent an inflationary period
which perfectly smoothed any initial spatial shear or inhomogeneities. Moreover, we will choose
parameters m and n such that the attractor point is given by (DE-2). Since 3J; = 0, it is natural
to assume that the contributions to the energy budget coming from the variables f; and f, are

the same at the starting point. Having this in mind, we have chosen

Q,, =0.99995, fi, = fo, =107, ;=0 (2.4.30)
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as initial conditions at the redshift z = 7.25 x 107, and we have integrated the system up
to z — —1. Since observations favor an equation of state of dark energy close to —1, from
Eq. (2.4.25) we have to choose m = 0.

We have investigated the evolution of Y taking this initial conditions with n = 1072 and
considering different values for the parameter m in such a way that (DE-2) is the only attractor
of the system. The results are shown in the right panel of Fig. 2.4.1, where we can see that
|X| starts to grow around z = 10. The values predicted for the present spatial shear are
30| < 9.4 x 1074, corresponding to the black solid curve in Fig. 2.4.1, which are in agreement
with the observational bounds |Xq| < O(0.001) [142, 143]. We want to stress that, even for
>; = 0, the final state of the Universe is an anisotropic accelerated expansion.

For the set of parameters and initial conditions used in Fig. 2.4.1, we can see that |¥g| is
within these bounds, although it can take greater values in the future cosmological evolution.

An anisotropic dark energy has the potential for breaking of statistical isotropy and explain
of some of the large scale CMB anomalies. In particular, anisotropic pressure can induce pecu-
liar velocity flows, anisotropy in the SNe Ia data, and significant CMB dipole and quadrupole
[112] fluctuations. The main observational effect of an anisotropic shear is its contribution to
the CMB temperature anisotropies. This contribution is introduced through the redshift at
last scattering surface, which becomes anisotropic. Considering only large-scale fluctuations,
this can be quantified as [122, 165]:

oT

?(ﬁ) 5 |UO - Udec| 5 (2.4.31)

where 07 /T is the CMB temperature anisotropies, n is the unit vector along the line-of-sight,
and oge. is the value of the geometrical shear at the time of decoupling (z ~ 1090). Since
o' = X, we can obtain the values for the geometrical shear by numerical integration. For the
cases with the largest and smallest shear today, as depicted in Fig. 2.4.1, and using the same

initial conditions of Eq. (2.4.30), we obtain

largest Yo : |09 — 0qec| = 5 x 1074, (2.4.32)
smallest X : |09 — 0gec| = 3 x 1077, (2.4.33)

which are in qualitative agreement with the conservative bound |0y — 0gec| < 107* [39], thus, a

solid anisotropic dark energy could alleviate the observed CMB quadrupole anomaly.
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2.4.5 Conclusions

In this work we studied a set of three scalar fields with a constant but nonvanishing spatial
gradients as a source of anisotropic dark energy. This particular set of inhomogeneous scalar
fields, known as “solid”, has been used in the inflationary context showing interesting features
at the perturbative level [147, 148|. It was also shown that anisotropic inflationary solutions are
possible [153, 154|. Here, we have investigated the late-time dynamics of the solid in a Bianchi-
I expanding universe. Through a dynamical system analysis, we showed that for a particular
power-law model, the solid can generate an anisotropic late-time accelerated expansion, being
this epoch an attractor of the system for suitable values of the free parameters of the model
(see Fig. 2.4.1). In these regions, the cosmological evolution starts in a radiation-dominance
epoch, followed by a matter-dominance epoch, and ending in a possible anisotropic dark energy-
dominated period which can be realized by three different points, whose attractor regions are
separated by bifurcation curves, i.e. they are mutually excluded. Nonetheless, we found that
in the particular case when n = m the Universe isotropizes provided that the Lagrangians F’
evolve in the same way.

The dynamical analysis was complemented with a numerical integration of the dynamical
system. The parameters were fixed in such a way that (DE-2) was the only attractor point and
the equation of state of dark energy was close to —1 as expected from observations [39]. The
initial conditions were chosen in the deep radiation era (redshift z = 7.25 x 107) and assuming
a zero spatial shear (X; = 0). We found that the spatial shear differs sensibly from zero at
around z = 10, taking nonnegligible values nowadays but within the observational bounds
X0 < O(0.001) [142, 143]. The numerical solution also showed a nearly constant equation of
state of dark energy, wpg, that only changed about ~ 0.001% from its value at z = 7.25 x 107
to its final value in the far future (2 — —1). We verified that similar behaviors are obtained if
the parameters are chosen to establish (DE-1) or (DE-3) as the attractor points.

The nonvanishing shear after the radiation-dominated epoch leaves imprints on CMB and
SNe Ia data. In particular, the shear affects the CMB quadrupole temperature anisotropy
through the standard Sachs-Wolfe formula. We showed that the change of the spatial shear
from decoupling to today can be compatible with the CMB quadrupole data. In particular,
if |09 — 0gec| is of order 1074, there may be an interesting possibility for addressing the CMB

quadrupole anomaly.
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2.5 Non-Abelian Gauge Vector Fields

2.5.1 Introduction

As already mentioned, the most popular models to account for the current accelerated expansion
of the Universe are based on single scalar fields. Despite the successes of these theories, other
interesting alternatives, built with different types of fields, have been also explored [122-124,
160, 166—-181]. Between these proposals, non-Abelian gauge fields have recently attracted a lot
of attention since they could link cosmology with the phenomenology of particle physics [167].
The cosmological dynamics of these fields have been extensively discussed in the literature
[1, 2, 118, 120, 125, 151, 182-199]. For instance, the late-time accelerated expansions can be
uniquely explained by non-Abelian gauge vector fields as in Ref. [125] where the “gaugessence”
model was proposed. It was shown that for several sets of initial conditions and parameters there
exists a period of accelerated expansion. In this work, we generalize this model by considering
the effect of a mass term for the gauge vector field in the late-time cosmological evolution.
We show in particular that accelerated expansion is an “effective” attractor. We also study
the equation of state of dark energy, showing different behaviors to those found in Ref. [125]
that allow distinguishing this model from other dark energy proposals. We also address some
differences between this model and the usual quintessence models.

Several observational indications are suggesting that the present Universe is undergoing
an anisotropic accelerated expansion [142, 143, 200, 201]. Regarding gauge vector fields, in
Ref. [185] was shown that an axially symmetrical massless gauge vector field isotropizes during
the inflationary expansion, and thus any initial anisotropy is quickly dilute. However, this
scenario has not been studied in the frame of the late-time accelerated expansion where other
conclusions or interesting features can be reached. Here we consider the dynamics of an ax-
ially symmetrical gauge field in a homogeneous but anisotropic background and numerically

investigate the possibility to get a non-negligible contribution to the current spatial shear.

2.5.2 Background Dynamics

In Ref. [125] the action
S:/d“:c\/—g Mo g Lpe FW+£<F w )2—1m2Aa Ap (2.5.1)
2 4 prY—oa 96 a uv 2 a nera ? U

was studied in the context of dark energy. Here, g its determinant of the metric, x is a positive-

definite constant with dimensions [mp*], m, is a constant mass term, F ® . 1s the field strength
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tensor
F,=0,A% —0,A" +g eabcAbMACV , (2.5.2)

of a non-Abelian gauge vector field A%, with mass m,, g is the SU(2) coupling constant and

e%. being the Levi-Civita symbol. The dual of the strength tensor is defined as usual by

[V MV — _ _pvpo [pa
FM"=—¢ Fp(77

(2.5.3)

N —

In that work it was shown that, for several sets of initial conditions and parameters, the
dynamics of the non-Abelian gauge field can account for the late-time accelerated expansion
of the Universe. Here we extend the model by considering the effect of the mass term in the
cosmological evolution and use a dynamical system approach to fully describe the late-time
behaviour of the expansion. In particular, we explicitly show that dark energy domination is
indeed an attractor and give the full parameter space of the theory, complementing the results
given in Ref. [125].

Varying the action in Eq. (2.5.1) with respect to the metric g"* we obtain the energy tensor

for the gauge sector as

1 _ 2
Ty = F5 F0g™ + m2A% A% = guy | 2F,7F, + 9“—6 (Fa""Fapg> +omPAMY . (2.5.4)

2

In the following, we will assume a flat FLRW metric. An ansatz for the massive gauge vector
field consistent with the symmetries of this spacetime is [149]

A% =0, A% =a(t)y(t)o?, (2.5.5)
where () is a scalar field. As a shorthand notation, we define ¢(t) = a(t)1y(t). Isotropy also
requires that the gauge fields have identical masses, i.e. m; = ms = m3 = m. In order to

reproduce the known expansion history of the Universe, let us define the density and pressure

of dark energy as

1 1
PDE = PyM + Px + P4, PDE = ngM — Pr — gpAu (2-5-6)
where ‘ _
3 ¢2 g2¢4 3 2¢4¢2 3m2¢2
=—| = o = — , = - . 2.5.7
M= g <a2 + pral P 519 e PA= S 2 ( )

The Friedmann equations become

2¢4¢2 N m2gz$2

3mpH? =
ab a?

+ pm + o, (2.5.8)

3 12 2 44
—[(b +g¢ + Kg

2 | a? at
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2mpH = —2 + + 5 +pm+ =Pr| -

a2 at 2 a? 2 3

(2.5.9)

¢2 2¢4 1 m2¢2 2 :|
Varying the action in Eq. (2.5.1) with respect to A%, we get

0=V, [ =5 (B r, ) B | —mPA) = ge e, | = = (B0Fs, ) B2
(25.10)

and thus the gauge field equation of motion is given by
1 4 ] 4 3 12
ozg(u 2¢)+—¢(1—3 2¢)+a—¢<1+ qb)+mf (2.5.11)

These equations are complemented by the usual continuity equations for the barotropic fluids.
Proceeding as usual, from the Friedmann equation in Eq. (2.5.8) we define the dimensionless

variables

1 & 1 go? 1 mg 1 ¢
—_ = ——, w= z = —.
2mp aH Y \/imp a?H \/_mp aH ﬁmp a

Hence Eq. (2.5.8) becomes a constraint from which we can write €2, in terms of the other

]
Il

(2.5.12)

variables as
Q=1 —2*(1 +daz') —y* —w* — Q,, (2.5.13)

where « is a dimensionless parameter defined as o = mp kg®. Using the equation of motion in
Eq. (2.5.11), the continuity equation for radiation fluid, and the constraint in Eq. (2.5.13), the

autonomous set of equations reads

2 2

' =zq— (1+ 4ozz4)71 [Qy— +8az’2® + (1 — 12a2*) + w_} : (2.5.14)
z z

’:y<2£—|—q—1>, (2.5.15)
z

W =w (f + q) (2.5.16)
z

2 =x— 2z, (2.5.17)

Q. =20.(¢g—1), (2.5.18)

where the deceleration parameter ¢ = —1 — H/H? is obtained from Eq. (2.5.9) as
1
=3 [1+2*(1-12a2") +4* —w’ + Q] . (2.5.19)
2q—1

From this deceleration parameter, we can define the effective equation of state weg = 5=
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which in terms of the dimensionless variables reads

[2% (1 — 1202*) +9° —w® + Q] , (2.5.20)

W =

Weft =

which completely characterizes the evolution of the average scale factor a(t). The dark sec-
tor is characterized by the density parameter Qpg = ppg/ (3m3H?) and the equation of state

WpE = pDE/PDEZ

12 (1 —12a2t) + y? — w?
© 3 22 (14 dazt) + 2 +w?

QDE = I2 (1 + 40424) + y2 + wz, WDE (2521)
Note that the dynamical system analysis has revealed that only the combination of the param-

eters k and ¢ through « is relevant for the dynamics of the model.

Dynamical Analysis

In what follows, we study the fixed points relevant for the dark energy era (Qpg ~ 1, weg <
—1/3).

e (DE) Dark energy dominance

3 2 _ 3
x:z:w/\/fffafg‘f, y=0, w=0, O, =0, (2.5.22)
a (6%

with Qpg =1, Q,, =0 and

1/3
wDE:_l‘F% [i/g‘i‘ i/gfa (18_f§)] ’ faE (9+ \,81—1—%) : (2'5'23)

This point corresponds to an accelerated expansion solution if wpg < —1/3, which implies that
a > 1. Since observations favor wpg ~ —1 [39], from Eq. (2.5.23), for example, —1 < wpg <
—0.99 implies o > 5.88148 x 10°. We conclude that the dark energy component can behave in
agreement with the observational bounds for large a.

Now, we proceed to discuss the stability of this fixed point by analyzing the sign of the
eigenvalues A\;2345. In this case, the eigenvalues are very long quantities, therefore, we in-
vestigate the stability of the point by plotting them as functions of « for large values of this
parameter. In Fig. 2.5.1, we can see that A\, > 0 while the other eigenvalues are negative
such that this point corresponds to a saddle in the phase space {x,y,w,z, §,}. We verified
that Ay = 0, Ay = 0, A3 = —4, Ay, - —3 and Ay — —3 when a — oo. Although in general
this point is not an attractor, as usual in dark energy models, this is not a problem for the

theory. Moreover, we argue that (DFE) is indeed an attractor in the relevant physical space.
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Figure 2.5.1: (Left) The five eigenvalues of the Jacobian matrix. The fixed point is a saddle
A2 > Oand A3 45 < 0. However, this point is an attractor in the relevant physical space. The
scale for «v is the same for all the plots. (Right) Evolution of the gauge field during the dark
energy dominated period. The gauge field 1 reaches a constant value at late-times, where
¥ = 0, and it becomes an effectively cosmological constant.

The eigenvector associated with A; is (0,1,0,0,0) while the eigenvector of A\, is (0,0,1,0,0),
such that this point is a repeller in the y and w directions, i.e. the variables y and w run away
from zero. In this point we have = z, which implies y o ¢?/H o 1/H, given that ¢ = 0
and 1 = const. Now, since H decreases with the expansion, the variable y increases in the
same proportion. Therefore, we realize that A; > 0 is needed for the theory to be consistent.
The same argument follows for Ay > 0 since w o 1»/H. Therefore, we conclude that this point
is a physical attractor but a saddle in the state space spanned by the chosen variables. This
is not surprising since the phase space {x,y,w, z, .} is not compact, hence there will not be
necessarily a source point and an attractor point in the phase space [163]. These arguments

are further supported by numerical results in the next subsection.

2.5.3 Dark energy equation of state

We proceed to solve the autonomous set of equations (2.5.14) to (2.5.18) through a numerical
integration. Based in the dynamical system analysis, the initial conditions are chosen in the

deep radiation era. Explicitly we choose
a=10°, z;=3x107% 2z =11x10°, y; =0.001, Q. =0.99998. (2.5.24)
The Friedman equation (2.5.13) forbids arbitrary values for the mass of the gauge fields. Note
that there exist a relation between the variables w and z:
w? 2
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&

(2.5.25)
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For the chosen initial conditions, we find that for €,,, > 0 we have w; < 1.57025 x 10715, so we

choose
w; =5x107%, (2.5.26)

corresponding to Q,,. = 1.9 x 107° at the redshift z, = 2.18 x 108.

From the numerical solution we can say that, at late-times, the dark sector behaves very
similar to a cosmological constant once the k-term is dominating the energy budget, as depicted
in the right panel of Fig. 2.5.1. However, in order to thoroughly characterize the behaviour of
this sector, it is necessary to study the evolution of its equation of state.

Because of the Friedmann constraint in Eq. (2.5.13), the values of the variables w; and y;
are determined by w; [see Eq. (2.5.26)]. In Fig. 2.5.2 we plot wpg for several values of w;.
For 2z, > 10* we see that wpg ~ 1/3, meaning that the dark sector behaves as a radiation
fluid at early times. This is expected since the Yang-Mills term is dominating over the dark
components during this period, so this term can contribute to the early relativistic degrees of
freedom as claimed in Ref. [125]. We also see that for w; # 0 it is possible that the mass term
dominates the dark sector implying wpg ~ —1/3. This is a new behaviour with respect to the
results given in Ref. [125]. As a comment, a fluid with equation of state equal to —1/3 cannot
drive accelerated expansion. However, there is no transition period from decelerated expansion
to accelerated expansion in our model, because dust is the dominant fluid when wpg ~ —1/3
and thus weg &~ 0. Note that in all of the cases, the final stage of the Universe is dark energy
domination, which is reached at different cosmological epochs, depending on the value of w;.
This behaviour takes place due to modifications in the Hubble parameter since a change in w
implies a change in H/g as we will see later.

In the left panel of Fig. 2.5.2, we see that wpg has some peaks around z, = 10. This is
because, around this time, the gauge field reaches its minimum magnitude, as can be seen in
the right panel of Fig. 2.5.1. We want to stress that this particular behaviour of wpg is a
distinctive property found in this model that was not reported in Ref. [125].

As expected —1 < wpg < 1/3, contrasting with the equation of state of any quintessence
model where —1 < wpg < 1. The main difference is in the so-called “kination” period, which
corresponds to the epoch when the kinetic term of the quintessence field dominates over its
potential. This period must be prior to the radiation dominance epoch since the energy density
of the quintessence field decays as a~° [60]. As a comment, some authors claim that this kination
period could be very useful in the study of the reheating process (see e.g. Refs. [202-207]).

The dark energy dominated period runs from 2, /=~ 0.3 on into the future. During this epoch
(right panel of Fig. 2.5.1), the gauge field decays until it reaches a minimum and after that a
constant value, when its speed goes to zero, as expected since x = z in the point (DFE) (dark

energy dominance). The asymptotic value of the gauge field is 1) ~ 0.0354378 mp, in agreement
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with v/2 2 = 0.0354917 which is the value in the attractor point (DE).

We also can perform a rough estimation of the parameters x and g by noting the relation

H_\/§z2

g Y

mp. (2.5.27)

Replacing the values of these variables at present, i.e., yy and 2y, we get

H, 222
Hy _ V23 mp =~ 0.042mp, (2.5.28)

g Yo

and using the observational value Hy ~ 1075 mp [39] we find
g~=238x107% k=~ 1.76 x 10"my*. (2.5.29)

This calculation shows that the gauge coupling g is extremely small (the order of 107%),

while the parameter x is extremely large (the order of 10*30mz?).

2.5.4 Anisotropic Massless Case

So far, we have discussed systems embedded in an FLRW metric. It was shown that any early
background spatial shear is extremely damped within a few e-folds during the inflationary phase
driven by this kind of non-abelian gauge fields [185]. In contrast, the vector gauge field acquires
a constant magnitude in the late-time cosmological expansion. This suggests that the gauge
field could support an anisotropic expansion. In the following, we investigate this possibility
where, by simplicity, we only consider massless gauge fields.

We assume a homogeneous but anisotropic spacetime described by the axially symmetric

Bianchi-I metric. An appropriate axially symmetric ansatz for the gauge field is

A%(t) =0, A%G(E) = e (t)i(), (2.5.30)
where
el (t) = ec®=20 02 (1) = &3, (t) = DT, (2.5.31)
_ y(@) _ _
Un(t) = (1) Ua(t) = 1hs(t) = A(E)¥(1), (2.5.32)

with A(?) a function parametrizing the deviation from the isotropic configuration of the gauge
field. This kind of ansatz has been used in other works where the dynamics of gauge fields in
anisotropic backgrounds is studied (see Refs. [185, 186, 190]).

Employing the axial ansatz, and assuming massless gauge vector fields, i.e. m, = 0, the
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Figure 2.5.2: (Left) Evolution of wpg for different w. Arbitrary values of w are not viable since
they do not yield to a correct expansion history of the Universe. The initial state corresponds
to “dark radiation”, and the final stage to dark energy. The values of «, x, z,y and €2, are the
same used in the numerical analysis section. (Right) Evolution at late-times of the shear. The
initial conditions were chosen in the deep radiation epoch, corresponding to the same ones used
in the isotropic model with [ = 1 —1072° and s = 1072, while ; varies. Even a small deviation
from the isotropic initial conditions yields to a non-negligible anisotropic contribution to the
present Universe density budget.

density and pressure coming from the Yang-Mills term are

Ll of. A 6 of. A
f’YM:W[a”a(”x) a*a("*x)

and pym = pym/3. For the k-term, we have p, = —p, with p, given by Eq. (2.5.7) meaning

2
P20t 2+ 29

)\2
+ 2a* N2

(2.5.33)

that this term does not introduce anisotropies in the energy tensor.

The corresponding Friedmann equations are

. — 2 2 1
3mp(H? = 6%) = pym + pe + pr + pm,  mp(H +36%) = — [—pm + 2o+ —pm] , (2.5.34)

3 3 2
1 |¢ A

o of. A
a*a(”x)

The axial ansatz in the equations of motion for the gauge field components yields to two related

2
g2¢4 1— )\6 )\2

_ . (2.5.35
3a* )2 3 ( )
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equations given by

R B [ R e
+§ 2¢Zf224;_;6, (2.5.36)
0:§+2§§+5—d2+H<d+§> +gif21;A6 +§ <1+/~€92;§:4)
+ % (1 — 3Kg* )\f;) . (2.5.37)

The value of the present shear is constrained to be |Xo| < 0(0.001) [142, 143]. More
restricted bounds are expected from future observational missions like Euclid [47]. Since ob-
servations rule out high anisotropies, we are interested in anisotropic solutions near to the
isotropic solutions obtained in the last section. Therefore, we rewrite the system using the
same expansion variables defined in Eqs. (2.5.12). The dynamical degrees of freedom involving

the anisotropy in the gauge field and the background are encoded in the variables

(2.5.38)

such that, the isotropic limit corresponds tol =1, s = 0 and ¥ = 0. In this case, the dynamical
systems technique provides an autonomous set very hard to deal with. Instead of looking for
the fixed points of the whole system, we numerically integrate the system around the isotropic
solutions found in the last section. Explicitly, we use the same initial conditions of the isotropic

case, with w; = 0, and assume that
L=1-10%, s, =10"%, (2.5.39)

at z, = 2.18 x 108, while Y; varies two orders of magnitude from a very small value. As seen
in the right panel of Fig. 2.5.2, even a small deviation from the initial conditions used in the
isotropic model yields a non-negligible amount of anisotropy in the present Universe. The

values obtained are within the observational bounds, explicitly we found |2o| < 5 x 107
The equation of state of dark energy is also modified by the anisotropy in the following way:
poe  1Qym — 39, + 3%?

Wpg = —— = — ,
PP obE 3 Qym o+ Q, + 22

(2.5.40)

where Qyy = pym/ Sm%_,H 2 and Q. = p../ Sm%H 2 are the density parameters for the Yang-Mills

48



and k-terms, respectively. However, since ¥2 < Q,, Qyy during the whole expansion history,
the contribution of the shear is always negligible in comparison to the other dark components
and thus the changes are not noticeable. We want to stress that, although the asymptotic
behaviour of the model remains unknown, this model could support a late-time anisotropic
expansion observable nowadays. It is possible that the Universe lose its anisotropic hair in
the future, as it is the case presented e.g. in Ref. [2]. We left a better exploration of the

cosmological consequences of this model for a future work.

2.5.5 Conclusions

In this work, we studied non-Abelian gauge vector fields endowed with SU(2) group represen-
tation as the unique source of dark energy. Regarding the late-time accelerated expansion,
we were able to show that the dark energy domination period is the only physical attractor
of the theory, and thus confirming the results in Ref. [125] where only some particular sets of
initial conditions and parameters were studied. We also generalized the model of Ref. [125] by
introducing a mass term to the dynamics. We found that this term yields to new behaviors
in the equation of state of dark energy wpg. For instance, some peculiar peaks around the
redshift z, = 10 were observed (see Fig. 2.5.2). By noting that the gauge field acquires a con-
stant magnitude in the attractor point, we studied the same action but in a homogeneous and
anisotropic axially symmetrical Bianchi-I background. The dynamical system of the model is
very cumbersome hence we opted for numerical integration of the autonomous set. Since obser-
vations rule out high anisotropies [142, 143] we set the initial conditions near to the isotropic
solutions. We found that, starting from a highly isotropic Universe, the gauge field can support
a late-time anisotropic expansion, given that the spatial shear evaluated today is within the
observational bounds. A more rigorous treatment on anisotropic models of dark energy driven

for non-Abelian gauge fields is left for future works.

2.6 Einstein Yang-Mills Higgs Model: SU(2) Case

2.6.1 Introduction

The profuse search for modification to the standard cosmological model has been focused pri-
marily in scalar field replacing the cosmological constant. In contrast, little has been done
in the search for a mechanism that mimics the cosmological constant while involving standard
forms of matter that minimally couple to the gravity described by GR. Inspired in the Standard
Model of Particle Physics (SM) (see, for example, Refs. [208, 209]), the Einstein Yang-Mills

Higgs action was introduced in Refs. [210, 211| in order to study its role in the description
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of the primordial inflationary period. Many years later, M. Rinaldi studied such an action in
Ref. [191] arguing that a late period of accelerated expansion was possible due to the complex
doublet nature of the Higgs field, charged under the SU(2) gauge symmetry'®. In summary,
Rinaldi believed to have shown that, when considering the effect of gravity, the Higgs complex
field rotates about the axis of the Mexican hat potential, away from the minimum of its poten-
tial but slowly chasing it, giving way to an slowly-varying effective cosmological constant much
in the same way as in the “spintessence” scenario [214]. Despite the fact that the Yang-Mills
fields, charged under SU(2), were considered, Rinaldi neglected the interaction between them
and the Higgs field, arriving to the conclusion that the former behaved as a pure radiation fluid.
Later on, in Ref. [192], the same author took into account such an interaction, but this time in
the SO(3) representation for the Higgs field, arriving to similar conclusions as in Ref. [191]'.
Our purpose in this paper is to seriously consider this interaction in the SU(2) representation

for the Higgs field and determine the extent to which it affects the dark energy mechanism.

2.6.2 Importance of the Yang-Mills Higgs interaction

The Einstein Yang-Mills Higgs action [191, 210, 211] borrows some elements from the SM (see,
for example, Refs. [208, 209]) such as the SU(2) gauge invariance — and, therefore, the existence
of three gauge bosons — and the presence of a Higgs complex doublet. It also involves non-
interacting radiation and matter fluids, and the gravity is described by the General Relativity.

Its action is given by

1
L= B, — (D'D) (D) — V(3?) (26.1)

F;, is the non-Abelian gauge field strength tensor defined by

Fo, = 0,A% — 0,A°, + ye4, A° AC,, (2.6.2)

A?, representing the vector fields, v being the SU(2) group coupling constant, and €. being

the three-dimensional Levi-Civita symbol, D,, is the gauge covariant derivative defined by

D,=V, - i’y%ACM, (2.6.3)

151t is worth stressing that this Higgs is not the one of the SM whose discovery in 2012 was reported in Refs.
[212, 213].

16 A careful analysis of Ref. [192] shows that its assumption of a homogeneous and isotropic background is
incorrect, the latter being actually described by an axisymmetric Bianchi I metric at best [2] (M. Alvarez, Y.
Rodriguez and M. Rinaldi, private communications).

20



V. being the space-time covariant derivative and o. denoting the Pauli matrices, ® is the Higgs

o :
o= (Pr) = (0t (2.6.4)
i) P2 + 1o
b1, da, 71 and 1P, being real scalar fields, V(®?) is the usual Higgs Mexican hat potential given
by

complex doublet described as

V(9?) =

| >

(®? - 2)%, (2.6.5)

A being the quartic coupling constant and ®, denoting the Higgs field configuration at the
minimum of its potential.
A FLRW configuration of spacetime requires a homogeneous arrangement of fields and an

isotropic energy-momentum tensor. The latter is defined as

oL

TMV = 2@

- g,u,wca (266)
From the definition in Eq. (2.6.6), it is obvious that the second term on the right member of the
equation vanishes for uv = ui, with u # i, i.e., this term neither contributes to the momentum
density nor to the anisotropic stress. What it is not obvious is whether the first term on the
right member of the equation contributes to these physical quantities. A simple but delicate

calculation shows that this first term is given by

oL
2
gt

= —F° F.,", —2(D®)"(D,®). (2.6.7)

prav

A close examination of the ij components reveals that the only way to avoid anisotropic stress

is by employing the “cosmic triad” configuration'” for the gauge fields:
Al = fo). (2.6.8)

In fact,
2 r4
; !
D 4y <f2 - 27 — —72<I>2f2> , (2.6.9)

oL
2
g

pr=ij 2
when the cosmic triad is employed. However, we see that this is insufficient to avoid a contri-

bution to the momentum density:

oL
g

_ _;lyf I ($'o,®). (2.6.10)

pr=0%

17For other applications of the cosmic triad to dark energy, see Refs. [114, 125, 196].
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The origin of this contribution is, clearly, the interaction between the Yang-Mills fields and the
Higgs field and, since it imposes severe restrictions on the Higgs doublet, it cannot be neglected

as was done in Ref. [191]. Such restrictions are the following:

Im(®rdy + d3dy) = 0,
Re(®id, — d3dy) = 0,
Im(®;d, — &3d,) = 0, (2.6.11)

which are equivalent to

G1hs — Vi + doths — Uy = 0,
P12 + V1ths — oty — oty = 0,
1)1 — 161 — datha + ey = 0. (2.6.12)

Thus, the additional condition to avoid an anisotropic energy-momentum tensor is to fix the

(1) = (¢ét>> , (2.6.13)

gauge so that

with ¢ being a real scalar field'®. This conclusion is clearly at odds with the claims in Ref. [191]
since any evolution of the Higgs field that involves a rotation around the axis of the Mexican
hat potential, as in the spintessence model [214], will immediately produce a huge amount of
anisotropy in disagreement with observations.

It is worth stressing that if it were not for the presence of the gauge fields and their in-
teraction with the Higgs field, the energy-momentum tensor would be isotropic no matter the
chosen gauge for the Higgs field. In connection with this, we know that there are no preferred
directions associated to scalar fields, so that cosmological models based solely on homogeneous
versions of them always produce both background and statistical isotropy'”. In contrast, it is
clear that vector fields enjoy inherent preferred directions, so that cosmological models based
solely on them produce a huge amount of both background and statistical anisotropy unless
the cosmic triad configuration is employed [215]; this is the case of models like vector inflation
[150], and gauge-flation [151, 193].

Will this conclusion throw away the possibility of a dark energy mechanism for the Einstein

Yang-Mills Higgs action? The answer is no, as we will see in the following sections.

18 Any gauge transformation of this configuration satisfies as well the restrictions in Eq. 2.6.12.
9TInhomogeneous scalar fields can drive a homogeneous but anisotropic universe if extra symmetries are added,
as in the solid inflation model [148, 153].
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2.6.3 Dynamical System Analysis

Equations of Motion

Once the cosmic triad configuration has been employed, as in Eq. (2.6.8), and the gauge for
the Higgs field has been fixed, as in Eq. (2.6.13), the gravitational field equations in the FLRW

background are the following:

1 3]52 . 372f4 372<252f2
= &ﬁliﬁ Pt e V@) ool (2614)
P
-2 2 pd 212 £2
: - o A
H = — 25 4 2¢% +2 —pr + P | 2.6.15
2mé | a? 207 o T Tty ( )

These equations are complemented by the field equations of motion obtained by varying the

action with respect to A? and ® and replacing the field configurations and the FLRW metric:

2 r£3 2 2
0l A K
a? + 2

3%, dV(©)
4 a? do

f+Hf+2 0, ¢+3Ho+ =0. (2.6.16)
One of these four equations is redundant but, nevertheless, keeping the four equations will be
useful for the construction and analysis of the autonomous dynamical system in the following
section.

An important aspect of Eq. (2.6.16) is that it reveals the existence of a potential for the
gauge field. This potential is clearly a product of the interaction between the gauge field and
the Higgs field and cannot be neglected. As we will see, f = 0 minimizes this potential; this is
in agreement with the usual assumption in standard particle physics of assigning a vanishing
vacuum expectation value to the gauge fields. On the other hand, the same interaction between
the gauge field and the Higgs field is the responsible for the existence of an effective potential
for the Higgs field [see Eq. (2.6.16)| that produces an accelerated expansion period despite the
fact the Mexican hat potential is not flat enough. This kind of effective potentials is ubiquitous

when dealing with multiple types of fields (see e.g. Ref. [216]).

Dynamical system

With the purpose of analyzing the dynamical behaviour of the physical quantities in this sce-
nario, we can construct an autonomous dynamical system by defining the following dimension-

less dynamical quantities:

/ P wo e o
V2ampH’ V2a?mpH'’ 2ampH’ V3mpH’
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\/_ amP

= —_— = = = 2.6.17
mpH 3 ’ " mpH mpH ( )

Thus, the Friedmann equation in Eq. (2.6.14) becomes the constraint equation
w2t mi=1, (2.6.18)

from which we can write the m variable as a function of the other variables.
Exchanging the cosmic time by the number of e-folds NV, and taking into account Eqs. (2.6.15)-

(2.6.18), we can write the evolution equations for each independent dimensionless variable as

follows:
¢ = x(qg—1) =12y + w?), (2.6.19)
y = y2zl+q-1), (2.6.20)
3
w = wxl+q)+ %lyz, (2.6.21)
3

2= 2(q—2)—wl <2av + %y) , (2.6.22)
v'o= w(g+1) + alwz, (2.6.23)
= r(g-1), (2.6.24)
' = 1(1-lx), (2.6.25)
where a prime means a derivative with respect to N, ¢ = —da/a? is the deceleration parameter

which is given by

1

q= 5(1 + 2+ y? —w? + 327 — 3 +1?), (2.6.26)

and « is the positive dimensionless constant defined by a = \/W . This autonomous dy-
namical system is similar to the one obtained by Rinaldi in Ref. [192] where he studied the
Einstein Yang-Mills Higgs action with the Higgs field in the SO(3) representation; however, the
conclusions obtained in this section differ in some important aspects from his.
It is important to notice that, although the variables in Eq. (2.6.17) are the ones that
describe the dynamical system, the actual quantities we are interested in are the physical ones,
e., the physical vector field f/a, its speed (f/a)’, the Higgs field ¢, its speed ¢', and the
deceleration parameter ¢ |already shown in Eq. (2.6.26)]:

fla_v2 M:\/@(x_l), A AN (2.6.27)

mpe { mp
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e Dark energy critical point:

For this point, ¢ = —1, which means dark energy domination. This, in turn, implies that the
Hubble parameter is almost constant in the surroundings of the point. Thus, from the eigenval-
ues and eigenvectors, we can conclude that the point is an attractor in the {x, y, w, z, v, r} space,
which is what matters when calculating the deceleration parameter. We can also conclude that
the Higgs field approaches a constant value, because v = 1 is a v-direction attractor, but it
does it in a decelerated way, because z = 0 is a z-direction attractor, that the radiation, pure
and dark, approaches zero because x = 0, y = 0, and » = 0 are attractors in the x direction,
the y direction, and the r direction respectively, and that the physical vector field approaches
zero, because y = 0 is a y-direction attractor, but it does it in a decelerated way (in magnitude)
because x = 0 is a z-direction attractor while [ = 0 is a [-direction repeller.

Notice that neither the critical points nor the stability criteria depend on the value of «.

Moreover, the dark energy critical point is the only attractor in the {z,y, w, z,v,r} space.

2.6.4 Global Evolution

We will now proceed to present a numerical solution whose initial conditions are in agreement
with the present observed values for the density parameters (see Refs. [39, 217]). We know that,
today, the pure radiation density parameter defined as Q, = p,/3m3 H? has a value Q,, ~ 10~*
while the matter density parameter, defined as 2,,, = p,,/3m% H? has a value Q,,, ~ 0.31. This

implies the following initial values for the » and m dimensionless variables:
1o = 1072, mg = 0.557. (2.6.28)

We also know, from the previous section, that the final stage of the evolution of the Einstein
Yang-Mills Higgs system is the dark energy dominated period (dark energy critical point)
where the energy budget is dominated by the Higgs potential energy, parameterized by the
dimensionless variable v. Thus, and having in mind the values and stability properties for all the
variables in the dark energy critical point and the constraint equation in Eq. (2.6.18), we have
chosen the following initial conditions for the other dimensionless variables that characterize

the system under study:

ro=10"" 5o =10""8 wy=10""8, 2 =10""%, v, =0.831, [,=10°.  (2.6.29)
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Another motivation to choose these initial conditions has to do with the total length of the
radiation dominated period,?” from the end of the kination dominated period to the time of

matter-radiation equality:

1 Qg Ho(1 + 2, )3/
ANradz—§1n< oHoll + 27.0) ) (2.6.30)

Hend

where 2, is the redshift at matter-radiation equality and Henq is the Hubble parameter at the
end of the kination dominated period. Since nucleosynthesis has to occur during the radiation
dominated period, Heng = 10~*mp. Additionally, the constraint on the tensor to scalar ratio
[218] gives the upper bound He,q < 1072mp when the reheating is instantaneous and the
length of the kination dominated period is considered to vanish. These two bounds, together
with Eq. (2.6.30), lead to 13 < ANq < 62. As we will see, the above initial conditions lead to
a cosmological dynamics consistent with the latter constraint.

We have numerically solved the system of equations given by Egs. (2.6.19)-(2.6.25) as-
suming a realistic value for the o parameter, o = 1.?! This allows us to plot the evolution
of the deceleration parameter ¢ and the effective equation of state parameter weg given by
Weit = (2¢ — 1)/3; such plots are shown in Figs. 2.6.1. As observed, the system exhibits four
stages of evolution: the kination dominated period, the radiation dominated period, the matter
dominated period, and, finally, the dark energy dominated period. Except for the first one,
the other periods and their relative order are in agreement with the standard cosmology (see
Ref. [217]); nevertheless, a kination dominated period previous to the radiation dominated one
is absolutely beneficial for a successful reheating mechanism if the inflaton is only coupled to
matter gravitationally [207]. We can also confirm that the kination dominated period is an
attractor towards the past (a repeller or source), the radiation and matter dominated periods
are metastable (saddle points), and the dark energy dominated period is an attractor (a sink).
The dark components (Yang-Mills + Higgs) support the kination dominated period in early
times as well as the dark energy dominated period in the present and future, similarly to what
happens with most of the quintessence models [60].

We have checked that the changes in Figs. 2.6.1 are negligible when increasing or decreasing
xo and 1o. However, an increment in the value of wy does modify the figures, shortening the
radiation dominated period while lengthening the kination dominated one without modifying
the length of the matter dominated period; a similar behaviour has been found for changes in
Zo, lg, or a.. It is remarkable that the behaviour in these plots is consistent with the redshift at

the matter-radiation equality, z,., = 3390 [39, 60, 217]; it is also consistent with the constraint

20See Appendix A of the reference corresponding to this work [1].
21This is the order of magnitude obtained when calculating o in the SM.
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Figure 2.6.1: Global evolution of the Einstein Yang-Mills Higgs system. The Higgs field
moves away from the minimum of its potential, being hold towards an asymptotic finite value
by its interaction with the Yang-Mills fields. The physical vector field, which represents the
Yang-Mills fields, starts from a huge value and decreases towards zero, it being its asymptotic
value. It is the interaction between these two types of fields that lifts the Higgs field and keeps
it away from its minimum. This, in turn, produces the dark energy dominated period.

on the length of the radiation dominated period given above Eq. (2.6.30).

We can take a global look at the evolution of the physical quantities described in Egs. (2.6.27).
We can conclude that the Higgs field moves away from the minimum of its potential towards an
asymptotic finite value, being hold by its interaction with the Yang-Mills fields which do not al-
low it to roll down the Mexican hat potential. (see the left panel of Fig. 2.6.1); of course, since it
is approaching an asymptotic value, its movement is decelerated. In contrast, the physical vec-
tor field, which represents the Yang-Mills fields, starts from a huge value and decreases towards
zero, it being its asymptotic value; its movement, of course, is decelerated (in magnitude).

It is worth mentioning that if the cosmic triad were actually zero, the interaction term in
Eq. (2.6.16) would disappear and the Higgs field would go to the minimum of its potential,
which is indeed the behaviour, for instance, in the SM; no late accelerated expansion period
would be generated in this case. However, when recognizing that the gauge field does have a
potential, and that it rolls down towards the minimum of this potential, the interaction between
the gauge field and the Higgs field always survives because the evolution for f/a becomes
asymptotic banning f/a to reach zero and approaching ¢ to a non-vanishing asymptotic value
(see Fig. 2.6.1). This asymptotic behaviour reveals that the accelerated expansion period is

eternal which is welcome, although not necessary, in a dark energy scenario.
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Some implications for particle physics

We have discovered that the Higgs field in this scenario is not in the minimum of its potential
but is hold towards a finite asymptotic value @asymp. Thus, its mass today as well as the Yang-
Mills fields’ receive a contribution which is proportional to ¢asymp. Moreover, in contrast to the
SM, the Yang-Mills fields in this scenario do get a vacuum expectation value which approaches
zero but never reaches it, so the Higgs mass and theirs also receive a contribution which is
proportional to fo/ag. Let’s remember that, in the SM, the Higgs mass m, is proportional to
the quartic coupling constant A whereas the Yang-Mills fields’ m 4, is proportional to the SU(2)
group coupling constant v through the following relations that involve the vacuum expectation
value of the Higgs field ¢q [208, 209]:

Mg ~ VAo ~ vy, ma, ~ YPo. (2.6.31)

In the present scenario:

2 19 ng 2 fg
Mg ~ Y| & ¢asymp + ga_g, mAM ~ (basymp + 4a—% (2632)

where, according to Figs. 2.6.1, ¢asymp ~ 30mp and fo/ag =~ 10~?mp. On the other hand,

from the dimensionless parameters in Eq. (2.6.17), we can obtain an expression for the Hubble

parameter:

H Y
— =V2— 2.6.33

which can be used in conjunction with the measured value for the Hubble parameter today
Ho ~ 10~%"mp [39] to obtain v ~ 1077, The present values of the Yang-Mills fields A%, and
the Higgs field ¢ are then ma, ~ mg ~ 107 mp ~ 107*7 eV. These are just figures since the
actual values depend on the chosen initial conditions; however, they give us a notion of how
small v, mg and m 4, must be.

There are at least two ways of interpreting these results: i) the extremely low value for
v is a manifestation of the unsolved cosmological constant problem [61] so that the scenario
discussed in this paper is just a ‘rephrasing’ of such a difficult and fundamental problem in a
more comprehensive particle physics context®?, or 74) this scenario is promising but requires
some modification in order to have interactions beyond gravity between the A%, and ¢ and the
particles of the SM, and mass values for the A?, and ¢ not so extremely low so that they can

be scanned in future particle physics experiments.

221t is very suggestive, however, that radiative corrections proportional to v do not enter in conflict with the
measured value of A.
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2.6.5 Conclusions

M. Rinaldi’s idea [191] of studying the role, for dark energy, of the Higgs field and the Yang-
Mills fields in a SM-like action with Einstein gravity is very clever since it avoids the usual ways
of research in the dark energy subject while feeding the analysis with well established and tested
ideas from particle physics. We have shown that the interaction between the Higgs field and the
Yang-Mills fields is fundamental for the success of this scenario, it being the key element that
drives an asymptotic state that corresponds to the late accelerated expansion of the Universe.
Such an interaction is so important that, despite the fact that the Higgs field is a scalar and the
Yang-Mills fields are in the cosmic triad configuration, the setup is highly anisotropic unless the
gauge for the Higgs field is fixed so that the latter moves along a straight direction in the field
space. There can be no rotation around the axis of the Mexican hat potential and, therefore,
this scenario differs completely from the “spintessence” one (see Ref. [214]); it is even different
to the scenario in Ref. [192], where the SO(3) representation of the Higgs field is employed,
since such a scenario is absolutely inconsistent with a homogeneous and isotropic universe [2].
The usual stages in the evolution of the postinflationary universe are successfully reproduced.

In addition, it is desirable that such a modification can explain the origin and nature of
the dark matter and that implements interactions between the visible sector and the new one
described in this paper, beyond the gravitational one, that allows us to test this scenario both
from astronomical observations and in particle physics experiments. We think this scenario
represents a step towards a successful merging of cosmology and well-tested particle physics

phenomenology.

2.7 Einstein Yang-Mills Higgs Model: SO(3) Case

2.7.1 Introduction

In an attempt to describe the dark energy mechanism using matter fields included in the
Standard Model of Particle Physics [209], the Higgs dark energy model was proposed in [191].
In that model, a complex Higgs doublet charged under the SU(2) gauge group drives the
accelerated expansion by rotating around the minimum of its potential, in the same way as
in the “spintessence” scenario [214]|. This is possible by neglecting the interaction between
the Higgs doublet and the gauge vector fields. Nonetheless, it was shown in [1]| that if this
interaction is properly considered, it yields to inconsistencies with the Friedmann-Lemaitre-
Robertson-Walker (FLRW) spacetime. These problems can be alleviated by gauge fixing the

Higgs field, allowing a new dark energy mechanism and drastically changing the conclusions of
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the original work [1].%

In [192], the same author of [191] studied the Einstein Yang-Mills Higgs (EYMH) model,
which is essentially the Higgs dark energy model but this time in the SO(3) representation
instead of the SU(2) one, concluding that the Higgs field can also support the late accelerated
expansion of the Universe. Although the author did take into account the interaction between
the Higgs field and the gauge vector fields, we are going to show in this work that it is pre-
cisely this interaction term that plagues the EYMH model with several inconsistencies with the
symmetries of the FLRW spacetime which cannot be avoided by fixing the gauge of the Higgs
field as in [1]. Nevertheless, although the EYMH model is not compatible with the FLRW
universe, it could fit in a homogeneous but anisotropic Bianchi-I background. We expected a
non-negligible contribution of the spatial shear to the dark energy content due to the vector
nature of the theory, as has been shown in other works where vector fields, gauge fields or
p-forms have been used [115, 122, 219]. In this paper, we are going to show that the final state
of the Universe is an eternal isotropic accelerated expansion; however, the anisotropic shear
today can get appreciable values which can fit in the data analysis [142, 143] or that could be
observed by future missions like ESA’s Euclid [47].%

2.7.2 Incompatibility of the EYMH Model with an Isotropic Universe

The General Model

The EYMH model involves a Higgs field interacting with a gauge field whose dynamics is given
by a Yang-Mills term. Both, the Higgs field and the gauge fields are minimally coupled to the
gravity which, in turn, is described by the Einstein’s General Relativity theory. The EYMH

action, in the SO(3) representation, is

1 1
L= =P B = SDH D" Ho =V (H?) (2.7.1)

4 HY—T a

where 9, is the SO(3) gauge field strength tensor given by

Fe,=V,A%, — V,A" + ge" A" A°,, (2.7.2)

Z3Refs. [182, 183] had already shown that appropriately fixing the gauge for the Higgs field makes the system
compatible with a FLRW background although the incompatibility is restored by introducing the U(1) gauge
interaction. Regarding the dark energy scenario, either the authors of these works did not consider it or the
introduction of the U(1) interaction precluded such a possibility. We acknowledge M. Rinaldi for bringing these
papers to our attention.

24The same conclusion has been reached in Ref. [220] in the framework of the Einstein-aether scalar field
theory.
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A®, representing the gauge fields, g being the SO(3) group coupling constant, %, being the

Levi-Civita symbol, D,, being the SO(3) gauge covariant derivative defined by
DM =V, H + ge% A" HE, (2.7.3)
which is applied to the Higgs triplet H:
H = (Hl Hz H3)T, (274)

where H® = H, are real scalar fields, V(H?) is the symmetry breaking potential

V(H?) =

>

(H? - H2)*, (2.7.5)

with A\ being the quartic coupling constant, Hy being the Higgs vacuum value, and £,, and L,
being the Lagrangian densities for perfect fluids of matter and radiation respectively.

In the following subsections, we are going to assume that g,, corresponds to the homoge-
neous and isotropic FLRW metric and develop the equations of motion for this model employing

two different formalisms.

The Reduced Action

The symmetries of the spacetime are encoded in the metric. Once these symmetries have
been identified, for instance homogeneity and isotropy in a FLRW universe, the matter content
has to obey the same symmetries in order to have consistent equations. This consistency
between geometry and matter allows one to identify the non-dynamical degrees of freedom
in the Lagrangian describing the theory, resulting in a “smaller” physical phase space. This
Lagrangian written in terms of only the dynamical degrees of freedom yields to what is known
as the “reduced action” [221].

The EYMH action in the SO(3) representation, as a mechanism for the late accelerated
expansion, was originally proposed in [192] (see [210, 211] for primordial inflation). In that work,
the author employed the reduced theory and a dynamical system analysis which allowed him
to conclude that the only attractor of the theory is characterized by a dark energy dominance.
In what follows, we have used the reduced action formalism to get the equations of motion of
the model, thus reproducing some of the computations worked out in [192].

Since the Universe is highly homogeneous, isotropic and spatially flat [39], it is assumed
that the background is described by the FLRW metric

ds* = —N?(t)dt* + a®(t)6;;da'da?, (2.7.6)
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where N (t) is the lapse function. As shown in [114, 149], an ansatz for the gauge vector fields

obeying the symmetries of this spacetime is
Aj(t) =0, A% =a(t)y(t)o (2.7.7)

where 1(t) is a scalar field. As a shorthand notation we define ¢(t) = a(t)y(t). By replacing

this ansatz, the Higgs triplet and the FLRW metric in the action (2.7.1), we get:

m2 3 ¢2 392¢4 1 7_'[2 92¢2H2

SCR(N.a) + 5 Fo

_ 2
ON2a2 2 o T 2N? 2 V(HY|, (2.7.8)

Sred == /dtNa3

which corresponds to the reduced action of the model as presented in [192].

Varying (2.7.8) with respect to N(t) we have obtained the first Friedmann equation:*’

3¢° 392¢4 2¢2
2 772
3mpH 3.7 + 3 4

- %2 +V + pm + pr, (2.7.9)
where we have added the densities for matter and radiation, respectively. The second Friedmann
equation comes after variation of (2.7.8) with respect to a(t):

¢2 2 ¢4

—2m2H = 2—+2 + 42+ 27

2¢2H2 4
m HFr- 2 ]_
oz T Pmtgp (2.7.10)

The equations of motion for the gauge field and the Higgs field are obtained upon variation
of (2.7.8) with respect to ¢(t) and H,(t):

20°¢0°  29°H*¢

b+ Hd — 2.7.11
O+ Hp+ ——+ 3 0, (2.7.11)

. L 22¢*HT AV
a a = 2.7.12
HY o+ BHH + = + 0, (2.7.12)

respectively. In principle, Eqgs. (2.7.9)-(2.7.12) describe the dynamics of the system in a proper
way; we are going to show in the next subsection, however, that this model is indeed incom-
patible with a FLRW spacetime because the Higgs triplet cannot obey the same symmetries of

this spacetime.

Einstein Equations and Inconsistencies of the Model

In general, the dynamics of the background universe (geometry + matter content) is encoded

in the Einstein equations. In principle, this set of equations exhibits ten degrees of freedom;

25Where we assume N (t) = 1, once the variational principle is applied.
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however, some of them are non dynamical and yield redundant equations of motion. It is
possible to find the true dynamical degrees of freedom by eliminating the non-dynamical ones
in all the equations, thus removing the redundancies [222]. As it is well known, the Einstein

equations read m3G,,, = T, where T, is the momentum-energy tensor, which is defined as

oL

T )
ogHv

w = Gkl — 2

(2.7.13)

The model is consistent whenever G, and T}, enjoy the same group of symmetries. Clearly,
the first term of the right member of (2.7.13) exhibits the same symmetries of the metric g,,.
However, it is not obvious whether the second term of such a member also exhibits them; we
are going to show that this is not the case.

The second term of the right hand side in (2.7.13) is given by

0 0L _ pa o D,H DM, (2.7.14)

6gp,u pp— a v

Replacing g¢,,, by the FLRW metric, the cosmic triad ansatz (2.7.7), and the Higgs triplet in

(2.7.14), we can see that there are off-diagonal terms in 7}, since

oL
ogH

= gdeaHH". (2.7.15)

pr=07

This contribution to the momentum density is the first inconsistency of the model. Also, from

(2.7.14), we have recognized a second problem

5£mat
Ogh | pw=i#j

2 — RMHM,, (2.7.16)

which implies a contribution to the anisotropic stress. These off-diagonal terms in T,,,,, whose

ma
origins are in the interaction between the gauge vector fields and the Higgs triplet, are clearly
at odds with the energy tensor of a perfect fluid in the FLRW universe. Moreover, additional
difficulties emerge from the equations of motion of the gauge fields. Varying the action (2.7.1)

with respect to A%, we have got
VuE " — gel 1A, — g0, g Dy HWHE = 0, (2.7.17)

such that, after having replaced the FLRW metric, the ansatz (2.7.7) and the Higgs triplet, we
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have obtained

2¢3 2 2 2\ _ .
¢+ Ho+ + g0 (H5+H3) =0, a,i=1,
2 3
¢+H¢+ (b + ¢ (HI+H3) =0, a,i=2,
2 3
¢+ Ho + ‘ﬁ+ ¢ (HI+H3) =0, a,i=3, (2.7.18)

meaning that the gauge fields A% = ¢(¢)d% do not evolve in the same way, implying that the
isotropy in the model is dynamically broken. Again, this problem comes from the interaction
between the gauge fields and the Higgs fields.

Similar irregularities were found in the EYMH model charged under the SU(2) group |[I,
182, 183]. There, the authors showed that such a model can be compatible with a FLRW
spacetime, once the cosmic triad (2.7.7) is employed, and the gauge of the Higgs doublet is
suitable fixed. However, that strategy does not apply here since any gauge for the Higgs triplet
yields to trouble with the FLRW universe. For instance, if we choose the gauge where all the
components of the Higgs triplet are equal, there is no contribution to the momentum density
and each gauge field evolves in the same way, but the contribution to the anisotropic stress
does not vanish.

Although the EYMH model charged under the SO(3) group is incompatible with the FLRW
spacetime, this does not rule it out as a possible model for dark energy. A naive solution to
avoid the contributions to the momentum density and anisotropic stress is fixing the gauge of
the Higgs triplet as

H(t) = (P(t), 0, 0), (2.7.19)

with ®(t) being a scalar field. However, the model is still inconsistent since the diagonal terms

in the energy tensor are not equal:

1§Z.5 192¢4 92¢2<I>2
Th=a*|== += Lgr 900y
1 “(2 toa g e ’

1¢ 1g%¢
Ty = Ty3 = a® (5% + 29;3 + 2@)2 V) ; (2.7.20)

of course, the interaction term is the responsible for the different components.

As shown above, the gauge where the Higgs triplet has only one component generates
anisotropy but no other undesirable effect. This anisotropy perfectly fits in an axially symmetric
Bianchi-I universe as seen in (2.7.20). Therefore, we turn our attention to consider the EYMH

model, in the SO(3) representation, in an anisotropic Universe and search for the conditions
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under which non-negligible spatial shear contributions to the late accelerated expansion are

obtained.

2.7.3 Anisotropic Model

Equations of Motion

Consider the axially symmetric Bianchi-I metric. To be consistent with the symmetries of this
metric, the ansatz (2.7.7) is replaced by a more suitable axially symmetric ansatz [186]. We
have chosen A% (t) =0 and

AL () = 1(t), A%(t) = A%() = J(1), (2.7.21)

while the other components of the fields are set to zero.?® We have also used the shorthand

G1 =g, Gy =+/g%2 =+/g%. (2.7.22)

The gauge of the Higgs field is fixed as in (2.7.19). As mentioned before, this choice assures

notation

no contributions either to the momentum density or to the anisotropic stress, while generating
two different pressures.
Using the configurations for the Higgs Fields (2.7.19) and the gauge fields (2.7.21), together

with the Einstein equations, we can write the first Friedmann equation (m3Goy = Tog) as
3mpH? = pr + pm + poE,  POE = Pyv + P+ 3Mpa7, (2.7.23)

is the density of the dark energy split into the contributions from the Yang-Mills term pyy; and
the Higgs field py. The latter are given by

PYM =

(CLD)? + (G + (G DX (Ca )2 + %g2(G2J)4, (2.7.24)

D% + g2 0(GyJ)? + V. (2.7.25)

N =N =

PH

On the other hand, for the second Friedmann equation (mp Tr (G,;) = Tr (T};)) we have got

: 1
—2miH = 3miH? + 3Pr+ PoB; (2.7.26)

260ther possible ansatz have been employed in [185, 190, 219].
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where ppg is the pressure of the dark energy given by

1 1., 1
poE = pvu + 5c1>2 — ggQ(GQJ)Qq)Q —V 4 3m3é?, (2.7.27)

and for the spatial shear (G% — G, = (T% — T",)/m})
3m12:,(0 + 3H0’) = (G1[)2 — (ng)z + 92(G2J)4 — 92(G1])2(G2J)2 + g2®2(G2J)2. (2728)

Having replaced the field configurations in (2.7.17), we have got the equations of motion for
the gauge fields
0= (GI) + (H + 46)(G11) + 2¢*(G2J)? (G 1), (2.7.29)

and
0= (GoJ) 4+ (H — 26)(G2J) + ¢*(GoJ)(G1I)* + ¢*(GoJ)? + g*(GoJ) D2 (2.7.30)

Having performed a variation of the action (2.7.1) with respect to H* and replaced the field

configurations, we have got the equation of motion for the Higgs field

. . dVv
O+ 3HD + 2¢°(GoJ)*® + 75 =0 (2.7.31)

The set of Eqgs. (2.7.23), (2.7.26), (2.7.28), (2.7.29), (2.7.30), and (2.7.31) describe the cosmo-
logical evolution. The asymptotic behaviour of this set of dynamical equations can be studied
through a dynamical system analysis [97, 163] (see also Ref. [223]), this being an approach that

we are going to illustrate in the following section.

Dynamical System Analysis

We have introduced the following dimensionless variables

1 Gl 1 (GayJ 1 & 1 g(GaJ)®
v= ( D) = Col) L2 = 9GNT g 7 59)
H V3mp H V6 H V3mp H
\/_mP g o
= p=|——=—(GiI), s=,/—=—(GaJ), Y=—,
such that the first Friedmann equation (2.7.23) becomes the constraint
Lo o 1o/ 2 2 _ 2 2 2
QT:1—§x Yy g8 (s*+2p°) — 22 =0 —w® = 27 — Q. (2.7.33)
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The set of background equations of motion (2.7.26), (2.7.28), (2.7.29), (2.7.30), and (2.7.31) is

replaced by the autonomous set

v =x(q—1-2%) - 2p€s?, (2.7.34)
Y =ylg—1+%) = £@p°s" + 5" +w?), (2.7.35)
2 =2(g—2) —wé (V25 + av), (2.7.36)
W =w(g+yE—%)+ V26252 (2.7.37)
vV =v(g+1) + awz &, (2.7.38)
& =¢(1—yet D), (2.7.39)
1
p = §p(q —1+4%) + sz, (2.7.40)
1
s’ = Es(q —142y&—2%), (2.7.41)
Y =¥%(q—2) + s*(s* — p?) + w? —y? + 27, (2.7.42)
Q. =20,,(q—1/2), (2.7.43)
where the deceleration parameter ¢ is given by
_ H 2 2, 2 1 2

and « is a positive dimensionless constant defined by o = \/W . The deceleration parameter,
or equivalently the effective equation of state weg = (2¢ — 1)/3, characterizes the evolution of
the average scale factor a(t).

Although the variables (2.7.32) describe the autonomous set, the relevant quantities we have

been interested in are the physical fields, i.e. the physical gauge vector fields

U = () = \/§p7 e = (GaJ) = ﬁ, (2.7.45)
mp s& mp &
their speeds
W = (G D) 1 (28 — 1) + V3,
mp
GoJ)
Wy = (T; ) =1y —1-%), (2.7.46)
P
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and the Higgs field and its speed

0} 3 o’
Vaw ¥ e

mp s2¢& mp

(2.7.47)

Besides the behaviour of each field, the dark sector as a whole can be characterized by its
density parameter Qpg = ppg/3mpH? and its equation of state wpg = ppr/ppE-

In the following, we are going to discuss the fixed points relevant to the dark energy era
(g ~ 1, weg < —1/3).

Dark energy dominance

e Isotropic dark energy (DE-1):

r=0 y=0, &£&=0, p=0, s=0, z=0, w=0, v=1, X =0. (2.7.48)

In this point we have w.g = wpg = —1, Qpg = 1, and €, = 0, corresponding to an accelerated
expansion solution where the Universe is filled by the Higgs potential. This is a saddle point
with only one positive eigenvalue, while the other eigenvalues are negative. The eigenvector
associated to this positive eigenvalue indicates that & = 0 is a repeller in the &-direction,
meaning that the gauge field v, is decreasing in magnitude. Note that we.r does not depend
on &, consequently weg = —1 is an attractor since all the other variables are attracted to their
corresponding values in the point. Hence, we say that (DE-1) is an “effective attractor”. Also
notice that the shear 3 is diluted in the point, i.e. the model does not support an anisotropic
dark energy final state. This is consistent with the fact that the gauge fields, ¢; and 5, and
their speeds decay to zero in the point, implying that the interaction between the Higgs field
and the gauge fields vanishes, and so does the anisotropic shear which is supported by this
interaction. We have also been able to infer that the Higgs field ® is attracted in a decelerated
way (in magnitude) towards a constant value, since z = 0 in the point.

We want to stress that, although the final state of the Universe is characterized by an
isotropic accelerated expansion, this does not rule out an observable anisotropic dark energy
today. In the following, we are going to present the results of the numerical integration of the
autonomous set, in order to see a particular trajectory of the Universe, and look for initial
conditions yielding to a significant anisotropic contribution to the dark energy components

nowadays.
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Numerical Solution

We have performed a numerical integration of the autonomous system. In particular, we have

7

chosen’” o« = 1 and

Ti=1y=6=10"% pi=5=10""% 2z =w; = 107" v, =2x 107", £, =102, (2.7.49)

and Q,,, = 4.99 x 1075, Q,. = 0.99995 as initial conditions at redshift z, = 6.566 x 107, well
within the deep radiation era. The Universe is supposed to have undergone an inflationary
phase prior to this epoch, therefore the initial value for the spatial shear is very close to zero.
The initial values of the other fields have been chosen so that the dark components provide a
subdominant contribution to the radiation era, while obeying the Friedmann constraint (2.7.33).

From the dimensionless variables (2.7.32), we have been able to obtain an expression for the

Hubble parameter:

mip _ S{_?g (2.7.50)
where using Hy ~ 107%'mp and the values of s and £ evaluated today, we have got for the SU(2)
coupling parameter g ~ 1075, Then, from the parameter o = /2 /g% we have got A ~ 107176
We want to stress that these values for g and A are just figures since their actual values depend

on the chosen initial conditions; however, they give us a notion of how small they must be.

Anisotropic Shear Today

Observationally, from data analysis of type Ia supernovae, the value of the present shear is
constrained to be [Xo| < O(0.001) [142, 143]. However, it is expected future missions like
Euclid [47] to impose more restricted bounds on the anisotropic contribution from the dark
energy content. In this subsection, we are going to explore the behaviour of the anisotropic
shear for different initial conditions, and show that the predicted values by our model around
the present time, z. = 0, are well within the present bounds. In order to do so, we have fixed
the values for the variables as in (2.7.49), except for the variable w which we have varied in a
consistent manner with the Friedmann constraint (2.7.33), the general behaviour of the density
parameters, and the effective equation of state described in the previous subsection. As seen
in the right panel of Fig. 2.7.1, the shear vanishes in the future in all the cases studied, being
consistent with the dynamical system analysis. We can also see that around the end of the
matter epoch (z, + 1 & 10) the shear grows to appreciable values, its contribution being non

negligible around today (2, +1 = 1). For instance, for w; = 1078 we have got 3 ~ 2.1 x 1072,

2TThis is the order of magnitude obtained when calculating «, based on the Standard Model of Particle
Physics [209].
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Figure 2.7.1: (Left) Cosmological evolution of the equation of state of dark energy wpg for
different values of the interaction variable w. In all the cases, the final stage is wpg ~ —1,
and there are also three other stages characterized by wpg ~ 1, wpg ~ 1/3 and wpg ~ —1/3.
(Right) Evolution of the shear ¥ around z, = 0 for different values of the interaction variable w.
The shear vanishes in the future in all the cases; however, there are initial conditions yielding
to observable values of anisotropic dark energy.

and for w; = 5 x 1071% we have got ¥y ~ 1.3 x 10~7. Therefore, although the Universe loses
its hair in the future, it could have an observable hair today; similar conclusions have been

obtained in [220] in the framework of the Einstein-aether scalar field theory.

Equation of State for Dark Energy

To end this section, we are going to discuss the cosmological evolution of the equation of state
for dark energy wpg for different initial conditions. Given that the amount of anisotropic
shear is mainly supported by the interaction term encoded in the variable w, we are going to
explore the behaviour of wpg with respect to this variable, since we have been interested in the
particular trajectories where Y is non negligible. Therefore, we fix the initial conditions as in
(2.7.49) in the deep radiation era and vary wj; in a consistent way as described in the previous
subsection. In the left panel of Fig. 2.7.1, we can see that wpg is characterized by four stages
which we are going to describe in the following.

At very high redshifts, z, > 102, we have wpg ~ 1, meaning that the dark sector behaves
as a “stiff fluid” [224]. During this period, the dark sector is dominated either by the kinetic
term of the Higgs field in the variable z, phase known as “kination”, or by the shear ¥. After

this phase, wpg ~ 1/3 during the radiation domination, so the dark sector behaves as a “dark
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radiation” fluid [125]. The length of this period depends on the value of w: it increases by
decreasing w. After this phase, wpg ~ —1/3, indicating the transition from decelerated to
accelerated expansion. This period exists for some values of w;. This transition phase can
be long enough to lasts until the end of the matter era, which has the potential to affect the
process of structure formation [225]. At the end, in all the cases, the final stage is given by
wpg =~ —1, where the symmetry breaking potential dominates and the Higgs field reaches a
constant value away from its vacuum value, driving this way an eternal accelerated expansion

as an effective cosmological constant.

2.7.4 An Isotropic Possibility: The Higgs Triad

As explained in previous sections, a Higgs triplet is inconsistent with the symmetries of the
FLRW spacetime. However, there could exist specific arrangements of several fields allowing a
homogeneous and isotropic configuration compatible with a FLRW universe. Examples of such
arrangements are: a large number of vectors fields pointing at random directions as in vector
inflation [150], the cosmic triad for vector fields charged under some internal symmetry group
[114, 120, 149, 151, 189, 196], three inhomogeneous scalar fields as in solid inflation [147, 148|,
and three U(1) scalar fields as in charged-vector inflation [152]. Based on these works, we
propose the “Higgs triad” as a possible configuration consistent with the homogeneity and
isotropy of the FLRW metric.
The Higgs triad consists of three SO(3) Higgs fields with the following inner structure

0 0
H=|o| . Hi=|o|, H'=]0]|, (2.7.51)
0

i.e. three Higgs fields with the same magnitude and mutually orthogonal in the manifold
associated to the SO(3) group. Each Higgs field comes with its respective gauge vector field,
whose dynamics is given by its own Yang-Mills term, and its particular SO(3) gauge coupling.
However, in order to keep the isotropy, it is mandatory to consider the same cosmic triad (2.7.7)
for each gauge vector field, and the same group coupling constant g.

Under the conditions mentioned above, the EYMH model matches with a FLRW back-
ground. The equations of motion are equivalent to those obtained when the reduced action
is used, which were first reported in [192]. Nonetheless, we want to stress that the original
model in [192] is physically different to the one we are presenting here, since only one Higgs
triplet with all its inner components being different is considered there, which yields to the

inconsistencies discussed in previous sections.
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2.7.5 Conclusions

In this paper, we have investigated the EYMH model charged under the SO(3) gauge symmetry
as a mechanism for the late accelerated expansion. The same model was originally studied in
[192] using the reduced Lagrangian method and a dynamical system analysis. This approach
allowed the author of that work to conclude that the model is characterized by a unique
accelerated attractor where the potential of the Higgs triplet dominates. However, using the
whole set of Einstein equations, we have shown that the equations of motion presented in [192]
are indeed inconsistent with a FLRW background. This is because the interaction between the
gauge components of the Higgs field and the gauge vector field serves as source of momentum
density, anisotropic stress or anisotropic shear. Similar inconsistencies were found in [1, 182,
183]. There, the authors studied the EYMH model charged under the SU(2) gauge symmetry,
and they found that it is possible to eliminate the inconsistencies by fixing the gauge of the
Higgs doublet. However, this is not possible here where the SO(3) gauge group is considered.
In consequence, we have turned our attention to the EYMH model in the SO(3) represen-
tation, embedded in a homogeneous but anisotropic axially symmetric Bianchi-I background.
We have worked out the respective equations of motion, and treated them using a dynami-
cal system approach. We have found that the only attractor of the theory corresponds to an
isotropic accelerated expansion where the Higgs field reaches a constant value, different to its
vacuum value, such that the dominating Higgs potential behaves as an effective cosmological
constant. This result was expected since the interaction term vanishes, which is the support for
the spatial shear. However, this does not exclude an observable amount of shear today and, as
we have shown above, the model can support non-negligible anisotropies today (for instance,
Yo ~ 107°) depending on the initial values (in the deep radiation epoch) of the expansion vari-
able w associated to the interaction term. We remark that the values predicted by our model
are in agreement with several observational bounds [142, 143]. Therefore, we conclude that al-
though the Universe loses most of its hair, a small amount could be observable today. We have
also found that the equation of state of dark energy wpg transits through several characteristic
stages depending on the value of w. For some values of w, during the matter epoch (z, < 50)

wpg # —1, suggesting that the process of structure formation might be affected [225].

2.8 String Compactifications

2.8.1 Introduction

Despite the potential conceptual challenges surrounding its compatibility with accelerated uni-

verses [226, 227], superstring theory provides a top-down approach that serves as both a play-
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ground for model construction and a guiding principle in ensuring consistency within possible
ultraviolet completions that incorporate quantum gravity. Remarkably, the phenomenology of
string theory has made significant strides over recent decades, offering a wealth of insights into
potential fields and their interactions. Although precise and exact outcomes remain elusive due
to the intricacies of transitioning from the 10-dimensional theory to the 4-dimensional effec-
tive description, guidelines have surfaced, exemplified by the swampland conjectures [228-232].
These conjectures shed light on what can be anticipated from theories aiming for a coherent
ultraviolet completion that encompasses gravity.?®

Scalar fields are pervasive in effective 4-dimensional theories derived from string theory.
They describe various couplings (e.g., dilaton modulus), internal dimensions’ size and shape
(e.g., Kéhler modulus), brane locations, and more. Thus, the simplest scenarios involve single
scalar field models. Encouragingly, several positive results have already been achieved. For
instance, there are potential UV descriptions of generalizations of the Chaplygin gas derived
from D-branes [234-2306], stringy axions [237-239], and early dark energy scenarios like the one
presented in Ref. [240].

Additionally, there are multifield scenarios, as seen in references such as [241-246]. In many
cases, multifield scenarios address issues present in the single field case and include elements
like the axionic superpartner for scalar fields. These multifield situations are not only more
natural due to the expectation of many scalar fields in UV completions but also align with
the swampland conjectures. These conjectures demand very steep scalar potentials, often in
conflict with working scenarios of quintessence. Interestingly, a non-trivial curvature in the
scalar field manifold can evade such constraints, as shown in Ref. [247] (see also Ref. [248]),
and permit behaviours resembling inflation [238, 245, 249-251]. An interesting situation of
multifield dynamics can simultaneously address the puzzle of dark matter, as shown for example
in Ref. [252] and, recently in Ref. [251, 253]. The former work builds on a string inspired model
of the dilaton that couples with a hidden sector, but does no regard its superpartner. This is
done in Ref. [254] (also in Ref. [255] with more involved kinetic mixings) where, however, no
any other energy components are included. This system, together with a barotropic perfect
fluid is instead studied in Refs. [256, 257] and with a direct universal coupling in Ref. [258|.

Vector fields are, indeed, a more intrinsic component of nature than scalar fields and are
anticipated to be inherent in any extension of the standard model. The issue of consistency
becomes less straightforward in this context, owing to the potential emergence of ghost fields.

Nevertheless, substantial progress has been made in comprehending a bottom-up approach

28The pursuit of incorporating any model within the framework of string theory is more than an academic
exercise; it emerges as an essential endeavour. This arises from the likelihood that explaining an accelerated
epoch necessitates substantial contributions from a microscopic description that goes beyond the effective field
theory approximation for point particles [233].
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for constructing effective Lagrangians involving these fields, as discussed in references such as
[100, 140, 259-263], facilitating a broad spectrum of cosmological investigations.

In the line of the present study, dynamical dark energy scenarios have been formulated,
wherein vector fields play a pivotal role. For example, Refs. [1, 3, 192] introduces vector fields
associated with an SO(3) symmetry, forming what is termed the cosmic triad, first proposed
in [114]. This scenario allows for isotropic solutions, while also accommodating situations with
a preferred direction, as explored in Refs. |2, 4], considering a Bianchi I spacetime as the
background. A simpler scenario involves a U(1) gauge symmetry, where even general scalar-
vector-tensor analyses have been conducted, for example in Refs. [8, 264|. Motivated by UV
considerations, studies have delved into specific constructions, including the work of Thorsrud
et al. in Ref. [117], who investigated the cosmological implications of a scalar field with an
exponentially field-dependent gauge kinetic function inspired by dilaton field couplings. A
detailed analysis of this model was subsequently undertaken in Ref. [5], exploring alternative
kinetic term structures for the scalar field.

The primary objective of our current investigation is to explore the simplest yet least con-
strained model inspired by string theory compactifications. Specifically, we consider two scalar
fields associated with a complex modulus and a U(1) vector field, where the gauge kinetic func-
tion is dependent on the modulus. The analysis leads to study a dynamical system dependent
on three parameters, resulting in four fixed points. One of these fixed points involves only
one scalar field, reproducing models initially studied in this type of scenario [265] but which is
in tension with the swampland constraints on the steepness of the potential. Two other fixed
points are inherited from previous models [5, 256], which involve only a pair of fields in the
model. Additionally, a completely novel fixed point is discovered in which all three fields play a
role. We pay special attention to the cases where the vector field has a non-trivial role. We find
that it is possible to describe the observed cosmology, albeit in a parameter space challenging

to justify from superstring compactifications.

2.8.2 Scalar Multifield model from string compatifications

Much in the spirit of inflationary models, our main concern will be with the scalar sector whose
dynamics are expected to lead to a dynamical equation of state that hopefully presents a late-
time accelerated expansion epoch. The dynamics of the scalar sector are mainly encoded in
the scalar potential, which in supergravity can be split into two components: the F-term and

D-term contributions. The former has the following general structure [266]

2 7 _ 3 _
Vi = eimb <K”(DIW)(DJW) - WWW) , (2.8.1)
P
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where K = K(®',®') is the Kahler potential and W = W(®') is the superpotential. Here,
I and J range over the complete set of chiral superfields, and the bar symbol representing
the conjugate quantities; therefore, the superpotential is a holomorphic function for the chiral
superfields, while the Kéhler potential is a real one. Additionally, using the shorthand notation
orf = %, we define K;5 =
defined as

2 . . % . . . .
%, and its inverse K'X K,z = §7. The covariant derivative is

1
DiW =W;+ —K;W.
mp

On the other hand, the D-term contribution has to do with the gauge symmetries,
1 AB
VD = §Re(f )DADB, (282)
with f4P the inverse of f45, the gauge kinetic function (more on it below), while
D, =iX 0K, (2.8.3)

where X/ are the, in general, field-dependent Killing vectors associated with the gauge sym-
metry A. In other words, a transformation associated with real parameters A\ induces one on
the chiral superfields given by 6¢° = AMX" such that D4 is a gauge-invariant combination of
charged fields.

While string compactifications exhibit a diverse array of scalar fields, the most distinctive
aspect of four-dimensional effective supersymmetric theories is the presence of moduli fields,
characterizing flat directions within the field space. This peculiarity motivates their incor-
poration into string-inspired model constructions for slow-roll inflationary and quintessence
scenarios (for a review and specific instances, see [267] and references therein.) The underlying
rationale for this behaviour lies in the moduli fields serving as superpartners to compactified
p-forms potentials with gauge freedom, represented by C, — C,, + dA,_;, which manifests as
shift symmetries. Denoting the scalar component of our chiral modulus superfield as ¥ = s+io
with s and o being real, the axionic symmetry ¢ — ¢ + ¢ is reflected in the Kéhler potential

as a dependency in the form

with M ranging over all chiral fields but the modulus, while the superpotential should be
modulus-independent, i.e.,
W (@) = Wy(™M).

75



In light of these considerations, the F-term scalar potential adopts the following expression:

1 |Ky|?

Vi = K@M /mi | e MN (D Wo) (D W) + —5 et
mp K\II\I/

3
|Wol? — W'WO’Q : (2.8.4)
P

We further simplify by considering that the structure of the Kéhler potential is of the form

K(s,®M oM) = K(s) + K(®M, M), (2.8.5)
Consequently, the scalar potential takes the following general form:

Vo = K&/md [ F g_|K‘I’|2 2.8.6

with modulus-independent functions

. . _ 3
F — 6K(¢M7@1V1)/m12> (KMN(DMWO)(DNWO) . m2 |WO|2) 7
P

and )
G = 61C(<T>M,<I>M)/m% |WO| '
mp

A typical form for the modulus Kéhler potential is given by a logarithmic dependency

K(s) =—pln (;—2) ms, (2.8.7)
with p a real constant, such that
Ky = —%m%, v (;.%)Qm%a
and
Vi = (;ZI;P (F+p9) = SipVo,F, (2.8.8)

with Vy r a s-independent function. Given that V, r depends on all other fields, we examine
the scenario wherein all fields except s have previously been determined and stabilised through
dynamics investigated over the last two decades, as illustrated for instance in [268-274]. In this
context, we treat 1V r as a non-vanishing constant.

Now, let us explore the D-term contribution. For it we restrict to the simplest case of a
single U(1) sector beyond the Standard Model symmetries and examine two cases. In the first

case, we assume that the Killing vectors are independent of moduli and X¥ = 0, indicating
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that U is neutral, resulting in
12
__ 2
Re(f(¥))

where the numerator is s-independent and its value is fixed by the stabilization of all other

Vi (2.8.9)

fields. Here the dependency on s will appear in the gauge kinetic function, as discussed below.
A second possibility is one of a pseudo-anomalous U (1) sector, for which the field appearing
as the gauge kinetic function develops a non-linear transformation with a constant Killing vector
XY =46 [275-277]. This induces a field-dependent Fayet-Ilioupoulus term of the form
_ N _ -vN pd
D =X KN—éKq; =1X KN—Q—mP, (2810)
S
using the logarithmic dependency introduced above. Regarding the case on which the compo-

nent XV Ky = 0 once the rest of the fields are fixed?” and the D-term scalar potential reduces

N W,
PR "

In order to be explicit we use a linear dependency for the gauge kinetic function, namely

Vp (2.8.11)

f(¥) = ¥ /mp, leading to the following general structure for the D-term scalar potential

Vp = _VOvafjn, (2.8.12)
Sn

L_D? in the former case and

with n = 1 and 3 respectively in the two cases and Vop = 5.3
P

5)? .
Voo = (ﬁn )2 in the pseudo-anomalous one.
P

The kinetic part is dictated solely by the Kéahler potential and is given by
Lign = —K ;70,0047 (2.8.13)

thus K7 is the metric of the field space so the consideration done in (2.8.5) means that the
scalar manifold in the moduli sector factorises. Using the considerations above we get the

following explicit kinetic term for the scalar fields

2
pmp

(25)?

pmp
(25)?

29 As discussed in [278], the presented scenario is considered unnatural. Nonetheless, in this context, we adhere
to and illustrate this particular possibility.

Ekin = -

8,50"s — 22 5,600, (2.8.14)
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Or, defining a canonical normalised field ¢; = \/g In(s/mp)mp and renaming ¢, = o,

1
Liin = _5 “¢13"¢1 _ ge*\/r/p%/MPaﬂqhaﬂ(bz (2.8.15)

In terms of these fields the scalar potential takes the form
V= V()’Fe*\/%%/mp + V()’De*n\/%aﬁl/mp. (2.8.16)

This result, motivates the study of a general two-field model of the form

L= 50,6000 — 3 12(61)0,6:062 — V (9), (2.8.17)

with exponential functions, as was done in [256]. In the following section, we will study the

cosmological dynamics encoded in this model.

Cosmological setup

In a flat, homogeneous, and isotropic Friedman-Lemaitre-Robertson-Walker (FLRW) space-

time, described by the metric
ds?* = —dt* + a®(t)6;;da'da?, (2.8.18)

where a(t) is the cosmic time-dependent scale factor, the Lagrangian (2.8.17) regarding homo-

geneous fields, yields the following equations of motion:

¢+ 3Ho + Vo, — ffdnqg =0, $2 + 3H oy + 2%&1@2 =0, (2.8.19)
where the subscript ¢ denotes derivatives with respect to this field. To investigate the resulting
cosmology, these equations must be coupled with the Einstein equation of motion M3G,, = T,

The contribution of these scalar fields to the energy-momentum tensor is expressed as

7@ = _ 2 4(v—g£)
" v—g 0og"

= - vu¢1vu¢l - f2(¢1)vu¢2vu¢2 (2820)
1
— G (—%Va¢1va¢1 - §f2(¢1)va¢2va¢2 - V(¢1)) .

For homogeneous fields, the density and pressure are specifically given by

1. 1 : 1 1. 1 .
po =Ty = §¢% + §f2(¢1)¢§ +Voo pe =gt T = §¢% + §f2(¢1)¢§ -V, (2821
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However, for a more realistic scenario, additional components must be considered in the uni-
verse’s energy budget. These contributions are represented by two perfect fluids, each following
radiation and matter equations of state. Consequently, the complete energy-momentum tensor
is formulated as

T =T +T0W +T(),

(2.8.22)

and the dynamics for these two sectors adhere to the conservation of their energy-momentum

tensors, i.e., V“T,EZ) = 0 and V*T, ,ET) = 0, expressed explicitly as
pr+4Hp, =0, Pm + 3Hpy, = 0. (2.8.23)

In light of these considerations, the Friedman equations from the Einstein field equations take
the form

: 4
SMEH? = py + pm + prs —2MpH = py + Py + pm + 3Pr (2.8.24)

As proposed in the preceding section and elucidated in Sec. 2.8.4, superstring theory likely
necessitates the coupling function and potential to conform to the expressions given in (2.8.15)

and (2.8.16),°" explicitly represented as
f(@r) = foe M V(gy) = Ve MM, (2.8.25)

where fy and Vj are constants, and the parameters A = y/2p and v = /2/p are determined
by the integer p.*' Nevertheless, in the subsequent analysis, we treat A and v as arbitrary and
examine the parameter space of the model yielding to viable cosmologies. Subsequently, we

comment on the discrete parameter space favoured by string theory.

Dynamical Analysis

Unveiling the cosmological dynamics of the model requires solving Eqgs. (2.8.19), (2.8.23) and
(2.8.24) given some parameters and initial conditions. However, we can extract information of
the asymptotic behaviour of the model encoded in its fixed points [97]. To do so, we recast

these equations in terms of the following dimensionless variables

(bl f(¢1)¢2 V pm )Or
=% =t VY g = Pm g =P (9896
=My T VeHM. U T BHM: ( )

3M2H? 3M2H?
30In the following we consider that only one of the contributions to the scalar potential (2.8.16) is present.
More precisely we take the D-term contribution to vanish, being at least as constrained as the F-term counter-
part, as will be shown below.
3In the case of the D-term scalar potential v = n/2/p and a second integer is to be regarded.
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The first Friedman equation (2.8.24) reduces to the constraint equation
1= + 22+ 9> + Qn +Q,, (2.8.27)

and the continuity equations in Eq. (2.8.23) and the equations of motion for the scalar fields in

Eq. (2.8.19) are replaced by the following closed autonomous system

3
ri=x(1+¢q)+ \/; ()\y2 — U3 — \/éxl) ) (2.8.28)

2y = wa(1 + q) + (\/61/931 - 3) , (2.8.29)
y =y (1 +q-— \/76)@1) , (2.8.30)
O =2(g—1)0, (2.8.31)

where a prime denotes a derivative with respect to the number of e-folds, which is related to
the cosmic time by dN = Hdt. The deceleration parameter, ¢ = —ad/a?, is written in terms

of these variables as

(327 + 323 — 3y> + Q, + 3).. (2.8.32)

N | —

H
b=
The fixed points of this system are computed by solving the algebraic system resulting from
) =0,25, =0,y =0, and . = 0. We characterise the physical meaning of these fixed points

by computing the effective equation of state and the equation of state of dark energy

_ Dot 2 H Db¢

2 (21 +23)
Weff = = 1= —-——=, w = — = —1 G G )
t Prot 3 H? br P I% +$g+y2

(2.8.33)

where pot = pg + pm + pr and pot = py + pr/3. Here, we focus on accelerated solutions driven
by dark energy, i.e., fixed points where weg < —1/3 and wpg < —1/3. Additionally, notice that

the autonomous system exhibits the following symmetries:
{1, \, v} = {—x1,—\,—v}, @9 — —22, y— —v. (2.8.34)

Therefore, without loss of generality we restrict ourselves to solutions with zo,y > 0 and

consider non-negative values of the parameters A and v while leaving free x;. Under these
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Figure 2.8.1: (Left) Existence (real valued variables) regions of (G) and (N'G) in the parameter
space {v, A}. (Right) Attraction regions of these points. The darker regions correspond to the
regions where wpg ~ —1, which in general require v > X\ for both points, although (G) can be a
suitable accelerated attractor for any v given that A < 1 as in the usual quintessence scenario.
We can see that the values of A\ and v predicted by string theory happen to fall outside the
region associated with stable and viable accelerated attractors.

conditions we obtained just two possible accelerated solutions:

Gy = 2 =0 —\/1—A2 Q, =0 ——1+A2 (2.8.35)
"Tl_\/67 x2_7 y_ 67 T wDE_ 37 M

NG : (2.8.36)
V6 VAZ 20N —6 2v 2\
i A+ 20’ 2 A+ 2 » Y A+ " 0, wop +)\+1/

These points were called “geodesic” (G) and “non-geodesic” (N'G) solutions in Ref. [2506],
since they are related to the “curvature” in the field space of the scalar fields.

In the left panel of figure 2.8.1, we show the existence region of the points (G) and (N'G), de-
fined as the parameter space regions {v, A} where the variables in the fixed points [Eqgs. (2.8.35)
and (2.8.36)| attain real values. On the other hand, in the right panel of figure 2.8.1, we show
the parameter space where these points emerge as attractors of the system, i.e., their corre-
sponding regions of attraction. We particularly emphasize the subregions associated with an
accelerated epoch, meeting the condition —1 < wer < —0.98. Recalling that A\ = /2p and
v = \/% are demanded by string theory, we depict the points for some values of p, observing
that none of them describes a scenario of late-time accelerated expansion in agreement with
current observations. This clearly indicates that the current state of the universe is challenging
to explain within the framework of this model, as derived from string compactifications. To

grasp this, observe that as p increases, the steepness of the potential for ¢; also intensifies,
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necessitating a more pronounced interplay with ¢, given by a larger v parameter, as depicted
in the figure. However, v decreases with increasing p, creating a tension between these two
requirements. This possibility was identified in Ref. [256] as a regime of “large curvature” in
the scalar fields space. However, as illustrated in Figure 2.8.1, the parameter values required

by string theory lie outside the regions where the model exhibits viable cosmological attractors.

2.8.3 Scalar multifield coupled to a vector field

While currently challenging to justify the existence of accelerated solutions in the multi-
field model that align with observations, alternative mechanisms may potentially broaden the
model’s parameter space. For example, in Refs. [1, 2, 5, 122, 248]|, it was demonstrated that
steep potentials, such as Higgs-like or exponential potentials resembling that in Eq. (2.8.25)
with A2 > 2, can yield stable accelerated solutions when supported by the presence of other
fields, including non-abelian SU(2) vector fields, abelian U(1) vector fields, or 2-form fields. In

this section, we explore how this possibility holds true for the scalar multifield model.

Cosmological setup

Here, inspired by Ref. [5] where it was shown that a vector field coupled to a scalar field yields
anisotropic accelerated attractors even for a steep exponential potential, we explore a scenario
involving a coupling between the scalar field responsible for the accelerated expansion, denoted

as ¢1, and a vector field represented by A,. The Lagrangian of this extended model reads

L= _%8“92518%1 - %f *(01)0620" 62 = V() — %hQ(ﬁbl)Fleuy, (2.8.37)

where F), = V,A, — V, A, is the strength tensor associated to the vector field, and h%(¢y) is
the field dependent coupling to the gauge kinetic function. First of all, the energy-momentum
tensor in Eq. (2.8.22) is extended by a contribution from the gauge sector which reads
(63 1 «

T = h*(¢1) | FuaFS, — Z—chwzi’o,ﬁp Al (2.8.38)
In a FLRW spacetime, all the components of ), are zero since only a time-dependent time-like
vector field keeps the isotropy of the background [116]. Nonetheless, there is a recent increase
in the amount of evidence suggesting that the Universe could not be as isotropic as thought
[279-282]. Therefore, as in Ref. [5], we adopt an anisotropic Bianchi-I metric with a residual

symmetry in the y-z plane®” and a spatial-like vector field with only one component aligned

32This selection, chosen for its simplicity, is not lacking in generality. In fact, as demonstrated in Ref. [283],
it was shown that the most general configuration for the space-like vector field and the Bianchi-I metric can be
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with the z axis. Explicitly
ds® = —dt* + a*(t) [e "7 da® 4 > (dy* + d2?)] A, =(0,A(t),0,0), (2.8.39)

where a(t) in this case represents an overall scale factor, and the anisotropy is encoded in the
geometric shear o(t). Using this metric and this vector field profile, we distinguish the vector
field contributions to the density and pressure

1 A2eto 1
pa = §h2(¢1) 5 Pa=gpa (2.8.40)

From the Einstein equations, besides the Friedman equations which will take into account the
contribution of the vector field to the stress-energy tensor, we have the corresponding equation

for the evolution of the geometric shear

SMEH? = pa+ po+ pm+ pr + 3M36>, (2.8.41)
. 4 i . 4
—2MpH = zPat O1 + f205 + pm + 3ot 6Mpa?, (2.8.42)
2
5 = —3Ho+ ——pa. 2.8.43
o o+ 3M§ PA ( )

In the last equation, we note that in the case py = 0, the shear decays as o o< a3, i.e., the
anisotropy of the Universe is erased by the expansion. This resembles the well-known no-cosmic
hair theorem valid for ACDM [284]. Instead, in our case, the density of the vector field sources
the shear preventing this fast decay. However, for a phenomenologically viable scenario, the
predicted values must conform to the current observational constraints [142, 143].

Since the vector field is not coupled to ¢, the equation of motion of this scalar field is not
modified [see Eq. (2.8.19)]. In turn, the equation of motion for ¢; and A, are given by

) . . hg,
o1+ 3Hoy + Vo, = f Lo — 2

h]‘i’l hA = 0. (2.8.45)

pa = 0, (2.8.44)

A+ (H+40)A +2

In the following section we perform the analysis of this enriched dynamics.

effectively reduced to an axially symmetrical system. The axial symmetry is determined by the perpendicular
component of the vector field, while its parallel component defines the residual symmetry plane.

33 An equation of motion for the shear can be derived from the difference between the “11” and “22” components
of the Einstein equations, i.e., m3(G% — GY) =T% — TV,
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Dynamical Analysis

To investigate the asymptotic evolution of the fully-fledged model, we introduce two extra
dimensionless variables to the set outlined in Eq. (2.8.26). Furthermore, we adopt an exponen-
tial functional form for the gauge kinetic function, a choice motivated by results from string

compactifications, as elucidated later on. Thus we define

2 PA
b
3M1?,H2’

S

©
Il

h(¢y) = hoe PO /Me, (2.8.46)

where hy and p are constants. The first Friedman equation in Eq. (2.8.41) becomes the con-
straint
=22 +25+92 + 22+ Qp + Q. + 32 (2.8.47)

Concerning the autonomous system in Eqgs. (2.8.28)-(2.8.31), we observe that only the equation
for the variable z; undergoes a modification in its structure. Additionally, two more equations
must be incorporated to account for the introduction of new variables, namely z and . We

have that the complete set is

3
i=xz1(1+¢q) + \/; ()\yz —2uz?* — 2url — \/6x1> : (2.8.48)

Th = Ty (1 +q+Vo6rz, — 3) : (2.8.49)
6

J =y (1 tq— §Ax1> , (2.8.50)

J =2 {(q — 1) + Vouz, — 22} , (2.8.51)

Y =3%(q—2)+ 22, (2.8.52)

QO =2(qg—1)Q,, (2.8.53)

where we used the equation of motion for the vector field, which we have conveniently recast

in terms of the density p4 as

: : h¢1 ]

pa+4(H+0) pA—l-QTgblpA = 0. (2.8.54)
The deceleration parameter 1+ ¢ = —H /H? is given by

(327 + 323 — 3y* + Q, + 2° + 352+ 3).. (2.8.55)

N —

1+qg=
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FP \ 1 Ta Y z by QT\ Weff

2/6A \/6(8—AB)(2+pA)  /3(8—AB)(MA—4)  2()\A-4) ANA
(DEl) 0 8+.AC 8+.AC 8+.AC 0 _1+8+AC

(DEQ) V6 V34/ A(B+4v)—8 \/%u()\f2u+41/) \/%V(Cf4u) C—4v 0l -1+ 2\

A+2v 2(A42v) A2y A2y 20 +4v A2v

Table 2.1: Values of the variables in the anisotropic accelerated solutions (DE1) and (DE2).
We have defined A= (A+2u), B=X—6u, C = X+ 6u to keep the presentation simple.

In this case, the effective equation of state undergoes corrections due to the presence of shear.

It can be computed as .

1 2 H 1 5 ¥.2
3H?1— 32 1-—X2

Together with the scalar and vector fields, it is convenient to include the shear in the definition

Weff = — (2856)

of the dark energy fluid, as follows:
PDE = Py + pa+ 3Mp6®,  poe = pg + pa + 3MES?, (2.8.57)

such that the equation of state of dark energy is

2 3(x2 21 32) 4222
wpp =228 — 142 2(”51 ks ) +22° (2.8.58)
PDE a1+ a3+ y*+ 22+ 22
The autonomous system exhibits the following symmetries:
{z1, \ v, u} = {—z1, =\, —v,—pu}, x93 — —x9, y— -y, z— —2z. (2.8.59)

Hence, without loss of generality, we confine our exploration to solutions with positive values for
Z2, Y, and z, along with non-negative parameters A and v, while leaving x; and p unrestricted.
Under these conditions, we obtained the isotropic solutions (G) and (NG), as discussed in
section 2.8.2. Additionally, we identified two potential anisotropic accelerated solutions, named
(DE1) and (DE2). The variable values at these points are presented in Table 2.1. Notably,
point (DE1) aligns precisely with the anisotropic accelerated solution discovered in Ref. [5] for
the quintessence model. This correspondence is expected since x5 = 0 is an automatic solution
to (2.8.49), reducing the system to a case where ¢, is absent. On the other hand, point (DE2)

corresponds to a clear generalisation of point (N'G), considering anisotropies.

85



30F ‘ ‘ w ‘ 3 10 — : . ——— . —
2.5F ol
6
N 150 D
1.0F 4l
0.5F
2L
0.0L . : : ‘ . ! . . :
0 200 400 600 800 1000 600 800 1000 1200 1400
H p

Figure 2.8.2: (Left) Existence region of the point (DE1). The dashed lines represent A = 1/2p
for some values of p. Viable solutions [wpg ~ —1 and ¥ small as in Eq. (2.8.60)] within the
string theory requirements (A = /2p) imply u > X. Note that the value of v is irrelevant
for the existence of this fixed point since z5 = 0 in (DE1). (Right) Stability region of (DE1)
considering p > A\, A = /2p and v = \/% in the approximated expresions for the eigenvalues
m,.e in Eq. (2.8.62). We can see that this point can provide viable anisotropic accelerated
solutions adjusting the values of i to the given discrete value of p.

Fixed Point (DE1)

In left panel of figure 2.8.2, we plot the existence region for (DE1) considering that
—1 < wpg < —0.98, —0.001 < X <£0.001, (2.8.60)

where the bounds for ¥ are within the constraints given in Refs. [142, 143]. We also plot three
lines denoting the values of A for p = 1, 2, and 3. We see that in general, the existence of
anisotropic accelerated solutions in agreement with observations require A < p. Under this
condition, we see that

2\ A 2

w=wpg~ —1+22 a2 2.8.61
Wefr WDE + 3/1 3'u 3M2 ( )

Also, it is possible to estimate the eigenvalues of the Jacobian matrix in this point. We get

2\ A+ 2v o) 37\
m~—4+—, m~-3+ y AR 3= o R 5 5 (2.8.62)
p 7 21 2 2p
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From the latter expressions, we can estimate the attraction region of (DE1), i.e., the region

where 7, ¢ < 0. We get two branches depending on the sign of p:
p<0: {\<=3u/7, v>0} w>0: {A<2u, 2v<3u— A} (2.8.63)

However, when we consider the parameter space for viable cosmological solutions [Eq. (2.8.60)],
the positive branch is dynamically selected and g > A implies that the cosmological interesting
attraction region is delimited by

> 2v/3. (2.8.64)

Notably, when A = v/2p and v = /2/p, we observe in Fig. 2.8.2 that (DE1) serves as an
accelerated attractor of the system, for some values of p within the range expected from string
theory and large values of p. For instance, for p = 1, the viable cosmological attractor require
i 2 496. This can be physically interpreted as the vector field interaction, controlled by pu,
playing a crucial role in inducing a slow-roll behavior in the multifield configuration evolution,
despite the presence of a steep potential. Additionally, it becomes evident that the ¢y field
assumes a secondary role, not only due to its null contribution at the fixed point but also
because an increase in its interaction, controlled by v, tends to destabilise the fixed point. This

destabilising effect is discernible from the behaviour of the 7, eigenvalue of the Jacobian matrix.

Fixed Point (DE2)

From the expressions in Table 2.1, we see that for (DE2) to be a cosmologically viable point,

i.e., wpg ~ —1 and ¥ small [see Eq. (2.8.60)], we require v > A. Under this condition, we get

wegx—l%—g, E%—l—l—%%—i—%% (N_V) . (2.8.65)
Hence, the admissible solutions for any u dismiss the values A = /2p and v = \/% stem-
ming from string theory. Nevertheless, in the subsequent analysis, we extensively survey the
parameter space of this novel solution, allowing for arbitrary values of these parameters.

Concerning (DE2), the eigenvalues of the Jacobian matrix manifest as highly intricate ex-
pressions, rendering an analytical approach challenging to implement. Consequently, we opt
for a numerical assessment of the real part of the eigenvalues of the Jacobian matrix at these
points, employing a methodology akin to that proposed in Ref. [6].

The numerical methodology can be succinctly encapsulated in the following manner. A
large number of random points is sampled within the parameter space {\, v, u}, and the fixed
points are assessed at these locations. Subsequently, only the parameter sets corresponding to

real-valued fixed points are retained. The eigenvalues of the Jacobian matrix are then computed
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Figure 2.8.3: Attraction regions of the points (DE1) (blue) and (DE2) (red), for A € [0, 3],
and {v, u} € [0,500]. The solid lines correspond to the boundaries of the u = 2v//3 plane, ruling
the (DE2) attractor points. This is further supported by projecting onto the {v, u} plane in
the right panel.
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Figure 2.8.4: Similar to Figure 2.8.3 but considering a smaller parameter region to perform
the random sampling, namely, {\,v, u} € [0,10]. All the (DE2) attractors are near the plane
i = 2v/3 but not necessarily into this plane as it seems in Figure 2.8.3. We corroborated that
the overlap between blue and red points is merely due to the projection onto A, and that a
proper bifurcation manifold between (DE1) and (DE2) exists in the complete parameter space

{\ v, 1}

for these specific parameter sets, and those associated with attractor solutions are selected. In
figures 2.8.3 and 2.8.4, we show the result of this procedure when applied to the points (DE1)
and (DE2).

In Fig. 2.8.3, we explored the parameter space by varying A from 0 to 3, and {v, u} from 0 to
500. The left panel of the figure illustrates that all the blue points, corresponding to locations

where all eigenvalues evaluated at (DE1) are negative above the plane u = 2r/3. Conversely,
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the red points, indicating positions where all eigenvalues at (DE2) are negative, align with the
plane described by p = 2v/3. This observation is further supported by analysing the projection
of the stability regions onto the {v, u} plane, as depicted in the right panel of Fig. 2.8.3.

To assess scenarios where all parameters are of the same order, we conducted a more fo-
cused sampling within the parameter space, specifically {\, v, u} € [0,10]. The outcomes are
presented in Fig. 2.8.4. In this case, the projection onto the {v, u} plane reveals a mixture
of attractor locations between (DE1) and (DE2). However, this should be expected since we
are considering a projection while there is a mild dependency on A\. We numerically corrobo-
rate that a proper bifurcation manifold exists in the complete parameter space {\, v, u}. We
also notice that (DE2) attractors (red points) are situated near the plane u = 2v/3, but not
necessarily into this plane as it seems in Fig. 2.8.3.

Intriguingly, the attractor nature of (DE2) emerges at points where the anisotropy is natu-
rally suppressed, i.e., u ~ 2r/3, while, simultaneously, exhibits a late-time accelerated phase,
implying A\ < v, as evident from equation (2.8.65). However, this observation also implies that
the parameter p, which governs the gauge dynamics, should be finely tuned in relation to scalar
couplings controlled by v, while also resulting in a subdominant contribution of the vector field
to the dark energy budget.

This final observation leads us to the conclusion that, although both (DE1) and (DE2) can
portray a scenario explaining the current observations, (DE2) is much less likely to occur com-
pared to (DE1) when the complete model is taken into account. This is evident in figures 2.8.3
and 2.8.4, where the parameter space for (DE1) is significantly larger than that for (DE2).

Another way to understand the unlikely nature of (DE2) comes directly from the solution

of the equations of motion which for ¢, and A* read
Vi (f2(2)VFiga) =0, V, (h*(¢1)F*) = 0. (2.8.66)

Indeed, for homogeneous fields in the context of the Bianchi I spacetime and a vector field as

given in Eq. (2.8.39), yields the solutions:

—4o0
Cpy . cp€e

by = —22 A= ———, 2.8.67
’ a’ f2(¢1) ah?(¢) ( )
with ¢y, and cy4 integration constants. Consequently, the corresponding density contributions

of these fields to the first Friedman equation are given by:

A2eto 1
a7 a2 (gr)

PN % s ea= 5100

N | —

89



At late-time the systems approaches the fixed point and gﬁl ~ 0, thus the scalar field ¢; reaches
its asymptotic value and the coupling functions f(¢;) and h(¢;) also stabilise at constant values.
Therefore, it can be concluded that pg, o< 1/a® while p4 o< 1/a*. Considering the rapid decay
of py,, two main observations can be made: i) scalar fields can exhibit stiff matter behaviour,
dominating the Universe’s energy budget at very early times before the radiation-dominated
epoch, and i) at late-times the contribution of the vector field to the total density consistently
supersedes that of the scalar ¢o. Hence, (DE1) describes the most natural asymptotic evolution
of the system, while (DE2) corresponds only to a marginal option needing some degree of fine-

tuning for its viability.

2.8.4 Vector field from supergravity

We have already mentioned the possibility of including some dynamics from gauge symmetries
when contemplating a potential contribution to the scalar dynamics from the D-term scalar
potential. Indeed, it is expected to have such, and to be general enough, we might also include
the dynamics of the vector fields themselves. As before, we consider only the simplest case
of a U(1) sector, different from the one already included for the D-term scalar potential, as a
non-vanishing D-term contribution implies a gauge symmetry breaking for the corresponding
sector.

The minimal setup will include a pure gauge U(1), which can be justified by the absence of
charged particles in the effective theory; that is, the charged sector turns out to be heavy

compared with the energy scale involved in our studies. The general pure gauge sector in
SUGRA is given by [266]

1 1 -
Lo =/~ (—ZReUAB)F;‘VFW 7 ZIm(fAB>F;‘;FWB> , (2.8.60)

where the gauge kinetic function f4p is a holomorphic function of the chiral superfields, and
F,, and FW are the usual field strength and its dual. The main outshot extracted from this
structure is the possibility of having field-dependent gauge couplings, once the gauge kinetic
function is not trivial, and a clear connection between the kinetics term and the theta term,
i.e., the gauge coupling and the axion are superpartners. As before, we consider a diagonal
metric in the gauge sector, fap x d45. Moreover, for homogenous field configurations, like the
ones we are dealing with, the pseudoscalar term vanishes. Then we end up with a Lagrangian

of the form .
Lyan = —v/=g7Re (f (@) Fu F*™. (2.8.70)
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As advertised when dealing with the D-term scalar dynamics, gauge kinetic functions in super-
string compactifications are naturally linear in the moduli fields, i.e., f = ¥/Mp. Thus, once

the canonical normalization is done, s = MpeV2/P#1/Me
1 5
‘Cgau = —4/ —gie 2/p¢1/MPFuUF“V_ (2871)

Therefore, an exponential dependence on the scalar field ¢, is inherent in an effective field theory
originating from string theory, providing a rationale for its inclusion in the preceding analysis.
However, aligning the parameter p with the microscopic result yields p = —\/2/p = —v.
Unfortunately, this falls beyond the attractor region for both fixed points, (DE1) and (DE2):
firstly, as this requires positive values for u; additionally, all parameters are anticipated to be
of the same order, whereas an accelerated expansion scenario necessitates substantially small
values of A\ compared to p and v in each case; finally, achieving the relation p = 2v/3 appears
challenging given the precise expression from string compactifications.

Unfortunately, this non-isotropic backgrounds have not been the primary focus of investi-
gations in superstring constructions. However, during the 1990s, several works emerged that
delved into the direct solution of the equations of motion of the superstring sigma model with
background fields [285, 286]. These endeavors sought to address the question of what types of
solutions are consistent with non-zero background fields in the vacuum.

Probably the first exploration of such a possibility was the work by Kaloper [287]|, where
anisotropic spaces with a constant dilaton were discovered, albeit exhibiting a recollapse cos-
mology. Subsequently, possible homogeneous solutions that included a non-trivial 3-form field
(H field) have been classified. These identified a specific class representing spaces with 4
non-compact dimensions akin to Bianchi spaces. Similar studies and results can be found
in [288, 289], and [290]. Notably, the latter work, in particular, incorporated a background
with B field, H = dB, and no H as a background. Interestingly, it found that under these
circumstances, an expanding universe is only possible in the anisotropic case. The inclusion
of non-trivial moduli also presents solutions with this characteristic, as found in [291, 292].
Non-isotropic solutions to the beta functions, now including 2-loop ' corrections and cases
with central charge deficit, were also found recently in [293, 294], confirming the existence of

non-isotropic solutions.

String 4D effective actions

The primary challenge in establishing a connection between superstring theory and reality lies
in the complexity arising when transitioning from a ten-dimensional description to an effective

four-dimensional theory. Although there exist only five consistent descriptions in ten dimen-
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sions, obtaining an effective four-dimensional theory leads to an exceedingly diverse situation.
For instance, in the context of type II flux compactifications, the estimated number of 4D vacua

059 [295]. In such circumstances, formulating general statements applicable

is on the order of 1
to model building seems nearly impossible.
Nevertheless, the insights provided by four-dimensional AN/ = 1 supersymmetry allow for the
extraction of valuable information from the universal sector of the ten-dimensional effective
theory. This approach was pioneered by Witten in the realm of Heterotic string compactifi-
cations [296] (see also [297]). Supersymmetry dictates that the low-energy spectrum must be
invariant under translations and SU(3) rotations of the six compact dimensions.

The starting point is the bosonic ten-dimensional action [298], working with dimensionless

fields:

1 1 !
Sio == [ d"z(~G)"2e7** | R —2(0¢)* — =|Hs|* — S | FI? ), (2.8.72)
2k7, 2 4
where va/ = ¢, denotes the fundamental string length controlling the world sheet perturbative
expansion, and k19 = 5(27)7a/* represents the reduced ten-dimensional Planck mass.

Following the described procedure and disregarding the gauge sector, the dimensional reduction

yields:
S = ! d4 vV —g R — 26 (25 (‘9“05 — —1 464 H 2
4 2mP2 * s ! 26 | 3|
__1 ~i3 kz a q 7a“~7 + a B 78“37 2 8 13
29 g ( u3ie gjk w2l jk) ) ( $O- )

where, k3 = k2,e*® /V; represents the 4D reduced Planck mass, m3 = 1/ky, and

¢1=0¢ — %ID(VE/O&B), (2.8.74)

where Vj is the compact manifold volume, H; = dBs, and ¢ is the compact manifold metric,
assumed to be a Calabi-Yau manifold, thus denoted as a 6D complex manifold with indices
i =1, 2, 3. In four dimensions, the dual description of the By field is achieved by a real scalar
field:

1
HWP = ———_Migmvrmy) o (2.8.75)
V=9

Defining chiral superfields with lower components:

S =e 4o (2.8.76)
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and

the non-gravitational part in (2.8.73) can be expressed as the kinetic component of a N' = 1
SUGRA theory. The Kéahler potential is given by:

kK = —In(S+5) — In [det(T + T)] (2.8.78)

The fields Tj; are the Kéhler moduli, distinctly associated with the geometry of the internal

dimensions. A specific scenario arises when these are diagonal, and all terms are equal, i.e.,
T;; = TY;5, leading to:

kel = —In(S+S) —3In(T' + 7). (2.8.79)
In the context of string theory, where the only free parameter is the string length, gauge
coupling is expected to emerge as expectation values of functions of the fields. This is reflected
in field-dependent kinetic functions for the gauge fields. In the context of heterotic string
theory, the gauge group is fixed in ten dimensions, explicitly either as SO(32) or Eg x Es.
The latter holds great appeal as it encompasses the typical grand unification groups, namely,
SO(10) and SU(5). Generally, compactification to four dimensions involves the breaking of
gauge symmetries, resulting, in general, in additional Abelian factors, in addition to any groups
contained within the Standard Model. Explicit examples are presented in [299-301]. In this
case, the coupling constant is universal and related to the dilaton, ¢4, as evident from the gauge

term in the action:
1 _ v l ning
/ d'z/—g (—56 201505 F 4, F1 P — §a5ABF/;VF“ B) , (2.8.80)
such that the gauge kinetic function is given by

fap = 50ap. (2.8.81)

Trying to reproduce our setup in a heterotic scenario the pure U(1) sector can be easily obtained
from the hidden Eg sector of the 10D theory after the compactifications. Let us now examine
the Kéahler sector in Calabi-Yau compactifications. As mentioned earlier, Kdhler moduli are
linked to the geometric properties of the compact manifold, specifically to the volumes of four-
cycles denoted as 7. These volumes are defined through the Calabi-Yau manifold volume, V,

which is, in turn, a homogeneous function of degree 3 in the volumes of the two-cycles, t,.
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Thus, 7 =V, , and the relation is expressed as:
t,m" =3V. (2.8.82)

Type IIB compactifications exhibit an approximate no-scale symmetry in the Kéhler sector,
albeit broken by o’ corrections [302|. This implies that the associated Kéhler potential becomes

independent of those for other fields, leading to the relation:

K/ KYEK; =3, (2.8.83)
Consequently, this results in a Kéahler potential given by:

kK = —=2InV. (2.8.84)

Subsequently, we recover the Kihler moduli part in (2.8.79) with V = 7%/2 = (T +T)*2. While
neglecting the o/ corrections can be initially justified in a large volume approximation, mixings
with the axio-dilaton are expected in other scenarios.

Moving on to gauge dynamics in type II superstrings, they are encoded either in D-branes or
the Ramond-Ramond sector. For our focus, we consider the former case. The dimensional

reduction of the Dp-brane action combines a Dirac-Born-Infield contribution:

Sbp, DBI = —up/ e~?y/det(G + B — 2na/F), (2.8.85)
Dp
with the brane tension given by up = (a/)~®+1/2/(27)P, and a Chern-Simons term:

Sppsc = up/ > Cytr e E, (2.8.86)
Dp q

The involved fields are the pullbacks of the metric, G, and NSNS 2-form, B, on the Dp-brane
worldvolume, the C™ RR forms, and the worldvolume gauge field strengths, F. The expansion
up to the second order in F' of the DBI action leads to:

o) 3-p)/2
SDp,DBI = /d4x #VEGQ&FL& + -, (2887)

where Vs, = Vol(Il,_3) is the volume of the cycle II,_3 in the compact dimensions, with dimen-

sionality p—3, allowing the brane to wrap around it. Hence, apart from the dilaton dependence,

also encountered in the heterotic string case, the gauge couplings additionally depend on geo-
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metrical quantities:
() 3P)/2

D=

Vee ™. (2.8.88)

The Chern-Simons action contributes to the imaginary part of the gauge kinetic function:

Sbpsc = /
I

The specific dependencies are situation-dependent, and explicit expressions are generally not

Cps / d*z tr (FF). (2.8.89)

p—3

feasible. However, in specific situations like compactifications on tori, it is possible to demon-
strate, for instance, that the gauge kinetic function for D7-branes, appearing in type IIB string

compactifications, on 4-cycles is given by:
2 f; = NS + M T;, (2.8.90)

with 7T} representing the Kihler moduli associated with the volume of the 4-cycle, and N
and M being products of a pair of magnetic fluxes and a pair of wrapping numbers, i.e.,
products of integers, respectively. Therefore, both the axio-dilaton and the Ké&hler moduli
generally appear in the gauge kinetic function in type IIB string compactifications, exhibiting
a dependency similar to the one employed in the work. For more detailed descriptions and
involved constructions with analogous results see for instance [303-309].

Now, to ensure decoupling from the visible sector, it is imperative that the D-brane carrying

our U(1) field is positioned away from the branes supporting the standard model.

2.8.5 Conclusions

Our study delved into the cosmological implications of a simple yet versatile string-inspired
model for dynamical dark energy. The model, rooted in a chiral modulus, exhibits common
features in superstring compactifications, including a logarithmic Kéhler potential, a modulus-
independent superpotential, and a modulus-dependent gauge kinetic function in a pure gauge
sector. This formulation results in a 4D model featuring two scalar fields and an abelian U(1)
vector field, coupled through non-trivial kinetic functions, and governed by a scalar potential
— all displaying an exponential dependence on only one of the fields. These choices prompted
a comprehensive three-parameter dynamical analysis. The study reviews previous results in
which one of the fields plays a spectator role, and explore a novel situation where the interplay
of all three fields is in the game.

In the scenario where the vector field assumes the role of a spectator, we observe a reduction

to the case studied in Ref. [256]. Here, the interplay of two fields with non-geodesic trajec-
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tories in the scalar manifold gives rise to a quintessence attractor point, characterized by a
steep potential. However, achieving correct values for cosmological parameters necessitates the
coupling parameters to lie outside the preferred values derived from superstring string theory
constructions.

The introduction of a non-trivial contribution from the vector field inherently results in a
preferred spatial direction, prompting the consideration of a Bianchi-I background space-time.
Although such a structural choice for non-compact dimensions is unconventional in string con-
structions, positive outcomes from direct examinations of string sigma models suggest not only
its potential relevance but also its potential natural appearance in superstring compactifica-
tions. In this context, the model manifests a quintessence attractor fixed point, that we called
(DE1), where the axionic scalar component assumes a trivial value—a scenario previously in-
vestigated by two of the authors in Ref. [5]. In this particular instance, achieving alignment
with the observed values and bounds for the equation of state parameters and shear necessitates
a coupling with the vector field significantly stronger than the dynamics originating from the
scalar potential.

This intriguing result aligns seamlessly with the swampland condition, as the dynamics from
the vector field facilitate a slow-roll dynamics along a geodesic trajectory for the scalar field,
despite its steep potential. In a broader context, this outcome extends the well-known results
from non-geodesic trajectories in the scalar manifold, as formally discussed in Refs. [247, 248],
and has already found application in various multifield scenarios.

Under these circumstances we analyse the cosmic evolution, which can be summarized as
follows. An initially isotropic radiation domination epoch is followed by a matter domination
period. Then, late accelerated expansion is driven by dark energy which also source anisotropies
within current observational bounds [142, 143|. Another key feature of our dark energy model is
the ocillating behavior of its equation of state. This feature has been found in other models [122]
and thoroughly explained in [5].

A second and novel fixed point (DE2) is also under consideration, where all three fields
actively contribute to the dynamics. Remarkably, the system naturally accommodates this
configuration, and the attractor quintessence point is realised for parameter values that are
concurrently consistent with a small anisotropy. Intriguingly, the region hosting the attractor
dynamics, marked also by accelerated behaviour, resides within a parameter space where the
dynamics of the scalar fields are finely tuned to that of the vector field. However, this fine-
tuning implies this attractor is significantly more constrained compared to the parameter space
for the fixed point (DE1). In other words, it represents a much less probable scenario compared
to the fixed point discussed above as can be seen in Fig. 2.8.3. We numerically corroborated

that cosmological dynamics stay around (DE1), even in the case when the parameters A, v,
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and p are choice in the attraction region of (DE2), which is all around the plane p = 2v/3.

Unfortunately, in all the scenarios presented by the system, the parameter space required,
either from stability requirements or cosmological observations, falls outside the suggested
range from superstring compactifications. Specifically, in all four cases (two isotropic and
two anisotropic attractors), a mandatory hierarchy for the coupling parameters is essential
to obtain the correct value for the effective equation of state parameter and demonstrate a
late accelerated epoch. In contrast, string compactifications naturally yield values of the same
order. Additionally, for (DE1) and (DE2), achieving an attractor nature is only possible if the
exponentials related to the kinetic coupling have the same sign in their exponents, whereas
string compactifications are likely to produce exponents with opposite signs. Therefore, our
findings intensify concerns about a top-down approach to constructing cosmological models for
dark energy [310, 311]. The simplest realisations struggle to replicate a viable expansion history,
and even more complex models, though anticipated from a UV completion theory, might face
similar challenges. However, it could be worth exploring configurations involving non-abelian
gauge sectors, where input from the vector field dynamics might aid in realizing an accelerated
late epoch.

To assess the generalizability of our findings, it is imperative to consider various correc-
tions. These encompass quantum corrections to the Kéhler potential (e.g., [302, 312]), non-
perturbative deformations of the superpotential (e.g., [296, 313, 314]), quantum corrections
to the effective Lagrangian following Supersymmetry breaking [315], and thermal corrections
(e.g., [316-319]). These factors have the potential to significantly influence the dynamics of
the system. Despite the prospect of these modifications, we maintain our anticipation that
our primary concern regarding the improbable region in parameter space holds true on general

grounds.

97



CHAPTERS3

Modified Gravity Theories

3.1 Introduction

In order to address the problem of the Universe late-time accelerating expansion two paths
are usually followed in alternative models to ACDM. On the one hand, it is expected that
new kinds of matter with the right properties (e.g., a negative equation of state w < —1/3)
will be discovered in laboratories. These exotic matter fields are collectively known as dark
energy (DE). On the other hand, General Relativity (GR) might require modifications despite
its success |95, 96|, making plausible to consider modified gravity (MG) theories (for a review
on DE and MG models see, for instance, [320]).

A number of popular DE and MG models (e.g., f(R), Brans-Dicke, kinetic gravity braiding,
quintessence, k-essence, etc.) can be nicely encompassed in a unified framework put forward by
G. W. Horndeski in 1974 [321]. The generalisation of covariant Galileons led to the rediscovery
of Horndeski’s theory which ever since got a lot of attention [322-324]. The theory constitutes
the most general Lorentz-invariant extension of GR in four dimensions considering non-minimal
couplings between the metric tensor and a scalar field, restricting the equations of motion to
being second order in the derivatives of the field functions. Although recent measurements
of the propagation speed for gravitational waves severely reduced the Horndeski Lagrangian
[102, 103, 325-331], remaining degrees of freedom are well worth an investigation.

Vector fields are also present in nature and it is plausible that they might be related to a late-
time accelerating universe [1-3, 100, 114-121, 125, 332-340]. After a successful construction of
consistent theories for general scalar-tensor interactions, it was shown that a similar procedure
can be worked out for vector-tensor interactions, known as generalised Proca theories [259-
263|. It turns out that more general theories having second-order equations of motion and
simultaneously including a scalar field and a vector field, namely Scalar-Vector-Tensor (SVT)
theories, were also found [140, 264, 341].

Construction of cosmological models is as important as model testing because in this way

we can decide about plausibility of different theories for describing nature. Testing cosmological
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models is not a trivial task and besides the huge effort dealing with astrophysical measurements
(e.g., instruments design, data pipelines), it also requires development of software to compute
theoretical predictions for a given model. Boltzmann solvers are codes widely used in cosmology
nowadays and they have become fundamental for model testing. These codes allow to not
only compute the background evolution of a cosmological model, they also solve the involved
differential equations governing the evolution of perturbations. CAMB [342| and CLASS [343]
are two popular Boltzmann codes which focus on linear order perturbations’ and compute
observables such as the CMB angular power spectrum and the matter power spectrum, and
thus make possible testing cosmological models against data sets.

There are in the literature a number of works where CLASS and CAMB were modified to include
cosmological models differing from ACDM. For instance, MG models have been implemented
by using functions parameterizing deviations from GR (i.e., u(a, k), v(a,k)) in MGCAMB [345-
347]; by solving the full system of differential equations for a given model as in FRCAMB [348];
by exploiting an Effective Field Theory approach as in EFTCAMB [349, 350]; by using to good
advantage a gauge invariant formalism in the framework of an equation of state (EoS) approach
for perturbations in CLASS [351, 352]. A remarkable step for the investigation of alternative
cosmological models was the development of Hi-CLASS [353| which implements Horndeski the-
ories and, without using neither sub-horizon nor quasi-static approximations, solves differential
equations for linear order perturbations. This was indeed not a trivial task due to the high
number of degrees of freedom in the theory.

It turns out that by using an Effective Fluid Approach? things can become easier when
implementing f(R) and Horndeski theories in Boltzmann solvers [356, 357|. Quasi-static and
sub-horizon approximations can be applied to these kinds of theories so that a fluid description
is achieved for the effective DE fluid. Fairly general analytical expressions for the equation of
state wpg(z), sound speed ¢} p(z, k), and anisotropic stress mpg(z, k) enable a relatively easy
implementation of these kinds of theories in CLASS. Interestingly, this effective fluid approach
leads to no significant loss of accuracy when compared to the exact computation of observables

in Hi-CLASS and agrees pretty well with other approaches such as the EoS [357-359].

!Non-linear corrections are usually taken into consideration via fitting functions such as HALOFIT [344].
2For an effective fluid description of MG see, for instance, Refs. [354, 355].
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3.2 Perturbations in a General Dark Energy Model

3.2.1 General Setup

In GR, gravitational interactions are characterized by the Einstein-Hilbert action
1
Spr = /d4x\/—g {2—R+ L‘} : (3.2.1)
K

where k = 87Gy, G is the Newton’s constant, g is the determinant of the metric g,,, R is the
Ricci scalar, and £ is a Lagrangian for all matter fields. On cosmological scales, the Universe
is approximately homogeneous and isotropic [39]. Hence, its geometry can be described by the

flat perturbed FLRW metric that in the Newtonian gauge reads
ds® = —{1 +2U (z, ) }dt* + a(t)*{1 + 29 (z, t) }d;;dz"da?, (3.2.2)

where a is the scale factor, and ¥ and ® are the gravitational potentials which depend on both
the spatial coordinates & and the cosmic time ¢. The dynamics is encoded in the Einstein field
equations

G', =rT", T = (p + P)utu, + P", 4+ 3* (3.2.3)

where G*, is the Einstein tensor, 7" is the energy-momentum tensor which is given in terms
of the density p, the pressure P, and the velocity four-vector u# = (1 — U, %), with v* = a(t)1?,
and a trace-less anisotropic stress tensor ¥#,. The components of the energy-momentum tensor

are given by
T%=—(p+dp), T)=a(t)(p+P)ikyw, T';=(P+56P)d;+%", (3.2.4)

where p and P are the background density and pressure, 6p and P are their respective pertur-
bations, v defined from v; = ik;v is the velocity perturbation, k; is the wave-vector in Fourier

space.

3.2.2 Background and Perturbations

Since we are interested in the late-time cosmological dynamics, we assume that the cosmic
fluid is solely composed by pressure-less matter and a dark energy component with equation
of state Ppg = wpgppe, where wpg depends on time in general. This model is known as
wCDM, and ACDM can be viewed as the particular case when wpg = —1. For the background
metric in Eq. (3.2.2), the unperturbed Einstein field equations (3.2.3) give rise to the Friedmann
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equations
K

: KR
g (ﬁm + ﬁDE) ) H = _5 [ﬁm + ﬁDE(1 + wDE)] ) (325)

where H = a/a is the Hubble parameter. The linearized Einstein equations read

H? =

k—2q>+3H<<b—H\p)—f(5 + FpEdoE) (3.2.6)
a2 _2pmm PDEODE ) , 2.
= (cb . H\If) - —ga G + Pop(1 + wpr)fpE) | (3.2.7)
. . . ) k? K
b+ H (3@ . \11) - <2H +3H ) Ut o (P4 0) = — S0P, (3.2.8)
k2 3K
2 (©+ W) = 7/7DE(1 + WpE)ODE, (3.2.9)

corresponding to the “time-time”, longitudinal “time-space”, trace “space-space”, and longitudi-
nal trace-less “space-space” parts of the gravitational field equations (3.2.3), respectively. In
the later equations we have defined the following quantities: the perturbation over-density or
density contrast § = dp/p, the velocity divergence 6 = ikiv; = —k?v, and the scalar anisotropic
stress (5 + P)o = —(kik; — £6,;)%9, where k* = k&' and k; = k;/k. We have assumed
that matter is also pressure-less at first-order (§F,, = 0) and that it has no anisotropic stress
(om =0).

The conservation of the energy-momentum tensor, namely V, 7%, = 0, impose the following

zero-order continuity equations for matter and DE

pm +3Hpy, =0, ppg+3H(1+ wpr)ppe = 0. (3.2.10)
At linear order we have: ”
O = =30 — = 3.2.11
i (3.2.11)
vV, k2
Vi = ——=+4+ ——0U, 3.2.12
a + atH ( )
; , Vor 3
5DE = —3 (1 + 'l,UDE) @ - _a2H - a (CiDE - wDE) 5DE7 (3213)
VDE k? k2 2 k2

VDE7 = (1 — 3wDE) — + 6DE + (1 + ’LUDE) (3214)

2H" T 32H

where we have defined the scalar velocity V' = (1 + w)6, the sound speed ¢? = %—];, and the

a2H sDE

anisotropic stress parameter T = 2(1 4+ w)o.*

In brief, to know the evolution of the large scale structure inhomogeneities of the Universe

3A quote denotes a derivative with respect to the scale factor.
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requires to solve the coupled set of differential equations given by the Einstein equations and

the continuity equations, both at background and at linear order.

Background and linear perturbations in Conformal Time

Typically, the perturbations equations are worked either in cosmic time, or in conformal time.
Both time variables are related by d¢ = adn. In the following, we will provide the background
and perturbation equations in conformal time for completeness.

Now, assume a flat, linearly perturbed FLRW metric that in the Newtonian gauge reads
ds* = a(n)® [—{1 + 29 (x,n)}dn* + {1 + 20(x, n) }6;;dz'dz’] (3.2.15)

For the FLRW metric (3.2.15) the unperturbed Einstein field equations read

K K _
H? = §a2 (Pm + PDE) H = —gag (Pm + PpE + 3PpE) | (3.2.16)

and describe the background evolution. In Eqs. (3.2.16), H = a'/a is the conformal Hubble
parameter, and a prime denotes derivative with respect to conformal time.

Now, we regard linear perturbations to the Einstein field equations and work on the New-
tonian gauge (3.2.15). We find

SH(HT — &) — |20 = —gaz (O + POEODE) | (3.2.17)
K (M = ') = Za® [pnbun + (Poe + Pos) o] (3.2.18)
2
/ !/ / " K
—@(QD +U)+ (2QH +H) ¥+ H (P —20) - " = §a25PDE, (3.2.19)
2 3K o, D

Conservation laws for energy and momentum lead to a couple of differential equations governing
the evolution of linear perturbations. If the energy-momentum tensor for our general fluid is

conserved, it satisfies V, 7% = 0, specifically,

& =—(1+w)(0+30)—3H (2 —w) 4, (3.2.21)
w’ c?
0 = —H(1 —3w)d — 0+ ——k*§ — k*0 + K*U, (3.2.22)
14w 14w
where the equation of state parameter is defined as w = P/p, and the sound speed as

2 =6P/op. From Eqgs. (3.2.21)-(3.2.22), it becomes clear that when the equation of state
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crosses —1, problems emerge because there is a singularity. The trouble can be solved by a
variable transformation: we use the scalar velocity perturbation V = ik/T Oj /p = (1+w)b
instead of the velocity divergence 6. In terms of this new variable the evolution equations
(3.2.21)-(3.2.22) are

’ ) V 3 2
§==-314w)d — = (2 —w)$, (3.2.23)
, V K, k2 2 k2
where we define the anisotropic stress parameter m = g(l + w)a and a quote ’ denotes a

derivative with respect to the scale factor.

3.3 Scalar-Vector-Tensor theories

3.3.1 Introduction

Although SVT theories encompass both Horndeski and generalised Proca theories, and there-
fore might have an interesting, new, richer phenomenology, they have received little attention
thus far in the literature. In fact, as far as we know, there is no public Boltzmann code where
SVT theories be fully implemented so that their phenomenology can be investigated in detail
[360]. This is a major disadvantage for model testing because we cannot compare theoretical
predictions against astrophysical measurements, hence seriously decide about viability of al-
ternative cosmological models. In this work we show that SVT theories can be mapped into
an effective fluid so that their phenomenology can be investigated through Boltzmann solvers
such as CLASS. We apply quasi-static and sub-horizon approximations to SVT theories and
find fairly general analytical expressions for the quantities defining the effective fluid, that is,
wpg(2), ¢ pp(z, k), and mpg(z, k). Our approach can be useful to carry out further investiga-
tions, for instance, on general EDE and Relativistic Modified Newtonian Dynamics (RMOND)
models 335, 362].

3.3.2 Scalar-Vector-Tensor Theories

In this section, we introduce the most general SVT Lagrangian. Let us consider

6 5
L=+ L+ L, (3.3.1)

=2 1=2

4While in this work we focus on DE, SVT theories have also been studied in inflation (see, for instance,
[361]).
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where terms £5T represent the scalar-tensor interactions, and terms £3VT denote the scalar-
vector-tensor interactions.
A scalar field ¢, a vector field A

through the Lagrangians £3V7T taking into account interactions with a broken U(1) gauge sym-

u, and the gravitational field g, interact with each other

metry. The Lagrangians for SVT interactions read

‘C§VT :f2(§07X17X27X37F7§/17}/2aYE’))a (332)
‘C§VT = f3(§07X3)gMVSMV + f3(¢7 X3)AMAVS;W7 (333)
LT = fule, Xs)R + fax, (0, X3) {(V,A")? = V, A,V A} (3.3.4)

LV = fi(p, X5) GV, A + ME'V, V0 + NSy,

— é foxs (0, X3) {(V, A" = 3(V,A")V,A, VAP + 2V ,A,NTAPV A}, (3.3.5)
ﬁg’VT = fo(sp, Xl)L“”aﬁFWFaﬁ + fG(% X3)L“”O‘5FWFQB

+ MEPY N oV, V g0 + NP S 08,5, (3.3.6)
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o¢
with respect to a scalar . Let us define the different terms involved in Eqs. (3.3.2)-(3.3.6).

Firstly, note that the kinetic term of the scalar field ¢, the coupling between ¢ and the vector

where we have used the simplified notation g = for the derivative of any free function g

field A,, and the quadratic term of A, are defined respectively by
__1 1 __1 1 __1 1
Xl = —§Vugpv ©, X2 = _§A”v @, X3 = —514#14 . (337)
Secondly, the antisymmetric strength tensor F},, and its dual F" are constructed from A, as

F=V,A, -V, A, F"=

w =

1
55wﬁFaﬁ, (3.3.8)

where e#e8 = %, e"# is the Levi-Civita symbol. Thirdly, using F,, we can construct the

Lorentz invariant quantities

1
F=—=F,F",
4
Y) = VoV, 0FFFY Yy =V, 0A,F*F"  Yy= AAF'F", (3.3.9)

which vanish in the scalar limit when A, — V,m, 7 being a scalar field. Note that quantities

in Egs. (3.3.9) carry the intrinsic vector modes in the Lagrangian £5VT. Fourthly, in £3V7T we

104



find a symmetric tensor constructed from A, as
Sw=V,A,+V,A, (3.3.10)

Fifthly, note that the intrinsic vector modes in Lagrangians £3VT and £5V7T are carried by the

tensors M and N given by
ML = Ghs prefrve - N = Ghs foue oo, (3.3.11)

ME"P =2 fox, (0, X)) F™ FP - NP = = fox, (9, X0) F* F*7, (3.3.12)

1
2

where

" = hs1 (0, Xi)gpo + hs2(0, Xi)V oo Vo + hss(0, Xi) ApAg + hsa(, Xi) A Vo, (3.3.13)
ggg = }NL51 (907 Xi)gpa + iL52<‘;07 Xz)vp(pva(p + }NL53(907 Xi)ApAU + ;L54(907 Xi)ApVUQO7 (3314)

are effective metrics containing possible combinations of g,,, 4,, and V,p, and X, is a short-
hand notation for the set {Xi, X5, X3}. Finally, the double dual Riemann tensor is defined
as

LvaB — e,ul/PCfgﬂéﬂWSRpaw' (3315)

| =

Scalar-tensor interactions are taken into consideration in Eq. (3.3.1) through the Horndeski

theory
L5" = Ga(p, X)), (3.3.16)
L5" = —Gs(p, X1)Op, (3.3.17)
EET = G4(S07 X1>R + G4X1 (907 Xl) {<D90>2 - v‘uvy@vyv‘ug&} ) (3318)
L1 = Gs(p, X1)G"'V V0 (3.3.19)

1

5 Goxi (0, X1) {(@p)’ — 3(0p) VWV, V"' Vi + 2VHV,0VIV 0V V 0} .

In Egs. (3.3.2)-(3.3.6), Eqs. (3.3.13)-(3.3.14), and Eqs. (3.3.16)-(3.3.19), all the f;, fi, hs;, hsi,
and G; denote free functions.

Although in its most general form the theory (3.3.1) has several free functions, it got sig-
nificantly constrained by the discovery of gravitational waves [103, 325-331, 363-368|. In the

next subsection we explain it with more details.
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Remaining SVT theories

In this paper we restrict ourselves to the FLRW metric. Our matter fields will also respect
constraints on homogeneity and isotropy, thus we will regard a scalar field and a vector field

with the following configurations

p=pn)+op(x,n),  Ay=(Ao(n) +5A(z,n),0Ai(x,n)). (3.3.20)

By using definitions in Eqs. (3.3.7)-(3.3.15), it is relatively easy to show that up to first order

in perturbation theory

F,=0, F"=0, (3.3.21)
which implies
F=Y,=0, M = N =0, M = N#wob =0, L"FF,,F.z=0. (3.3.22)

As aresult, Lagrangians (3.3.2)-(3.3.6) get reduced. In particular, £3VT becomes fa(¢, X1, X2, X3),
in £5VT the terms involving the matrices M and A vanish, while the Lagrangian £5V7 fully

disappears.

Speed of gravitational waves

Taking into consideration the full Lagrangian of Horndeski theory [see Egs. (3.3.16)-(3.3.19)]
and the remaining parts of the Lagrangians (3.3.2)-(3.3.6), we can obtain the propagation speed
of gravitational waves through the computation of the evolution equation for tensor modes. For

this calculation, the perturbed metric reads
ds* = a*(n) [—dn® + {0;j + hij(z,n)}da'da’] , (3.3.23)

where h;; are the tensor modes. Using the metric (3.3.23), and the configuration for the fields
in Eq. (3.3.20), we compute the gravitational field equations for the tensor modes up to first
order. We get

(h)" + @H +3r) (hE) + Gk*R: = 0, (3.3.24)

where v is a drag term due to the expansionary dynamics and

12,11

AZALf5x AdfsxaH A ! Gs,0"? Gsx, He'® Gsx 9%
f4_oo 3_’_G4+03_0f5¢w_5¢¢_’_ 1 . 1

2 2a4 2a4 2a2 2a2 2a4 2a4
2 = 3.3.25
T fa— Adfaxy + Gy — AdfsxyH + Aofspy’  Gax, ¢ + Gsp@?  Gsx, He'® ( )
4 a? 4 2a4 2a? a? 2a? 2a4
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is the speed of gravitational waves, which agrees with the result presented in Ref. [264]. As
previously mentioned, observations indicate that the propagation speed of gravitational waves
is practically the speed of light. If we want general SVT theories to satisfy the constraint ¢z = 1

without fine-tuning,” the following free functions in the general Lagrangian have to fulfill®
fa= fa(p), fs =constant, G, = G4(p), G5 = constant. (3.3.26)
Consequently, the remaining SV'T theories are given by

ﬁSVT = fQ(SO,Xl,XQ,Xz),

L3VT = f3(p, X3)g" S, + fa(ip, X3) AP AYS,,,,
L5T = —G3(p, X1)Oep,
ﬁiT = G4(§0)R

3.3.27
3.3.28
3.3.29
3.3.30

— — ~— —

and the complete Lagrangian reads
L=L3""+ o5V + L5 + .5t (3.3.31)

Note that the Lagrangian £37 is contained in £3V7T, while £5§VT is taken into account in £37T.
Since G5 and f5 are constants, the Lagrangians £5VT and £ET are total derivatives. As a result
LEVT and L5T are disregarded in (3.3.31); they do not contribute to the dynamics. In the next
sections, we focus on the cosmological implications of the Lagrangian (3.3.31). In order to
avoid very long expressions within the main text, we provide our results in terms of coefficients

defined in the appendices of the corresponding accompanion reference [8].

Equations of motion

Varying the action for the Lagrangian in Eq. (3.3.31) with respect to the metric g"”, we obtain

the gravitational field equations

3
> gl + Z =3 ,j,j”, (3.3.32)

=2

5In Bayesian statistics models that have to be finely tuned to fit the data are penalised by the Occam factor
[369].

6For the choice (3.3.26), the drag term ~7 vanishes, and we get the usual wave equation for a mass-less field
hi; propagating at the speed of light A =1
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while varying with respect to the scalar field ¢, and the vector field A, we get

Z Ji+ Z_: Ki=0, Z Ay =0, (3.3.33)

respectively. The terms G\, J;, and A" (> are associated with the SVT Lagrangians LoVT
(i = 2,3), while 7 and K; are associated to £5T (i = 3,4). The expressions for these terms
can be found in the appendices A.1, A.2, and A.3 in Ref. [8].

The background equations of motion are obtained after replacing the unperturbed FLRW
metric, and the zeroth-order part of the scalar field and the vector field [see Egs. (3.3.20)] in
Egs. (3.3.32) and (3.3.33). For the gravitational field equations, due to rotational invariance,

only the “time-time” equation and one of the diagonal “space-space” equations are needed, i.e.

3 4 3 4
i i 1, m 1, i i 1 _
DG Ty A = 5T = 5a%Pa, D GH Ty AT =T =0, (33.30)
1=2 =3 =2 =3

where T; 1(1”) = 0 since we have assumed that matter is a pressure-less fluid. For the scalar field

and the vector field we obtain

3 4 3
Y Ti+Y Ki=0, Y A =0, (3.3.35)

where AO(Z-) = A, since only the time component of the vector field has dynamics at the
background level. The expressions for Q(()g) and %g) are found in Appendix B.1, Qﬁ) and Jfg(f)
in Appendix B.2, those for J;, K; and A; in Appendix B.3 of Ref. [8].

Before discussing the linear perturbations of the model, we want to mention that our results
differ from those in Ref. [264] due to the choice of the vector field profile. In Ref. [264], the

homogeneous vector field is chosen as
A, = (N(t)Ao(t),0,0,0), (3.3.36)
where N (t) is the lapse function, which is defined in the background metric as
ds* = —N2(t)dt* + a®(t)6;;dr'da’. (3.3.37)

The choice (3.3.37) implies that X3 = A2/2, and thus the variation of £3VT with respect to
N will yield no terms with fox,. Furthermore, the Lagrangian £5V7" will not contribute to the

first Friedman equation. In our case, these terms do appear in the first Friedman equation, as
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can be scen in Appendix B.1 of Ref. [8], where fay, can be found and G is not zero. Having
clarified this aspect, let us discuss the first order perturbations of the theory.

Since we are only interested in scalar perturbations, we take just the scalar part of the
perturbed spatial component of the vector field in Eq. (3.3.20), namely, 6A;(x,n) = 0;¢(x,n),
where ¢ (x, n) is a scalar field. Having this in mind, the linear perturbations of the gravitational

equations are given by

o’ o k? k2 0A k?
a a a a a a
P’ oy’ 0A om Vin
0=Ci—+ 02790 + O + Cudip + Cs == + Ot - aka , (3.3.39)
P ) " P’ 5 / g k? /{Z2
0=Bi— + By"2 + By— + B," + By— + By 5 + (37—2 + 3%) 5p (3.3.40)
a a a a a a a
k2 OA] 0A
+ <BS—2+39) ¥+ Bio 20 + By—,
a a a

corresponding to the “time-time”, longitudinal “time-space”, trace “space-space”’, and longitu-
dinal trace-less “space-space” parts of the gravitational field equations (3.3.32), respectively.
Here, dp,, and V,, are the density perturbation and the scalar velocity of matter, respectively.

The evolution of linear perturbations for the scalar field, for the temporal component, and

for the spatial component of the vector field are obtained from (3.3.33), respectively giving

(I)// ) " (I)/ A / \I// k}2

0=Dy— + D" 4 Dy— + D, "> 4 Dy— + (D7—2 + D8> P (3.3.42)
a a a a a a

2 k2 SA! A 2
+ <D9§ - mj) 5 + (Dw? + Dn) U+ Dyy a20 - DBTO + Dia ¥,

(N PO A 5A k2

0=Fo + B s BY B2 R B (3.3.43)
a a a a a ac a
v A

0= Hi— + H,"> 4+ Hy ™0 +H4%. (3.3.44)
a a a a

All the coefficients in the first-order equations (3.3.38)-(3.3.44) can be found in Appendix C of
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Ref. [8].

3.3.3 The effective fluid approach

In this section, we show that it is possible to rearrange the equations previously obtained,
in order to define an effective dark energy fluid.” First, note that an equation similar to the
gravitational field equations
DE
G =r (T3 + T, (3.3.45)

can be obtained in SVT theories if we define the energy-momentum tensor of dark energy as

3 4
Gy — 2 <Z Gl + Z%jﬁ‘)) . (3.3.46)
=2 =3

Then, we can extract an effective dark energy density and pressure as

(DE)
T,

Il
I

7(DE)

_ 1
_ _ 4oo o (DE)
PDE = a2 s PDE = @tr T‘ij s (3347)

yielding to

02 faxy | Ao¥ fox, n Abfaxy | 2400 f3p 245 fs, PG,

poe = —J2 + a? + ) a? a? + a? at a?
_ 6A3fax,H 6ASfsH N 30°Gax, H  69'GayH  6G4H? N 3H? (3.3.48)
a* a* at a? a? ka2’ e
= 2A2AL fax, 2400 fa,  2A2ALfs  @"Gax,  ©?Ga,
Foe = fo I 2 & - a - a2
N 2¢" Gy N 20" Gy B 243 fax, H B 2A3 fsH N ©?Gsx, H N 2¢0'GyH
a? a? at at at a?
2G H? 2 4G H' 2H’
L 2oaHT W AGAH 2R (3.3.49)
a? ka2 a? Ka?

which allows us to characterize the effective dark energy fluid by its equation of state parameter
wpg = Por /ppe. The background evolution is governed by the usual Friedman equations in
Eq. (3.2.5).

First-order variables may also be extracted from the energy-momentum tensor in Eq. (3.3.46).

"Effective quantities are also studied in Ref. [370].
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In general, we obtain expressions with the following structure:

oppE = (-
0 Ppg

D0 ()0 ()T ()R ()R (- )0A + ()Y (3.3.50)
L O L O L S L
)P+ (:
$)op +

+

c )" 4 ()0 Ay + (- )IA], (3.3.51)
()0 + (- )+ () + (- )0Ag+ (- ). (3.3.52)

(-
(-
(-

However, the expressions in (---) are cumbersome and it is worthwhile to look for ways to
simplify them. Firstly, the quasi-static approximation (QSA) allows us to consider the gravita-
tional potentials ® and ¥ as nearly time-independent functions during the matter dominated
epoch, in such a way that any time derivative of these potentials can be neglected. Secondly,
we assume the so-called sub-horizon approximation (SHA) where only modes deep inside the
Hubble horizon are physically interesting, i.e., k> > H2. Under these approximations time
derivatives acting on perturbations variables and terms of order H xperturbation can also be
neglected.® For example, applying the SHA in Eq. (3.3.42) we may simplify the coefficient Dy
as

20"Gsx, ¢ Gaxix, P?CGapx,  2¢'Gax, M

Dyop = ( —fxi -3 " +26Gs, - —; 2
BGax M
+ ' 3)i1X1 )590
a
2 //G i /2G /2G
~ (_ S S Lk S 1 9Gy, Lt 2.5k ag’“’xl) 5o, (3.3.53)

where we neglected terms of order Hdop. We apply the QSA and the SHA to the linear gravi-
tational field and scalar field equations [Eqgs. (3.3.38), (3.3.40), and (3.3.42)] to obtain

k? k? k2

0= Ay 5+ A0 + Ar—0) — dpu, (3.3.54)
k’2 k;2 k2

0= B6—<I>+B7—530+Bg 2\IJ (3.3.55)
k2 k? k2 k?

0= D7—(I) + (Dga— —m ) (S()O + D]O—\If + D14 2¢, (3356)

where we had into account that in some models the mass m, of the scalar field may play a
significant role in the past, given that m, > H (e.g., quintessence). For the perturbed vector

field equations of motion (3.3.43)-(3.3.44), we only apply the QSA and neglect derivatives of

8See the appendix in Ref. [100] for a detailed explanation of QSA and SHA approximations.

111



the fields obtaining
v 5A
0=F—+ F4—“0 By~ 4 Fyms ™ (3.3.57)

v
0=H—+H" 4 ;o Hy =t Hy. (3.3.58)

If we also applied the SHA to Eq. (3.3.43), we would obtain that the only relevant term would
be ]Z—§¢a yielding the trivial solution ¢ = 0. In that case, the gravitational field equations and
the scalar field equation will not be affected by the presence of the vector field; the system
would be reduced to that of Horndeski theory which was already studied in Ref. [357]. Note
however that our set of equations (3.3.54)-(3.3.56) agrees with results in Ref. [357] [see their
Egs. (91)-(93)] when the vector field vanishes.

Applying the approximations as explained above, we get five algebraic equations (3.3.54)-
(3.3.58) that we solve for the five perturbation variables W, ®, dp, 6 Ay, and 1. We obtain

W1+W2
k4W3 + k2W4+W5

dp =

0 A WG + 5 E Wy + Wy Wg + Wi

= 0 ms %D_
a §—2W3 + %Wz; + Z—;W5 P k6W3 + k4W4 + k2W5

k? K aWn+ 5 ik SWia + Wis k2 W14 + WIS + Wis

Yo_a Spm, o — — 5o, 3.3.59
a? k4W3+ Wy + Wy P a? W3+ W, + Ws g ( )

where we took into account that some of the perturbations coefficients are related (see Appendix
C of Ref. [8]),

Ag B6 Bg, D10 == A5, D7 - B7, D14 - HQ, A7 Hl, FG H3 (3360)

The coefficients W; (i = 1,...,15) are given in Appendix D of Ref. [8]. Actually, we could have
four dynamical degrees of freedom. From Eq. (3.3.58), we could retrieve § Ay and insert it in the
approximated linear equations, thus reducing one dynamical degree of freedom. Nonetheless,
the procedure we follow might be clearer since the mentioned reduction yields results for &, ¥,
¢, and ¥ much more complicated to handle.

From the expressions for the potentials in Eq. (3.3.59), we can characterize deviations from
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GR by defining the gravitational slip parameters

n = V4o ’;—i(Wn — W) + ’;—3(% — Wis)
B d ];—iW11 + ];_in + W13
¢ ﬁ—iWn + %Wm + Wis

VTE -5 = 3 ; (3.3.62)
v ];—4W14 + ];_2W15 + Wis

, (3.3.61)

where the GR case corresponds to n = 0 and v = 1. Note that the expressions of the gravita-
tional potentials can be written as Poisson-like equations if we define parameters Geg and Qg
such that 12 ey 2 .
E\IJ = _EG_N(Spm’ ECID = §Qeﬁ‘5pm. (3.3.63)
These parameters also characterize modifications to gravity. The GR case corresponds to
Get/Gy = 1, and Qg = Gy, with ® = —W. 1In the case of SVT theories, as shown in
Eq. (3.3.41), the presence of the scalar field prevents both potential to be opposite. Hence,
anisotropic stress in SV'T theories is sourced solely by the scalar field whenever the function
G4(¢) is not a constant. Note that, under this scheme, generalised Proca theories do not admit
anisotropic stress.
As we will show below, the parameter Geg largely determines the evolution of the growth
of matter perturbations. Using the QSA and the SHA in the Eqgs. (3.2.11) and (3.2.12) for

matter we get

v, Ve k2
i~ — = D, 3.64
Om = Vm el (3.3.64)

Therefore, differentiating the equation for ¢’,,, inserting V", in that derivative, and using the

Poisson equation for ¥ in Eq. (3.3.63), the evolution equation for §,, will be given by

3 H’((l)) 7m( ) 3 QmOGefF/GN = 0. (3365)

T+ (2 05 ) Onl0) - SO

Hence, by solving Eq. (3.3.65), we can determine the growth factor. We will work out a fully

numerical solution of Eq. (3.3.65) for a specific Geg obtained from our designer SVT model.
In what follows we will consider perturbations to the effective dark energy under QSA

and SHA in two cases: i) non-vanishing anisotropic stress mpg; ii) G4 = constant and hence

vanishing anisotropic stress mpg = 0.

SVT theories with non-vanishing anisotropic stress

Now, we apply the QSA and the SHA to the quantities in Eqgs. (3.3.50)-(3.3.52). We proceed as
follows. Since the QSA breaks down due to rapid oscillations of the scalar field [357], we use the
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trace-less “space-space” equation (3.3.41) in order to solve for dp in terms of the gravitational
potentials. By differentiating (3.3.41), we can also solve for the derivatives of d¢p, also applying
the QSA and the SHA at the end of the differentiation. For instance, for the first derivative we
get

o' = —%gp’&p — (U + D). (3.3.66)
4

This is the reason why we discriminate models with and without anisotropic stress: since
(G4 = constant when anisotropic stress vanishes, Eq. (3.3.66) would diverge. When we deal
with models having a non-vanishing anisotropic stress we can then replace the potentials using
the Poisson equations in Eq. (3.3.63), leaving all the expressions in terms of dp,,. We obtain

z—gzl +§—222+ Z—§Z3+Z4 1 Z_§Z8+%ZQ+§_§Z10+ZH

5pD = 5pma 5PD = ms
B B s+ 57+ 527, 3% Bz 4Bz +Ez

_ k! ? 2 k2
appEy, 213+ @2+ Zis s BoETDE = k? (Wi — W) + (Wis — W12)5p
— VbE = ms  PDETDE = —5 ms

k? B Zs+ 5272+ 52, a? EWs + EW, + W

| BZs+5Zy+ 5210+ 2
Cg,DE _ a6 %8 ax 49 a2 <10 11 (3367)

3Z12 (’;—221 + ];—:ZQ + Z—§Z3 + Z4 ‘
The coefficients Z; (i = 1,...,15) are presented in Appendix E.1 of Ref. [8]. Due to the presence
of the anisotropic stress, the sound speed in Eq. (3.3.67) does not fully determine the stability
of sub-horizon perturbations. This can be seen by solving Eq. (3.2.21) for 6 and substituting
the result (and its derivative) into (3.2.22). Doing so, we obtain the following second-order

equation for o

8"+ (1 — 6w)HS + 3H (i—i) +3[(1 = 3w)H* + H'] (%P - wd) — 3HwW')
= —3(1+w) [CD” + (1 — 3w+ 71””/%) H@’] —k? {(1 +w)W + 5TP — gw] . (3.3.68)
w p

where we have used the relation ™ = %(1 +w)o. For sub-horizon modes, the last term factorized
by k? in Eq. (3.3.68) is the relevant term which determines the stability of perturbations.
Since the potential scales as U ~ 1/k? for these modes, therefore, the stability of sub-horizon
perturbations is driven mainly by an effective sound speed defined as [371]

2 2 _zﬁDEﬂ'DE
Cseff = CsDE 3 0pon

: (3.3.69)

Thus far the discussion has been quite general, providing analytical expressions for the field
perturbations dp, dAg, 1, and the potentials ® and ¥ in Eqgs. (3.3.59). Now we want to test

114



our equations against known results in literature. Here, we only present the results for f(R)

theories. More examples can be found in Ref. [8].
e f(R) Theories

Through a conformal transformation, f(R) theories can be seen as a theory for a scalar field
non-minimally coupled to R. This theory will be contained in SVT theories if we do the

following identification

RF — f R 1 F 1
fo= =5 fo=—%, fee=—3p CGi=3, Gu=g3 (3.3.70)

where F' = fr = \/kp, Fr = frg; unspecified derivatives and free-functions are set to zero, and
we have assumed k = 1. Replacing (3.3.70) in Eqgs. (3.3.48)-(3.3.49), we get the well-known

expressions for the density and pressure of DE in f(R) theories:

2

appE = —“7 +3H2 + 3FH — 3HF, (3.3.71)
2D &2f 2 ! / "
aPDEZT—(l—l-QF)H — 24+ F)YH +HF + F". (3.3.72)

Under the QSA and the SHA, replacing the above functions [Eq. (3.3.70)] in Egs. (3.3.59) we

get for the perturbation variables

Fr
Sp=—L Spn, 6Ag=0, =0,
¥ F + 3’;—;FR P 0 w
F+42F F+28F
U= T L P @ s5p. (3.3.73)

2B P2 + 65 F Py 2B 6k FRy

Since ® # — W, the slip parameters are not constants and Eqs. (3.3.61) and (3.3.62) become

25 Frp Fi2klp
N=——t o Y= g (3.3.74)

F+25FR F+4 5 FR

The effective DE perturbed quantities in Eq. (3.3.67) take on
5905 = (1-F)F+(2- 3F)’;—§F36p spo 1L 2k Fp + 155 FpF" + %W@
DE — 2 ms DE — 5~ 2 m>
F(F + 35 Fp) 3F 3L Fp+ B F
_ 1 (F 465 Fg)F’ _ K Fr

ppEVDE = ( ) Pm; PDETDE = ¢ 0P (3.3.75)

2F F 43R, F? + 35 FFy
These results are in perfect agreement with those reported in Refs. [356, 357, 372].
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SVT theories with vanishing anisotropic stress

If the DE anisotropic stress vanishes, then ® = —V and from Eq. (3.3.41) G4 does not depend
on the scalar field. For the sake of simplicity, we assume G4 = 1/2k so that £5T in Eq. (3.3.30)
equals the Einstein-Hilbert Lagrangian. Applying these assumptions in Eqgs. (3.3.50)-(3.3.52)
as well as the QSA and the SHA, we get

S VLTV EY AV LA Y Y
DE = m s DE — 5 ms
Y, + 1 + 21, 3BV, + EYp+ B
apor,, gVt Vi + Vig P s:s 1 3% + Vio (3.3.76)
DE = m;  CsDE = o ' s
B2 EY; + By, + By, PRV RNt Bt

The coefficients Y;, (i = 1,...,14) are presented in Appendix E.2 of Ref. [8]. Next we present
the results for the quintessence model and encourage the interested reader to refer to [8] for

other examples.
¢ Quintessence

The typical Lagrangian of a quintessence scalar field can be recovered by defining

1
f2 =X - V((,D), f2ga = _V<,07 f2g0g0 = _Vgogoa Gy = 57 (3377)

while any other function vanishes, and x = 1. Using the definitions (3.3.77) in Eqgs. (3.3.48)
and (3.3.49) we get the usual density and pressure

por =X1+V, DPop=X,—V. (3.3.78)

The full perturbations in Eqs. (3.3.50)-(3.3.52) are simply given by

90, 5 90, 90/2
= Vel — T2,

/ /

5@ g0/2
a2 —{—V@(SQD— ?\Ij, (SPDE =

(3.3.79)

dppE =

'6 0PpE
opEVDE = kzaflw, g = ——.
PDE VDE a DE 3 poE

Note however that, under the SHA and the QSA, Eqgs. (3.3.76) provide simplified expressions

(3.3.80)

12

5PDE = 5PDE = ;’;I{Pépm, ﬁDEVDE = 0, ci,DE =1. (3381)

These results agree with those reported in Refs. [357].
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3.3.4 Designer SVT

For the SVT theories regarded in this work, Eqgs. (3.3.67) and (3.3.76) represent analytical
expressions for the effective DE perturbations under the QSA and the SHA. General SVT
theories have several free functions (i.e., fo(p, X1, Xo, X3), f3(p, X3), f3(g0, X3), Gs(p, X1), and
G4(p)) which could be useful for unravelling conundrums in the standard cosmological model.
In this section, we will show an example of how our effective fluid approach to SVT theories
makes it possible to design a cosmological model matching the background evolution in the
ACDM model while having non-vanishing DE perturbations. We will designate this model as
SVTDES.

Designer procedure

To begin with, note that using the Leibniz rule, the general equation of motion for the scalar
field in the left-hand side of Eq. (3.3.33) can be recast as

Vi, =Ky, (3.3.82)
where

Ju = (= fax, + G3x,00 + 2G3,) V.o + G3x, V. Xy

1 -
+ (_§f2X2 — 230 + 4X3f3gp) Ay, (3.3.83)
Ky = fop — 24,V  fa, — 2fs, (A, VFA” + AVVFA)) A, + 4X3A,VH fs,
+ VHG3,V 0 + Gu,R, (3.3.84)

where [ = V,V” is the usual Laplacian operator. Substituting the background configuration
for the fields [see Eq. (3.3.20)] in the Eq. (3.3.83), we find that only the temporal component

of the current J, does not vanish

— IHSOI / 1 A(Q) r
Jo=Jm) = —fox, — S?ngl +2G3, | ¢ + —§f2X2 — 2f3, + 2§f3¢ Ay, (3.3.85)
and satisfies the differential equation

J +2HJ + a*K, = 0. (3.3.86)
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When K, = 0, the solution of Eq. (3.3.86) is simply

J(n) = = (3.3.87)

)
a2

where J. is a constant. If J. = 0, then the system is on the attractor solution. If J. # 0,
then the system is out of the attractor and interesting phenomenology might emerge. We will

assume that J. is small, and as we will see later, it will serve as a parameter tracking deviations
from ACDM.

Avoiding fine-tuning of the functions, the term K, can be zero if we demand

for =0, fa,=0, f3,=0, G3,=0, Gy, =0, (3.3.88)

which implies that the remaining SVT free-functions must be of the form

fo=fo(X1, X0, X3), f3=f3(Xs), f3=f3(X3), Gs=Gs(X1), Gy= constant.
(3.3.89)
From now on we will assume G4 = 1/2 and x = 1. Note that conditions (3.3.88)-(3.3.89) on
the effective DE density (3.3.48) and pressure (3.3.49) yield an effective DE equation of state

fot (f3X3+f3) (2A2A/ _ 21437'[) +(p BH — o /2)G5X1

—f2 + ¥’ f2X1 + Aoy’ f2X2 + A3 f2X3 643 H(fSXg + f3> 3¢’ iixlﬂ
Since G4 is a constant, Eq. (3.3.41) implies ® = —W, or in other words, we are designing

a model with no anisotropic stress. Note that using the conditions (3.3.89), we can rewrite
the Friedman equation [left-hand side of (3.3.34)], the equation of motion for the scalar field
[Egs. (3.3.85) and (3.3.87)], and the equation of motion for the vector field [right-hand side of
(3.3.35)], respectively as

H? 0Qmo 1 2 2 2
0= "+ H—5 — o fot X = 2 Xy fox.
+ e 3f2 T3 Lfax, + 3 2fax, + 3 3.fax,
U .
+ 2\/§Xf’/2;G3X1 —4v2x;/ — (f3X3 + f3) , (3.3.91)
Je H 2
0=-5—6Xi—Gsx, — V2X{" fax, - gXé/QfZXQ, (3.3.92)
H N\ V2

= —V2X," fox, + 12X5— <f3X3 + f3> - 7X11/2fzx2, (3.3.93)

where we have defined the density parameter of matter Q,,0 = pno/3HE; pmo is the density of
matter today and Hy is the Hubble constant. In Eqgs. (3.3.91)-(3.3.93) we replaced the fields ¢’
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and Ay by the variables

B 90/2 B S0/ AO _ A(Z)
T 202 TP 2227 TP 202

We are interested in a particular model in SVT theories whose background evolution matches

identically that of ACDM, where the Hubble parameter is given by

Xi (3.3.94)

H? = a*HE(Qmoa™ + Qpo), (3.3.95)

where (2,0 is the density parameter of dark energy today. From Eq. (3.3.90) we can see that
Jaxs + fg =0, G3x, =0, and f; = constant imply wpg = —1 as in the standard cosmological
model. In this case, the vector field equation of motion (3.3.93) is trivially satisfied while from
Eq. (3.3.92) we see that the scalar field is on the attractor solution J. = 0. Furthermore,
the Friedman equation (3.3.91) and its solution for ACDM (3.3.95) allow us to determine
fa = —3HZ2Q¢. Such a model has vanishing DE perturbations. Next we will show that there
exists a SV'T model matching ACDM background while having non-vanishing DE perturbations.
For SVT theories assuming Eq. (3.3.89), in general ppg depends on X;, X,, and X3, and
thus from the Friedman equation (3.3.91) we see that H might also be also a function of these
terms, i.e., H = H(X1, Xo,X3). We can consider a further simplification, by noting that
X2 = X, X3 up to first order in perturbations, therefore we can assume fo = fo(X;, X3) and
H = H(X1, X3). These assumptions imply fox, = 0 and using Eqs. (3.3.91)-(3.3.93) we find

JV2X{? [H?
fQ(Xl, Xg) = —3H§QAO + Q—Ol |:m — QAO:| y (3396)
m 0
J.H? JQno 2V2HJ. X, *Hy,
fox, = vy P 7 70 (3.3.97)
2V2H J, X|*Hy,
2 J.Hy,
Gsx, = =3 20, (3.3.99)
- 1J.X"H
faxy + fa = L fo (3.3.100)

25,1/2 )
3 X3P H2000
where we have used the expression for the Hubble parameter in the standard model H? =

HZ(Qmoa™3 + Qpp). We can now assume that the Hubble parameter can be written in terms of

X; and X35 as
X\ "X\
H(X,X3)=Hy | — — 3.3.101
o= () () 33100
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where n and m are constants. Note that the units in the previous expression are correct,
given that [X;] = [X3] = HZ. For the sake of simplicity, we further assume f3; = 0 which in
turn defines f; from Eq. (3.3.100) and keeps alive the vector interactions in the model.” From
Eqs. (3.3.96)-(3.3.101) it is possible to obtain expressions for fa, fox,, foxs» Gsx,, f3 in terms of
X7 and X3. In order to close the system, we assume that X; and X3 depend on H as
X0 X30

X1 - ﬁ’ X3 — E, (33102)
where [X1o] = H?™?, [X3] = H™, p and q are constants. Thus, the problem of finding a model
in SVT theories with the same background as ACDM is reduced to find an appropriate set of
parameters {n, m,p,q}. From the effective DE density (3.3.48) and Egs. (3.3.95)-(3.3.102) we

obtain

ppE = 3HFQp0

4\/§H2(m+n)j 0 w O nptma=1
+ 0 { mo QAO:| (1 — {ang + QAO] ) . (3.3.103)

ng a3
so that for
np +mq =1, (3.3.104)
the model matches the ACDM background evolution, while having non-vanishing perturbations:
ﬁDE = 3HgQA0, pDE = _ﬁDEa WDE — —1. We choose
1
n=1 m=-2, p=2  q¢= -, (3.3.105)

2

as a suitable set of parameters yielding manageable expressions for the perturbations in Eq. (3.3.76).
Then, the choice (3.3.105) defines our SVITDES model

X0\ 7/ X5\
(Fg) (Fg) ~ ol S=0

1/2~X71X2 S0x ) 2 x5\
i () () 27 (%) ()
fa = 375 o, Gax, = - - G

V2HJ X,

= —3H;Q
f2 0tda0 + O

1
=5 (3.3.106)

where J = J,/H, is dimensionless. The equations of motion for the scalar field (3.3.92) and
the vector field (3.3.93) are trivially satisfied for the SVTDES model. Having defined the

9Under the conditions (3.3.88), the cubic interactions of SVT theories are present at the first-order level only
through the combination fsx, + f3. See Appendix A of [8] where the perturbations coefficients in Eqgs. (3.3.38)-
(3.3.44) are shown.
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background evolution for the SVTDES model, we will focus on the evolution of perturbations
which are defined by the coefficients Y; in the Appendix E.2 of [8]. The non-vanishing Y; for
the SVTDES model (3.3.106) are the coefficients Y1, Ya, Y3, Vs, Vs, Yz, Yo, Y11, Yo, which yield

22

OppE X 56— v (Smo + a*no)
284 5 96a
3H? | = — 5pm, (3.3.107
* 12000 + 20430,y T 10 (k2 Sak? + 273H2 Q0 + 336a3HgQAO)] pms )

aH2J5pp,
6PDE ~
3V2k2Q0+/a (o + a3Qno) (8ak? + 273 HZ Qo + 33603 HZ Qo)
X [13Qn0 (8ak? + 615HG Qo) + 4a®(8ak? + 3669 H Qo) a0 + 5952a° HF Q3]

(3.3.108)

B 16\/§aH0j5pm
320290 + 20a3Qp0) (8ak? + 273 HE Q0 + 336a® HZpo)

X (o (20ak® + 1161H Qo) + a® (8ak® + 1791HF Qo) Qao + 576a° HyQ3) |

o HR(2900 +206%0)
5DE 4 Qo + a®>Qo)

X (13Qumo (8ak® + 615H Qo) + 4a® (8ak® + 3669H Qo) Qa0 + 5952a° HF Q)
x [32a*k* + 396a Hok* Qo + 16965 Hy Q2
+ 36a® H3 (24ak? + 905 HZY0) Qa0 + 14400a° H3 O3, 7, (3.3.110)

where we have assumed .J < 1. We have replaced X; and Xj in terms of H using Egs. (3.3.102)
and (3.3.105), then H can be written in terms of a by using Eq. (3.3.95). It becomes clear that
dppE, 0 Pbg, and Vpg, vanish for J = 0, therefore we recover ACDM. In the following subsections,
we will explore the cosmological implications of the SVTDES model (3.3.106), always tracking
deviations from ACDM through the parameter .J.

Evolution of matter and dark energy perturbations

In this subsection, we numerically solve the differential equations in Eqgs. (3.4.12) and (3.4.14)
for matter perturbations, i.e., for d,, and V,,.

To begin with, we check the stability of DE perturbations. Since (G4 is a constant for the
SVTDES model, Eq. (3.3.41) implies that there is no anisotropic stress, and thus we do not
have to consider an effective sound speed. The sound speed of DE perturbations in Eq. (3.3.76)
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Figure 3.3.1: (Left) Evolution of the DE sound speed ¢y for the modes k& = 600H, and
k = 300H,. For the two values considered, we can see ¢}pyp is positive during the whole
evolution, and it gets greater values than those in the black solid line, which marks a rough
bound above which the SHA can be safely applied. (Right) Evolution of ,,, dpg, Vin/k?, and
Voe/k? (their absolute values) for J = 0.01. The other parameters used in this figure are
Qo = 0.3, Q0 = 0.7, and k = 300H,. The initial conditions are obtained from Eq. (3.3.116).

is the key quantity driving the stability of perturbations, and for the SVTDES model in the
Newtonian gauge it is given by the Eq. (3.3.110) which interestingly does not depend on .J. We
show the evolution of 2 b, as a function of a, for a few values of k, in the left panel of Fig. 3.3.1.
We would like to make some comments about the behaviour of ciDE. First, we can see that the
squared sound speed is positive during the whole evolution, assuring that our SVITDES model
avoids Laplacian instabilities. Second, the SHA indeed applies for modes well within the sound

horizon, i.e., for modes such that [340]
¢ ppk® > H. (3.3.111)

Therefore, the SHA breaks down for ciDE ~ 0. We can make a rough estimate of how small
¢2pg can be so that the SHA be justifiable. Since co-moving wavenumbers relevant to the
observations of large-scale structures lay in the range 30H, < k < 600H, [373], and it is
reasonable to assume that during matter domination H? ~ H3Q0a %, from (3.3.111) and
using k ~ 300H, we get

¢ipp 23 x107% ", (3.3.112)

which provides a rough bound for modes inside the sound horizon. In Fig. 3.3.1, the solid black

line shows the relation ¢, = 3 x 107%~'. We see that the values taken by ¢}y for the two
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values considered, namely, k = 600H, and k& = 300H, (blue dashed line and green dot-dashed
line, respectively), are higher than those taken in the black line, therefore, the SHA can be
safely applied.

Now, we focus on the differential equations (3.2.11) and (3.2.12) for matter perturbations.
For pressure-less matter we have w,, = 0, m,, = 0, and cim = (0. Hence, matter perturbations

equations read
Vin(a) Vin(a)  k* ®(a)
m = — 39’ y va:_—__ 5
a’H(a) (@) a a’? H(a)

)

(3.3.113)

The evolution equations for matter perturbations in Eq. (3.3.113) couple to the DE perturba-
tions through the gravitational potential ®. From Eqs. (3.2.17)-(3.2.18), we can eliminate ¢’

and obtain

a’ 3aH 3aH
®(a) = o2 {31T‘—I§QmOCL3 (5m + ?Vm> + PDE (5DE + 2 VDE) } : (3.3.114)

Since the background of the SVTDES model is equivalent to that of ACDM, the Hubble param-
eter is given by Eq. (3.3.95), and the density of dark energy is ppg = 3H30, hence (3.3.114)
is simplified to

3 12 3aH 3all
b(a) = 5—5 {Qmo (6m + ?Vm> + Qpoa’ <5DE + 73 VDE> } . (3.3.115)

In order to solve Eqs. (3.3.113), we need to determine dpg and Vpg. Our effective fluid approach
allowed us to find analytical expressions for the perturbations dppg and Vpg which for our
SVTDES model (3.3.106) are given by Egs. (3.3.107)-(3.3.109), respectively.
The initial conditions required to solve Eqgs. (3.3.113) are set by the following expressions
a?H?

6m,i = 62 a; (]. -+ SZk—ZU‘%)) s Vm,i == —61 H() QmO a3/2, (33116)

corresponding to the standard solutions of Eqs. (3.3.113) for d,, and V;,, in matter dominance,

i.e., assuming that H? = HZQ0a3.

The overall factor ¢§; is set to unity, and we choose
a; = 1073, ensuring initial conditions well within the matter epoch, right after decoupling.
The evolution of 4,,, V;,/k?, dpg, and Vpg/k* (their absolute values) are depicted on the
right panel of Fig. 3.3.1. Note that the velocity perturbation is u, which is defined through
u; = —0;u for scalar perturbations. The relation of the velocity perturbation to the scalar

velocity and the velocity divergence is V o< 0 = ik/u; = k*u, and then u oc V/k?.
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Figure 3.3.2: (Left) Deviations of Geg from Gy from decoupling to today for different values
of the parameter J. We can see that deviations from GR are only at late-times (occurring
around the dark energy transition at z &~ 0.3), and smaller for J ~ 0 as expected. Observe that
for J = 0.5, the difference between Geg and Gy is around 20% at the present time. (Right)

Evolution of fog(z) for the same values of .J shown in the left panel. In the case J = 0.5,
deviations of SVTDES from ACDM are fairly noticeable. For the SVITDES model gravity is
weaker than in the standard cosmological model leading to a less efficient late-time matter
clustering. Other parameters used in the figures are 2,0 = 0.3, Qx¢g = 0.7, 03 = 0.8, and
k = 300H,.

Solution for the growth factor

As explained in Sec. 3.3.3, under the SHA and the QSA, the parameter Geg plays an important
role in the growth of structure, as can be seen in Eq. (3.3.65). In this subsection, we explore
possible changes in the parameter fog within the SVIDES model due to variations in the
strength of gravity which are encoded in the parameter G.g.
From Egs. (3.3.59) and (3.3.63), we obtain the following analytical expression for G.g under

the QSA and the SHA

Gefr B Wi+ %Ww + W3

Y o

Gy EWs + EWy + W
where the coefficients W; are given in the Appendix D of [8]. Replacing the SVTDES model
[Egs. (3.3.106)] in the parameter Geg in Eq. (3.3.117), using the Hubble parameter of ACDM

given in (3.3.95), and assuming some values for the parameter J, namely, J = 0.01, 0.1, 0.5, we

: (3.3.117)

can numerically solve the differential equation for §,, in Eq. (3.3.65), where the initial conditions
are set as 0,,(a;) = a; and 0’,,(a;) = 1 for a value of the scale factor a; deep in the matter era
(a; ~ 1073). Other parameters used in the numerical solutions are 2,0 = 0.3, Qx0 = 0.7, and

k = 300H,. In order to compare with observations, from this numerical solution we compute
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Figure 3.3.3: (Left) TT CMB angular power spectrum for the SVTDES model (dashed lines),
and ACDM (dotted, red line). (Right) Linear matter power spectrum at z = 0 for the SVTDES
model (dashed lines), and ACDM (dotted, red line). While the CMB angular power spectrum
is almost identical in SVTDES and ACDM for small J, the matter power spectrum differs on
very large scales where SHA cannot be applied: for late-times and modes as large as k ~ 1074 h
Mpc=! QSA and SHA cease to be valid. These plots were generated by slightly modifying
CLASS, assuming n, = 0.9649, In10°A, = 3.044, h = 0.6736, w, = 0.02237, weam = 0.1200,
7 =0.0544, 3 m, = 0.06eV and J as indicated in the legend.

the fog function, which is defined as

fos(a) = og

ad m(ai (3.3.118)

Om(a=1)"
where og ~ 0.8 is the expected RMS over-density in a sphere of co-moving radius equal to 8h~!
Mpec, h being the normalized Hubble parameter. The results for the different values of J, aside
the ACDM case J = 0, are shown in Fig. 3.3.2. In the left panel of Fig. 3.3.2 we can see that
for J = 0.5, the modifications to GR, i.e., deviations of Geg from Gy, are fairly noticeable at
late-times. This difference translates to a weaker gravity when DE becomes relevant in the
cosmic budget, which leads to a different evolution of the growth factor. In the right panel of
Fig. 3.3.2, we plot fos(z) versus the data compilation from Ref. [374]. For J = 0.5, we can
see that fog for SVTDES has a strong departure from ACDM (black solid curve) indicating a
less efficient matter clustering in comparison with the standard model. Weaker gravity can be
helpful in understanding the discrepancy in Sg between low- and high-redshift probes. Gravity

strength also decreases for smaller values of the parameter J = 0.1, 0.01, but differences with
respect to ACDM are hardly significant.
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CMB angular power spectrum and matter power spectrum

Having studied the evolution of matter perturbations in the previous subsections, here we
present our results for the CMB power spectrum and the linear matter power spectrum. The
advantage of the effective fluid approach is that it allows a relatively easy implementation of
the SVTDES model in Boltzmann solvers. In its default version, Boltzmann codes usually have
already a DE fluid implemented and parameterised by an equation of state w, sound speed in
the fluid rest-frame ¢2, and vanishing anisotropic stress 7 = 0. In this work, we have computed
the effective fluid quantities describing fairly general SVT theories.

We chose to carry out the implementation of the SVITDES model in the Boltzmann solver
CLASS.!Y Since our model matches the ACDM  background evolution (wpg = —1) and has
vanishing anisotropic stress (mpg = 0), we decided to perform the smallest number of modifi-
cations in the code. It turns out that only one modification in the module perturbations.c
is required: i) the scalar velocity Vpg (3.3.109) modifies the equation for ®" in the function
perturbations_einstein.

The CMB temperature power spectrum and the linear matter power spectrum are shown
in Fig. 3.3.3. Perturbation equations were solved by using the cosmological parameters from
the 2018 Planck baseline result [39]: scalar spectrum power-law index ny, = 0.9649, Log power
of the primordial curvature perturbations In101°A, = 3.044, reduced Hubble parameter h =
0.6736, baryon density today wy, = 0.02237, cold dark matter density today weqm = 0.1200,
Thomson scattering optical depth due to reionization 7 = 0.0544, sum of neutrino masses in
eV > m, = 0.06, and some values of the SVTDES parameter J. We also plot the standard
ACDM results for reference. As it can be seen in the left panel of Fig. 3.3.3, the match in
the TT CMB angular power spectrum between SVITDES and ACDM is almost perfect. In the
right panel of Fig. 3.3.3 we can see that the agreement in the linear matter power spectrum is
also quite good for SVTDES and ACDM models. Nonetheless, for modes k ~ 107* — 1072 h
Mpc~! there is a departure from ACDM. Since we are working under the SHA and QSA, a big

deviation is expected on large scales and late-times where the approximations are not valid.

Sound speed in the rest-frame

When implementing DE fluids in CLASS, it is important to bear in mind that the code uses the
co-moving sound speed ¢2, i.e., the sound speed in the rest-frame of the fluid, which, in general,

is given by o ape
S 3.3.119
Cs 5pC? ( )

10Version v3.2.0
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where 0PY and §p¢ are the pressure and density perturbations computed in the co-moving
gauge. These quantities are related to quantities in the Newtonian gauge (the gauge where our
main results were derived) through the following transformation rules [375]

N N

0 _0
6p° = opN + ﬁ'ﬁ, §P¢ = 6PN + P’ﬁ, (3.3.120)

where the superscript N denotes a quantity computed in the Newtonian gauge. Therefore, the

sound speed in the rest frame will be given by

, 0PN+ PON/k?
6N+ pON k2

A

(3.3.121)

Since the background pressure and density of our SVITDES model are constants, we see from the
last equations that the sound speed in Eq. (3.3.110) is actually equivalent to the sound speed
in the rest frame. However, this is not the case in general. Let us take the quintessence field
as an example. Replacing the full perturbations (3.3.79)-(3.3.80) in Eq. (3.3.121), computing
the derivatives of ppg and Ppg in Eqs. (3.3.78), and using the relation " = —2H¢' — a?V,, we
find that

e =1. (3.3.122)

In this case, the result is equal to ¢}, computed under the QSA and SHA [see Eq. (3.3.81)] since
Vbe = 0 for this particular model, but it is substantially different to ciDE given in Eq. (3.3.80)
in the Newtonian gauge. Another interesting example concerns f(R) theories where, in general,
DE sound speed might depend on both time and scale. For instance, in Ref. [356] we can find
expressions [see their Egs. (61) — (68)] under QSA and SHA for the Hu & Sawicki model that
allow us to obtain ¢ # ¢} pp.

In summary, CLASS uses in their computations the sound speed in the co-moving gauge
which is related to the Newtonian gauge by Eq. (3.3.121). Therefore, for a specific SVT model,
we have to replace dppg, 0 Pbg, Vb = (1+wpg)fpr from Eq. (3.3.67) or Eq. (3.3.76) depending
whether or not the model has a vanishing DE anisotropic stress, and compute the derivatives
of the background density and pressure in Eqs. (3.3.48) and (3.3.49).

Numerical codes

Modified CLASS code reproducing results in this work can be found in the GitHub branch svt
of the repository EFCLASS. A large part of the calculations in this paper were carried out using
several Mathematica packages, like xPand. The notebooks showing these computations can be
found in the GitHub repository SVT.
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3.3.5 Conclusions

Both scalar and vector fields are present in nature and it is reasonable that they might provide
explanations for shortcomings in the standard cosmological model ACDM. In this work we in-
vestigated fairly general scalar-vector-tensor theories having second order equations of motion:
SVT theories encompass both Horndeski and generalised Proca Lagrangians. Although these
kinds of theories might provide new, interesting phenomenology for cosmology, they have been
overlooked in the literature. SVT theories have various free functions taking in all relevant
interactions, hence possibly richer phenomenology than in the standard model. Nevertheless,
more degrees of freedom come along with more complicate equations of motion. Even though
complexity in SVT theories is reduced thanks to the constraint in the propagation speed of grav-
itational waves c% = 1, equations of motion remain intricate enough to find general analytical
or numerical solutions.

Here, we applied an effective fluid approach to SVT theories satisfying ¢ = 1. In order to
decrease the complexity in the equations of motion, we carefully performed both sub-horizon
and quasi-static approximations. As a result, we obtained analytical expressions describing the
effective dark energy fluid, namely, equation of state w(a), squared sound speed c¢?(a, k), and
anisotropic stress 7(a, k). Equations (3.3.67) and (3.3.76) summarise our main results for the
behaviour of perturbations, while from Egs. (3.3.48)-(3.3.49) the equation of state is obtained.

Our analytical expressions allowed us to retrieve well known results (e.g., quintessence
and f(R)). Moreover, we also proposed extensions to these popular theories which exemplify
possible, new phenomenology, for instance, changes in quantities driving the perturbations such
as the sound speed and anisotropic stress.

An interesting aspect of our investigation is that it makes it possible to design cosmological
models satisfying certain conditions. As an example, we found a SVT model (dubbed SVTDES
in the main text) exactly matching the background behaviour in the standard cosmological
model ACDM, while having non-vanishing dark energy perturbations. Our effective fluid ap-
proach and the analytical solutions for the effective dark energy perturbations made it possible
a relatively easy implementation of SVTDES in the Boltzmann solver CLASS. Having a code
computing numerical solutions for perturbation equations in SVT cosmological models is rele-
vant because it allows testing against measurements, e.g., CMB angular power spectra, matter
power spectrum. There is however no public Boltzmann solver including a fully numerical im-
plementation of SVT models, that is, using neither QSA nor SHA. Therefore, our results might
be helpful as a reference for future exact computations testing the limitations of QSA and SHA.
Since our SVTDES model has one additional parameter with respect to ACDM, in a model
comparison it would be penalised by the Bayesian evidence. However, our example also shows

that exploring the construction of cosmological models satisfying additional conditions might
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be well worth an investigation. Given the current discrepancies in cosmological parameters
such as Hy and og, theories providing non trivial behaviour for m and ¢? could alleviate the

tensions while not being affected by the Occam’s razor [362].

3.4 Tracking the Validity of the QSA and the SHA

3.4.1 Introduction

Generally, the main alternatives to the ACDM model imply either the existence of a fluid
with negative pressure known as Dark Energy (DE) [60, 94], or covariant modifications to
the geometric sector describing gravity, the so-called Modified Gravity (MG) theories [95, 376].
With respect to MG theories, a large portion in the plethora of candidate models are rule out by
observations from, for example, gravitational waves [329, 377|, and very precise extra-galactic
tests [104, 378, 379]. However, there remains some alternatives. Among the still cosmologically
viable MG theories, one of the most representative are the so-called f(R) theories [380]. In
principle, these theories could be distinguished from the standard cosmological model by their
influence in the inhomogeneous Universe since, in general, they introduce modifications in
several observables, e.g., the growth rate [381]. However, no f(R) model is particularly favored
by current growth data [382, 383].

It is fair to say that the distinction between DE and MG is rather academic in a sense,
as both scenarios can be treated on equal footing under the Effective Fluid Approach (EFA)
[384]."" Within the EFA, all the modifications to gravity are encompassed in terms of the
equation of state wpg, the sound speed ciDE, and the anisotropic stress mpg of an effective
DE fluid. As shown in Refs. [8, 356, 357|, the application of the Quasi-Static Approximation
(QSA) and the Sub-Horizon Approximation (SHA) allows to get analytical expressions for
the effective DE perturbations in very general MG theories. One of the advantage of this
approach is that these expressions can be easily introduced in Boltzmann solvers, such as
CLASS [343], facilitating the computation of cosmological observables, e.g., the linear matter
power spectrum or the CMB angular power spectrum. These approximations also enable us to
directly discriminate departures from General Relativity (GR), which could be encoded in, for
instance, the effective Newton’s constant G.g and the effective lensing parameter Q.q. Albeit
they have been extensively used in the literature [359, 372, 387-394], some works claim that
the QSA, in particular, can be too aggressive and that relevant dynamical information could be

omitted after their application [395, 396]. Therefore, the validity regime of these approximations

HThe Effective Field Theory is another approach which allows to model dark energy and modified gravity in
a common framework [349, 350, 385, 386].
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is a highly relevant issue to be addressed in order to compare theoretical results with upcoming
astrophysical observations.

Bearing in mind the above discussion, we propose to analyze the validity regime in time and
scale of the QSA-SHA for modified gravity theories. We start our research program by revisiting
well-known expressions obtained for the effective DE perturbations in f(R) theories. In order
to do so, we put forward a new parameterization scheme that allows us to track the relevance of
each derivative term in the perturbation equations. In general, we find some correction terms
which improve over the standard description of the effective DE perturbations by several orders

of magnitude in some cases.

3.4.2 f(R) Theories

In f(R) models, covariant modifications of GR are performed by replacing R in the Einstein-

Hilbert action by a general function f(R) such that

S = /d4x\/—_g {if(}%) + c} | (3.4.1)

Upon varying this action with respect to g"”, the Einstein equations are replaced by
1
FG ., — 5 (f = FR) gy + (9,0 — V,V,) F = kT, (3.4.2)

where'? F' = fr. Yet, it is possible to recast Eq. (3.4.2) to look as the usual Einstein field
equations using the effective fluid approach. Under this framework, all the modifications to
gravity are encoded in a generalized DE fluid which, in the case of f(R) theories, is characterized

by the following energy-momentum tensor
1
KT = (1= F) G + 5 (f = FR) g — (9080 = V. V) F. (3.4.3)

Hence, the Friedmann equations are obtained as the usual ones upon replacing the DE density

and pressure by

KppE = —g +3H>(1+ F)+3FH — 3HF, (3.4.4)

HPDE:§—3H2(1+F)—H(2+F)—|—2HF+F. (3.4.5)

12Derivatives with respect to R are denoted using a sub-index, e.g., % = fgr.
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On the other hand, Einstein linear perturbation equations are modified as

. . k2 k2
‘me . .
0= —%+01<1>+02xp+03c1>+04w, (3.4.7)
0= By® + ByW + Bs® + B,U + B;® + By, (3.4.8)
. . . k2 k2
0= Dy®+ Dy® + D3¥ + (D4 + D5;) D+ (D6 + D7§) 0. (3.4.9)

The last equation is obtained from the relation
0= Fr(®+V)+ FOR, (3.4.10)
where R is the perturbation of the Ricci scalar which in the FLRW metric reads
. . . k2 k2 .
OR =060 +24H® —6HY +4—P + (2—2 — 12H+24H2) v, (3.4.11)
a a

The coefficients A;, C;, B;, and D; can be found in Appendix A of [9]. In the EFA, we can
assign to the f(R) theory an effective DE perturbation variable for density, pressure, velocity,

and anisotropic stress respectively. They are obtained from the energy tensor in Eq. (3.4.3) as

. . k2 k2
kOppE = Wi + Wol + (Wg + W4?> D + (W5 + Wﬁﬁ) v, (3.4.12)
. . . : k2 k?
kOPog = Vi + Yol + Yy + Yy + <Y5 + Yﬁﬁ) o+ <Y7 i Ygﬁ) v, (3.4.13)
MIZDE Vor = Z1® + 2,0 + Z3@ + Z, 0, (3.4.14)
2
/’fﬁDE'/TDE = —E (CI) -+ \I/) s (3415)

where the coefficients W;, Y;, and Z; can be found in Appendix B of Ref. [9].

Quasi-Static and Sub-Horizon Approximations: Standard Approach

The dynamics of DE and matter inhomogeneities in f(R) models can be unveiled if the evolu-
tion of the gravitational potentials is known. However, this implies to solve Eqgs. (3.4.6)-(3.4.9)
coupled to the matter perturbations equations in Eqs. (3.2.11) and (3.2.12), which in general is
a difficult task. The application of the Quasi-Static Approximation (QSA) and the Sub-Horizon
Approximation (SHA) can greatly simplify the related equations. In the following, we describe

the standard steps to apply these approximations to the perturbation equations. We disregard
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time-derivatives of the potentials and consider that relevant modes for the cosmological dy-
namics are those well-inside the Hubble radius, i.e., K > aH. This allows us to neglect terms
of the form H xperturbation in favor of terms of the form k?xperturbation. As an example,

applying these approximations to the perturbation of the Ricci scalar in Eq. (3.4.11) gives
. . . k2 k2 .
R =060 +24H® — 6HV +4—® + <2—2 — 12H + 24H2) v
a a
SA k2 k2 :
R 1o+ (2—2 — 12 + 24H2) xp
a a
SHA k2 k2

Using the QSA-SHA in the linear equations (3.4.6) and (3.4.9), we get two algebraic equations

for the two potentials, namely

k‘2 k‘2
a a
k? k>
0= <D4 - D5—2> o+ (D6 - D7—2> , (3.4.17)
a a

from which we can solve directly for ® and ¥ in terms of 9,,. The solution is

k2 <D6 + D7§—§> KPmOm

b S , (3.4.18)
a (A6D5 — A4D7) P + (A6D4 — A4D6)

k2 <D4 + D5Z_§) /{ﬁm(sm

LA (3.4.19)

a? (A¢Ds — AyD7) & + (AgDy — AyDg)

Note that in Eq. (3.4.17), we do not neglect D;® and DgW. The reason is that these terms are
associated to the mass of the scalaron m,,, which can be greater than H for some f(R) models

[372]. Replacing the coefficients (see Appendix A of [9]) in the last relations we get

k2 F —12Fg(H + 2H?) + 25 F

b= r(H ) KD, (3.4.20)
a 2F2 — 12F Fp(H + 2H?) + 65 F Iy

k2 F 4k

S = 2 B KO (3.4.21)
a 2F2 — 12FFp(H + 2H?) + 65 F g

However, when neglecting H and its derivatives, we get the following well-known expressions

k> Fyobp, Ky F+ 45 Fp

—¢ = K : =— K
e PmOm 2F2 1 612 F

d s Bl 3.4.22
2F? 4 6E F Py, a2 P (34.22)
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Applying the same procedure to the DE perturbations in Eqs. (3.4.12)-(3.4.15) we get

(1—F)F+(2—-3F)5Fg p,

SpE = S, 3.4.23
PE F(F + 35 Fp) PpE (3.4.23)
6P 1 25 Fp+ 155 FRF + 3FF p,,
DB et TRT Dar R P g (3.4.24)
PDE 3F 3a_2FR + F PDE
FF+65%Fg p,
by = oy Pm s (3.4.25)
2F 35 Fr + F PDE
k2 _
KR
TR 2R Pmy (3.4.26)

~ F? 432 FFy poe
which are the usual results found in the literature [8, 356, 357, 384]. We will refer to the
steps performed to obtain the last expressions as the “standard QSA-SHA procedure”, while
the relations for the perturbations, namely Eqs. (3.4.22)-(3.4.26), will be called as the “standard
QSA-SHA results”.

We want to emphasize on one of the key steps in obtaining the above expressions. After
replacing the coefficients in Appendices A and B of [9], we also neglected H and its derivatives by
assuming that these terms are subdominant under the SHA. Nonetheless, noting that F' = FpR
and R = G(H +2H?), if we drop terms of the form H x perturbation, we should naively conclude
that F'6,, ~ 0, and thus the pressure perturbation and the scalar velocity would take the
following form

Pos 1 25Fp  py

a2

PDE - 3_F3’;—§FR + I ppE

As shown in several works (see Ref. [356] for example), Vpg is small at late times but certainly
not zero. Indeed, as we will see in the following section, these last expressions correspond to

the zero-order solution in our new parameterization of the QSA-SHA.

3.4.3 Tracking the Validity of the QSA and the SHA

Following the discussion in the last section, there are two main assumptions behind the QSA
and the SHA: the potentials do not depend on time and k£ > aH. These allowed us to eliminate
the time derivatives of the potentials and drop some terms of the form H xperturbation in the
effective DE perturbations. Then, in order to know the regime where these approximations can

be safely applied, we need to track the relevance of each time-derivative term in the perturbation
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equations. We do so by introducing the dimension-less parameters:

aH € g =5
= — = — = — = — 4.2
=l sz e=— x=— (3.4.28)
and . )
[0} )\ £P Ey
= = = = . 3.4.29
Ep q)H7 A\ \I]H7 X® €<1>H’ Xw €\I/H ( )

Hence, k >> aH is translated to e < 1, and ® ~ ¥ ~ 0 is translated to eg ~ e < 1. We refer
to the parameters in Eqgs. (3.4.28) and (3.4.29) as “SHA parameters” and “QSA parameters”,
respectively.'?

We want to comment on some previous considerations before implementing the parameter-
ization into the equations in Sec. 3.4.2 describing f(R) theories. First of all, in order to track

all the terms proportional to H or its derivatives, we replace time derivatives of F' in favor of
H ie.,

F =6Fg(H +4HH), F=6Fg(H +4HH +4H%) 4 36Frp(H + 4HH)>. (3.4.30)

In addition, apart of the parameter ¢, all the other SHA parameters are not necessarily small.

For example, during matter domination we have H = Hyv/Qnoa~%/? and
d=-1/2, £&€=1, x=-7/2, (in matter domination) (3.4.31)

where €, is the matter density parameter today, and Hj is the Hubble constant.
Re-writing Eqs. (3.4.6) and (3.4.9) using the new parameters, we obtain the following two
“algebraic” equations to solve for & and ¥

k2 k2 2 ]{34 4 k2 k2 2 k4 4
0= —KPmbm + A1 ® + Ay + Ay + A~ + A5+ AT, (3.4.32)
a a a a a a

k2 kQ 2 k2 k2 2
0= (D1 + DQ—Q) B+ Dy~ D+ (194 + D5—2) U + Dy, (3.4.33)
a a a a
where the coefficients A; and D; are found in Appendix C of [9]. Note that we wrote the

above equations factorizing in terms of ¢ to facilitate the measurement of the relevance of each

term. Now, solving for & and ¥, expanding in powers of € up to second-order, replacing the

13We would like to mention that the QSA parameters are inspired by the slow-roll approximation used in the
background analysis of inflationary models.
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coefficients A; and D;, and considering only linear terms in the QSA parameters we get

k2 F+25F, 3K PimOme’
—2cI> = 5 2 KPmOm 5 5
a 2F? 4 65 F Fg AF (F + 3% Fg)
k2 kY,
+ 2$FFR[5(1 +eo) +4(2+eg) + beg) + 4EFR[5(3 +eo) +4(2+ey) + 4&1)]},

kij F+ 4§—§FR - 3K PmOme>

{F2(2 Voot ew) (3.4.34)

2 oFr4 GERFR, k2 )2
B FFg AF (F + 35 Fy)

- QZ—ZFFR[d(s +e9) —3(2+¢w)] — 4§—4F,3[5(6 +eg) —2(2+cy) + &p]}.

{F2(2 Feptey) (3.4.35)

We recognize the standard expressions for the potentials [see Eq. (3.4.22)] in the first term
on the right-hand side of the last expressions. Hence, we can identify the standard results for
the potentials as the solution for the deepest modes in the Hubble radius or, equivalently, the
smallest scales where € ~ 0.

Indeed, equations (3.4.32) and (3.4.33) are not “algebraic” equations for ® and ¥, since the
QSA parameters ¢ and g depends on the dynamics of the potentials. Therefore, Eqgs. (3.4.34)
and (3.4.35) are coupled differential equations for ® and W. However, note that the QSA
parameters are always coupled to SHA parameters, and thus terms of the form e4 x €2 are
third-order terms in the new QSA-SHA expansion. We will consider only second-order terms,
and thus we neglect the QSA parameters, i.e., we will assume that e = eg = 0. As we will see,
these approximations, zero-order in QSA parameters and second-order in SHA parameters, are
sufficiently accurate when compare against full numerical results for large modes. Under this

assumptions, the expressions for the potentials are reduced to

2 F+25F
—® = 7;22 R KPmOm (3.4.36)
a 2F? + 6?FFR

3K D Ome> k2 e

“omint L P4 20+ 8)FFr + 2 (33 + 8) F |,
2F (F + 35 Fp) a a

k2 F+45F
U= K PmOm (3.4.37)
a 2F? 4+ 65 FFy,

3K PmOme> k? k4

{F2 — =5(36 = 6)F F — 266 — 4)F§}.

2F (F + 35 Fp)

Now, applying the new parameterization to the DE perturbations quantities in Eqs. (3.4.12)-
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(3.4.15), and then inserting these potentials we get:

(1 - F)F +5(2-3F)Fg py,

Sop = S 3.4.38
= F(F + 35 Fp) fDE (3:4.38)
3 F L2
- Rf {6+ DF + 2 (35+2)FR} O,
F(F+ 3k—FR) PDE
25 °F 5 3Lm 5, &2
5_PDE _ i = R _Pm . PDE - Q{FZ(F — 1)(1 + 26) (3.4.39)
PDE 3F3a—2FR+FPDE F(F + 35 Fp)
]{?2 k4
=5 (5F =108 + 13F5 — 5)F Fy + — (6F — 60 + 21F5 — 4)F2}
CL
a k2 k
Vop = {FF—l 3F — 4F}—m e, 3.4.40
DE F(F—|—3%FR) ( ) ( ) R ObE a ( )
k? - P § K22
E R 3FrL™0,,%5e k?
N2 SN T )Q{F(l +28) + — Fr(4+ 95)}. (3.4.41)
a

F?+4+3%FFepoe " F(F 435 F,

From the last expressions, we can unravel similarities and differences between the standard
QSA-SHA results in Egs. (3.4.22)-(3.4.26) and our expressions in Egs. (3.4.36)-(3.4.41). For
instance, we see that the standard dpg in Eq. (3.4.23) corresponds to the zero-order contribution
in Eq. (3.4.38). In the new parameterization, 0 Ppg has contributions to second-order in e, while

VpE is predominantly a first-order quantity in the e-expansion. Now, bearing in mind that

. k3
F =650+ €~ 2)Fre” (3.4.42)

F= 6:—1(5 — 80 + x + 6)Fre* + 36k (6 4 & — 2)Frpeb, (3.4.43)
we note that, in the new parameterization, the standard 0Ppg in Eq. (3.4.24) corresponds
to a zero-order quantity plus fourth and sixth-order corrections, while the standard Vpg in
Eq. (3.4.25) is entirely a third-order quantity.

Equations (3.4.36)-(3.4.41) are the main results of our paper. They explicitly show that
potentially relevant terms have been neglected in the effective DE perturbations when the QSA
and the SHA are applied in the standard way. They also point out that similar expressions
obtained for other MG theories, such as Horndeski theories, neglected terms which could po-
tentially modify their predictions. Now, in order to determine the relevance of the correction
terms uncovered by our new QSA-SHA procedure, we have to know the evolution of the SHA
parameters which depend on H and its derivatives, i.e., they depend on the specific cosmological
model. In the following section we will study the behavior of these parameters in the context
of two well-known f(R) models: the designer model [397, 398] and the Hu-Sawicki model [399].
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3.4.4 Specific f(R) Models

fDES Model

As shown in Refs. [400, 401], f(R) models admit solutions which can be “designed” to reproduce
any desirable expansion history. In particular, it is possible to find an f(R) model matching

the ACDM background but having deviations at the perturbative level. The Lagrangian of this
designer model, fDES hereafter, reads [397]

A\ 3 13 A
f(R) :R—2A+OZHO2 (R—?)A) 2F1 (CO7§+CO7€+QCO,m) s (3444)

where ¢y = (V73 — 7)/12, « is a dimensionless constant, and o F; denotes the hypergeometric
function. Since the background is the same as in ACDM, from Eqgs. (3.4.4) and (3.4.5) we have

H? = HS (QmOCf3 + QAo) ) ppr = —Ppp = 3H§QAO> (3.4.45)

where 2o is the DE density parameter today. The parameter o can be estimated following

the prescription that viable f(R) models require
fro=Fla=1)-1< 1. (3.4.46)
A typical value is fro ~ —107 (see, for instance, Ref. [381]) which translates to o 2 0.00107.

Hu-Sawicki Model

The Hu-Sawicki (HS) model is a well-known model constructed in such a way that observational

tests, such as solar system tests, can be surpassed. Its Lagrangian is given by [399]

2 c1(R/m?)"

f(R) =R—m 1+02(R/m2)"’

(3.4.47)

where m, ¢y, co, and n are dimensionless constants. Through algebraic manipulation, it is
possible to re-write the last function as [402]
2A m2c 20;_1/ "

RN\=R— ———, A= , b=
J(F) 1+(%) 2¢o C1

(3.4.48)

Therefore, the background evolution in the HS model can be similar to ACDM depending
on b and n. Usually n takes on positive integer values. Here, we choose n = 1. Assuming
fro = —107*, we estimate b ~ 0.000989557.
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Figure 3.4.1: Left: Evolution of the ¢ parameter in the HS model for three values of k.
We can see that €2 < 1072 during the whole matter dominated epoch until present days for
scales k 2 0.06 h/Mpc. Right: Evolution of the SHA parameters §, £, and y in the HS model.
Note that they behave as constants during the matter dominated epoch as expected from
Egs. (3.4.31) (see the dashed black lines), with a raising at late-times when the contribution of
DE becomes more relevant.

In order to characterize the background evolution of the HS model, in general we would
have to solve the Friedmann equations and the continuity equations. However, we can evade

this issue by using the following analytical approximation to the Hubble parameter [402]
Hys(a)? = Hp(a)? +b 6Hy(a)* + O(b?), (3.4.49)

where the function 0 H (a) is given in the Appendix of Ref. [402| and H} is the Hubble parameter
for the ACDM model. Overall, Eq. (3.4.49) is accurate to better than ~ 107°%, for our choice
of the parameter b.

Having the functional forms of H, Eqgs. (3.4.45) and (3.4.49) for the fDES and HS mod-
els respectively, we can follow the evolution of the SHA parameters defined in Eq. (3.4.28).
However, as noted in Egs. (3.4.45) and (3.4.49), the HS can be regarded as a small deviation
from the ACDM model for b small enough. We verified that indeed the evolution of the SHA
parameters in both models are essentially indistinguishable for the values of o and b we chose.
Then, to keep our presentation simple, in Fig. 3.4.1 we only plot the evolution of the SHA
parameters for the HS model using as time variable the redshift z, which is related to the scale
factor through the relation a = 1/(1+ z). In the left-panel of this figure, we see that £* can be
safely considered as “small” (i.e., ¢2 < 1072) for modes'* k& = 0.06 h/Mpc. In the right panel

4Tn completely theoretical studies, k is typically given in units of Hy. Therefore, k ~ 0.067 h/Mpc corresponds
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we see that at earlier times the other SHA parameters behave as expected during the matter
dominated epoch [see Eq. (3.4.31)] and grow when DE plays a more relevant role in the cosmic
budget. Therefore, we say that the “safety region” where the SHA can be applied corresponds
to the scales 0.067h/Mpc < k < 0.2h/Mpc. The upper bound of this window scale comes
from the fact that this is roughly the scale above which nonlinearities at present days cannot
be ignored in the concordance model'® [403]. This scale is also close to the maximum comoving
wave number associated with the galaxy power spectrum measured by the Sloan Digital Sky
Survey (SDSS) without entering the non-linear regime [373, 394].

We would like to point out that the fDES model and the HS model have a background
evolution either identical or similar to that of ACDM, and that f(R) models with different
background evolution could yield to different results, in principle. Nonetheless, as clarified in
Ref. [404], f(R) models with expansion histories similar to that of ACDM are cosmologically
viable, while more generic models have in general to meet a number of requirements, making

the model-building process more contrived [352].

3.4.5 Numerical Solution of the Evolution Equations

In this section we numerically solve the equations for matter perturbations in Eqgs. (3.2.11) and
(3.2.12) assuming that ® and ¥ are given by: ¢) the standard QSA and SHA expressions in
Egs. (3.4.22), and i7) the new parameterized expressions in Eqgs. (3.4.36) and (3.4.37). Then,
we use these solutions to find the evolution of the DE perturbations given by the standard
procedure in Eqgs. (3.4.23) and (3.4.25), and the second-order SHA expressions in Eqs. (3.4.38)-
(3.4.40). We compare these results against full numerical solutions where no approximations
are assumed. This will allow us to assess the relevance of the O(g?) correction terms to the

standard results.

Full Numerical Solution

It is desirable to solve the full set of linear equations in Eqgs. (3.4.6)-(3.4.9) complemented with
the continuity equations in Eqs. (3.2.11) and (3.2.12). However, this set of equations is highly
unstable, and typical numerical methods do not yield to reliable results. In Ref. [381], this
problem was solved by rendering the perturbation equations in a more treatable numerical way
which we describe in the following.

Multiplying the “Time-Space” equation (3.4.7) by —3H and using the “Time-Time” equation

to k =~ 200H()
I5The scale of nonlinearities kyi, is defined as the scale for which the “dimensionless” linear matter spectrum
is equal to 1. In the case of ACDM, it is given by knr, & 0.25 h/Mpc today [403].
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Figure 3.4.2: Comparison of the potentials ® and ¥ obtained from the full numerical solution
(Full), from the standard QSA-SHA procedure (std), and from our new approach (SHA, 2).
Left panel corresponds to the results for the fDES model, while the right panel corresponds to
the results for the HS model. For the plots we used k = 0.1 h/Mpc.

(3.4.6) we get the following Poisson-like equation
(D = O)F = kppmA,, — 3FD —3FH® + (3HF — 3FH)V, (3.4.50)

where we have defined the matter comoving density perturbation

3aHV,,

A =8+ =05

(3.4.51)
Now, we define the variables

b, — %(cp _W), (= —F(®+0). (3.4.52)

The evolution equations for these new variables can be obtained from the “Time-Space” equation
(3.4.7) and the Poisson-like equation (3.4.50). We get

akpmVm £’ 3F”
O, =—_rmm (1L P, — — A.
- 2F Hk? ( * QF) Tl (3.4.53)
26 pmAm F F _FH 2 k2 F?
= mEmZ (14 QFD', +2F (14+-———— ) D, (3.4.54
¢ 3H? F ( T F F’H)C+ vt ( F3amE ) | )

where a quote ’ means derivative with respect to the number of e-folds, which is related to the

time-derivative by dN = Hdt. These equations are complemented with the equations for V,,
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Figure 3.4.3: Evolution of the QSA parameters ¢4 and ey defined in Egs. (3.4.29). For
both models (fDES on the left panel and HS on the right panel), these parameters are small
during the matter dominated epoch and significantly increase around the matter-DE transition.
However, they are always suppressed by €2 and thus third-order terms, (g4 x €2) for example,
are negligible.

and d,, in Egs. (3.2.12) and (3.2.11), having in mind that the relation between scale factor-
derivatives and e-folds-derivatives is da = ad/N. We assume that there are no deviations from
GR at early times, then the initial conditions are

2 k2 2k

o, , =1, G =0, Vini = —5—F9 Ay = SaZE2

_z 4.
=g, (34.55)

where the expressions for V;,,; and A,,; correspond to the simplification of the “Time-Space”
equation (3.4.7) and the Poisson equation (3.4.50) in matter dominance, i.e., taking H? =
HZQpmoa™3, and assuming that early modifications to GR are negligible. For H;, we choose
a; = 107 (z = 1000) ensuring initial conditions well within the matter epoch, right after

decoupling.

3.4.6 Comparing Results

In this section, we compare the full numerical solutions, which are obtained using the approach
described in the last section, the standard QSA-SHA results (see Sec. 3.4.2), and the results
from our new parameterization described in Sec. 3.4.3, for the two models considered, namely,
the fDES model and the HS model.
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Gravitational Potentials

In order to solve the evolution equations for d,, and V,,, in Egs. (3.2.11) and (3.2.12), we replace
the analytic expressions for the potentials ® and ¥ from either the standard procedure in
Egs. (3.4.22) or our new expressions in Egs. (3.4.36) and (3.4.37), using the initial conditions

[405]:
a?H?*(a;)

5m77;:52-a2- (1+3 ! k2

) ) Vm,i = —0; Hy Qo a;/Q' (3456)

where the overall factor 9; is set to unity. Then, knowing 9,,, it is possible to track the evolution
of the potentials and, consequently, of the DE perturbations.

As it can be seen in Fig. 3.4.2, the full solutions for the potentials for the two models undergo
very rapid oscillations with small amplitudes, i.e., they remain well-behaved. This oscillatory
behavior was also pointed out in Refs. [381, 406], where it was attributed to the evolution of
dR, this being a generic feature of f(R) models. In both plots, left-panel for the fDES model
and right panel for the HS model, we can see that the standard QSA-SHA procedure and our
new approach give accurate approximations to the full numerical solutions. On these scales,
k = 0.1h/Mpc, e < 1 and thus the second-order correction terms to the standard QSA-SHA
are not compelling.

From the results for the potentials, it is possible to compute the QSA parameters €4 and
ey in order to determine the time and scale validity regimes of the QSA; as we did for the
SHA in Sec. 3.4.4. As depicted in Fig. 3.4.3, these parameters are very small (< 1072) during
the whole matter dominated epoch, with a significant increasing at later times. However, as
mentioned before, these parameters are always coupled to €2 in the expression for the potentials
in Egs. (3.4.34) and (3.4.35). Therefore, they are subdominant in comparison with purely &2
terms. We then conclude that in the case of f(R) models under consideration, the assumption
that the contributions of the time-derivatives of the potentials to the cosmological dynamics

are negligible can be safely applied for the scales when the SHA is also applicable.

Dark Energy Perturbations

From the results for the potentials, it is possible to compute the full DE perturbations using
Egs. (3.4.12)-(3.4.15). As shown in Fig. 3.4.4, the contribution from correction terms to the
standard QSA-SHA results are hardly noticeable in the evolution of dpg. Nonetheless, from the
corresponding subplots, we can distinguish that some differences arise. In general, we define
the percentage difference of an approximated quantity Xapprox (Whether it is obtained from

the standard approach or our new approach) with respect to the corresponding full numerical
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Figure 3.4.4: Comparison of the DE contrast dpg obtained from full numerical solution, the
standard QSA-SHA approach, and our new parameterization. For both models (fDES on the
left panel and HS on the right panel), both descriptions are accurate at sub-percent level.
However, it is noteworthy that our approach improve over the standard result by around two
orders of magnitude.
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Figure 3.4.5: Comparison of the DE scalar velocity obtained from full numerical solution,
the standard QSA-SHA procedure, and our new parameterization. For both models (fDES on
the left panel and HS on the right panel), we see that our expressions show overall agreement
with the full Vpg, while the standard result is far smaller. This is due to VStd is a third-order
expression in the new SHA parameterization.

solution Xwy as
- XApprox

Diftf% =
’ Xrun

Xru
’ ful % 100. (3.4.57)
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Figure 3.4.6: Comparison of the DE sound speed obtained from full numerical solution, the
standard QSA-SHA approach, and our new parameterization. For both models (fDES on
the left panel and HS on the right panel), we see that both approaches give accurate results,
however, our new scheme performs better at earlier times since the standard approach fails in
accounting the decaying behavior of ciDE from matter dominance. This difference is due to the
existence of second-order terms neglected in § PS5, which only considers fourth and sixth-order
corrections in the new SHA parameterization.

It is noteworthy from the subplots in Fig. 3.4.4 that the simple extensions from our approach
to the standard QSA-SHA results improve the accuracy in the description for dpg by around
two orders of magnitude. On the other side, as expected from the discussion in Sec. 3.4.2, there
are significant differences between the DE scalar velocity given by the standard approach in
Eq. (3.4.25) and our result at first-order in SHA parameters in Eq. (3.4.40). In Fig. 3.4.5, we
note that Vpg given by the standard QSA-SHA procedure is far smaller than the full Vpg, while
our second-order expression shows overall agreement for both models. It is possible to track the
origin of this disagreement. Note that our expression for Vpg is a first-order expression in the
e-expansion, however, if we use our parameterization in the standard Vpg given in Eq. (3.4.25)

we get

3aFg F + 65 F k3
std __ R a2t R P 3
vt — F R 352 FR(5 +&— Q)Rpmém—age , (3.4.58)

which clearly is a third-order expression in the new SHA parameterization. We verified that
a similar problem arises in the case of the pressure perturbation, since the standard results
for 0Ppr considers fourth and sixth-order corrections when F' is written in terms of & [see
Egs. (3.4.24) and (3.4.43)], while our expression considers second-order corrections [see Eq. (3.4.39)].

The impact of this difference can be seen in the evolution of the sound speed ciDE = 0Ppr/dppE-
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Figure 3.4.7: Comparison of the potentials for the fDES model (left panel) and the HS model
(right panel) considering a value for k£ which is out of the “safety region”, i.e., k < 0.06 h/Mpc.
We see that the standard procedure provides less accurate results in contrast with the results
from our approach, which is fairly acceptable for the HS model. However, in the case of the
fDES model, results are not as accurate as in Fig. 3.4.2.

In Fig. 3.4.6, we can see that both methodologies provide accurate results for ciDE. However,
note that the standard approach fails in accounting the general trend of the DE sound speed
to decay from matter domination to present days. Instead, our new scheme shows perfect
agreement with this behavior, and thus performs better at early times, as it can be seen in the
subplots of Fig. 3.4.6. To end this subsection, we would like to mention that in f(R) theories,
usually the sound speed is negative but the effective sound speed that also takes into account

the DE anisotropic stress is always positive [371].

Other Scales

In order to test the “safety region” where the QSA and the SHA are applicable, namely
k = 0.06 h/Mpc, we compare the potentials obtained from the full solution considering k& =
0.033 h/Mpc, and their corresponding results from the standard QSA-SHA procedure and our
new approach. In the right panel Fig. 3.4.7, we see that in the case of the HS model, our zero-
order expansion in QSA parameters and second-order expansion in SHA parameters expressions
still provides fairly accurate descriptions of the potentials, while the potentials obtained from
the standard procedure have an offset diminishing the accuracy of these expressions. This offset
in the standard QSA-SHA expressions is also present in the fDES model, as it can be seen in
the left panel of Fig. 3.4.7. Nonetheless, our new expressions also show deviations from the full

solutions in this case. This indicates that both methods are not as accurate for k& = 0.033 h/Mpc

145



(which is out of the safety region) as they are for £k = 0.1 ~/Mpc (which is in the safety region),
as can be seen in Fig. 3.4.2, and that the QSA parameters cannot be neglected anymore. As
a final remark, we would like to mention that the “safety region” for the applicability of the
QSA and the SHA, namely 0.06 h/Mpc < k < 0.2h/Mpe, is rather an estimation and not a
general statement. The effectiveness of these approximations depends on the specific cosmo-
logical model and in this work we only studied models whose background are similar or equal
to ACDM. However, we recall that f(R) models with a very different background evolution in
comparison to ACDM are tightly constrained by several tests [352, 381, 404].

3.4.7 Impact on Cosmological Observables

As we saw in the last section, some relevant terms are neglected in the DE perturbations when
the standard QSA-SHA procedure is applied. So that, drastic modifications are taken into
account for some quantities in our approach, e.g., the scalar velocity Vpg is raised by roughly
three orders of magnitude (see Fig. 3.4.5), while some other quantities get minor corrections,
such as the sound speed (see Fig. 3.4.6). Therefore, it is of great interest to assess the influence
of these changes on cosmological observables or parameters used in forecasts. In particular,
we will analyze the impact of DE perturbations on: i) the viscosity parameter which can be
important in weak lensing experiments [407|, and i7) the matter power spectrum and the CMB
angular power spectrum using the EFCLASS branch [356] of the Boltzmann solver CLASS [343].

The Viscosity parameter

In the ACDM model, it is well known that the potentials are related by ® = —W¥. As it can
be seen in Eq. (3.4.10), this is not the case in f(R), since this difference can be related to the
anisotropic stress as shown in Eq. (3.4.15). Therefore, a detection of a non-zero anisotropic
stress could favored MG theories over single-scalar field models which in general predicts a
vanished mpg [371, 408, 409]. The effect of the anisotropic stress can be modelled by introducing
a viscosity parameter that appears in the right hand-side of an effective DE anisotropic stress

Boltzmann equation of the form [410]:

2 2
Ca

Cyis  VDE

8
7+ 3H"0 = - —F— 3.4.59
I 3(1+w)? a’ ( )
where 2 = w — m = w — ?)(‘f—fw) is the adiabatic sound speed. This can be inverted to
solve for the viscosity parameter
aH(1+w
2 = M [362,DE<1 + wDE)ﬂ'DE 4+ w (GW{)E — 3w7TDE)} s (3460)

vis 4wVDE
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Figure 3.4.8: 2, for the HS model. Left: Comparison between ¢, computed from the stan-
dard approach and our new approach for three values of k. We see that the standard approach
predicts a large viscosity parameter, while our method predicts a small one. Right: Comparison
of % obtained from the standard approach, our new approach, and the full solution consider-
ing k = 0.1 h/Mpc. We see that the evolution obtained using our new SHA parameterization
(mustard line) agrees in overall with the full numerical solution (blue line), while the result
obtained from the standard QSA-SHA procedure (green line) gives a large over-estimation of

this parameter.

which is a function of the scale factor [356, 407, 410]. From the last equation, it is clear that

a large modification to Vpg could strongly impact the evolution of the viscosity parameter. In
2

safety region, namely 0.067 h/Mpc, 0.13 h/Mpc, and 0.2 h/Mpc. We can see that the viscosity

parameter computed using the standard procedure reaches values greater than 1 for z ~ 10, in

the left panel of Fig. 3.4.8, we compute c., in the HS model considering three values of & in the

contrast, this parameter computed using our new approach remains small. In the right panel, we
2

verify that, for & = 0.1 h/Mpc, the parameter ¢Z;, computed using our new parameterization is

in overall agreement with respect to the full solution, while the computation using the standard
approach over-estimates this parameter by several orders of magnitude. In Ref. [407], it was
found that a small viscosity, around ¢, ~ 107* for the wCDM model, could be detected by
Euclid when weak lensing and galaxy clustering data are combined. Although in Ref. [407],
the viscosity parameter was taken as a constant, which is not realistic in a general dark energy

scenario as was pointed out in Ref. [356], if we take this constant value as a representative
2

value of the smallness of c;,, we see that our new parameterization indeed agrees with it.
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Figure 3.4.9: 7T CMB power spectrum for low-/ multipoles (left) and matter power spectrum
(right) in the fDES and ACDM models. We see that the results from both approximation
schemes are practically indistinguishable for [ = 5 in the case of the CMB spectrum and for
k Z 0.001 h/Mpc in the case of P(k). For lower multipoles, we see some minor differences,
while for smaller values of £ both methods give divergent results, mainly due to that the SHA
is not applicable.

Linear Power Spectra

In Fig. 3.4.9 we plot the low-I multipoles of the CMB angular power spectrum (left), and
the linear matter power spectrum (right) for the fDES model using the standard QSA-SHA
procedure and our new approach. We plot the ACDM Planck best-fit 2018 standard result in
both cases for comparison. In the case of the CMB power spectrum, we see that the fDES
model do not apart significantly from the ACDM prediction, and only at the lowest multipoles
(I < 5) both approximation scheme differ. However, this difference is not representative (less
than 1%). For the matter power spectrum, we note that the standard approach and the new
approach predictions for P(k) are completely degenerate for modes k = 0.001 h/Mpc. For
smaller modes, or equivalently for larger scales, both schemes yield to divergent results. This
divergent behavior is common in theories where the QSA-SHA are assumed (see e.g. Ref. [8]
where a similar divergency was found in the context of Scalar-Vector-Tensor theories [140, 341]).
As mentioned in previous sections, we do not expect the QSA and the SHA hold for modes
smaller than k& < 0.067 h/Mpc. Moreover, note that in the region k < ke, where ke, is the mode
entering the horizon at the radiation-matter equilibrium, radiation is not negligible anymore.
Therefore, the expansion history cannot be described using the Hubble parameter and the

perturbations do not follow equations similar to Egs. (3.2.6)-(3.2.9).
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Notice that although our new QSA-SHA scheme provide more accurate descriptions of the
DE perturbations than the standard approach, this improvement is not reflected in the linear
spectra in Fig. 3.4.9. We realized that Vpg is a dimensionful quantity, and thus it has to be
compared with quantities with the same dimensions. In the case of the linear observables, they

are mainly affected by the comoving density perturbation defined as

3aH
L2

Apg = dpg + VbE, (3461)

which is a gauge invariant quantity. For sub-horizon modes, the term HVpg/k? is completely
negligible and Apg ~ dpg. Since the standard approach indeed provides fairly accurate results
for the potentials ® and W, and for the density contrast dpg, it is no a surprise that the
improvement on these quantities do not represent a major modification on the linear observables

in the scales where these approximations are valid.

Codes

Several codes with the main results presented here can be found in the GitHub repository
https://github.com/BayronO/QSA-SHA-for-Modified-Gravity of BOQ.

3.4.8 Conclusions

In this work, we have revisited the quasi-static and sub-horizon approximations when applied
to f(R) theories. We do so by proposing a parameterization using slow-rolling functions (like
in inflation) which allowed us to track the relevance of time-derivatives of the gravitational
potentials and the scale k in contrast to the expansion rate H [see Eqgs. (3.4.28) and (3.4.29)].
In the effective fluid approach to f(R), we showed that the standard QSA-SHA results found
in the literature [Eqs. (3.4.22)-(3.4.26)| correspond to the 0 order expansion in our new scheme.
In particular, we showed that second-order corrections can improve the description of the dark
energy perturbations by several orders of magnitude in most cases, e.g., opg (see Fig. 3.4.4),
and turned out to be significant for some DE effective fluid quantities. In particular, we
found large differences in the DE scalar velocity Vpg (see Fig. 3.4.5) and a minor correction in
the sound speed ciDE which increases the accuracy of the approximations during the matter
dominated epoch (see Fig. 3.4.6). The accuracy of our expressions [Egs. (3.4.36)-(3.4.41)], and
the standard QSA-SHA results, were assessed by comparing with results obtained from a full
numerical solution of the linear perturbation equations. We found general agreement between
the results from our new expressions and the full numerical solution where no approximations
are assumed.

We estimated a “safety region” where the QSA and the SHA can be applied. We found
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that the QSA and the second-order expansion in the SHA yield very accurate results from
matter domination (z < 100) to the present (z = 0) whenever k£ 2 0.067 h/Mpc. We also
showed for a particular value out of this region the loss of accuracy of these approximations
(see Fig. 3.4.7). This can also be seen in the matter power spectrum depicted in the right panel
of Fig. 3.4.9, where we can see that the curves diverge for k£ small. We would like to stress
that a similar divergent behavior was found in Ref. [8]. However, note that previous works
on Horndeski theories [357], and Scalar-Vector-Tensor theories [8], where these approximations
were used, all of them agree, in their corresponding limits, with the standard expressions in
f(R). In the case of the lowest multipoles of the CMB power spectrum, and in general for the
matter power spectrum, the improvement in the accuracy from our expressions do not imply a
corresponding improvement in these linear observables. This was expected since the QSA-SHA
indeed provide accurate descriptions of the potentials & and ¥, and the density contrast dpg.
In the particular case of the scalar velocity Vpg, the large difference between the standard
prediction and our new prediction is not relevant for these observables, since the term Vpg/k?
is completely sub-dominant for sub-horizon scales.

We want to stress that the main goal of this work was to provide a transparent framework
to track the relevance of each term in the perturbation equations, in order to clarify the ap-
plication of the QSA-SHA when applied to modified gravity theories. To conclude, clearly our
results warrant performing a more in-depth analysis of the validity of the QSA and the SHA
approximations in more generalized MG theories, e.g., of the Horndeski type, however we leave

this for future work.
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CHAPTER4

Inflation

4.1 Introduction

Inflation, an early accelerated expansion of the Universe, is arguably the most compelling theory
to overcome the classical problems of the hot big bang cosmology while providing the seeds
for large scale structure formation [411]. The simplest inflationary models are based in the
dynamics of a scalar field, the inflaton. Although the inflaton is generally favored by data
[218], some particular characteristics observed in the cosmic microwave background (CMB),
known as CMB anomalies, suggest that modifications to this paradigm might be needed. For
instance, careful analysis of the CMB indicates an asymmetry in the dipolar power spectrum
on large angular scales [412-414]. This particular problem, which has the largest statistical
significance among the different anomalies involving a preferred direction in the CMB sky!
[415], motivates the study of alternative models based on other types of fields.

In this chapter, we analyze some of the implications, related to the inflationary era, when
a vector field plays a primary role in the cosmological dynamics. In particular, we revisit the
inflationary dynamics of a massive non-abelian gauge vector field, and the interplay between

an abelian vector field and a geometric invariant in the curvaton mechanism.

4.2 Non-Abelian Gauge Vector Fields

4.2.1 Introduction

As mentioned above, the most popular models to account for the inflationary period and the
current accelerated expansion of the Universe are based on single scalar fields. Despite the
successes of these theories, other interesting alternatives, built with different types of fields, have
been also explored. In this direction, models that include vector fields (see Refs. [160, 166-168]
for reviews on the subject), higher spin fields [169-174], p-forms [124, 175-179|, among others,

1For a review of the cosmic anomalies see Refs. [112, 113].
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have called the attention within the past years because of their richer phenomenology and since
many of their cosmological consequences have not been fully explored so far. Between these
proposals, non-Abelian gauge fields have recently attracted a lot of attention since they could
link cosmology with the phenomenology of particle physics [167]. The cosmological dynamics
of these fields have been extensively discussed in the literature [151, 182-190, 193-195]. For
instance, the early and the late-time accelerated expansions can be uniquely explained by
non-Abelian gauge vector fields. These models are known as “gaugeflation” [151, 184] and
“gaugessence” [125], respectively. Regarding the early accelerated expansion, gaugeflation was
ruled out as a valid inflationary model, since the relation between the scalar spectral tilt and the
tensor-to-scalar ratio does not get in the region allowed by Planck 2013 [416, 417]. Nevertheless,
the introduction of a mass term in the theory can alleviate the problem [193, 195]. Some of the
background inflationary trajectories of this proposal were studied in Refs. [193, 195|, where it
was concluded that, in particular, the addition of the mass term does not affect the existence
of an inflationary period but it does reduce its length. Here, by using a dynamical system
approach, we find the full available parameter space of this model and show that the inclusion
of the mass term actually increases the length of inflation, instead of reducing it. We also
remark that this particular result could yield to modifications at the linear perturbation level

as worked out in Ref. [195].

4.2.2 Inflation from gauge fields

Let us consider the following action for a massive SU(2) gauge vector field

1
/ diz/— [mPR - —F“WFa“” + o <F w e ) - SmEAT AL, (4.2.1)
where ¢ is the determinant of the metric, x is a positive-definite constant with dimensions

[mp?], F,, is the field strength tensor
Fo, = 0,A% — 0,A", + ge“ A" AC,, (4.2.2)

of a non-Abelian gauge vector field A?, with mass my, g is the SU(2) coupling constant and

€%. being the Levi-Civita symbol. The dual of the strength tensor is defined as usual by

E v = _ehveo pa (4.2.3)

po?

l\')IH

with e#P? denoting the completely antisymmetric tensor. This action was first studied in Ref.

[193], in the context of inflation, as a modification of the original model in Ref. [184] where
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massless fields were considered.
In a FLRW spacetime, an ansatz for the massive gauge vector field consistent with the

symmetries of this spacetime is [149]

(4.2.4)

where 1(t) is a scalar field. As a shorthand notation, we define ¢(t) = a(t)1(t). Isotropy also
requires that the gauge fields have identical masses, i.e. m; = my = mg = m.
The dynamics of this model, neglecting matter and radiation, was computed in chapter 2.5.

We recall the energy tensor of the model

1 K [ = 2 1
a a o 2 fa Aa o a o a 24 A pa
Ty = F g™ + A A%, = gy | TFTF Sy + o (Faﬂ Fpa> +5mPANAN | (425)
and the density and pressure
1 1
P = PN Pt pA PE SPYM T Pe T GPAs (4.2.6)
where ] :
3 ¢2 g2¢4 3 ) ¢4¢2 3 m2¢2
=—| = = = , =— 4.2.7
=5 <a2 + ad |0 F 2" s PA=9" 2 ( )
In this case, the Friedmann equations do note consider the existence of matter and radiation,
hence
2 2 14 472 2 12 2 2 14 2 /2
2 »* g% 20797 M9 5 ¢ gt 1m*
B 1 = 2 a2+ at Ry ab + a? |’ 2mpH = =2 a2+ at +§ a? |’

(4.2.8)

The variation with respect to A%, read

a

v K [ po [ v v ab pc v K " PO [ MY
0=V |F - = (B P, ) B | —m2ay — geotoar, [ R — = (B FL,) B
and yields the equation of motion for the gauge field

0:7—5(1+ 2¢4) ¢(1—3 2¢4)+i<1+ ¢2)+m¢ (4.2.10)
a CL a

Equations (4.2.8), and (4.2.10) give the dynamics of the inflationary phase. It is more convenient

to recast a set of nonlinear equations in terms of dimensionless expansion variables [97]. In our
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case we choose

r = —, = S, W= —, z= =. 2.
VampaH' = \amp *H Vamp aH' "~ amp a
The Friedmann equation in Eq. (4.2.8) becomes the constraint
1= 2%+ 9 +w® + daz?z?, (4.2.12)

from which we can write the variable y as a function of the other variables and a dimensionless
parameter defined as o = mp kg?. By changing the cosmic time ¢ with the number of e-folds
N defined by dN = Hdt, and taking into account Eqs. (4.2.8), (4.2.10) and the constraint in

Eq. (4.2.12), we can write the evolution equation for each independent variable as follows:

¥ =ux(e—1)

-1 |2 2 W
— (144az") |Z(1=2%) + 2 (1 — 1202") — — |, (4.2.13)

z z
w =w (E +e— 1> , (4.2.14)

z
Z=x—2z (4.2.15)
where a prime denotes derivative with respect to IV, and
H

€= ——— =2 —8az?z* —w? (4.2.16)

H2

is the slow-roll parameter.
It is possible to calculate the expected number of e-folds of inflation at first order in the

slow-roll approximation. Here we show the result for later use [193]

1 i i2 1 i i2
N LEYFw/2y (Tt w2 (4.2.17)
2€; Vi + wif2
where
_e o 4218
’}/: H2—22, w:H2—Z2, ( )

and the subindex 7 indicates some initial time before the end of inflation.
For completeness, in the following subsection we first study the case where the gauge fields

are massless.
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Massless case

This model was first introduced in Ref. [184] as “gaugeflation”. Although several inflationary
trajectories were analyzed in Ref. [184], an exploration of the full available parameter space
of the theory has not been performed yet and thus only a few particular valid trajectories are
known. In the following, we find the parameter window where slow-roll dynamics take place.
The massless case is characterized by m = 0 or equivalently w = 0. Equation (4.2.14)
is trivially satisfied and the dynamical system is reduced to Eqgs. (4.2.13) and (4.2.15). The

autonomous set has just one physically acceptable fixed point given by

RS (o el -
r =2z = W, fa = 9+ 81+a . (4219)

This point exists for all positive a.

The slow-roll parameter in the fixed point is given by

(72 = VB3/a%)"

e=2-8a2"=2— TE (4.2.20)
Now, assuming the reasonably upper bound for enough slow-roll phase [283]
€ <1072, (4.2.21)
we find that
a > 1.99 x 10°, (4.2.22)

hence, in the massless case, the only relevant parameter of the system has to be very large in
order to inflation has a correct length.

The linear stability analysis shows that the fixed point is hyperbolic, i.e. the Jacobian matrix
obtained from the dynamical system does not have any vanishing eigenvalue upon evaluation in
the fixed point. We verified the behavior of the two eigenvalues as functions of the parameter
« in the region where slow-roll solutions exist. We could see that one eigenvalue is positive,
A1 > 0, and the other one is negative, \s < 0, therefore the fixed point is a saddle in the
space {x, z}. Moreover, we have corroborated that A\; — 0 and Ay — —3 when o — oco. This
means that gaugeflation naturally agrees with the fact that inflation is a transient phase of the
Universe. Inflation as a saddle fixed point has been addressed in other works (e.g. see Refs.

[418, 419]). Therefore, the dynamical analysis shows that the only fixed point of the system

2The fixed point is found upon regularization due to possible singularities in z = 0, and it is physically
acceptable because the variables take real values and the Friedmann constraint (4.2.12) is satisfied.
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Figure 4.2.1: Evolution of the gauge field (Left) and the slow-roll parameter (Right). The
field ¢ = ¢/a and the slow-roll parameter € are nearly constant during inflation. The field
suddenly decays while € reaches its upper bound near to N = 368 around the value predicted
in Eq. (4.2.26). The disagreement between these values is due to numerical approximation.

corresponds to a slow-roll inflationary solution for large a.

Now, we will proceed to present a numerical solution to see the behaviour of the system
under specific initial conditions. In Ref. [184], each inflationary trajectory is specified by a set
of four values® {1, 1/12, K, g}. However, our dynamical analysis reveals that there is a particular
point in the physical phase space {x, z} which can be fully specified only by the parameter «,
being very useful for fixing the initial conditions. As an example of this particular slow-roll

trajectory in the massless case (w = 0), we choose
a=2x 10°, (4.2.23)
such that the variables in the fixed point in Eq. (4.2.19) are approximately
x; = z; = 0.0706517. (4.2.24)
The function « in Eq. (4.2.18) and the slow-roll parameter in Eq. (4.2.20) take the values
v~ 48 %1074, 6 ~9.9x1073, (4.2.25)

which in Eq.(4.2.17) translates into
N ~ 383. (4.2.26)

As it can be seen in the left part of Fig. 4.2.1, for the chosen initial conditions, the gauge

3Here, the subscript i means that the corresponding quantity is evaluated some time before the end of
inflation.
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field is nearly constant during inflation, then it suddenly falls off around N = 368 and starts to
oscillate, showing good matching with the analytical results. As explained in Ref. [184], these
oscillations are presented because pyy becomes the dominant term at the end of inflation, and
thus the system behaves as a quartic chaotic-like inflation theory. Support for this interpretation
is given in the right part of Fig. 4.2.1 where we see that the slow-roll parameter is small during
inflation and it grows around N = 368, oscillating and reaching its upper limit equal to 2,

which represents a “dark radiation” domination epoch®. This is due to € can be written as

PYM

€E=2——.
pYM+pn

(4.2.27)

Since the inflationary solution corresponds to a saddle fixed point, it is possible to find
initial conditions that do not yield to slow-roll dynamics, i.e. inflation does not last enough
time. For example, we can regard x; # z;, i.e. we choose a nonzero speed for the field as an
initial condition. As expected, the main effect is a drastic reduction in the number of e-folds
while generating bigger values for ;. For the same value of v = 2 x 10° and being careful about

y? > 0 [remember the constraint in Eq. (4.2.12], we consider the following initial values:

x; = 0.070651, z; = 0.0706, (4.2.28)
yielding to
vi = 0.58811, € = 0.0158458, (4.2.29)
and corresponding to
N = 49, (4.2.30)

showing the great impact that a slight change in the speed of the field (% ~ 7.2 x 107°H;)
has on the evolution of the system. This feature is important since, at perturbative level, there
are bounds on the possible values of v (see Ref. [184]), and as shown in Ref. [417], the scalar
perturbations present a strong tachyonic instability for v < 2. Nonetheless, we do not care
about these cumbersome features since we are only interested in the dynamical behaviour of
the system at the background level.
From these numerical results, we also can give a rough estimation of the values of the
parameters x and g noticing that
H V222
9

Although the energy scale of inflation is not known yet, the preferred scale is H < 10 5mp.

mp. (4.2.31)

4By dark radiation we mean the “radiation” associated to the Yang-Mills term.
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Then, supposing H; = 3.5 x 10~mp and using the first set of initial conditions we get
g=T6x107% k=34 x10"° mp* (4.2.32)

These parameters were estimated in Ref. [184] after a linear perturbation treatment of the
theory in order to agree with the observational data available at that time [420]. However,
here we have shown that it is possible to estimate the order of magnitude of them through a

classical dynamical system approach in a much simpler way.

Massive case

At the background level, the gaugeflation scenario can solve the classical cosmological problems
by producing an inflationary phase which lasts enough number of e-folds. Nonetheless, the main
test of any inflationary model relies in its observational signatures, which are imprinted on the
CMB data. In Ref. [417], it was shown that some difficulties arise at the linear perturbative
level: for v < 2, the scalar perturbations show a strong tachyonic instability, and, in the stable
region v > 2, any set of initial conditions does not exist that preserves the relation between
the tensor-to-scalar ratio r and the spectral index n, in the confidence region allowed by the
results of Planck 2013 [416]. Then, it is clear that the theory requires some modifications in
order to not be discarded by observations.

In Ref. [193] was proposed “massive gaugeflation”, where an explicit gauge-symmetry break-
ing mass term was considered. In that work, some of the classical inflationary trajectories of
the model were studied, showing that the introduction of the mass term does not harm the
good features of the original gaugeflation model while having the potential to modify the n, vsr
relation. The linear perturbation theory was carried out in Ref. [195], where it was shown that
the dynamics remain unstable for v < 2, nonetheless the model can produce observationally
viable spectra in the stable region, according to Planck 2013 [416].

In this case m # 0, implying w # 0, and so the dynamical system is given by the full set
of Egs. (4.2.13)-(4.2.15). The system has again only one physically acceptable point, where z
and z take the same values in Eq. (4.2.19) and w = 0. Since w = 0, this point has the same
properties as in the massless case: it exists for all «, the slow-roll parameter is the same in
Eq. (4.2.20), and slow-roll solutions require a large . This is not a surprise since the mass
term does not contribute to the existence of an accelerated expansion. Note that in this case,
we cannot fully specify the initial conditions for inflation only by fixing « since w is not given
in terms of a.

The linear stability analysis shows that this point is hyperbolic as well since there are

no vanishing eigenvalues. We verified the behavior of these eigenvalues as functions of the
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parameter « in the region where slow-roll solutions exist. We noted that two eigenvalues are
positive, A\; > Oand Ay > 0, while the other one is negative, \3 < 0, therefore the fixed point
is a saddle in the phase space {x,w, 2}, as expected. We verified that A\; — 0, A — 0 and
A3 — —3 when a — oc.

The eigenvalues Ay and A3 are the same \; and Ay from the massless case, respectively.
The new eigenvalue is A;. The eigenvector associated with Ay is (0,1,0) in the space {x,w, z},
meaning that the variable w runs away from 0 to a greater value during inflation. This is
expected since at the end of inflation the x-term decays to zero and the Yang-Mills term or the
mass term becomes dominant.

As mentioned before, the parameter a does not fully specify the initial conditions (unless
m = 0), then we have to investigate the impact that the mass term, encoded in the function w
in Eq. (4.2.18), has on the inflationary phase.

Using Eq. (4.2.18), we can write the constraint in Eq. (4.2.12) as

y? =1 —2*(1 + daz?) — w22 (4.2.33)

From the last equation, it is clear that once «, x, and z are fixed, w cannot take arbitrary values
since it could push the variable y to complex values, which is physically unacceptable. Now,

using the first set of initial conditions of the massless case:
a=2x10% ;=2 = 0.0706517, (4.2.34)

we get
w; < 0.00047539, (4.2.35)

for y? > 0. Since y; depends on the choice of w;, we note that 7; will depend on this function
through Eq. (4.2.18). Therefore the number of e-folds can be given only in terms of w;. As it
can be seen in the right part of Fig. 4.2.2, the case w; = 0 corresponds to N ~~ 382 agreeing
perfectly with the result given in Eq. (4.2.26). From this figure, it is clear the effect that the
mass term has on the model: it increases the length of the inflationary phase. Furthermore,
by using Eq. (4.2.18), Eq. (4.2.31) and the Friedmann constraint in Eq. (4.2.33) we can write
N in terms of the mass m which yields to the same conclusion (see Appendix A of [3] for a
detailed derivation). It is worth mentioning here the results given in Ref. [193]. In that work,
the authors claim that the mass “reduces” the length of inflation, which they show in their
Fig. 3. However, this opposite conclusion to ours is because the authors of Ref. [193] plot the
number of e-folds as a function of /w; (fixing H;) ignoring the relation between this function
and v; through Friedmann equations, i.e. 7; cannot be fixed if w; is varying.

As a complement to our qualitative and analytical results, we numerically integrate the full
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Figure 4.2.2: (Left) Evolution of the gauge field. The field suddenly decays around N = 403
as stated in Eq. (4.2.38). (Right) Number of e-folds in the function of w;. The mass term
increases the length of the inflationary phase.

dynamical system in Eqgs. (4.2.13)-(4.2.15). Choosing

w; =3 x 1074, (4.2.36)
we get
v~ 1.8x 107", 6 =9.9x1073, (4.2.37)
and the expected number of e-folds
N =~ 402. (4.2.38)

As can be seen in the left part of Fig. 4.2.2, for the chosen initial conditions, the gauge
field is nearly constant during inflation, then it suddenly falls off around N = 403 and starts
to oscillate, showing perfect matching with the analytical results.

It is also possible to consider greater values for w;, by regarding x; # z;. As in the massless
gaugeflation model, this implies a nonzero speed for the field and it has the same effect here:
it reduces the length of inflation. However, this does not cancel the effect of the mass term
increasing this length as shown in the following. Taking the second set of initial conditions

used in the massless case,
a=2x10° x; =0.070651, z = 0.0706, (4.2.39)

we get

w; < 0.584146, (4.2.40)

for y? > 0 from Eq. (4.2.33). So, choosing w; = 0.5 we get N = 69 as the expected length of

inflation although ¢; ~ 1.3 x 1072. Remember that with these initial conditions, the massless
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Figure 4.2.3: lot of the late-time decay of the scalar power spectrum ng.,/e as a function
of the mass parameters given by Eq. (3.58) of [195]. Upper: result obtained when 7 is fixed
while M = m/H can vary (see Fig. 5 of Ref. [195]). Lower: result obtained when the relation
between v and w = M? is considered.

model predicts N & 49 ruling it out as a viable inflationary solution.

From this analysis we can also estimate the values of the parameters x and g, through
Eq. (4.2.31). Using the energy scale H; = 3.5 x 107°mp and using the second set of initial
conditions we get

g~ 107" kA 1.9 x 10" mp?, (4.2.41)

which are roughly of the order to the values estimated in Eq. (4.2.32) for the massless model.

Possible consequences at the perturbative level

From the analysis above we learn that once the constant «, the magnitude of the field 1, and
its speed ¢ = 1# /H are fixed, the parameters v and w are related by the Friedmann constraint
in Eq. (4.2.12), in such a way that one cannot fix one of them while varying the other one.
To elucidate the possible impact of the relation between v and w, we take a minimal example
coming from the results obtained in Ref. [195] where the linear perturbation of the massive
gaugeflation model was worked out. Assuming o = 10%, x = 0.02509638, z = 0.02508 and
taking into account that y has to be real and v > 2 in order to avoid tachyonic instabilities, we
get the bound

w < 2.14366. (4.2.42)

The late time decay rate of the scalar power spectrum is given by (see Eq. (3.58) of Ref. [195])
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In Figs. 4.2.3 we plot ng. normalized to € with respect to the mass parameter. The left part
of Fig. 4.2.3 is the plot shown in Ref. [195], where v is fixed and M = m/H varies. The right
part of Fig. 4.2.3 shows the result obtained when taking into account the relation between ~
and w, which of course corresponds to only one curve. We also found some differences between
the plots of the chirality parameter [Eq. (3.114) of Ref. [195]] and those made by us, considering
the relation between v and w. We want to stress that the perturbative analysis of the model
is out of the scope of this work, and although the dependence between the parameters v and
w has the potential to modify the scalar spectral index or the tensor-to-scalar ratio (as we see
from the expression for ng.,), a full treatment of perturbations for the massive case is needed.
We leave this complete examination for a future work, where we also plan to compare with the
results given in Ref. [195], and also to see if the massive gaugeflation proposal can be (or not

be) in agreement with the observational bounds.

4.2.3 Conclusions

In this work, we studied non-Abelian gauge vector fields endowed with SU(2) group represen-
tation as the unique source of inflation. In the inflationary scenario, it was shown that this
primordial accelerated expansion can be driven solely by this kind of fields [184]. Since this
model, known as gaugeflation, was ruled out by observations [417], several modifications to
the original model have been proposed. In particular, the introduction of a mass term could
ameliorate the tension [193, 195]. However, in these previous works, only some particular in-
flationary trajectories were analyzed. Here, by using a dynamical system approach, we have
extended their results, finding the full available parameter space yielding to slow-roll inflation-
ary solutions. We realized that slow-roll inflation is a saddle point in the phase space and thus
this model provides a natural mechanism to end the inflationary period. We also found that
the inclusion of the mass term increases the length of the slow-roll phase, instead of reducing
it as claimed in Ref. [193]. This reduction is because the authors of Ref. [193] ignored the
relation between the parameters 7; and w; given by the Friedmann constraint, once the other
initial conditions have been set. Hence an increase in w; implied an increase in the speed of
the gauge field ¢; yielding to a drastic reduction in the number of e-folds. Thereafter, we
remark that our conclusion could modify the results obtained in Ref. [195] where the linear
treatment of the model was worked out. For example, the relation between +; and w; changes
the results of ng. /€ (see Fig. 4.2.3). To respond to this query, we plan to make a full treatment

of perturbations for the massive case in a future work.
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4.3 Vector Curvaton

4.3.1 Introduction

Single-field models, in which the inflationary expansion is driven by a scalar field minimally
coupled to gravity, are clearly favored by data. Despite their excellent agreement with the
available data, indications exist suggesting that single-field models might need to be extended.
The most notorious among these indications are the possible presence of the so-called CMB
anomalies (see for instance [59, 108, 112, 113] for an overview of some of them).

Although scalar fields have played a dominant role in inflationary cosmology, over the last
decade it has been realized that vector fields may also have an important function provided
their conformal symmetry is broken (see for instance [100, 140, 160, 166-168, 421] and references
therein). This breaking, which can be brought about by the introduction of a mass term, for
example, allows the vector field to obtain a superhorizon spectrum of perturbations during
inflation. In turn, this opens up the possibility that the vector field becomes a curvaton and
contributes to the curvature perturbation [422-431], for which the vector field must come to
dominate (or nearly dominate) the energy density at a later epoch. However, the risk when
considering the influence of vector fields in the cosmological dynamics is that, since they signal
a preferred direction in space, they may result in an anisotropic expansion in excess of the
current observational bounds. To quantify the level of statistical anisotropy® it is usual to

parametrize the spectrum of the curvature perturbation as [432]
Pc(k) = PE(K)[1 + g(k)(d - k)], (4.3.1)

where Péso(k;) denotes the isotropic part of the power spectrum, g(k) is the so-called anisotropy
parameter, which quantifies the statistical anisotropy in the spectrum P, d is the unit vector
signaling the preferred direction, and k =k /k is the unit vector along the wavevector k
with modulus k. Observations from the Planck satellite suggests that g can be at most 0.97
[433], which represents a very tight constraint on the contribution of vector fields to the power
spectrum of the CMB. Nevertheless, if the isotropy of the expansion is approximately preserved,
vector fields could even be responsible for inflation [434-438]. The requirement in this case
is to have either a large number (typically in the hundredths) of randomly oriented vector
fields so that they collectively generate a nearly isotropic expansion, or consider three mutually
orthogonal vector fields with equal vev [434]. Tt is also possible to retain an isotropic inflationary

expansion by considering the dynamics of gauge vector fields. This is the case of gaugeflation

SWe distinguish between background anisotropy from statistical anisotropy, given that the latter is pertur-
bative in origin.
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[193, 195, 196, 439-441], in which a nonabelian gauge field minimally coupled to gravity plays
the role of the inflaton. In this proposal, an SU(2) gauge field is considered to form a triad
of mutually orthogonal vectors, which in turn allows the gauge field to drive inflation without
giving rise to an anisotropic expansion.

An interesting manner to break the conformal invariance is by considering a non-minimally
coupled vector field, thus resulting in a modification of gravity [424, 434-436]. Unfortunately,
the non-minimal coupling to gravity is known to be problematic due to the emergence of
instabilities [442-444]. Although the existence of these problems represents a serious drawback
for the consistency of the theory, the very nature of the instabilities has been called into question,
and a number of scenarios have been envisaged to evade them [430]. In this paper, we examine a
cosmological vector field non-minimally coupled to gravity through the Gauss-Bonnet invariant.
Although couplings between the Gauss-Bonnet invariant and scalar fields have been explored
in the context of inflationary cosmology [445-468], the coupling with a massive vector field has
not been sufficiently explored in the literature® [470]. Arguably, this is due to the very presence
of instabilities in relatively simple settings, as in the case of a non-minimal coupling to the
Ricci scalar, which then invites to exercise caution when considering more complicated non-
minimal couplings. Nevertheless, the reason for us to invoke such a coupling owes to the peculiar
behavior of the Gauss-Bonnet invariant. Indeed, a very crucial feature is that it changes its sign
when passing from inflation to a matter or radiation dominated phase. Consequently, a mass
term for the vector field, coming from this coupling, features the same change of sign towards
the end of inflation. In the vector curvaton scenario [471], a negative mass-squared is required
for the vector field to generate a nearly flat power spectrum, while a positive mass-squared is
required for the vector field engages into quick oscillations after inflation, in order to avoid the
generation of large background anisotropies if the vector field dominates the Universe. However,
a clear mechanism producing this change of sign is not provided, and thus it has to be assumed
[471]. In this regard, the goal of this work is to investigate whether a vector field coupled to
this topological term can contribute significantly to the total energy density after inflation,
thus being able to play the role of a curvaton. Two key assumptions are made in order to keep
the isotropy in the expansion: i) the vector field is subdominant during inflation [471| and 1)
after inflation the vector field conduct itself as a pressureless mater [471]. These assumptions
allow us to safely use an isotropic and homogeneous spacetime, i.e. the Friedmann-Lemaitre-
Robertson-Walker (FLRW) metric.

5Non-minimal couplings of the electromagnetic field to gravity, in particular to the Gauss-Bonnet invariant,
have been considered as a mechanism to generate large-scale magnetic fields during inflation [449, 469].
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4.3.2 Vector field coupled to the Gauss-Bonnet invariant

On the instability of non-minimally coupled vector fields

An issue of fundamental importance concerning theories of massive vector fields non-minimally
coupled to gravity is their instability [430, 442-444], which originates from the longitudinal
mode of the vector field. One of the known instabilities is perturbative in origin and arises
when the effective mass squared of the vector field changes its sign from negative to positive
[442-444]. In the scenario studied in Refs. [425, 430], it was shown in Ref. [425] that the
instability is under control during inflation. However, the instability arises at some later epoch,
when the field’s effective mass squared crosses zero. In spite of this difficulty, the authors in
[430] go on to argue that even if such instability exists, it still might be possible to avoid it if the
bare mass of the vector field stems from the coupling to another field, which then would allow
either a curvaton or an inhomogeneous reheating mechanism. To the best of our knowledge,
the debate on this issue is not yet settled, and hence our attitude towards it will be the same
as in Ref. [430], thus simply ignoring the instability or assuming that, if present, it can be
circumvented by some mechanism. Although this attitude conveniently dispenses with the
problem, it is also fair to say that such instability arises when the longitudinal mode becomes
unphysical, and hence it is reasonable to suspect that the associated singularity might share
the same unphysical nature.

Apart from the above, yet another problem plagues this kind of vector field models, the
so-called ghost instability. 1t originates because, during inflation, the kinetic energy density for
the longitudinal modes of the vector field have the wrong sign, which might entail the copious
production of vector field quanta up to the point of ruining inflation. Regarding this instability,
the authors in Ref. [430] argue that as long as the negative energy contributed by ghost states
does not exceed the energy density driving inflation, these are in principle not problematic for

the stability of the theory. In the following, we implicitly assume that this is indeed the case.

Theoretical Framework

We consider a massive vector field coupled to the Gauss-Bonnet invariant and evolving in an
inflationary background, which we take to be quasi-de Sitter and driven by an unspecified

matter source. The action of the system is

E = £EH +£inf+£A+£Q; (432)
with ) . .
Loy = —%R, La=—1FuF" 4 5 A4,
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1
Lo=aGA,A" (4.3.3)

where, mp is the reduced Planck mass, R is the Ricci scalar, F),, = V,A, -V, A, is the strength
tensor associated to the vector field A, with bare mass m, G = R? — 4RaﬁRa6 + Raﬁ,ﬂ;Raﬁw
is the Gauss-Bonnet topological invariant with coupling strength” a, and R,,, R,.,s are the
Ricci tensor and the Riemann tensor, respectively. L, is the Lagrangian density for the energy
content responsible for the inflationary period. The effective mass squared of the vector field
is defined as

m? =m? 4+ ag. (4.3.4)

In the case of the FLRW metric ds? = dt? — a?(t)dx?, where a(t) is the scale factor and = are

the Cartesian spatial coordinates, the Gauss-Bonnet invariant reads
G = 24H*(H + H?), (4.3.5)
where H = a/a is the Hubble parameter.

Perturbation spectrum

Having clarified our position with respect to the instability of the theory, we investigate the
conditions for which the vector field obtains a nearly scale-invariant spectrum of superhorizon
perturbations. The equation of motion for the vector field, which is obtained by varying the

action of the Lagrangian in Eq. (4.3.2) with respect to A,, is
V. " +m?A” = 0. (4.3.6)

Assuming that inflation homogenizes the vector field; i.e. 9;4, = 0, it is easy to show that its

temporal component, A;, must be zero, while the spatial components A? obey®
A+ HA* + m?A" = 0. (4.3.7)
Now, we perturb the vector field in the following way:

Ai(t,x) = Ai(t) + 0A(t,x), At @) = JA(t, ), (4.3.8)

"The dimensions of this coupling are [a] = mp>.

8See Appendix A of [10] for the details of the calculations.
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and write the equations of motion for transverse (6.4°,) and longitudinal (5Ai“) modes as
follows (see Appendix A of [10]),

2
O} + HO; +m* + (S) ]&4" =0, (4.3.9)
o} + 1+2—k2 HO, +m” + kY SA =0 (4.3.10)
¢ k2 + (am)? ! a = e

where 0.4° are the Fourier modes of §A%. In the above equations, we used the fact that m? is a
constant during inflation since H ~ 0 and therefore G ~ 24H*.
In order to quantize the field, we introduce creation/annihilation a'/a operators for each

polarization mode

el (k)al (k)25 (¢, k)eikﬂ , (4.3.11)
where A = L, R labels the left and right transverse polarizations and A = || the longitudinal
polarization. Choosing the k-direction along the z-axis, the polarization vectors e, can be
written as . )

e, = —(1,7,0), eg = —(1,—1,0), ¢, =(0,0,1), 4.3.12
L \/5( ) er \/5( ): ¢ =1(0,0,1) (4.3.12)

while the commutation rules are
ax(k), ab (K| = (2m)36(k — k')da- (4.3.13)

With all the above, the power spectrum for the A-polarized modes z) is defined by

]{?3 2
Pi(k) = lim

kjaH—0 272

(4.3.14)
In the following subsections we study each polarization individually.

Transverse modes

Defining the physical transverse modes as by, g = z 1, r/a and using the conformal time dn =

dt/a, the evolution equation (4.3.9) is rewritten as

(02 + 2H0, 4+ 2MH* + (am)® + k*| b, r =0, (4.3.15)
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with H = aH being the Hubble parameter in conformal time. This equation can be recast in

the form of a Bessel equation whose solution is given in terms of the Hankel functions H, as

bL}R(’I’], k) = C/c a_l\/ —UHV(—]W?)7 (4316)

where L G 1 )

m°+« m
A 4.3.17
4 H? 4 H? ( )

The constant Cj can be found by matching Eq. (4.3.16) with the Bunch-Davies vacuum at

1/2

early times (when —kn — 00), obtaining

1 .
Ck = ﬁ = b L, R<77> l{}) ~ —G_an. (4318)

2 a\/ﬁ
As expected, the modes behave as those for an oscillator. Now, we are interested in the late time
behaviour (when —kn — 0) of the physical modes. In this regime, the dominant contribution
of the solution in Eq. (4.3.16) is
b L ,R(l{?) x k7. (4319)

Replacing the later expression in the power spectrum defined in Eq. (4.3.14), we obtain

PZ
Prr=—p o k7%, (4.3.20)
a
which corresponds to the scale dependance of the power spectrum of the physical vector field

perturbations. The spectral index is written as

dInPy, r

T = w (4.3.21)

TLL7R—]_E

From Eqs. (4.3.17) and (4.3.21) it is clear that the physical vector field can attain a nearly
flat power spectrum if and only if m? ~ —2H?. Consequently, the coupling o must satisfy

m? + 24aH* ~ —2H?. Moreover, if m < H, the condition for scale-invariance becomes

H? ~ ——. 4.3.22
a 1 (4.3.22)

This result must be compared to the one in Refs. [424, 444] where, instead of coupling the vector
field to the Gauss-Bonnet invariant, the authors couple the vector field to the Ricci scalar, i.e.
aRA, A" In Refs. [424, 444], it was shown that if the coupling constant is exactly 1/6 the
power spectrum is perfectly flat, besides, the spectrum of each transverse mode is precisely

the same as that for a scalar field. Finally, it is important to mention that the requirement
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m? ~ —2H? is precisely one of the possibilities discussed in [430] to avoid the instabilities

mentioned in Sec. 4.3.2.
Longitudinal modes

Equation (4.3.10) gives the evolution for the longitudinal modes zj, which, in terms of the

conformal time, can be written as

2 2HE? 2 2
8,7 + m@n + (am)” + k 2= 0. (4.3.23)
Using the conditions m = 0 and m? = —2H? for a scale-invariant transverse power spectrum,

and taking into account that the vacuum boundary condition is modified by

1 )
lim 2z = y——=e ", 4.3.24
fim g =y ( )
with v = /(k/am)? + 1 the Lorentz boost factor which takes us from the frame with k = 0 to
the frame of momentum k # 0, the solution of the above equation is [425-428]
=— |-k — + 2| ——= 4.3.25
Z| 9 n+k77+ [/ /—_kna ( )
which at late times (—kn — 0) behaves as \/—n(—kn)~%2. Replacing the latter in the power
spectrum in Eq. (4.3.14) we get

H\?
Z ~s 2
Pi ~ 2a (_27T> : (4.3.26)

where we used the approximation H? =~ (an)~? which is valid during inflation for a quasi-de
Sitter background. As in the transverse case, the physical longitudinal power spectrum P can

be obtained by defining the physical longitudinal modes as b = 2 /a.

Statistical anisotropy

It is known that vector fields introduce inherently a preferred direction and therefore they
can introduce large statistical anisotropies in the perturbation spectrum. If this is the case,
the model will be ruled out because it is in disagreement with the observational results. For
this reason, by using the JN formalism [472-475], in this section we compute the amount of
statistical anisotropy in the spectrum, which is quantified in the parameter g defined in Eq.
(4.3.1). We will show that g can be small enough to satisfy the observational bounds [415].

According to the 0 NV formalism, the curvature perturbation ( is the difference of the number
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of e-folds N between uniform density and spatially flat slices of spacetime: ( = 0N. We will
assume that N is function of the scalar field ¢ and the vector field: N = N (¢, A*). Then, the

curvature perturbation can be written as [428§]

. 1
¢ = Ngdop + N4 JA; + 51\f¢¢(5(/))2

1 . 1
S NLABOOA; + SNE S ABA; +- (4.3.27)
where Ny = %—];, Ni = g—ﬁi_, Nyp = 8;7];[, Nj, = %, NY, = %, d¢ and 0A; are the

perturbations of the scalar and vector field, respectively. From this result, the power spectrum

of the curvature perturbation reads
Pe(k) = NZPy + N3 [Py + (P = Py) (d- k)% (4.3.28)

where P, denotes the power spectrum of the scalar field, we have defined the even and odd
polarizations for the transverse spectra as 2P. = Pr, & Pr, respectively. We have taken into
account that our theory is parity conserving, i.e. Pr = P, and thus P, = Pr and P_ = 0.
In the latter equation, we have also defined N2 = ||[N4||> = N\,N4; and d = N 4/Ny4, which
defines the preferred direction signaled by the vector field. By comparing the above equation

with Eq. (4.3.1), we identify the isotropic part of the spectrum as
Pio(k) = NjPys(k) + N3Py (k), (4.3.29)

and hence the anisotropy parameter g can be written as

Py =Py
7)¢ + 57)+’

_ M

g="5 =~
N<i>

3 (4.3.30)

where [ quantifies the relative contribution of the vector field over the scalar field to the
modulation of N. Now, since the power spectra of the transverse solutions are nearly flat, they
are given by P, g &~ (H/2m)?, and assuming that the potential of the scalar field is sufficiently
flat during inflation, such that the power spectrum of the scalar field is also nearly flat at
horizon exit [422], i.e. P, =~ (H/27)?, we get

g = ~ B, (4.3.31)

B
1+p

where we took into account that N is primarily modulated by the scalar field, since the vector
field is subdominant during inflation, implying # < 1, then g = 8 < 1. This result agrees with
the bounds given by Planck which suggest that g can be at most 0.97 [415].
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4.3.3 Evolution of the vector field

In this section, we follow the evolution of the homogeneous vector field during and after inflation
in order to determine if the vector field is able to play the role of a curvaton [422, 471].

Defining the physical components of the vector A” as B* = A'/a and supposing, by simplicity,
that B, = (0,0,0, B), the equation of motion (4.3.7) is rewritten as

B+3HB+ <H 4Ol 4+ m2> B=0. (4.3.32)
In the following, we solve this equation during and after inflation.

Evolution during inflation

As shown in section 4.3.2, the nearly scale-invariant spectrum of vector perturbations is obtained

2

if the effective mass of the vector field is m? ~ —2H?, which remains constant during inflation

because H ~ constant. Therefore, the solution of Eq. (4.3.32) during inflation is
B(t) = By + Bya™?, (4.3.33)

where By and B; are integration constants. The decaying mode in the solution in Eq. (4.3.33)
is quickly diluted by inflation, thus the field is nearly constant given that B ~ By. This means

that the vector field remains frozen and therefore it is not “erased” in the inflationary phase.

Evolution after inflation

The post-inflationary evolution of the vector field is also described by Eq. (4.3.32), but now H
is time depending. Assuming that H evolves as
2¢71

H{(t) = 30T w) (4.3.34)

where w is the equation of state parameter of the dominant fluid after inflation and that
aH? = 7, where v is a constant (not necessarily the same required for a flat power spectrum),’

Eq. (4.3.32) can be recast in the following form

. 2¢ .
t*B + H_—wB + [(mt)? = 7] B =0, (4.3.35)

9We assume this condition for simplicity, and having in mind the condition in Eq. (4.3.22) which is valid
during inflation.
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where

, 2(1+3w) 1 — 3w
T 3(1 + w)? (87 S 3(1+ 3w)> ' (4.3.36)

The general solution of the above equation is

B(t) = t" [erJo(mt) + Y, (mt)], (4.3.37)
where
w—1 V143w
=~ =2 _"°""1 192 4.3.
VSt P sy YT 19 (4.3.38)

c1 and ¢y being constants of integration and J, and Y, being the Bessel functions of first and
second kind, respectively. This solution should be contrasted with the solution for the equation
of motion of a vector field non-minimally coupled to the Ricci scalar. In Ref. [424], it was
shown that, since this coupling is negligible after inflation'", the vector field behaves as a mas-
sive minimally-coupled abelian vector. In contrast, in our model, the Gauss-Bonnet coupling
contributes to the effective mass after inflation as well. This dependence is very important
because, since the Gauss-Bonnet invariant changes its sign when passing from inflation to a
matter or radiation dominated phase, naturally entails the change of sign of the vector mass.
In Refs. [424, 426, 471], it was shown that a vector field with positive mass after inflation can
engage into quick oscillations, avoiding the generation of large-scale anisotropies. However, this
sign change has to be assumed since a mechanism provoking this feature is not presented.
Now, we consider two possible approximations of the solution (4.3.37) regarding the depen-
dence of the Bessel functions with respect to the bare mass m of the vector field. Firstly, we
assume that the vector field is “light”, i.e. mt — 0. Hence the solution (4.3.37) is approximated
by
B(t) = &a>3F0t)/2 o &) g30+w)u=v)/2 (4.3.39)

where ¢; and ¢y are constants. The latter solution means that the evolution of the light vector
field is described by a power law for the scale factor. On the other hand, for a “heavy” vector
field we take the limit of Eq. (4.3.37) when mt — oo obtaining

B(t) ~ a=%/?[by cos(mit — @) + by sin(mt — )], (4.3.40)

where b; and by are constants. This solution shows that a heavy vector field oscillates with

phase ¢ (which is a function of v) and envelope decreasing as

B(t) oc a™/2, (4.3.41)

10This is true if a radiation dominated period follows after the inflationary phase, since R ~ 0 for an equation
of state w ~ 1/3.
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This shows that the vector field performs rapid oscillations, hence its dynamical behavior is

effectively characterized by the envelope.

Evolution of the energy density

In the last section, we showed that the vector field has a constant magnitude during inflation.
After inflation, it follows either a power law or an oscillatory motion depending whether it
is light or heavy, respectively. However, if the vector field is to have a chance to imprint
its perturbation spectrum at late times, it must nearly dominate the universe after inflation,
according to the curvaton scenario [422]. Therefore, it is necessary to follow the evolution of
its energy density.

Varying the corresponding action for the Lagrangian in Eq. (2) with respect to the metric
G, it follows that [446, 476]:

oL 0Lt 0L oL
BH £, Oka g

+ =0, 4.3.42
09w 09w 09w  OGu ( )
where ir ) .
BH _ _™Mp (_ puw | - 4.3.4
5o 5 ( RFY + 29 R> , (4.3.43)
0L 4 1 u 1 1 . 1
= —gM"F gF + Ry — P [ AFAY — Z " AT A, 4.3.44
) 1 1
5gﬁg = —iagA“A” + §g‘“’fg — 2fRRM + 2VHVY(fR) — 29" 0O(fR) + SfR“pR”p
ny
— AV, VH(fR) — AV, V¥ (FR) + AD([R™) + 46" Vo (fR")
- 2fR“””R”pUT + 4V, V,(fR"*7), (4.3.45)

and f = ;aA,A". Using the FLRW metric, the “00” component of Eq. (4.3.42) can be written

as 3mp H? = pus + pp, where pyy is the energy density of the source driving inflation and

B
W+ H? [14+2—
m- + + BH

is the energy density of the physical vector field B, = (0,0,0, B). This is to be compared

1., 1
- B>+ =
PB=557 15

B &
B? +24aH*B? | — + —— 4.3.4
+ 24« (HB + 2aH> , (4.3.46)

with the energy density pp = %BQ + %sz2 of a vector field non-minimally coupled to gravity
through the Ricci scalar [424, 430, 434-436]. In our case, the energy density of the vector field

has an extra term coming from the coupling with the Gauss-Bonnet invariant.
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During inflation, Eq. (4.3.46) gives

1
B ~ 5H2B2 ~ const. , (4.3.47)

where we used the fact that m < H and B, H and « are nearly constants. We can see that the
energy density of the vector field is not diluted by inflation since it remains almost constant.
In order to avoid anisotropic expansion after inflation, the contribution to the energy tensor
coming from the vector field must not introduce anisotropic pressures. This can be achieved if
the vector field condensate behaves as a pressureless matter, i.e. pg oc a3 [471]. In this section
we investigate the available parameter space for the constant + that allows this behavior in a
radiation dominated universe characterized by w ~ 1/3. Before to continue our discussion, we
want to point out the following. During inflation, the Gauss-Bonnet term is positive and it can
be approximated by G ~ 24H*. On the other hand, in order to get a nearly flat power spectrum
for the transverse modes we have aH? ~ —1/12, and therefore a@ < 0. After inflation, when

the Hubble parameter H(t) is given by Eq. (4.3.34), the Gauss-Bonnet invariant is given by

64 1+ 3w

O Wi w)

(4.3.48)
So, the Gauss-Bonnet invariant is negative if w > —1/3 (eg. a matter (w = 0) or a radiation
(w = 1/3) fluid). This implies v < 0 and a change in the sign of the effective mass, m? =
m? + ag, from negative, during inflation, to positive, after inflation. As explained in [471], a
minimally-coupled vector plays the role of a curvaton if it has a negative mass-squared (explicitly
m? ~ —2H?) during inflation. After inflation, the mass-squared has to become positive so that
the vector field engages into oscillations and thus avoiding the production of large background
anisotropy. As we show, in our model, this change of sign is tacitly provided by the “evolution”
of the Gauss-Bonnet invariant.

Regarding a light field, we showed in Sec. 4.3.3 that the dynamics of the vector field is
described as a power law in the scale factor (see Eq. (4.3.39)). The power is given in terms
of the equation of state parameter w and the constant . Then, replacing Eqs. (4.3.34) and
(4.3.39) in Eq. (4.3.46), and considering that the dominant fluid after inflation can be either a
stiff fluid (w = 1) or a radiation fluid (w = 1/3), one can realize that is impossible to satisfy the
condition that 7 < 0 and the condition that the density of the vector field scales as pressureless
matter, so we discard the light field solution.

For a heavy field, we showed that it is oscillating with decreasing envelope as a3/

. Following
Ref. [471], the period of oscillations is much smaller than the Hubble time, which means that

the effective behaviour of the vector field is given by its envelope. Therefore, replacing Eq.
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(4.3.41) in the density in Eq. (4.3.46) we get the average density over many oscillations as

1 1
pp = B2 <3—2 + 37) a” "+ §m2B§a‘3, (4.3.49)
where By is the constant of proportionality implicit in Eq. (4.3.41). The first term in Eq.
(4.3.49) goes as a™", so it decays faster than the radiation dominant fluid (which decays as
a~*) and even faster than the second term. This means that pz oc a=®. The fact that the

average energy density decays as a3

implies two important things: i) the vector field may
eventually dominate the Universe and imprint its perturbation spectrum, and ii) the average
energy density of the vector field scales as pressureless matter, so the average pressure is zero

and therefore there is no generation of large background anisotropy.

4.3.4 Conclusions

In this paper, we have examined the evolution of a cosmological vector field coupled to the
Gauss-Bonnet invariant. Assuming that m < H, we found that, in order to get a nearly
flat power spectrum for the transverse modes during inflation, the coupling ov must satisfy the
condition aH? ~ —1/12. This implies that the power spectrum for the longitudinal modes is
Py = 2Py, r. Consequently, we showed that the amount of statistical anisotropy in our model,
quantified by the parameter g, is within the observational bounds, given that the vector field is
subdominant during inflation. We also found that the vector field remains constant during the
inflationary phase, but it performs rapid oscillations after that whenever m > H. Averaging

3

over many oscillations, the vector field effectively decays as a=%/2, which means that the average

3 so, after inflation, the vector field behaves like a pressureless

energy density, pg, decays as a~
fluid. This indicates that the vector field has a chance to nearly dominate the universe after
inflation, without introducing large background anisotropy, and thus be able to imprint its
curvature perturbation.

According to the vector curvaton scenario, the mass of the vector must be negative during
inflation and positive after that. In our model, this feature is provided by the particular
behavior of the Gauss-Bonnet invariant because it changes its sign when passing from inflation
to a matter or radiation dominated epoch. Therefore, we conclude that this non-minimal
coupling between a vector field and the Gauss-Bonnet invariant can be a reliable and realistic

vector curvaton model.
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CHAPTERD

Machine Learning in Cosmology

5.1 General Introduction

One of the most important cosmological probes we have in favor of the concordance model is the
distribution of galaxies at large scales [373, 477]. In order to contrast our theoretical predictions
against these observational data, it is necessary to extract the statistical information in the
distribution of the large scale structure by computing the matter power spectrum, P(k, z), which
depends on the scale k£ and the redshift z. It can be shown that at first order in cosmological
perturbations, and neglecting neutrinos, the dependence of P(k, z) on k is encoded in the so-
called matter transfer function 7'(k), while the dependence on z is encoded in the growth factor
Dy (z) [478]. Therefore, for a fixed redshift, the matter power spectrum is a function only of
the scale and its form is mostly described by the matter transfer function.

The calculation of P(k, z) generally requires to solve the multi-species Boltzmann equations,
which can be done numerically in a matter of seconds using Boltzmann solvers, like the codes
CLASS [479] and CAMB [342]. However, to have an accurate analytical description for specific
quantities is always desirable. Following this line of thought, Bardeen, Bond, Kaiser, and Szalay
found a fitting function for the transfer function considering radiation, baryons, and cold dark
matter [480]. This BBKS formula is accurate up to 10% which is well-below the precision of
current data [481]. A better alternative is the fitting formula given by Eisenstein and Hu (EH)
in Ref. [482]. The EH formula achieves a precision of around 1-2%, however it is given in terms
of around 30 different, complicated expressions. These fitting formulae have been extensively
used in the literature [483-485].

Machine learning has long been exploited in physics (see Ref. [486] for a review). In partic-
ular, machine learning has been used to address symbolic regression problems; i.e., finding an
analytical expression that accurately describe a given data set [487-490]. In this work, we use
a specific machine learning technique known as Genetic Algorithms (GAs). GAs are loosely
based on biological evolution concepts. In a nutshell, they attempt to improve the goodness of

fit of the candidate expressions by randomly combining them and/or modifying some parts of
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them [491]. This approach seems to be suitable for finding analytical formulae for quantities of
interest in cosmology [492-498].

Here, we use GAs to find analytical functions for the matter transfer function with sub-
percent accuracy while being significantly shorter and thus easier to handle than other available

formulae.

5.2 Preliminaries

5.2.1 Genetic Algorithms

Here we briefly review the GA, which can be used as a stochastic symbolic regression approach.
Basically, the symbolic regression problem consists in finding a fitting function for a given
dataset, and thus defining a non-parametric approach to describe data. There are several free
and commercial codes to perform symbolic regression [487-490]. The GAs have been widely
used in several branches of physics, like particle physics [499, 500], astrophysics [501, 502|, and
cosmology [503-508].

In the GA, which is a machine learning technique inspired by concepts in evolutionary
biology [491], a population composed by several individuals (mathematical expressions in this
case) evolves expecting to optimize the goodness of fit of next generations to a given dataset,
which can be measured by a goodness of fit function, usually taken to be a x?. Each individual
is in turn composed by a selected set of basic operations, i.e., the grammar, which are randomly
selected depending on the “nucleotides”. These nucleotides are random numbers which in group
form the genes setting the mathematical expression of an individual. Once the initial population
is created, i.e., the progenitors, the goodness of fit of each individual is measured and, using a
tournament scheme, a set containing the best prospects is selected for reproduction and survival
to contribute to the next generation.

The reproduction is carried out by the so-called genetic operators, namely, crossover and
mutation. In the crossover stage, two individuals are randomly combined to produce new
individuals sharing characteristics of both parents. In the mutation stage, one nucleotide of an
individual is randomly selected and modified. This process is repeated for a given number of
generations.

Now, we describe the way reproduction works in GA with an example. In the upper part
of Fig. 5.2.1, there are two expressions in tree representation, i.e., two individuals xe® and 2z2.
Let us assume that these individuals were selected for reproduction. Left panel of Figure 5.2.1
shows possible combinations of the two individuals, while the right panel of Fiig. 5.2.1 shows their

possible mutations. For instance, the new individual in the left-hand side of Fig. 5.2.1 is born
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Figure 5.2.1: In the upper part we see two exemplifying grammatical expressions correspond-
ing to the individuals xe® and 22%. (Left) The two selected individuals have been combined to
produce two new individuals: 2e* and z3. (Right) The two selected individuals have suffered a
mutation to become two new individuals: z%e* and 2x.

from the combination of the expressions e¢* and 2 from its parents, while the other individual is
made from the remaining parts,  and 22, using the proper basic operation “Times” or product.
During the mutation stage, a selected individual is altered randomly. As shown in the right
panel of Fig. 5.2.1, for instance, the individual ze® mutated to z2e®, and the individual 222

mutated to 2z.

5.2.2 The Matter Transfer Function

On large scales where non-linearities are negligible, the linear matter power spectrum can be
compared against observations of galaxy clustering, and gravitational lensing, among others
[509-511].

In the concordance model, the primordial curvature perturbations generated during inflation
are related to the gravitational potential at late times by means of two functions: i) the
matter transfer function T'(k) which encodes its scale dependence and describes the evolution
of perturbations during horizon crossing and transition from radiation to matter domination,
i1) the growth factor D, (a) which describes the time-dependent growth of matter density

perturbations at late times. Thus, the gravitational potential can be written as
O(k,a) x R(k)T(k)D4(a), (5.2.1)

where R is the primordial curvature perturbation, and a is the scale factor. At late times,

for sub-horizon modes, and neglecting massive neutrinos, this gravitational potential can be

178



related to the matter contrast d,, by means of the Poisson equation:
E*®(k, a) < prady,(k,a), (5.2.2)

where p,, is the background density of pressure-less matter. Taking into account that the
primordial perturbations are nearly Gaussian with zero mean [218|, the linear matter power
spectrum can be written as [478§]

k"

P(k,a) Q—ZDi(a)TQ(k;), (5.2.3)

m

where ny is the scalar spectral index of primordial fluctuations, and §2,, is the density parameter

of pressure-less matter. Therefore, for a fixed redshift, the power spectrum is given by
P(k) oc k™T?(k), (5.2.4)

namely, it is fully determined by the transfer function. In this work, we present a very accurate
fitting formula for T'(k) as a function of the density of baryons and matter, such that it is
straightforward to compute the linear matter power spectrum.

As it is well-known from experiments, neutrinos are massive [512, 513|. At sufficiently small
scales, free streaming massive neutrinos imprint their effects on the cosmological evolution,
which translates to a further suppression of the matter power spectrum. In this case, the growth
factor acquires a scale dependency, making non-trivial a similar separation as in Eq. (5.2.3).
However, for a fixed redshift, it is possible to absorb all the scale dependent effects in an effective

matter transfer function, as shown in Ref. [514].

5.2.3 Previous Fitting Formulae

BBKS Formula

Before the advent of fast and accurate Boltzmann solvers, several attempts were made to
describe analytically the matter transfer function. One of the most remarkable results of this
pursuit is the BBKS formula which is based on previous fitting formulae by Bardeen, Bond,
Efstathiou, and Szalay [515-517]. In the case that Q, < Q,,, that is, the main contribution to
the matter content is in the form of Cold Dark Matter (CDM), the BBKS formula reads

—1/4

In(1+ 2.34 /
In(1 + 2.34q) [1 +3.89¢ + (16.1¢)* + (5.46¢)" + (6.71¢)" , (5.2.5)

T.pers(k) = 231g
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where s
ko/ Pr

k)= 0 =
a(k) (Wy — wp)Mpc ™ 1.68p,

(5.2.6)

and wy = Qxh? the reduced density parameter (Qx being the density parameter of species X),
h the reduced Hubble constant, px the background density, and X = b, ¢, m, r, v, v denotes
baryons, CDM, pressure-less matter, radiation, neutrinos, photons, respectively. When wj is

not negligible, the transfer function is modified as

kRy)?
Trpks (k; wo, wm) = T, gBKs(k) [1 + u , (5.2.7)

2

where Ry, = 1.6(w,, — ws) 2 kpc.

EH Formula

A more accurate formula was presented by Eisenstein and Hu in Ref. [482]. This formula is con-
structed from several physically motivated terms, such as acoustic oscillations, Compton drag,
velocity overshoot, baryon in-fall, adiabatic damping, Silk damping, CDM suppression. These
terms accurately describe, for instance, the suppression in the transfer function on small scales
due to the presence of baryons, and the amplitude and location of baryonic oscillations [482].
All the mentioned effects are taken into account in the EH formula by around 30 expressions,
which we present in the following.
The transfer function given by Eisenstein and Hu [482] has the following form:
Qb

T(k) = G T(k) +

Qc
o Te(h), (5.2.8)

where g = €, + .. The terms involved in this formula are the following:

- TO(k;171> oy _<ksﬁ)14 o
=Ty (ks/52)° 1+ (Bofks) jo(ks), (5:2.9)

Tc = fTO(ka 1750) + (1 - f)TO(ka O, 60)7 (5210)

i B ln(e —+ 1850q)
TO(k7 A, /BC> - 111(6 + 18/6CQ) + Oq2’

(5.2.11)
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Zeq = 2.50 x 10%wpO5 7, (5.2.30)
0.251

wO b2,z
= 1291 [1 +byaw! ] , (5.2.31)
b1, = 0.313wy " [1 + 0.607wy ] (5.2.32)
by, = 0.238w]?*, (5.2.33)

where we have defined wy = (Q. + )12, and Toyp = 2.7027 K, Ry = R(z4) and Req = R(zeq)

EH Formula with Massive Neutrinos

The free-streaming scale of massive neutrinos is imprinted in the transfer function, which trans-
lates to a further suppression on the smallest scales. In Ref. [514], Eisenstein and Hu provided
a fitting formula when baryons, CDM and massive neutrinos are considered. The latter formu-
lation also requires around 30 expressions, which we write in the following.

The transfer function given by Eisenstein and Hu considering massive neutrinos has the

following form [514]:

D (k, 2
chu<k7 Z) = Tmaster<k)%7 (5234)
1
The terms involved in this formula are the following:
Tmaster(k) - Tsup<k)B(k); (5235)
pcb/0'7
Di(z) \"' B
Duy(z,q) = | f2T/Pe 4 (1—) Dy (2) e, 5.2.36
b ( q) fcb 1+yfs(q; fy) 1( ) ( )

Di(z) = (1 * %) 52(2) {Q(z)4/7 —Qal2) + {1 + Q(z)] {1 + QA(Z)] }_1, (5.2.37)

1+ 2 2 2 70
Q(2) = Qo1 + 2)°g7%(2), (5.2.38)
Qa(z) = Qg 2(2), (5.2.39)
7 (2) = (1= Qo — Q)1+ 2)* + Q1+ 2)° + Qa, (5.2.40)
Tsup<k) = %qugﬂv
L =1In(e+ 1.840.\/qer), C =14.4+ % Be=(1—0.949f,) ",
+ 60.5¢.5
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k

us(q) = 172£,(1+ 04881, ) (aNo/ ), 4= 1050, (5.2.41)
pc
1-24f,9'64N,9'3+0‘6f'/ Nl,
B(k) =1+ e 3.92¢ 7 (5.2.42)
= ———— l/:—7 ¢ :—’ v :—7 24
k@% 7 ]_ - \/O{V
eff = & - 1> Fe = v P ee—— 5.2.44
Gt = Npe T VO T T (0 43k (5:244)
c - 2 c c ]. — U. v ].2 3
o, = Je 5 =2t pa) 0.553fy + 01265 )\ .
fu 5 —A4py 1 —0.193v/f, N, + 0.169 f, NO-2
Pc — Pcb 1 > 1:|
x |1+ 1+ 1+ , 5.2.45
[ 2 < B—ap) (7 —dpy ) LT ¥ (5.2.45)

pe=1[5- VIFRE], pa=1 - VIF2R). (5.2.46)

44.51n(9.83
o= A45(9.83w0) y o (5.2.47)

14 10w)/*

where N, is the number of massive neutrinos, €2, is the density parameter of cosmological
constant, and we have redefine some terms like 0y = Q. + Q + Q,, and wy = Qph?.

Although accurate and based on known physics, the EH expressions are, at the end, fitting
formulae and not a fundamental result. As we will show, our GA fitting formulae are notably
shorter, as accurate as the EH expression when only baryons and CDM are considered, and
slightly more accurate when the effects of massive neutrinos are non-negligible. Therefore, our

GA provides compelling alternatives to other available fitting formulae.

5.3 De-Wiggled T'(k) from Genetic Algorithms

In this section, we present our fitting formulae for the matter transfer function. We firstly
consider the case when T'(k) depends only on the amount of baryons and matter, and then we
add the effects of massive neutrinos. For both cases, we start describing how the data for the
fitting process was gathered using CLASS, and later we proceed to introduce the simple fitting

function we found using the GA.
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Expression % Accuracy

BBKS  Eq. (5.2.7) 8.70957
EH Eq. (5.2.8) 0.777504
GA Eq. (5.3.4) 0.815012

Table 5.1: Expression and accuracy of the fitting formulae for the matter transfer function as
a function of k, wy, and w,,. Although the GA does not provide a more accurate formula than
the full EH formula, the simplicity of the former [Eq. (5.3.4)] is a major improvement over the
EH formula.

5.3.1 Baryons and Matter

Data

We use the Boltzmann solver CLASS to compute the linear matter transfer function' T'(k). In
this code, each pair of parameters {wy,w,,} defines a cosmology for which we can compute
the gravitational potential ® as a function of the scale k at a fixed redshift. Hence, to see the
dependence of the transfer function on these parameters, we make a grid of 4 x4 pairs of {wy, wy, }
and compute the gravitational potential for each pair. We consider that w, € [0.0214,0.0234],
and w,, € [0.13,0.15], which are around 100 from the best-fit values found by the Planck
Collaboration [39]. For each considered cosmology (16 in total), CLASS retrieves 114 points
{k,®}. Therefore, our preliminary dataset is composed by 1824 points whose rows are given
as {k,wp, wn, ®}. Now, since the transfer function is basically the normalized potential, we
normalize each of the 16 sub-datasets to get T'(k;wp, wy,). At the end, our final dataset is a
table of dimensions 1824 x 4 with data points given as {k, wy, wp,, T'}.

We quantify the goodness of fit of a given analytical expression by the following function

100 X
%ACC_TE

where N = 1824 is the number of data points in our dataset, and 7T; is a simplified notation for

1 ,CLASS — z ,analytical 7 (531)

z CLASS

the transfer function evaluated at k;, wp,, and w,,.

Fitting Formula from the GA

Here, we give a few details concerning the specific GA configuration we used and present our

fitting formula.

!Note that CLASS can take into account non-linear effects via fitting functions such as HALOFIT [344|. Here
however we focus on the linear regime and neglect non-linear contributions when generating the data.
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As explained before, the GA looks for a fitting formula to a dataset by evolving the popu-
lation, which is composed by expressions combining specific operations (grammar) and coeffi-

cients. Schematically, our GA is searching for a function of the form

Tea(z) = [1+ foa(z)] M4, (5.3.2)

where
4

, Joa = Zaigi ((biz)) . (5.3.3)

=1

kMpc/h

Wm — Wy

T

We see that = is a dimensionless quantity since k is given in units [h Mpc_l], h the reduced
Hubble parameter. The constants a;, b;, ¢; are non-negative random numbers, and g; is an
operation in the grammar set, which we consider to be simply of the form {x}. The quantities
a;, gi, b;, and ¢; are the 4 nucleotides. The sum goes from 1 to 4 because we are considering that
the genome of the individuals is formed by 4 genes, each one composed by the 4 nucleotides,
such that the chromosomes are 4 x 4 matrices.

It should be noted that the number of genes has to be fixed before the code starts running
and we have chosen the number four for two reasons: i) first, from experience we have found
that a number of four genes is a compromise (found by trial and error) on the length of the
function, as less than is not enough to fit the data, while a much larger number slows down
the code considerably, ii) second, if the number of genes is too high, then this could obviously
lead to overfitting or instabilities in the fitting. Furthermore, even though at first sight it seems
so, the parameters a; and b;, in general are not degenerate as b; appears inside the grammar
function, however there may be some degeneracies only when the grammar is linear.

Overall, this configuration, although restrictive, fixes the length of the expressions, thus
avoiding over-fitting problems. A couple of reasons motivate the specific forms of Egs. (5.3.2)
and (5.3.3): 7) the transfer function has specific limits: 7" — 0 when k — oo, and 7' — 1 when
k — 0, i7) the transfer function only takes on non-negative values, and i) T'(k) is smooth.

Now, we present our fitting formula when only baryons and matter are considered. Using

the configuration of the GA as explained, the stochastic search ended up with the function

Te (ks Wy, wp) = [1+59.0998 24977 4 4658.01 2407 4 3170.79 259 4 150.089 272547 71/

(5.3.4)

whose goodness of fit, as measured by Eq. (5.3.1), is %Accga = 0.815012. The accuracy of the
BBKS formula in Eq. (5.2.7) is %Accgpks = 8.70957, and for the EH formula is %Accgy =
0.777504. We compile these results in Table 5.1. In Fig. 5.3.1, we compare the performance of

the fitting formulae. As it can be seen in the left panel of this figure, the three formulae are very
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Figure 5.3.1: (Left) Accuracy of the BBKS (green dot-dashed line), EH (mustard dashed line),
and the GA (blue solid line) fitting formulae as a function of the scale &k and fixed {wy,, ws}. The
parameters for these plots are: w, = 0.02273, and w,, = 0.1366. Note that the accuracy of the
three formulae notably decrease on the scales where the effects of baryons are most prominent
on the cosmological evolution. However, the accuracy of the EH and GA formulae are below
5% in this scale. (Right) Average accuracy of the GA fitting formula for all k£ as a function of
{Wm,wp}. As it can be seen, the formula is up to 1% accurate in overall.

accurate on the large scales (k < 0.01h Mpc™!), while for smaller scales (k > 0.01A Mpc ™),
where the effects of baryons are most prominent on the cosmological evolution, the accuracy
of the three formulae decrease. However, we note that our GA formula and the EH formula
can be accurate up to 5%, while the BBKS formula is accurate up to 18% in these scales. We
would like to emphasize that our GA formula in Eq. (5.3.4) is remarkably simpler than the EH
formula which is described by around 30 expressions which occupy around two pages, while their
difference in accumulative accuracy is just about 0.04. We also want to stress that, in principle,
the GA could get even better results if some modifications are introduced. For instance, a
larger grammar set and a more complex fga function [instead of Eq. (5.3.3)]. Nonetheless, our

choices avoid over-fitting while yielding a smooth transfer function with the correct limits in k.

5.3.2 Baryons, Matter and Massive Neutrinos

Data

Apart of baryons and cold dark matter, massive neutrinos can contribute to the matter content
once they are freely streaming. We can take into account the effects of massive neutrinos in the
matter transfer function using CLASS. We compute T'(k) at redshift zero as a function of wy, wy,

in the same ranges as in Sec. 5.3.1, and w, = 0.0107(>_, m,/1.0€V), assuming just one massive
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Figure 5.3.2: (Left) Accuracy of the EH (mustard dashed line), and the GA (blue solid line)
fitting formulae as a function of the scale k for fixed {w,,w,w,}. The parameters for these
plots are: w, = 0.02206, w,, = 0.1499, and w, = 0.0008599 which corresponds to a mass of
>, m, = 0.08¢V. As can be seen, the accuracy of the GA formula is below 5% on the whole
range of k considered here. (Right) Average accuracy of the GA fitting formula for all & and
w, as a function of {wy,,wy}. As it can be seen, the formula is around 1% accurate in overall.

neutrino, and that the total mass of massive neutrinos is in the range 0.06 eV < > m,, < 0.12¢€V.
The lower bound of the later constraint corresponds to the minimum mass allowed from neutrino
flavour oscillation experiments [512], and the upper bound is the maximum mass value allowed
by Planck [39]. In this case, we get a grid of 4 x 4 x 4 data points for {wy, wpm,w, } and compute
the gravitational potential for each triad. Again, for each considered cosmology (64 in total),
CLASS retrieves 114 points {k, ®}. Normalizing the potential to get the transfer function, our
final data set is a table of dimensions 7296 x 5 with data points given as {k, wy, Wy, w,, T'}. We
use Eq. (5.3.1) to quantify the goodness of fit of the analytical expressions, but now N = 7296
is the number of data points in our dataset, and 7 is the transfer function evaluated at k;, wy,,

W, and wy, .

Fitting Formula from the GA

Based on the success of the GA in finding an accurate formula for 7'(k) when neutrinos are

massless, this time our GA is looking for a function of the form

TGA(y) = [1 + fGA(y)]_1/4 , (535)
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Expression % Accuracy

EH  Eq. (5.2.34) 1.23449
GA  Eq (5.3.7) 0.993916

Table 5.2: Expression and accuracy of the fitting formulae for the matter transfer function
as a function of k, wy, w,,, and w,. Although the accuracy of both formulations are similar,
the simplicity of the GA function in Eq. (5.3.7) is a major improvement over the EH formula,
which is fully displayed in Appendix 5.2.3.

where
k Mpc / h
Wi — Wy + Wy

(] , foa = Zaigi ((biy)“) . (5.3.6)

Now, we present our fitting formula which considers baryons, matter, and one massive neutrino:

—-1/4
?

Toa(k; wy, wm) = [1456.4933 y4%2%1 4 3559.23 3> 70407 4 4982.44 4> 0524 4 374,167 ™ 14°°]
(5.3.7)

whose goodness of fit, as measured by Eq. (5.3.1), is %Accga = 0.993916. The accuracy of the
extended EH formula considering massive neutrinos is %Accgy = 1.23449. We compile these
results in Table 5.2. In Fig. 5.3.2, we compare the performance of the fitting formulae. Similar
to the last section, the formulae are more accurate on large scales (k < 0.01h Mpc™') than on
the smaller scales (k > 0.01h Mpc™!). Note in the left panel of this figure that the accuracy of
the GA formula is below the 5% in the whole range of k. Furthermore, the GA formula (5.3.7)
is significantly simpler than the EH formula, whose description requires around 30 expression
which we give in full in Appendix 5.2.3. Our result is a compelling analytical alternative to

compute the matter transfer function.

Numerical Codes

The genetic algorithm code used here can be found in the GitHub repository:

https://github.com/BayronO /Transfer-Function-GA

5.3.3 Conclusions

Genetic Algorithms (GAs), a machine learning technique, have been previously used to obtain
improved formulation of cosmological quantities of interest such as the redshift at recombination
and the sound horizon at drag epoch [496], and also to perform consistency tests to probe for
deviations from ACDM [493, 494, 497, 498, 518-520]. Here we used the GA to find analytical
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alternatives to existing fitting functions for the matter transfer function, such as the BBKS and
the EH formulae.

When the transfer function depends only on w;, and w,,, the GA finds a very simple fitting
formula for T'(k) [see Eq. (5.3.4)], which is as accurate as the EH formula, while being signif-
icantly shorter (see Sec. 5.2.3). In a more realistic scenario, at least one neutrino should be
massive. In this case, our GA finds a fitting function which is both more accurate and notably
simpler [see Eq. (5.3.7)] than the EH formula in Sec. 5.2.3. The simplicity of the GA fitting
formulae and their accuracy represent a major improvement over other existing analytical for-
mulations of the matter transfer function which are extensively used in the literature [483-485].
Therefore, the GA formulae in Egs. (5.3.4) and (5.3.7) are compelling semi-analytic alternatives

to easily and accurately compute the matter power spectrum.

5.4 The Matter Power Spectrum of Modified Gravity

5.4.1 Introduction

The clustering of matter, due to gravitational instabilities, forming the structure of our Universe
constitutes a key physical process in the expansion history. This process offers one of the main
links between observations and theoretical models through the so-called matter power spectrum
P(k, z), which in general is a function of the wavenumber &k and the redshift z [373, 403, 477].
For a given redshift, P(k) can be numerically computed using Boltzmann solvers, like the codes
CAMB [342] or CLASS [479]. Nonetheless, it is desirable to have an analytical formulation of P(k)
in some cases; for instance, when computing costs are demanding and high accuracy is not
required. When ACDM is the assumed cosmological model, there are two well-known fitting
formulae to determine the transfer function involved in the computation of P(k). These are
the Bardeen-Bond-Kaiser-Szalay (BBKS) formula [480] and the Eisenstein-Hu (EH) formulae
[482, 514], which are widely used in the literature [484, 521-527|. However, up to the best of
our knowledge, there are no similar formulations considering alternative models.

In Ref. [11] two of the authors here used a machine learning technique known as the Genetic
Algorithms (GAs) to find an analytical expression for the matter power spectrum under the
ACDM framework and neglecting the representative wiggles of P(k) due to the BAOs (Baryon
Acoustic Oscillations). This new formula shows to be as accurate as its predecessors while
being considerably simpler; and thus, easier to implement in other numerical computations
where the knowledge of the de-wiggled P(k) is required. Here, we want to extend that work
by considering some possible effects on P(k) introduced by modifications of gravity. Briefly,

using the GAs, we find a parametric function for the de-wiggled Py (k) whose performance
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is tested by comparing against numerical data obtained from the popular Boltzmann solver
CLASS. In particular, we use the branches hi_class [353, 528] and mgclass [347, 529]. Both
allow to numerically compute P(k) for MG theories. The former considers the whole Horndeski

theories, while the later uses the slip parameters framework.

5.4.2 The Matter Power Spectrum of Modified Gravity

As mentioned in the Introduction, the existence of structure in our Universe follows from the
agglomeration of matter due to gravitational instabilities. One of the key statistical correlation
functions of this process is the matter power spectrum P(k,z). It can be shown that, when
non-linear effects are neglected, the matter power spectrum for a given redshift can be written
as [403]

P(k) = Py(k)T?(k) (5.4.1)

where Py(k) is an initial matter power spectrum and 7T'(k) is the matter transfer function. Now,
we firstly comment on the form of P(k) for ACDM, and then we discuss some of the possible
alterations to this observable when modifications of gravity are considered.

In the standard case, the initial matter power spectrum is approximately given by

2
B _As_ i, (5.4.2)

Folh) = Aok, Ao =55 0p Tt

where €),,0 is the matter density parameter today, H, is the Hubble constant, n, and A,
are the spectral tilt and amplitude of primordial scalar perturbations, respectively, and k), is
an arbitrary pivot scale [403].? On the other hand, the matter transfer function takes into
account the effects of all the interacting species, e.g. acoustic oscillations due to baryonic
pressure, amplitude suppression due to the free streaming of massive neutrinos, transition from
a radiation dominated epoch to a matter dominated epoch, and more. All these physical details
are encompassed by the fitting functions presented in Ref. [482, 514], which achieve an accuracy
of 1-2% while needing around 30 different expressions in their full formulations. However, in
Ref. [11], two of the authors here shows that the GAs are able to find much more economical
expressions while achieving the same accuracy range.

To the best of our knowledge, there are currently no similar analytical formulations available
when considering alternative models. To find derive such a formula, our first step is to charac-
terize the potential effects that MG theories introduce in the matter power spectrum compared
to the concordance model. In the following, we undertake this characterization process. Firstly,

a background history different to that of ACDM can change the growth factor, which in turn

ZNote that Py(k) is not the primordial power spectrum which is given by Pr (k) = As(k/k,)' =" [218].
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Figure 5.4.3: Typical effects of modified gravity on the theoretical matter power spectrum.
In the upper panels, we consider a wCDM model varying the dark energy equation of state w
(left), and the reduced CDM density parameter w,. (right). In the lower panels, we consider
the proto_scale models in hi_class, varying the braiding ap (left) and the mass running
Gy (right) parameters. In the former case, the matter power spectrum is suppressed at very
large scales while in the later it is enhanced. Then, we see a transition between the large scale
spectrum to an enhanced (left) or suppressed (right) spectrum at smaller scales.

modifies the overall amplitude of P(k). Secondly, a variation in the reduced matter density
parameter w,, implies a variation in the redshift and scale at the radiation-matter transition,
denoted respectively as zeq and keq. This causes a shift in the position of the maximum of the
matter power spectrum. Before continuing, we want to mention that it is possible to estimate
Zeq and keq using the approximated expressions given in Ref. [482]. Nevertheless, as shown in
the Appendix A of [12], the GAs are able to find expressions with an accuracy improved by two
orders of magnitude while keeping simplicity. As a third effect, modified gravity can induce a
clustering effective dark energy component when the structure formation process is occurring.
This of course modifies the amplitude of P(k), [405, 407, 530]. Modifications at the largest
scales due to ISW or normalization. Finally, there could be a variation in the amplitude and
location of the acoustic peaks. However, these effects are principally controlled by the reduced

baryon density parameter w, which is tightly constrained by observations [39]. Here, we fix it
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to its default value in the popular Boltzmann solver CLASS; i.e. w, = 0.0223828, and neglect
the small oscillations in our formulation.

In Fig. 5.4.3 we have plotted the matter power spectra for four different models varying
some of their parameters in order to exemplify the physical effects introduced by modifications
of gravity, as explained above. These plots were obtained using the branch hi_class of CLASS.
In the upper-left panel, we consider a wCDM model, with a constant speed of sound ¢?, no
anisotropic stress, and the equation of state of dark energy w varying in the interval [—1.2, —0.8].
We can see that the overall amplitude of P(k) is modified when w varies. In the upper-
right panel, we consider a ACDM model, varying the reduced CDM density parameter w,
in the range [0.11,0.13]. We note small shifts in scale of the maximum of P(k). For the
lower panels, we used one of the implemented models by default in hi_class; namely, the
propto_scale model. In this model, the effective field theory (EFT) parameters characterizing
the cosmological dynamics of the whole Horndeski theory are taken as proportional to the scale
factor. For more details about the EFT of Horndeski theories see Refs. [390, 531], and for the
code hi_class see Refs. [353, 528]. In particular, for these plots we fixed the EFT parameters
and vary only the proportionality constant of the braiding parameter &g (lower-left panel), and
of the mass running parameter é;; (lower-right), while the background evolution matches that
of ACDM. As it can be seen, there is a clear distinction between the behavior of P(k) at large
scales and at small scales, with a marked transition occurring before the scale at equality. The
matter power spectrum at the largest scales holds the form of the initial matter power spectrum
proportional to k™ while differences can be attributed to variations in the amplitude A. Then,
at smaller scales, the spectrum can be enhanced (as in the lower-left panel) or suppressed (as in
the lower-right panel) by modified gravity. In all the cases, we have depicted the matter power
spectrum of ACDM to make notable the differences introduced by MG models.

In the next section, we propose a parameterized function for the matter power spectrum

P(k) that incorporates the aforementioned effects.

5.4.3 Parameterization of P(k)

Summarizing our discussion in the last section, we consider the following modified gravity effects
on the P(k):

1. Variations in the amplitude A of the initial matter power spectrum Py (k) at large scales.
2. Overall enhancement or suppression of the amplitude.

3. Shift of the equality scale keq.
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In order to encompass these three effects in one single expression, we assume that the total
matter power spectrum considers the contribution of two different spectra. At large scales, the

most relevant contribution to P(k) comes from the following expression

Parge(k; s,m5)

A(s) ( n ﬁ pc)ns [(Mpe/h)?] | (5.4.3)

where
Preom(k;)

ki Tiepm (ki)

A(s) =(1+9) (5.4.4)

is a dimensional constant. The matter power spectrum Pycpym and the matter transfer function
Trcpm for ACDM can be retrieved from e.g. CLASS, and thus k; corresponds to the smallest
value of k considered by the Boltzmann solver. Notice that this parameter is basically a
modification of Ay defined in Eq. (5.4.2). However, we do not use A, directly in the definition
of A(s), i.e., we do not define this parameter as A(s) = Ag(1+ s), since the expression for Ay is
an approximation only valid for sub-horizon modes [403|. The parameter s takes on negatives
values when the matter power spectrum is suppressed (as shown in the lower-left panel of
Fig. 5.4.3), and positive values when the primordial matter power spectrum is enhanced (as
depicted in the lower-right panel of Fig. 5.4.3) at large scales. The additional effects, such as an
overall modification of the amplitude and the shift of the maximum, are incorporated into the
matter power spectrum (referred to as Pipan), which primarily manifest at smaller scales. In
the upper-right panel of Fig. 5.4.3, it is evident that a change in the parameter w in the wCDM
model can result in an overall enhancement or suppression of the amplitude of the matter power
spectrum. Hence, we adopt this model as a reference to develop a formula for P,,.; utilizing

the GAs. The accuracy of such a formula is measured by the following fitness function

P - Pana ica)
Acc% = <| CLASS bt 1|> x 100, (5.4.5)
Pcrass

where Pcrass is the matter power spectrum numerically computed using CLASS, and Pipaiytical
is the expression obtained from the GAs. In particular, we consider a constant sound speed

given by ¢ = 0.001, fix the spectral tilt ny to the default value in CLASS, and vary w in the
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range [—1.2, —0.8]. The GAs runs give the following expression® in units [(Mpc/h)?]

52

0.964
2.52395 x 10° ( i ) (1+0.7106360° + 1.830190% + 0.9392170°)

h/Mpc

Psmall(k) = 1.49177 4.02755 6.06 7.98478\1/2’
(1 +59.0998 2 + 4658.01 =% 4+ 3170.79 2906 + 150.089 ™ )

(5.4.6)
whose accuracy is 1.72%. In the last equation, we have defined the dimensionless variable
r = k/(wm — wp) Mpce/h, since k is given in units [h/Mpc|, and we promoted w to a general
parameter « in order to avoid possible confusions with the notation. The parameter «, in
general, measures the overall modifications in the amplitude of P(k) and it is not restricted
to assume values in the range [—1.2,—0.8]. However, this parameter has the lower bound
a > —1.68492 since P,y is positive for all k. It is important to emphasize that the wCDM
model is used purely as a template in our study, as the variation of w specifically generates the
effect we aim to capture, which is an overall modification of the amplitude of the matter power
spectrum.

Finally, we assume that the spectra in Eqgs. (5.4.3) and (5.4.6) are smoothly connected by

a transition function given by
o (ks ko, B) = [1+ e~ (nk=imko)/B] 71, (5.4.7)

where the transition is centered at ky and 3 determines its width.* It is noteworthy that the
limits of this function are ¢ — 0 when k < kg, and ¢ — 1 when k > kj, and that we have
defined o using logarithms since usually P(k) is depicted in log-space. The transition between
these limits occurs around k& ~ ky with a smoothing level determined by (5. Consequently, a
small 3 corresponds to a rapid transition, while a large [ results in a slower transition. Com-
bining these considerations, the parameterized expression for P(k) in the context of modified

gravity is given by:
PMG(ku «, 57 kOa S, Wm, ns) = [1 - U(ka kO? B)]Plarge(k; S, ns) + 0<k7 kOv ﬁ)Psmall(k; «, wm)- (548)

The new expression requires 6 parameters as input: the spectral tilt ng, the shift s at large scales,
the overall enhancement (or suppression) parameter «, the reduced matter density parameter
Wm, the transition center ko, and the transition width g switching between Page and Fypan.
With the exception of ng and w,,, which are determined through observations, the remaining

four parameters are free. We want to emphasize that the expression obtained through GAs was

3For details about the specific structure of the GAs, e.g., the genome arrangement and avoidance of overfitting
problems, please refer to Ref. [11].

4This transition function is not unique. Another common option for a “smooth step function” which would
be valid is o (k; ko, ) = (1 + tanh [(Ink — Inkg)/5]) /2.
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Model Parameter a kox1073 I6] s Acc%

propto_scale ap = 0.5 0.68153  1.16918  0.42243 —0.21975 1.53%
propto_scale ay = 0.5 0.36380  0.73084  0.45974  0.53958 1.62%
propto_scale ar =—1 0.53444  0.40205  0.39972 —0.47066 1.52%
propto_omega ap = 0.625 0.54866  0.76693  0.45681 —0.07756  1.46%
propto_omega ayr = 3.0 0.59006  0.39858  0.46187  1.57924 1.48%
propto_omega ar = —0.25 0.53215 1.16323  0.42635  0.02292 1.47%
plk_late Eyy = FEy» =05 0.54762  0.76681  0.49599 —0.62532 1.43%
Ey = FEyp =-05 0.42644  0.28607  0.51071  2.99343 1.51%

HDES J. = 0.005 0.56331  2.24347 0.443931 0.05417 1.39%

Table 5.3: Best-fit parameters a, kg, 3, and s for several models in the codes hi_class and
mgclass. Just one value of the parameters of each model is shown to keep our presentation
simple. We can see that the mean accuracy in each example is around 1-2%.

Piman in Eq. (5.4.6), while Page in Eq. (5.4.3) and ¢ in Eq. (5.4.7) are assumed and motivated
by physical intuitions.

In the following section, we will evaluate the effectiveness of Eq. (5.4.8) by estimating
the best-fit values of parameters to accurately reproduce the numerical matter power spectra

obtained from various MG theories using the hi_class and mgclass codes.

5.4.4 Performance

Here, we numerically compute matter power spectra using the codes hi_class and mgclass
considering several models. Subsequently, we find the best-fit values of the parameters «, kg,
B, and s by minimizing the fitness function in Eq. (5.4.5). This procedure will yield to the best
match of Pyg(k) in Eq. (5.4.8) with respect to the data from CLASS.

There are several models already implemented in hi_class, and we make use of two spe-
cific ones: proto_scale and propto_omega. In the propto_scale model, the EFT parame-
ters of the Horndeski theory are proportional to the scale factor a, i.e. to o; = &;a, where
1 = K, B, M, T denotes the kineticity, braiding, mass running and tensor speed excess param-
eters, respectively. On the other hand, in the propto_omega model, the EFT parameters are
proportional to the dark energy density parameter pg, i.e. «o; = a;Qpg. We also add to
hi_class the designer Horndeski model (HDES) introduced in Ref. [357]. The HDES model

has two parameters; namely, J. and n. We fix n = 1, and consider a small value for J.. In
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all these models, it is assumed that the background evolution exactly matches that of ACDM.
In mgclass, we also use an already implemented model called plk_late, in which the slip
parameters are parameterized in terms of Qpg (see Ref. [347]). This model in particular has
been used by observational collaborations such as Planck [378] and DES [532].

In Table 5.3, we show the best-fit values of the parameter set {«, ko, 5, s} along with the
associated mean accuracy, achieved by selecting a specific parameter value from each model.
It is important to mention that we have explored multiple parameter values for each model.
However, for the sake of simplicity in the presentation, we report only one value. The details
of the analysis and the parameter exploration for each model can be found in the provided
codes (see the Numerical Codes statement). Table 5.3 shows that the mean accuracy for the
considered models is approximately 1-2%.° In Fig. 5.4.4, we plot three examples of the matter
power spectra from MG theories to visually show the excellent fit provided by our formula with
respect to numerical data. In this plot, we use the models propto_scale of hi_class varying
the braiding constant & and the mass running constant &j,;. From mgclass, we used the
plk_late model assuming the parameters Fj; = Fa = —1.0. We also plot the ACDM matter
power spectrum to highlight the modifications introduced by these alternative theories. In the

subplot, we depict the accuracy as a function of k, which can be measure as

P - Pana ica
Acc%(k) = < CLAS;CLASS bt 1) x 100, (5.4.9)

where no mean value is taken, as in Eq. (5.4.5). This shows that most of values are in the
2% region defined by the black dotted lines. Remarkably, our formula is able to capture the
substantial deviation at large scales observed in the spectrum of the plk_late model (depicted
in blue) and the significant enhancement around k., in the propto_scale braiding model
(depicted in pink). It is also noteworthy that although the expression of Py,.; in Eq. (5.4.6)
does not consider the wiggles introduced by BAOs in the matter power spectrum, the error of
neglecting this oscillatory behavior is around 5% in the most inaccurate cases. The amplitude
of the acoustic peaks depends mainly on the amount of baryonic matter, which translate to the
parameter wy,. However, observations indicate that w, &~ 0.022 implying small peaks. Therefore,

a line passing through these oscillations seems to be a good approximation.’

5We want to mention that since we fix ng to find Psnan using the GAs, this could yield to errors when
different values of n, are considered. Although, the effect of ns on P(k) is small, we verified that the mean
accuracy of our formula Py is still around 1% when n; is varied in the interval [0.96,0.97] which is 1o away
from the value measured by Planck [39].

SHowever, the formula for Pyg(k) should not be used when an accurate description of these wiggles is
required. The introduction of these oscillations in Py (k) is a further improvement which we leave for a future
work.
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Figure 5.4.4: (Left) Three examples showing the fitting of our formula in Eq. (5.4.8) (dots)
with respect to numerical results (solid lines). The matter power spectrum of ACDM (black
line) is plotted to highlight the effects introduced by MG theories. The subplot shows the
accuracy of the formulae as a function of k. We can see that most of points are in the 5%
region defined by the black dotted lines. (Right) Fit for the plk_late model showing the
fitting of our formula in Eq. (5.4.8) (dots) with respect to hi_class results (solid lines). It
can be seen an excellent qualitative agreement between our formula and this model for several
variations of its parameters.

Numerical Codes

The genetic algorithm code used here can be found in the GitHub repository:

https: //github.com/BayronO /Pk-in-Modified-Gravity

5.4.5 Conclusions

Accurate fitting formulations for the matter transfer function allow to compute the matter
power spectrum within the context of the ACDM model [11, 480, 482, 514]. However, there is
no any formulation available when modifications of gravity are considered. In this work, we have
put forward a parametric function for P(k) considering several effects introduced by modified
gravity theories. The new formula for Py (k) was presented in Eq. (5.4.8) and it is composed
by two main parts. A matter power spectrum P, encompassing modifications at large scales,
and the spectrum P,y which manifest at smaller scales. The former is proportional to k™
with amplitude A(s) ~ Ao(1 + s), where s is a parameter measuring the shift of the initial
amplitude Ay which in the case of ACDM is approximately given in Eq. (5.4.2). The other
spectrum; namely Pi,.1, was obtained through the machine learning technique of the genetic

algorithms using a wCDM model as template. The expression for Py in Eq. (5.4.6) involves

197


https://github.com/BayronO/Pk-in-Modified-Gravity

two parameters: a parameter o measuring overall modifications (enhancement or suppression)
in the amplitude of the spectrum, and w,, which controls the value of the scale at equality
keq. These two spectra; Page and Pyman, are smoothly connected by the transition function o
defined in Eq. (5.4.7). This function marks the transition center at the scale ky with a smooth-
ness measured by the parameter 3. Therefore, our formulation requires 6 input parameters:
the spectral tilt ng, the shift s of Ay at large scales, the enhancement (suppression) factor «
measuring modifications in the amplitude of Psy,.n(k), the reduced matter density parameter
wm, and two parameters, kg and (3, that determine the center and width of the transition region
between the matter power spectra Payge and Pspan [see Eq. (5.4.8)].

The performance of our formulation was compared against numerical results obtained from
the codes hi_class and mgclass for several models. The relatively simple expression in
Eq. (5.4.8) showed a mean accuracy of about 1-2% (see Table 5.3). In Fig. 5.4.4, we showed
three examples of the fitting of our formula with respect to some MG models. In the subplot,
the accuracy of the formulae as a function of &k using Eq. (5.4.9) was measured. This showed
that most of values predicted by our formula lies in the 2% region. Furthermore, although
our expression does not consider baryonic acoustic oscillations, neglecting these wiggles intro-
duces an error not greater than 5%. Given that ongoing surveys, like Euclid, expect to reach
an observational accuracy of around 1% for some cosmological parameters which are obtained
using the matter power spectrum, and that they already use the Eisenstein-Hu formula in their
analysis [533], our formula could extend these analysis to model beyond ACDM without loosing
accuracy. Therefore, the function Pyg(k) in Eq. (5.4.8) represents a compelling fitting formula
for the matter power spectrum of alternative models to ACDM.

While this solution does not possess the baryonic wiggles necessary for inferring cosmological
parameters from the BAO signal, it can still be used for parameter inference. To illustrate this,
let us consider the approach used to forecast cosmological parameters for the Euclid survey [533].
The observed galaxy power spectrum relies on the de-wiggled matter power spectrum, which
is the sum of two components: the linear matter power spectrum obtained from a Boltzmann
code and the linear matter power spectrum without wiggles but exhibiting the same broad
band as the linear matter power spectrum. Both components are modulated by a function
that controls the non-linear damping of the BAO signal in all directions. The no-wiggles power
spectrum is often computed using the a fitting formula (for instance, for the ACDM models, the
EH). It is clear that, when exploring cosmological models beyond the standard framework, it
becomes crucial to appropriately parameterize the no-wiggles matter power spectrum in order

to accurately capture the amplitude and shape of the observed galaxy power spectrum.
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CHAPTERGD

Concluding Remarks and Outlooks

In the vast expanse of cosmological inquiry, the tapestry of our understanding has expanded
exponentially in recent decades. As graduate students, we often find ourselves at the cross-
roads of myriad possibilities, and often, the gravitational pull of convention or the inertia of
established pathways can dictate our trajectories. However, within this cosmos of possibilities,
I fervently believe in the power of individual agency and the pursuit of diverse interests. It
was with this conviction that I embarked on my doctoral journey, driven by a desire to explore
the breadth of cosmological inquiry. While the path to contributing across multiple subfields
proved to be full with challenges, it was a journey marked by invaluable learning and growth.
As I reflect on my contributions, I am reminded of the intrinsic interconnectedness of cosmo-
logical phenomena and the potential for interdisciplinary approaches to yield profound insights.
Now, I will provide a concise overview of the research presented in this thesis, reflecting on the
exploration that has unfolded across its chapters.

In chapter 2, I delved into the investigation of various dark energy models, encompassing
unconventional cosmological fields such as non-abelian gauge fields and inhomogeneous scalar
fields. Many of these models were situated within a framework of homogeneous but anisotropic
spacetime. By exploring diverse metrics, we aimed to illuminate prevailing cosmological puzzles,
including anomalies observed in the cosmic microwave background (CMB). Moving forward,
our efforts will extend towards further elucidating the implications of these models through
observational avenues.

In Chapter 3, I explored an alternative avenue to dark energy, focusing on the realm of
modified gravity. Specifically, my attention was drawn to highly general models, such as the
Scalar-Vector-Tensor theories. The vast array of available models in contemporary theoretical
cosmology presents a formidable challenge, making it impractical to exhaustively study the
cosmological ramifications of each individual model. In light of this, I advocate for the study
of overarching, comprehensive models as a means to systematically analyze entire sectors of
cosmological dynamics. However, this endeavor is not without its complexities, as such general

theories necessitate numerous underlying assumptions. Of particular interest to me was the
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examination of the validity of commonly used approximations, such as the quasi-static and
sub-horizon approximations. Through our investigations, we discovered discrepancies in the
application of these approximations within the context of f(R) theories, despite the absence of
observable modifications. This observation suggests a potential misapplication of this approx-
imation scheme in other theoretical frameworks. Advancing on this, I aspire to expand upon
this research by exploring more general theories, such as Horndeski or Scalar-Vector-Tensor
theories, in pursuit of a deeper understanding of their implications within the cosmological
landscape.

In Chapter 4, I embarked on an exploration of the flip side of accelerated expansion: the
inflationary epoch. Specifically, our focus shifted to analyzing the inflationary dynamics of
non-abelian gauge fields, uncovering intriguing disparities in comparison to existing literature.
This serves as an explicit reminder that errors can manifest in even the most meticulous of
research endeavors—a humbling realization that extends to my own work. Additionally, we
delved into the investigation of a primordial mechanism known as the vector curvaton, which
holds a relevant role in shaping the dynamics of the isocurvature modes and possible primordial
anisotropy.

I was captivated by the rapid advancement of artificial intelligence and its burgeoning ap-
plication in the field of cosmology. Driven by a desire to leverage these innovative techniques
for scientific inquiry, I decided to explore their potential contributions. Specifically, I immersed
myself in the realm of symbolic regression using genetic algorithms.

Our endeavors yielded fascinating results. We unveiled novel expressions for the de-wiggled
matter transfer function of ACDM, and its simple extension considering massive neutrinos,
offering simpler yet slightly more accurate alternatives to the long-standing Eisenstein-Hu for-
mulae that have dominated the field for nearly three decades. Our hope is that these new
formulae will garner increased attention in the years to come, enriching the toolkit available
to researchers in their quest to unravel the mysteries of the cosmos. Furthermore, our explo-
ration extended to the examination of the broader effects of gravitational modifications on the
matter power spectrum. Through meticulous analysis, we identified overarching patterns and
subsequently proposed a parametric formula capable of faithfully reproducing the de-wiggled
matter power spectrum across a multitude of modified gravity models with remarkable pre-
cision, typically within the range of 1% to 2%. To the best of our knowledge, the formulae
we have developed represent a pioneering effort aimed at encompassing a vast array of cos-
mological models. Building upon these foundations, we aspire to expand our investigations to
encompass the intricate phenomena of baryon acoustic oscillations, with the aim of developing
fitting formulae that capture this phenomenon with similar fidelity.

Reflecting on the question posed in the preface of this work—"How can I honor the tireless
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efforts of my predecessors and current colleagues while contributing to the advancement of
cosmology?"—I must acknowledge that despite years of inquiry, a definitive answer eludes
me. However, this realization only fuels my determination to continue expanding my horizons,
exploring new avenues of research, and engaging with the global scientific community.

As I journey forward, I am committed to sharing my insights, experiences, and discoveries
with others, fostering collaboration and dialogue across borders and disciplines. It is through
this collective effort that we may unearth the transformative ideas capable of reshaping our
understanding of the cosmos.

With each conversation, presentation, and publication, I aspire to catalyze the emergence
of groundbreaking concepts. Though the path ahead may be uncertain, I remain steadfast in
my conviction that through perseverance, passion, and collaboration, we can chart a course
towards profound discovery and lasting impact. I carry with me the unwavering belief that the
next big idea may be just over the horizon, waiting to be seized and celebrated by the global

scientific community:.
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