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ABSTRACT

In this work, we outline an innovative proposal on the basis of a powerful data analysis technique, known
as principal component analysis (abbreviated PCA), to characterize and quantify the degree of non-
Markovianity of an open quantum physical system. In particular, the method to be introduced is applied to
the Jaynes-Cummings model, whose dynamical behavior is geometrically illustrated by the Bloch sphere
representation. Finally, our proposal is compared in a qualitative way with other proposals frequently used
in the literature to demonstrate the great advantage it offers as a suitable non-Markovianity quantifier, both
because of the enormous computational advantage it brings with, as well as because it takes into account
a wider range of accessible quantum states that contribute to the construction of a more complete and
general measure.

Key Words: Non-Markovianity, Information Backflow, Principal Component Analysis.

RESUMEN

En este trabajo se esboza una innovadora propuesta basada en una potente técnica de análisis de datos,
conocida como análisis de componentes principales (abreviado PCA por sus siglas en inglés), para carac-
terizar y cuantificar el grado de no Markovianidad de un sistema cuántico abierto. En particular, el método
que se va a introducir se aplica al modelo de Jaynes-Cummings, cuyo comportamiento dinámico se ilustra
geométricamente mediante la representación en la esfera de Bloch. Finalmente, nuestra propuesta se
compara de forma cualitativa con otras propuestas frecuentemente utilizadas en la literatura para mostrar
la gran ventaja que ofrece como un cuantificador de no Markovianidad adecuado, tanto por la enorme
ventaja computacional que trae consigo, como porque tiene en cuenta un rango más amplio de estados
cuánticos accesibles que contribuyen a la construcción de una medida más completa y general.

Palabras Clave (en inglés): Non-Markovianity, Information Backflow, Principal Component Analysis.
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CHAPTER 1. INTRODUCTION

CHAPTER 1
Introduction

The theoretical study and technological implementation of quantum theory have occupied a central spotlight
in the development of scientific research over the last decades and in the advancement of contemporary
society. It is a natural presumption that one of the fundamental requirements for the realization of quantum
technologies must be the preservation of quantum characteristics of physical systems. This is guaranteed
for isolated quantum systems, for which the time evolution of the state containing all the relevant information
about the system is governed by the Schrödinger equation according to the postulates of quantum mechan-
ics [1].

Although the above approach is successful in certain cases, the reality is that the isolation of physi-
cal systems is no more than an idealization as the interaction of the system of interest with its environment is
inevitable, carrying with it constant exchanges of energy and information between the two. Such interactions
lead to the phenomenon of quantum decoherence and, as a consequence, the emergence of a purely
classical behaviour of the formerly quantum system [2]. It then becomes necessary to provide a proper
formalism to deal with these more complex issues and this is the reason for the rise of the theory of open
quantum systems [3,4].

In this framework, it is a common practice to study the temporal evolution of the system coupled to
the environment as a whole, rather than each of them individually. Then, information concerning only the
system of our interest can be extracted by tracing over all the degrees of freedom of the environment.
Despite the generality of this procedure, the associated mathematical treatment and the solutions found (if
any) are typically quite complex and daunting to deal with. This is why over the years various approximations
have been proposed to simplify the calculations, being undoubtedly the Born-Markov approximation the
most famous and the most used one.

Systems for which this approximation is valid are the so-called Markovian systems, and in order for it
to be properly applicable, certain physical considerations must be required [5], such as a weak system-
environment coupling, short environment correlation time or large size of the environment compared to that
of the system. These lead to the solution of a master equation in the Lindblad form [6,7] and local in time,
the latter meaning that the states of the system at subsequent times depend exclusively on the state of the
system at the present time. In this regard, the term memoryless is coined to refer to Markovian systems
because their dynamics is not influenced by their past history.

Recently, however, with the technological advances developed particularly in the area of quantum con-
trol [8–15], the Born-Markov approximation has become inadequated and insufficient for the description of
substantial portion of open quantum systems. It has thereby proved necessary to develop a formalism and
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CHAPTER 1. INTRODUCTION

strategies to deal with systems that go beyond the already mentioned approximation, thus giving birth to the
research field of non-Markovianity. Within this regime, we can observe the phenomena of recoherence and
backflow information from the environment to the system [16,17], and, consequently, the most characteristic
feature of this class of systems: the memory effects.

The study of non-Markovian systems has shown the advantage they provide for quantum information
tasks and applications such as quantum evolution speedup [18], quantum control processes [19], teleporta-
tion protocols using mixed states [20], entangled states preparation [21,22], quantum metrology [23] and
efficient extraction of work in the Otto cycle [24], just to mention a few. These implementations show the
potential of non-Markovian systems of being a fundamental factor in the development of future technologies.

Then, having the ability to identify whether the dynamics of an open quantum system presents a Markovian
or non-Markovian behavior becomes a relevant task to be considered. Nevertheless, there is a wide variety
of proposals to define either a quantifier for the degree of non-Markovianity of a system, or simply to serve
as witnesses of the presence of non-Markovian characteristics, being the most widely used the proposals of
Breuer-Laine-Piilo (BLP measure) [16] and of Rivas-Huelga-Plenio (RHP measure) [25]. The main problem
lies in the fact that the different proposals are defined on the basis of different criteria and, consequently,
different results are obtained depending on the chosen quantifier. In this aspect it has not been possible to
establish a consensus on how to determine the degree of non-Markovianity of an open quantum system, so
this is still an ongoing issue for debate and research.

In this work, we outline an innovative proposal on the basis of a powerful data analysis technique, known as
principal component analysis (abbreviated PCA), to characterize and quantify the degree of non-Markovianity
of a physical system. In particular, the method to be introduced is applied to the Jaynes-Cummings model,
whose dynamical behavior is geometrically illustrated by the Bloch sphere representation. Finally, our pro-
posal is compared with other proposals frequently used in the literature to demonstrate the great advantage
it offers as a suitable non-Markovianity quantifier.

The work is structured as follows. In Chapter 2 a brief introduction to the theory of open quantum systems
will be given, making special mention of the conceptual and technological importance of non-Markovian
systems, to finally present some widely used non-Markovian quantifiers. In Chapter 3 we will present the
Jaynes-Cummigns model on which the proposed techniques will be applied later, and special emphasis will
be given to the representation of quantum states on the Bloch sphere. In Chapter 4 a formal presentation
of the proposed methodology for characterizing and quantifying non-Markovianity will be made, with a
subsequent discussion comparing qualitatively our proposal with others. In Chapter 5 some conclusions of
the work and future perspectives will be outlined.
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CHAPTER 2
Quntifiers of non-Markovianity

2.1 THEORY OF OPEN QUANTUM SYSTEMS

From the postulates of quantum mechanics [1], all the information regarding a physical system is contained
in a vector state (also commonly known as ket) denoted by |ψ⟩ and belonging to a complex Hilbert space,
from which all its relevant properties can be extracted. Its temporal evolution can be determined by means
of the Schrödinger equation

iℏ
d

dt
|ψ(t) ⟩ = H(t) |ψ(t) ⟩ , (2.1)

being i =
√
−1 the imaginary unit, ℏ the reduced Planck constant having units of action (energy multiplied

by time) and H the Hamiltonian operator associated with the physical system.

The solution of the above differential equation involves an unitary evolution operator U(t, t0), whose
exact form relies on the dependence of the Hamiltonian with time

U(t, t0) = T← exp

[
−i

∫ t

t0

dsH(s)

]
, (2.2)

where T← denotes the time-ordering operator, with the task of reordering the product of the time-dependent
operators in chronological order as indicated by the arrow, i.e. such that their time arguments increase from
right to left. In particular, for time-independent Hamiltonians, the evolution operator is simply expressed as
U(t, t0) = exp [−iH(t− t0)].

Besides that, the unitary operator must satisfy U(t, t0)U
†(t, t0) = 1 = U †(t, t0)U(t, t0) and is used

to determine the state of the system at an arbitrary time t starting from some known initial state defined at a
fixed time t0

|ψ(t) ⟩ = U(t, t0)|ψ(t0) ⟩ . (2.3)

On the other hand, to be more formal, it has to be mentioned that the ket |ψ⟩ is only suitable to represent
the so-called pure states. However, we do not always have access to all the complete information about a
physical system, but only a fraction of it due to lack of knowledge. It is here where the representation by
means of the density matrix ρ becomes relevant as it is a mathematical element of greater generality, since
it allows us to represent the aforementioned pure states, but also the so-called mixed states. The density
matrix is defined as

ρ(t) =
∑
α

wα(t) |ψα(t) ⟩⟨ψα(t)| , (2.4)

where 0 ≤ wα ≤ 1 is the probability that the system is described by the pure state |ψα ⟩. We do not know
with certainty what pure state the system is in, but we have a range of options, each with its respective
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CHAPTER 2. QUNTIFIERS OF NON-MARKOVIANITY

probability. Of course, it should be required that
∑

αwα(t) = 1 in every instant of time. For completeness,
we mention that the density matrix associated with a pure state |ϕ ⟩ has the simple form ρ = |ϕ ⟩⟨ϕ|.

The time evolution of the density matrix is expressed by the von Neumann equation (also known as
Liouville-von Neumann equation because of its similarity to the Lioville equation of classical mechanics [26])

d

dt
ρ(t) = − i

ℏ
[ H(t), ρ(t) ] , (2.5)

where [ , ] denotes the commutator between two operators in quantum mechanics, which is defined as
[A,B] = AB −BA. Furthermore, the solution for the von Neumann equation is given again in terms of the
unitary time evolution operator

ρ(t) = U(t, t0) ρ(t0) U
†(t, t0) . (2.6)

The mathematical formalism just presented is ideal for the dynamical study of isolated quantum systems.
Nonetheless, when the interaction (or to be more concise, the coupling) between the system of interest and
its environment (which is also a quantum system) becomes so relevant that it can no longer be ignored, the
method of unitary time evolutions becomes obsolete. This resides in the fact that the coupling between both
physical systems builds correlations between them [4], so that the description of the problem in terms of the
individual systems separately, described by unitary evolutions, is incomplete. It then becomes necessary to
consider another mathematical formalism that encompasses the treatment of the so-termed open quantum
systems.

A first strategy one might think of, to solve this dilemma, is to consider a larger physical system con-
stituted by the system of interest (henceforth denoted as S) and by its environment (denoted E) [27]. The
fundamental idea behind this is that the system composed of the now called subsystems S and E, is a
closed quantum system on which the tools of time evolution by means of unitary operators can be applied.

The associated Hamiltonian is usually divided into the Hamiltonians of the systems S and E separately
(HS and HE respectively), plus an interaction Hamiltonian (HSE) describing the coupling between them

H = HS +HE︸ ︷︷ ︸
H0

+HSE . (2.7)

It is typical to think of HSE as a composition of cross products between the operators belonging to the
Hilbert spaces of the subsystems.

For the construction of the density matrix of the composed system, here denoted by χ, it is common
to assume that at the initial instant t0, set here as t0 = 0 for the sake of simplicity, there are still no
correlations between the system of interest and its environment, i.e. their interaction has not yet taken
place, so that the density matrix χ at that initial instant can be constructed as a direct tensor product of the
initial density matrices of S and E

χ(0) = ρS(0)⊗ ρE(0) . (2.8)

Thus, following equation 2.6, the time evolution of the density matrix for the composed system is described
as

χ(t) = U(t, 0) [ ρS(0)⊗ ρE(0) ]U
†(t, 0) . (2.9)

Nevertheless, we face a problem at this stage since the information concerning the environment E, which is
contained in χ, is only of indirect interest for our purposes and a detailed description of it is not necessary.
In order to recover the information concerning only our system of interest S, we use the partial trace over
all the degrees of freedom of the environment, thus obtaining the so-called reduced density matrix of the
subsystem

ρS(t) = TrE {U(t, 0) [ ρS(0)⊗ ρE(0) ]U
†(t, 0)} . (2.10)
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In spite of the fact that the solution presented in equation 2.10 is the most general possible for the treatment
of open quantum systems, the mathematical expressions obtained from it are usually extremely cumber-
some and difficult to deal with. For this reason, some approximations have been considered in order to
lighten the calculations and to reveal the physics that is sometimes lost in the complexity of the associated
mathematics. The most widespread and extensively used one is the called Markov approximation, or to
be more concise the Born-Markov approximation, grounded on physical assumptions such as [5] a weak
system-environment coupling, a short environment correlation time or a large size of the environment
compared to that of the system.

Therefore, considering in particular a large environment (”large” in the sense of number of degrees
of freedom compared to those of the subsystem S) and a weak system-environment coupling, it is to be
expected that E is not considerably affected by its coupling with S, so that its quantum state ρE can be
assumed constant in time. On the other hand, S is expected to change appreciably as it is a physical
system much smaller than its environment E, so its time dependence remains important in the study of the
problem. In this way, the density matrix of the composed system for each time can be written as

χ(t) = ρS(t)⊗ ρE . (2.11)

This change has strong implications from a physical point of view, as will be seen further on. From the
mathematical point of view it also has interesting immediate implications, since it allows us to define a map
V (t) from the space S(HS) of density matrices of the reduced system into itself [3]

ρS(t) = V (t)ρS(0) , (2.12)

where
V (t) : S(HS) → S(HS) (2.13)

is called a dynamical map, which can be fully characterized in term of operators belonging to the Hilbert
space S(HS).

This dynamical map has to be a completely positive and trace-preserving quantum operation [28]. Recall
that a quantum mapping is positive (also positive-semidefinite) if the eigenvalues of the resulting operator
are non-negative. This is indispensable in the present context when applying the mapping on density
matrices, so that they can represent valid physical states. Now the stronger condition of being completely
positive is necessary when applying the mapping to a single part of a composed system, again resulting in a
positive operator. Mathematically this implies that (V (t)⊗ IE) ≥ 0, being IE the identity operator related to
the environment. On the other hand, the trace-preserving feature is necessary to fulfill the basic properties
of the density matrices after applying the mapping.

In addition, the dynamical map obeys the semigroup property, defined as

V (t1)V (t2) = V (t1 + t2), t1, t2 ≥ 0 . (2.14)

This is very interesting and it is noteworthy that this same property is fulfilled by Markovian processes
in the purely classical formulation, which is usually expressed by the Chapman-Kolmogorov differential
equation [29].

Under certain mathematical conditions [6,7], a quantum dynamical semigroup map V (t) can be expressed
in exponential form by means of the generator L of the semigroup as follows

V (t) = exp (Lt) . (2.15)

By introducing this expression in equation 2.12 and then taking the time derivative, it is obtained that

d

dt
ρS(t) = L ρS(t) , (2.16)
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known as the Markovian quantum master equation.

The most important feature of the above expression is that it is local in time, as both sides of the dif-
ferential equation are evaluated at the same time instant. This implies that the future evolution of the
reduced density matrix (the states of the system at subsequent times) depends exclusively on its state
at the current instant of time, since it does not make any reference at all to states during previous times,
i.e. it does not take into account its past history. In this sense, Markovian systems are said to be memoryless.

The effect of the semigroup generator L on the reduced density matrix (right-hand side of equation
2.16) is usually written in the so-called Lindblad form

L ρS = −i [H, ρS ] +
∑
k

γk

(
LkρSL

†
k −

1

2
L†kLkρS − 1

2
ρSL

†
kLk

)
, (2.17)

where the first term refers to the unitary evolution given by the von Neumman equation, Lk are the so-called
Lindblad operators, and γk are dimensionless parameters that are determined from the system-environment
correlation functions and play the role of relaxation rates. These parameters and operators can be made
explicit by making use of some methods [30–33]. We should also note that usually the part associated with
the summation is called the dissipator and L is usually named as a super-operator, since it acts on other
operators and its effect results in operators.

To conclude this section regarding the quantum Markovian study, it is worth mentioning that apart from
the master equation method just presented, there also exist other methods of analysis widely employed
in the field of study of open quantum systems, such as [34] phase-space representations, Fokker-Planck
equations and stochastic differential equation, among others.

2.2 BEYOND THE MARKOV APPROXIMATION

The ”memoryless” concept that characterizes the Markovian dynamics can be interpreted as a unilateral
transfer of information from the system to the environment, with no returns to the system at any time [4].
This implies that the information initially contained in the quantum system of interest is gradually erased
as time passes. Here relies one of the major problems encountered in the correct implementation of
technologies based on quantum mechanics, since it is natural to think that one of the main prerequisites for
its realization must be the conservation of the quantum properties of physical systems in the times in which
the experiments are carried out.

From the formalism of Markovian systems, it seems an impossible task to accomplish. In recent years,
however, technological developments have made it possible to study and work with quantum systems for
which the Born-Markov approximation is not applicable [8–15], thus giving birth to the research field of
non-Markovianity. The non-Markovian systems exhibits, for example, the phenomena of recoherence and
backflow information from the environment to the system [16,17], and, consequently, the most characteristic
feature of this class of systems: the memory effects.

The study of non-Markovian systems has shown the advantage they provide for quantum information
tasks and applications such as quantum evolution speedup [18], quantum control processes [19], teleporta-
tion protocols using mixed states [20], entangled states preparation [21,22], quantum metrology [23] and
efficient extraction of work in the Otto cycle [24], just to mention a few. These implementations show the
potential of non-Markovian systems of being a fundamental factor in the development of future technologies.

On the other hand, having the ability to identify whether the dynamics of an open quantum system
presents a Markovian or non-Markovian behavior becomes a relevant task to be taken into account for
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the study of the system itself and for the possible applications linked to it. In this direction, different
non-Markovian quantifiers have been proposed in the literature to determine, on one side, the nature of
the quantum systems coupled to their environment, and, on the other, to be able to compare systems that
fit within the non-Markovian description of the problem and determine for example which one has more
marked non-Markovian properties than the other.

Nevertheless, there is a wide variety of proposals to define either a quantifier for the degree of non-
Markovianity of a system, or simply to serve as witnesses of the presence of non-Markovian characteristics.
The main problem lies in the fact that the different proposals are defined on the basis of different criteria
and, consequently, different results are obtained depending on the chosen quantifier. In this aspect it has
not been possible to establish a consensus on how to determine the degree of non-Markovianity of an
open quantum system, so this is still an ongoing issue for debate and research. Precisely the objective
of the present work arises in this line and is focused on presenting a novel proposal to quantify the non-
Markovianity in an suitable way. However, this will be the subject of discussion in Chapter 4.

Let us recall that the time evolution of the reduced density matrix of the sistem of interest can be de-
scribed by means of a family of dynamical maps, here denoted by Φt, which must be completely positive
and trace-preserving (CPTP). It is usual to call these quantum operations also as quantum channels [28].
The dynamical map is said to be divisible when it can be written as the composition of two CPTP maps

Φt = Φt,τ Φτ,0 , ∀ τ ≤ t . (2.18)

Nondivisibility occurs therefore if there exits times τ for which Φt,τ is not CPTP. It is a common feature
of all non-Markovianity measures to be grounded on the non-monotonic behavior with respect to time of
certain quantities when the divisivity property is broken. In contrast, the opposite is not necessarily true: i.e.
the non-monotonic behavior of the quantities to be chosen does not imply non-divisibility of the dynamical
map. In the following, a substantial portion of the quantifiers will be presented, with particular empha-
sis on the two most widely used: the Rivas-Huelga-Plenio (RHP) and the Breuer-Laine-Piilo (BLP) proposals.

2.2.1 The Rivas-Hulga-Plenio (RHP) Measure

The proposal presented by RHP [25] aims to quantify non-Markovianity from the departure of the intermedi-
ate map Φt,τ from that which would be CPTP. Being mathematically more formal, the dynamical maps Φt

can be represented by Kraus operators [35] or by Choi-Jamiołkowski matrices [36,37]. Under the second
representation, the Choi-Jamiołkowski matrix C(Φt) is positive (also positive-semidefinite) if and only if Φt

is a quantum channel, or in other words a CPTP map. Therefore, the negativity of the Choi-Jamiołkowski
matrix can be used as a non-Markovianity measure.

In this way, the RHP quantifier NRHP is defined as

NRHP (Φt) =

∫ ∞
0

g(t)dt , (2.19)

where

g(t) ≡ lim
ϵ → 0+

Tr | C(Φt+ϵ,t) | − 1

ϵ
, (2.20)

in which ϵ is a parameter encompassing the time course and the trace norm Tr| · | is defined as

Tr|A| = Tr
√
AA† , (2.21)

being equal to the sum of the singular values of the matrix A, which are defined as the roots of the
eigenvalues of AA† [38]. Note that the singular values are non-negative too.
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For CPTP maps, the auxiliar function g(t) takes the value of zero. Therefore, if for every instant of
time the divisibility condition is satisfied, then NRHP = 0, indicating that the system follows a Markovian
dynamics (memoryless). In contrast, a non-Markovian signature is obtained when NRHP ̸= 0, where it
should be made clear that the higher the value of NRHP , the more non-Markovian the system is.

2.2.2 The Breuer-Laine-Piilo (BLP) Measure

The proposal presented by BLP [16] is arguably the most famous and widely used non-Markovianity quanti-
fier in the literature. The measure is based on the violation of the non-monoticity of the distinguishability
between quantum states, which can be interpreted as an information backflow from the environment to the
system. The distinguishability can be viewed as a way to quantify the ammount of information contained in
a quantum system since the more we know about the system, the more information we have about it, and
finally the more we are able to distinguish between quantum states.

Here the distinguishability between the quantum states ρ1 and ρ2 is characterized by the trace distance D,
defined as half of the trace norm

D(ρ1, ρ2) =
1

2
Tr

√
(ρ1 − ρ2) (ρ1 − ρ2)† , (2.22)

which takes real values from 0 to 1. It is noteworthly that if the quantum states are orthogonal (completely
distinguishable), then D(ρ1, ρ2) = 1. If, on the other hand, they represent the same quantum state, it is
clear that D(ρ1, ρ2) = 0.

Under CPTP maps, the trace distance is contractive, meaning that the distinguishability between the
two initial states ρ 1

0 and ρ 2
0 decreaces in a continuous and monotonic manner over time. Mathematically,

when the divisibility property is satisfied, the time derivative of the trace distance (denoted by σ) is always
negative or equal to zero

σ (ρ 1,2
0 , t) =

d

dt
D(ρ 1

t , ρ
2
t ) ≤ 0 (under CPTP maps) . (2.23)

The quantity σ is interpreted in the work of BLP as an information flux from the system to the environment.
Its negative values then indicate an irreversible loss of the information initially contained in the system of
interest due to the coupling. This is a characteristic feature of a Markovian behavior.

In this order of ideas, positive values of σ would suggest a backflow information to the system, which is
typified by a non-monotonicity of the trace distance. Consequently, the non-Markovianity measure NBPL is
constructed by summing over all periods of non-monoticity of the information flux, with the additional task of
optimizing over all pairs of initial states of the system

NBPL = max
ρ 1,2
0

∫
σ>0

σ(ρ 1,2
0 , t) dt . (2.24)

The optimization problem is extremely laborious from the computationally point of view, and is specially
demanding when dealing with non low-dimension multipartite systems [39]. Although it has been shown
that the optimal pair of initial conditions that maximize NBLP must belong to the boundary of the space
state of the system and must be orthogonal to each other [40], the optimization is still one of the major
drawbacks of this method, but is not the only. However, a more extensive discussion will be postponed until
Chapter 4, when it will be directly compared with our method not yet presented.
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On the other hand, it should be mentioned that the non-Markovian processes characterized by the BLP
measure are always nondivisible; notwithstanding the converse implication is not necessarily true [41]. This
is partly where the discrepancy between the different non-Markovianity quantifiers lies, since if one takes
the divisivity condition as a foundation, then the backflow information must be viewed only as a witness, but
not as an irrefutable proof of non-Markovian behavior. Nonetheless, this is only a matter of defining the
criteria, and the opposite situation could also be contemplated.

2.2.3 Others non-Markovianity measures and witnesses

There are many proposals that follow the idea suggested by BLP, i.e. they are based on the violation of the
monoticity of some distance when the dynamical map is nondivisible. Within this category are the Bures
distance [42] and the Bures angle [43] (both based on fidelity, which in itself is not a metric), the statistical
distance [44], the relative entropy [45], the Bhattacharyya distance [46], and so on [47].

Other nonmonotonic quantities that can be used as a measure or witness of non-Markovianity include the
quantum mutual information [48], focused on the study of the system-environment correlations; the flow of
quantum Fisher information [49], which also characterizes the statistical distinguishability of the reduced
density matrix; Hall-Creser-Li-Anderson (HCLA) measure [50], which relies on negative decays rates of
the master equation; local quantum uncertainty [51], the accesible information [52], and the volume in the
space state representation [53], just to mention a few. Even machine learning techniques have been applied
to determine the degree of non-Markovianity of quantum systems [54,55].
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CHAPTER 3
Jaynes-Cummings Model

The Jaynes-Cummings model [56] (abbreviated JCM) is the simplest way to describe the interaction between
light and matter when both are considered as quantized, that is under the formalism of second quantization.
Within its assumptions, the matter is modeled as a two-level atomic system and the light as a single
quantized mode of a bosonic field. Despite its apparent simplicity, this model has been used for several
years in diverse areas of scientific research, among which are atomic physics, quantum optics, solid-state
physics and quantum information [57–59]. In the context of non-Markovian dynamics, the main subject of
study of this work, the JCM represents a good example of a system exhibiting this type of behavior due to
its characteristic phenomenon of revivals of atomic populations, which can be interpreted as a memory
effect and will be discussed later in this chapter.

3.1 MATHEMATICAL FORMULATION

The formulation of the JCM is strongly influeced by a predecessor model in the description of light-matter
interaction and of semiclassical character, meaning that matter is treated under the laws of quantum
mechanics, while the radiation field is treated under classical electrodynamics. This is the Rabi model [60],
developed in the context of research on nuclear magnetic resonance. Moreover, the JCM is sometimes
referred to as the fully quantum mechanical Rabi model.

From now on, unless otherwise stated, the Planck system of natural units [61] will be used as stan-
dard. This shortens the writing of equations by defining, among others, ℏ = 1 and c = 1.

Our starting point will be the classical Hamiltonian describing an electron of mass m and charge e bounded
to an atomic nucleus in the presence of an external electromagnetic field, given by [62]

H(r, t) =
1

2m
[p+ eA(r, t)]2 − e Φ(r, t) + V (r), (3.1)

where p is the momentum operator associated with the electron, A is the vector potential and Φ the scalar
potential representing the external classical field, and V is the Coulomb interaction binding the electron to
the nucleus.

From classical electrodynamics, it is well-known that the representation of the external electromagnetic field
through the vector and scalar potentials A and Φ is invariant under gauge transformations [63]

A′(r, t) = A(r, t) +∇λ(r, t), (3.2)

Φ′(r, t) = Φ(r, t)− ∂λ(r, t)

∂t
, (3.3)

10



CHAPTER 3. JAYNES-CUMMINGS MODEL

where λ(r, t) is an arbitrary scalar function.

In the present framework, it is desirable to choose the Coulomb gauge, also known as radiation gauge,
which satisfies Φ = 0 and the transversality condition ∇ · A = 0. Its main feature is that it allows to
represent the external field only by means of the vector potential A, but it has the drawback of not being
relativistic invariant. However, this drawback does not generate significant problems in the work area of
quantum optics, where non-relativistic formalism is adequate [64]. Thus, the gauge transformed Hamiltonian
becomens

H ′(r, t) =
1

2m
{ p+ e [A(r, t) +∇λ(r, t)] }2 + e

∂λ(r, t)

∂t
+ V (r). (3.4)

Finally, we choose the gauge function λ(r, t) ≡ − r ·A(r, t) , so that the resulting transformed Hamiltonian
is

H ′(r, t) =
p2

2m
+ V (r) + e r · ∂A(r, t)

∂t
. (3.5)

Besides that, for no sources near the atom, the vector potential A satisfies the wave equation

∇2A(r, t)− ∂2A(r, t)

∂t2
= 0, (3.6)

whose solution has the form
A(r, t) = A0 e

i(k·r−ωt) + c.c. , (3.7)

where c.c. stands for complex conjugate, k is the wave vector and ω is the angular frequency of the optical
field.

The first approximation to be made is the dipole approximation, aiming ultimately at neglecting the spatial
variation of the vector potential over the extent of the atom, i.e. A(r, t) ≈ A(t). This is justified by arguing
that, under usual experimental conditions, the atomic length scale (a few angstroms) is considerably smaller
than the optical wavelenght (400 to 700 nm in the visible spectrum). Mathematically, the idea is expressed
by k · r ≪ 1, and the vector potential A is then spatially uniform over the studied zone.

With this in mind, we return to the equation 3.5. As first consideration, the external electric field is
defined as E(t) = − ∂A(t)/ ∂t in the Coulomb gauge. Second, we identify e r as the electric dipole
moment, which in quantum mechanics is represented by the dipole moment operator d. Therefore, the
Hamiltonian describing the interaction of an electron bonded to an atom in the presence of an external
classical electromagnetic field, under the dipole approximation, is given by

H(r, t) =
p2

2m
+ V (r)︸ ︷︷ ︸
H0

− d ·E(t) (3.8)

where we have dropped the prime notation. The first two terms correspond to the Hamiltonian of the
electron in the absence of the external field (usually referred to as the free Hamiltonian H0), while the third
term essentially depicts its interaction with the single-mode radiation.

The most important things to highlight from the last equation are the structure of the Hamiltonian and
the mathematical expression for the interaction term. From here on, the next step to reach the Jaynes-
Cummings Hamiltonian will be to fully quantize the previous model, which implies the quantization of the
electromagnetic field. Although the exact expressions will be different, the Jaynes-Cummings Hamiltonian
will be of the form

HJC = Hatom +Hfield︸ ︷︷ ︸
H0

+Hint. (3.9)
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There are several ways to achieve the goal of the quantization of the electromagnetic field, but the one we
will follow is the expanssion of the vector potential in terms of cavity modes [65], whereby the problem is
reduced to the quantization of the harmonic oscillator corresponding to each individual mode of the cavity.

For a single-mode of the radiation field inside an optical cavity, and remembering that we have established
the Planck unit system as standard, the electric field operator is given by

E =
(ωc

V

)1/2
sin(kz)︸ ︷︷ ︸

≡ λ

(
a+ a†

)
, (3.10)

where ωc and k are the angular frequency and the magnitud of the wave vector of the mode, respectively,
while V is the physical volume of the cavity and z is a spatial parameter that will have no relevance when
applying the dipole approximation, since we must remember that under this approximation the spatial
dependence for the field is ignored. For the sake of notational simplicity, all the parameters are absorbed
into another parameter λ. It is worth mentioning that the unitary polarization vector has not been written
explicitly as it is not necessary in the study of the single-mode field in a linear optical cavity.

In addition, a† and a are the creation and annihilation operators satisfying the bosonic commutation
relation [a, a†] = 1, whose physical meaning can be interpreted as the creation or destruction of a quantum
of energy or, in other words, a photon. Let |n⟩ represente the field state with n quanta of energy, then

a |n⟩ =
√
n |n− 1⟩ ( a |0⟩ = 0 ) , (3.11)

and
a† |n⟩ =

√
n+ 1 |n+ 1⟩ . (3.12)

Under this quantization, the Hamiltonian associated solely with the single-mode electromagnetic field is

Hfield = ωc a
†a . (3.13)

Here the constant term ωc/2 related to the vacuum field (also known as zero-point energy [66]) has been
ignored because it does not contribute to the dynamics of the system beyond a global phase with no physical
relevance. In the present single-mode analysis it is easy to get rid of this term by a simple energy shift,
but for multi-mode systems, renormalization techniques must be considered [67]. Besides, by making the
identification of a†a as the number operator and ωc as the energy of a single photon, the above expression
makes sense for being the proper Hamiltonian to describe the energy of the field.

With respect to the atom, we have made the strong assumption that it is a system of only two energy levels,
which are referred to as ground and excited states and are represented by |g⟩ and |e⟩, respectively. Let
Eg be the energy of the ground state and Ee the energy of the excited state. We choose the midpoint
between them (Ee − Eg)/2 as the zero energy. Moreover, we define their energy difference as ωa, which is
also a frequency in our choice of unit system. In this way, the Hamiltonian associated solely with the atom
is

Hatom =
ωa

2
|e⟩⟨e| − ωa

2
|g⟩⟨g| . (3.14)

Next, the dipole moment operator d = e r, previously defined in the semiclassical formulation, acts on
the atomic states. To find its representation in the basis of |g⟩ and |e⟩, one has to take into account that
the position operator r has odd parity, which means that under an inversion transformation, the operator
changes to −r [68]. This implies that ⟨e|d|e⟩ = 0 = ⟨g|d|g⟩, and therefore, the operador d is only described
by off-diagonal terms

d = d |e⟩⟨g|+ d∗ |g⟩⟨e| , (3.15)
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where the parameter d can be assumed to be real without loss of generality. In this stage, it is also
convenient to introduce the Pauli matrix σz ≡ |e⟩⟨e| − |g⟩⟨g|, and additionally the so-called atomic transition
operators σ+ ≡ |e⟩⟨g| and σ− ≡ |g⟩⟨e|, which satisfy the commutation relation

[σ+, σ−] = σz , (3.16)

[σz, σ±] = 2σ± . (3.17)

The operator σ+ captures an excitation process of the atom since σ+|g⟩ = |e⟩, while σ− captures an
de-excitation process since σ−|e⟩ = |g⟩. This is the reason why they are call the transition atomic operators.
With this in mind, the previous expressions reduce to

Hatom = ωa
σz
2
, (3.18)

and
d = d (σ+ + σ−) . (3.19)

It is interesting to note that the Pauli matrix formalism, which initially arose in the context of quantum
systems with spin 1/2, is likewise suitable for the analysis of the atomic system with only two energy levels.
The reason for this is that the two systems are mathematically isomorphic [69], as well as any other system
with only two accessible states (this generalization usually referred to as qubit). This is also partly why
Rabi’s work could be succesfully extrapolated to another, seemingly different physical context.

Returning to the construction of the model, we only need to describe the Hamiltonian that describes
the interaction between the atom and the radiation field. For this purpose, we are going to use the
interaction term already present in equation 3.8, but now in the formalism of the second quantization

Hint = − d ·E =
Ω

2
(σ+ + σ−) (a+ a†) , (3.20)

where the minus sign and the parameters λ and d have been absorbed into Ω, which recieves the name of
Rabi frequency and represents the strength of the coupling system-environment.

To reveal something more about the terms of this previous equation, it is a good idea to make a transforma-
tion to the interaction picture (where the Hamiltonian is denoted by H̃int) with respect to H0 = Hatom +Hfield,
resulting in

H̃int =
Ω

2

[
aσ− e

−i(ωa+ωc)t + a†σ+ ei(ωa+ωc)t + aσ+ e−i(ωa−ωc)t + a†σ− e
i(ωa−ωc)t

]
. (3.21)

We have obtained exponential terms that depend on the sum (quickly rotating terms) and the difference
(slowly rotating terms) between the frequencies ωa and ωc, the first frequency being associated with the
atomic transition energy and the second with the energy of the bosonic field mode. The disregard of the
rapidly rotating terms constitutes what is known as the rotating wave approximation (abbreviated RWA) [70].
This is a valid approximation when the driving external electromagnetic field is near in resonance with the
atomic transition frequency, and it is grounded in the fact that the fast oscillating terms couples states of
large energy difference, whose transition is very unlikely to take place and therefore negligible for short
enough times.

Returning to Schrödinger’s picture and including the results for the free Hamiltonians of the atom and field,
we finally obtain the total Hamiltonian of the Jaynes-Cummings model

HJC = ωc a
†a+ ωa

σz
2

+
Ω

2

(
aσ+ + a†σ−

)
. (3.22)

Note that the bosonic operators a and a† act only on the number states |n⟩ of the optical field, while the
atomic transition operators σ+ and σ− act on the states |g⟩ and |e⟩. It is therefore natural to think that the
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products of operators aσ+ and a†σ− will act on the composed states |g, n⟩ ≡ |g⟩⊗|n⟩ and |e, n⟩ ≡ |e⟩⊗|n⟩.
The state |g, n⟩ (|e, n⟩) corresponds to the atom being in the ground (excited) state in the presence of a
single-mode radiation field with n quanta of energy or, to put it in another way, n photons. These states are
usually referred to as bare in order to distinguish them from the energy eigenstates of the Jaynes-Cummings
Hamiltonian 3.22, which are usually referred to as dressed.

Besides, the effect of the interaction Hamiltonian is to generate transitions only between states |e, n⟩
and |g, n+ 1⟩. In this order of ideas, the Jaynes-Cummings Hamiltonian can be represented as a block
diagonal matrix, each block being a 2 × 2 matrix in the subspace spanned by |e, n⟩ and |g, n + 1⟩, with
n ≥ 0

H(n) =


nωc +

ωa
2

Ω
2

√
n+ 1

Ω
2

√
n+ 1 (n+ 1)ωc − ωa

2

 , (3.23)

whose energy eigenstates, denoted by |n,±⟩ and known as dressed states, are given in term of the bare
states by

|n,+⟩ = cos

(
θn
2

)
|e, n⟩+ sin

(
θn
2

)
|g, n+ 1⟩ , (3.24)

|n,−⟩ = sin

(
θn
2

)
|e, n− 1⟩ − cos

(
θn
2

)
|g, n+ 1⟩ , (3.25)

with θn defined as

θn = tan−1
(
Ω
√
n+ 1

∆

)
, (3.26)

being ∆ ≡ ωa − ωc the detuning.

Finally, the energy eigenvalues are given by

E±n = ωc

(
n+

1

2

)
± 1

2

√
∆2 +Ω2(n+ 1)︸ ︷︷ ︸

≡Ωn

, (3.27)

where the generalized Rabi frequency Ωn has been introduced.

The comparison between the energy scales of the bare and dressed states is presented in an illus-
trative manner in Figure 3.1. We note that |g, 0⟩ is the only bare states that is also a dressed state.
Moreover, it is the energy eigenstate of minimun energy. Another thing to note is that, for each subspace
characterized by n, the energy difference between the dressed states increases with this value, while the
difference between the bare states is constant.

3.2 DYNAMICAL BEHAVIOR

As explained in Section 2.1, the most general approach for solving the dynamics of an open quantum system
is to start from the von Neumann equation for the density matrix of the composed system (whose evolution
is unitary), and then trace over the environmental degrees of freedom. The follow-up of this procedure
leads to, in principle, an expression for the time evolution of the reduced density matrix concerning only the
system of interest.

The complexity of the resulting equations of motions is usually overwhelming in most cases, but there
are some simple quantum systems for which exact solutions are known to exist. This is the exceptional
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Figure 3.1: Comparison between the bare and the dressed states for the Jaynes-Cummings model in terms
of the values of energy. Here it is clearly observed that the Hamiltonian of the model couples the states
|e, n⟩ and |g, n + 1⟩, where n ≥ 0. As a first observation, it should be pointed out that the state |g, 0⟩ is
the only bare state which is also a dressed state, and it is moreover the state with the minimum energy of
the model. On the other hand, the energy difference between the dressed states belonging to the same
subspace is increasing with the value of n, in contrast with the constant energy difference between the
corresponding bare states.

case for the JCM. Taking advantage of this fact we will follow a different approach here based on the
well-known time evolution for the probability amplitudes describing the state of the composed system (atom
coupled to radiation field). In addition, apart from obtaining more compact expressions, these solutions also
represent a major benefit from the point of view of numerical implementation, since the computation times
are significantly reduced in comparison to those associated with solutions provided by the general approach.

The construction of the state of the composed system is as follows. Consider the initial atomic state
as an arbitrary quantum superposition of the ground |g⟩ and excited |e⟩ energy eigenstates of the atom

|ψ(0) ⟩atom = cg(0) |g⟩+ ce(0) |e⟩, (3.28)

where the normalization condition |cg(0)|2 + |ce(0)|2 = 1 has to be fulfilled. In the same spirit, the initial
field state is taken to be an arbitrary superposition of the Fock basis

|ψ(0) ⟩field =
∑
n=0

cn(0) |n⟩. (3.29)

Under the assumption that at the initial instant of time there are still no correlations between the atomic
system and the environment, the initial state of the composed system can be expressed as a tensor product
of the atom and field states

|Ψ(0) ⟩ = |ψ(0) ⟩atom ⊗ |ψ(0) ⟩field

=
∑
n=0

 cg(0)cn(0)︸ ︷︷ ︸
≡cg,n(0)

|g, n⟩+ ce(0)cn(0)︸ ︷︷ ︸
≡ce,n(0)

|e, n⟩

 . (3.30)
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It is worth noting that the construction of the composed state from this tensor product is not valid in general
for arbitrary times. Immediately after the initial instant, the subsystems are allowed to interact with each
other and therefore entanglement is expected to emerge [3], making the mathematical description of the
state not so trivial in terms of non-separable probability amplitudes

|Ψ(t) ⟩ =
∑
n=0

[ cg,n(t) |g, n⟩+ ce,n(t) |e, n⟩ ] . (3.31)

Now, keeping in mind that the coupling Hamiltonian allows transitions only between the states |e, n⟩ and
|g, n+ 1⟩, it is convenient to rewrite the previous equation as

|Ψ(t) ⟩ = cg,0(t) |g, 0⟩+
∑
n=0

[ ce,n(t) |e, n⟩+ cg,n+1(t) |g, n+ 1⟩ ] (3.32)

and solving the dynamics for each subspace spanned by |e, n⟩ and |g, n+ 1⟩, with n ≥ 0.

Before solving the time evolution problem, an additonal consideration must be taken. Note that when
analyzing the energy spectrum provided by the Jaynes-Cummings Hamiltonian, the minimum energy value
is linked entirely to the energy eigenstate |g, 0⟩, for which the atom is in its ground state and the radiation
field is in a vacuum state (no photons). This is the only bare state that is also an energy eigenstate, and
this occurs because it is not subject to the processes of absorption or emission of radiation, therefore no
transitions to other states occur. Then, bearing in mind that a shift in the values of energy does not change
the dynamical solution beyond a global phase with no physical relevance, it is desirable to set the lowest
energy value equal to zero. In this way, we can ignore the state |g, 0⟩ in the state expansion 3.32 since it
does not contribute to the time evolution of the composed state in this new energy scale.

By inserting the composed state expanssion into the Schrödinger equation in the interaction picture,
a couple set of differential equations is obtained for the probability amplitudes. Its solution is well known [71]
subject to certain initial conditions and is provided by

ce,n(t) =

{
ce,n(0)

[
cos

(
Ωnt

2

)
− i∆

Ωn
sin

(
Ωnt

2

)]
− cg,n+1(0)

2ig
√
n+ 1

Ωn
sin

(
Ωnt

2

)}
ei∆t/2,

cg,n+1(t) =

{
cg,n+1(0)

[
cos

(
Ωnt

2

)
+
i∆

Ωn
sin

(
Ωnt

2

)]
− ce,n(0)

2ig
√
n+ 1

Ωn
sin

(
Ωnt

2

)}
e−i∆t/2,(3.33)

where ∆ = ωa − ωc is the detuning, g = Ω/2 is a parameter that, like the Rabi frequency Ω, quantifies the
strength of the interaction, and Ω2

n ≡ ∆2 + 4g2(n+ 1) is the generalized Rabi frequency.

The above equation is the most general one, but it is particularly easier to focus on the resonant case
characterized by ∆ = 0, for which Ωn = 2g

√
n+ 1. In this scenario, the dynamics of the probability

amplitudes is reducible to

ce,n(t) = ce,n(0) cos
(
g
√
n+ 1 t

)
− i cg,n+1(0) sin

(
g
√
n+ 1 t

)
,

cg,n+1(t) = cg,n+1(0) cos
(
g
√
n+ 1 t

)
− i ce,n(0) sin

(
g
√
n+ 1 t

)
. (3.34)

Keeping in mind that the main objective of the present work is not to solve the Jaynes-Cummings dynamics,
but to apply on this model the technique that will be introduced to characterize the non-Markovianity of the
system. In this sense, the resonant case has no special relevance other than being the simplest from the
numerical point of view for what we want to demonstrate.

At this stage, the temporal evolution of the composed state is completely identified by knowing the dynamics
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of its probability amplitudes. It is useful now to employ the density matrix formalism to retrive the atomic
state information from the partial trace over all the degrees of freedom of the environment. For it we take
into account that the composed state is a pure state, and consequently, its matrix density is constructed in
the simple manner ρ(t) = |Ψ(t) ⟩⟨Ψ(t)|. The reduced density matrix concerning only the atom is then

ρatom(t) =

[
ρgg(t) ρge(t)

ρeg(t) ρee(t)

]
=


∑

n=0 |cg,n+1(t)|2
∑

n=0 cg,n+1(t) c
∗
e,n+1(t)

∑
n=0 c

∗
g,n+1(t) ce,n+1(t)

∑
n=0 |ce,n(t)|2

 . (3.35)

This result is very powerful, because with it one can know in detail the time evolution of any initial condition
of the atomic state and of the light state considered. Let’s take a closer look at two examples of interest:
i) an atom in the excited state in absence of photons and ii) an atom in the ground state interacting with a
coherent state of light.

3.2.1 Example I: Excited and Vacuum States

The initial atomic state is just |e⟩, while the initial field state is just |0⟩. In terms of the initial probability
amplitudes, the only one different from zero is ce,0 = 1. This implies that the reduced density matrix of the
atom results in 

sin2(gt) 0

0 cos2(gt)

 , (3.36)

where only n = 0 has contributed to the summation of equation 3.35.

The diagonal terms of the reduced density matrix are referred to as the atomic populations. By pop-
ulations we mean the probability of obtaining a certain result when performing a measurement, and is
associated with the Copenhagen interpretation of the wave function [72]. From the statistical point of view,
this means that when preparing an assembly with many identical systems and performing a measurement
on each of them, the quotient between the number of times a result was obtained and the total number of
systems prepared is defined as the probability of obtaining that specific result when performing a measure-
ment. It is natural then to assert that the populations take values between zero and one, and that the sum
of them must be exactly equal to one, in agreement with the properties of the density matrix. In the present
case, ρgg (ρee) corresponds to the probability that when a measurement is performed in the basis {|g⟩, |e⟩},
the atom is found to be in the ground (excited) state for a given instant of time.

Hence, the probability Pe of obtaining the state |e⟩ when performing a projective measurement is shown in
the Figure 3.2. The interesting thing to note here is that even though there are no photons present, the
atom is still subject to processes of emission and absorption of radiation, since the probability Pe varies in
time. This phenomenon, known as Rabi oscillations [73], is caused by the coupling of the excited atom
with the vacuum fields, which results in the process of spontaneous emission and subsequent reabsorption
of the emitted photon. This result cannot be predicted by the semiclassical light-matter interaction theory,
since it predicts that transition between atomic states are no posible when no external fields are present.

3.2.2 Example II: Ground and Coherent States

In this other example, the initial composed state is given by

|Ψ(0) ⟩ = |g⟩ ⊗ |α⟩ =
∑
n=0

e−
|α|2
2

αn

√
n!︸ ︷︷ ︸

cg,n(0)=cn(0)

|g, n⟩ , (3.37)
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Figure 3.2: Dynamical behavior of the probability (also population) Pe of finding the atom in its excited
energy state when a projective measurement is performed, taking as initial state an exicted atom and
a vacuum radiation field in resonance. The spontaneous emission and subsequent reabsorption of the
emitted photon is known as the Rabi vacuum oscillations. Besides, it has to be mentioned that in the Planck
system of units, the quantity gt is dimensionless.

where α is a complex parameter characterizing the so-called coherent state of light [74], with |α|2 = n̄,
being n̄ the average number of photons present in the radiation field.

In this particular case, we are going to consider a photon field with average number n̄ equal to 25.
What’s more, in order to simplicity the numerical treatment, we will assume the parameter α to be real,
so that the amplitude probabilities becomes cn(0) = e−n̄/2

√
n̄n/n! , in such a way that the probabilities

Pn = |cn|2 follow a Poisson-type distribution [75], as illustrated in Figure 3.3. Although in principle the sum is
infinite, it is clear that not all terms cn contribute significantly to the construction of the initial composed state.
Therefore, we can make a truncation in the number of terms taken into account based on the information
provided by Figure 3.3.

Now, making use of equation 3.35, the dynamical behavior is calculated subject to the initial conditions
given by equation 3.37. At this stage, we will not be looking at the populations Pe nor Pg for the atomic state
(associated with ρee and ρgg, respectively), but rather at the so-called population inversion w defined as

w(t) = ρgg(t)− ρee(t) , (3.38)

which gives us information about the relative difference between populations of the ground and excited
atomic states.

The dynamics of w(t) is pictured in the Figure 3.4. It can be viewed that the population inversion ex-
hibits an oscillating behavior and its envelope, in the first instance, seems to follow a decay of exponential
type. This first phenomenon is known as a collapse, and has a respective associated collapse time τc given
by [71]

τc =
1

g
√
2
, (3.39)

which is intrinsic to the model as it is independent of the average number of photons present in the radiation
field. From its dependence on the coupling parameter g, it can be said that the stronger the coupling, the
faster the collapse occurs.
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Figure 3.3: Poisson-type distribution followed by the probabilities Pn = |cn|2 describing a coherent state
of light with average photon number n̄ = 25. Based on this graph, the truncation of the number of terms
considered for the correct description of the coherent state is done

Figure 3.4: Dynamical behavior of the quantity known as population inversion, taking as initial composed
state an atom in its ground state and a coherent light state in resonance with average photon number
n̄ = 25, where its value at t = 0 has been highlighted in the graph. This behavior is usually referred
to as quantum beats, and encompasses the processes of collapse and revival of atomic populations,
the latter being one of the main differences between the semiclassical and the fully quantized model for
radiation-matter interaction.

After collapse, the function w remains constant equal to zero, until this changes surprisingly when the
oscillating behavior becomes present again in the evolution. This phenomenon is extremely interesting
and is known as the revival of atomic populations. One could see it as a memory effect (characteristic
of non-Markovian systems), where the future evolution of the system does not depend exclusively on the
immediately preceding time, but all its past history must be taken into account. There is also an associated
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characteristic revival time τr (the time to wait until the revival is observed) given by

τr =
2π

g

√
n̄ . (3.40)

In contrast to the collapse time τc, the revival time τr has dependence on the average number of photons
with which the atom is free to interact. In this sense, the characteristics of the environment itself play a
crucial role in whether or not the revival phenomenon is observed. For very large environments in the
sense of the average number of photons, one must wait a long time to appreciate the revival such that,
in praxis, the studied system exhibits no memory effects. This is in accordance with the ideas of the
memoryless Markovian approach, where one of the physical conditions for its validity is a large size of the
environment compared to that of the system, such that the former is not appreciably affected during the cou-
pling and therefore there would only be an irreversible loss of information from the system to the environment.

Notwithstanding, the above comment regarding the flow of information must be handled with care when
applied to population inversion. Although the population inversion gives us insight into the certainty that
we would obtain a result when performing a projective measurement on the basis {|g⟩, |e⟩}, and therefore
w = 0 could be interpreted as the inability to predict the result, i.e. absence of information, we must also
consider that {|g⟩, |e⟩} is not the only existing basis for the description of the problem, and therefore the
information could be contained in other different states. Nonetheless, it is worth mentioning that there are
very specific cases where population inversion does serve for this purpose, but this does not mean that the
idea can be extrapolated to the general case. On the other hand, there exist other physical quantities that
can be interpreted as suitable information quantifiers instead of w, such as for example the purity of the
quantum state. The corresponding discussion will be adressed later in the following section.

What is important to mention and make very clear is that the revival phenomenon presented by the
JCM can be associated to a non-Markovian dynamics, whose most characteristic feature is the memory
effects. Accordingly, the JCM is of great interest for our objective in the present work in order to apply the
technique that will be presented in Chapter 4 on a non-Markovian system.

3.3 BLOCH SPHERE REPRESENTATION

According to equation 3.28, at the initial instant of time, the atomic state corresponds to a pure quantum
state written as an arbitrary coherent superposition of the base atomic states |g⟩ and |e⟩.

It is now convenient to introduce an alternative way of representing geometrically the pure states of
a two-level system (a qubit) in a so-called Bloch sphere representation, whose name refers to the scientist
Felix Bloch, who although not being the one who introduced this representation, it bears his name in honor
of his advances in quantum mechanics [76]. The representation is given in the present context by

|ψ(0) ⟩atom = cos
θ

2
|g⟩+ eiφ sin

θ

2
|e⟩ . (3.41)

This means that the quantum pure state is parameterized only by the two real variables θ and φ, instead of
by two complex probability amplitudes cg and ce. This has advantages from a computational point of view,
but also as a visualization tool for the states and their dynamics. Here, θ and φ have the usual meaning of
angles and take values in the ranges 0 ≤ θ ≤ π and 0 ≤ φ ≤ 2π, respectively. In this way, physical states
can be represented geometrically as points on the surface of the so-called Bloch sphere, where each point
represents a unique physical state and vice versa. This can be clarified by looking at the Figure 3.5. For
example, θ = 0 corresponds to |g⟩ while θ = π corresponds to |e⟩, located at opposite poles on the sphere.
Note that for the above two values of θ, the value taken by φ is irrelevant, but φ = 0 is usually chosen for
ease. For other possible values of θ, the value of φ needs to be specified.
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Figure 3.5: Representation of pure quantum state on the surface of the so-called Bloch sphere. This is valid
for two-level systems (also referred to as qubits). The two orthogonal states that constitute the base are
located at two opposite poles of the sphere.

In this manner, the initial composed state of the atom coupled to the radiation field, given by equation 3.32,
can be rewritten as

|Ψ(0) ⟩ =
∑
n=0

 eiφ sin
θ

2
cn︸ ︷︷ ︸

ce,n(0)

|e, n⟩+ cos
θ

2
cn+1︸ ︷︷ ︸

cg,n+1(0)

|g, n+ 1⟩

 , (3.42)

where it must be clear that the coefficients cn (n ≥ 0) refer to the initial state of the field.

By then applying the known equations 3.34 for the time evolution of the probability amplitudes in the
resonant case and the equation 3.35 for the construction of the reduced density matrix from these, we
obtain the dynamical behavior for any initial condition of the atom only by specifying the values of θ and
φ. The interesting thing is that from this reduced density matrix, we can also find the representation in
the Bloch sphere of the state at times posterior to the initial one. This is obtained by specifying the three
cartesian coordinates of the Bloch vector v = (u, v, w) from the four components of the reduced density
matrix

u(t) = ρeg(t) + ρge(t) = ⟨σx(t)⟩ , (3.43)

v(t) = i [ ρge(t)− ρeg(t) ] = ⟨σy(t)⟩ , (3.44)

w(t) = ρgg(t)− ρee(t) = ⟨σz(t)⟩ , (3.45)

where all result in real quantities, which are identical to the expected value of the Pauli operator of their
respective spatial direction. In particular, the quantity w is exactly equal to the population inversion em-
ployed previously; therefore, the z component of the Bloch vector gives us the value of this quantity. In this
representation, addiationally, the components of the x and y directions associated with the off-diagonal
terms of the density matrix play here an equally important role as the z component. In this order of ideas,
the Bloch sphere representation provides more information about the system than that obtained by limiting
ourselves to the population inversion.

On the other hand, the pure atomic states (in particular the initial state) are represented by points on
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the surface of the sphere as already mentioned. However, it may happen that when plotting the resulting
state given by the density matrix as a point on the Bloch sphere representation, it can be located at points
inside the surface of the sphere. This is a very frequent scenario since the state resulting from the time
evolution usually corresponds to a mixed state due to the correlations built in its coupling with the environ-
ment. In this direction, the Bloch sphere representation also provides us with visual tools to differentiate
between pure states (on the surface) and mixed states (inside). This is based on the fact that the purity of a
quantum state, define as Tr(ρ2), must fullfill Tr(ρ2) ≤ 1, where the equality is satisfied by only pure states [1].

Now, in relation to the discussion on the Markovianity (or not) of the system, the transition from the
initially pure state to a mixed state can be interpreted as a loss of information from the system to the
environment as a product of its coupling. As already discussed in Chapter 2, when the state is pure we
know exactly and completely the coefficients of the coherent superposition, while when the state is mixed
we have only partial information about the state. Hence, the presence of a revival in the time evolution of
purity can be correctly interpreted as a backflow information from the environment to the system, not like in
the analysis made with the population inversion.

Let us now visually exemplify the dynamical behavior of a particular state in the Bloch sphere representation
to get an idea of its use. In the current case, we consider the initial atomic state as |+⟩ = (|g⟩+ |e⟩)/

√
2,

which is parameterized by θ = π/2 and φ = 0; and the initial field state as a coherent state with average
number of photons n̄ = 9. The evolution was considered up to twice the revival time τr. The dynamics
is illustrated in Figure 3.6. The chosen state |+⟩ has a very interesting property, since when the average
number of photons of the coherent state is very large, this atomic state remains at all times very close to
the surface of the sphere, thus remaining almost always pure [77].

Figure 3.6: Dynamical behavior in the Bloch sphere representation of the initial |+⟩ = (|g⟩+ |e⟩)/
√
2 atomic

state coupled to an initial coherent field state with average photon number n̄ = 9. The dynamics was
calculated up to twice the revival time τr. The point represents the final state.

This same procedure can be applied to any initial state to visualize its temporal evolution on the Bloch
sphere. The next step will be to consider a set of points uniformly distributed over the surface of the sphere,
seeking to represent as many initial states on the sphere as possible. By analyzing their collective evolution
we will be able to find a behavior perhaps unimaginable if the analysis were done point by point separately.

In the following, the methodology proposed for the selection of the points that will serve as initial conditions
will be described. First, it is necessary to make the obvious comment that given the discrete nature of the

22



CHAPTER 3. JAYNES-CUMMINGS MODEL

computational processes, it is not possible to choose the points continuously. It then becomes fundamental
to decide also the number of points necessary for a reliable description of the problem and to avoid falling
into unnecessary overcomputation that would lengthen the computation times. The procedure is as follows:

1. Uniformly discretize the parameters θ and φ in their intervals, i.e. π and 2π, respectively. Here we will
denote ∆θ and ∆φ as the steps in each interval.

2. The surface of the sphere will be divided into horizontal circles labeled by the values of the variable θ,
as shown in the Figure 3.7. In order that the points are more or less evenly distributed, it is natural to
think that the circles with the longest length are also the ones with the most points. This implies that
the size of the step ∆θ is fixed in principle, while ∆φ is different for each horizontal circle. Therefore,
the step ∆φ′ in each circle will depend on the number of points Nθ′ present, such that ∆φ′ = 2π

Nθ′
.

3. The horizontal circle along the equator of the sphere is the one with the longest length. This will be
taken as a reference and we will choose that it has a total of N points. In this way, ∆φequ = 2π

N is an
ammount fixed by us by choosing the value of N .

4. The quotient between the number of points and the length of the circumference is required to be a
constant to achieve a uniform distribution. The length of the equator circle is 2π, while the other circles
have a length C ′ = 2π sin θ′ and Nθ′ points. It follows that N

2π =
Nθ′

2π sin θ′ , which implies Nθ′ = N sin θ′.
As a result ∆φ′ = 2π

N sin θ′ .

5. In order to also achieve uniformity in the vertical direction with respect to the rest of the sphere, it
is required that ∆θ = ∆φequ. Moreover, under the condition that the equator of the sphere is a
reachable value for θ (otherwise the above assertions are meaningless), it is required ∆θ to be a
divisor of π/2, which implicates that ∆φequ as well fulfills this condition. Mathematically this means
that π/2

∆φequ
must be an integer number, where it should be remembered that ∆φequ = 2π

N .

Figure 3.7: Length of the circumference C ′ of an arbitrary horizontal circle as a function of angle θ. The
horizontal circles are expected to have a number of points according to its length, in order to achieve a
more or less uniform distribution of points on the surface of the Bloch sphere.

With all these considerations, the possible choices for the value of N are

N = 4n , with n ≥ 1 ∈ N. (3.46)

In Figure 3.8 a comparison between different spheres of initial conditions for different choices of N is shown,
mentioning also the number of total points on the sphere.
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(a) N = 4, Points = 6. (b) N = 12, Points = 46. (c) N = 24, Points = 184. (d) N = 60, Points = 1148.

Figure 3.8: Sphere of initial conditions for different values of N (defined as the number of points on the
equator). The number of total points considered on the surface of the sphere for each case is also included.

In particular, the value of N = 24 (184 points in all on the sphere) seems to us an appropriate choice
both to elucidate the dynamics of the full sphere of points and to avoid excessively long computation times.
The decision of this choice will be justified in the next chapter when we will see the influence that the
number of points considered has on the values obtained by our proposal for a non-Markovianity quantifier,
which will also be presented in the next chapter. For the time being, the collective dynamics of the initial
conditions sphere is illustrated in the Figure 3.9, where the atom is coupled to a radiation field characterized
by coherent state with an average number of photons n̄ = 9 and its evolution is shown at eight given instants
in terms of the revival time τr. It should be noted that these snapshots were taken from an animation we
made (which is available to be shared if desired).

Figure 3.9: Evolution of the sphere of initial conditions when the atom is coupled to a radiation field described
by a coherent state of light with mean number of photons equal to n̄ = 9. The collective dynamics was
calculated from the initial instant t = 0 up to twice its revival time t = 2τr, and geometrically represented by
an animation, from which these eight configurations were extracted as snapshots.

The first instants correspond to the collapse phenomenon, where the sphere of initial conditions is first
flattened forming an ellipsoid, then a line and finally a single point. With respect to this last collective state
(corresponding to time t = 0.54τr in this example), it indicates that the Jaynes-Cummings model can be
used as an instrument for the preparation of quantum states, since every point regardless of its position on
the initial sphere converges to that particular state [78]. We must also remember that the z component of
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each point in this representation gives us the value of the population inversion, which we discussed earlier
(see Figure 3.4 for example). Thus this way of visualizing the time evolution of the atomic states is more
complete, since the data concerning the difference between the populations of the ground and excited
states can be extracted from only one of the Cartesian coordinates.

After the collapse, the revival phenomenon is observed, here represented as an increase in the vol-
ume of the ellipsoid of points trying to return to its initial configuration on the surface of the sphere. This
can be interpreted as a backflow of information from the environment to the atomic system, since the loss
of information contained in the system could be seen as a reduction in the distinguishability between the
quantum states when the volume is reduced, even becoming all totally indistinguishable from each other in
certain instant of time. Therefore, the return of distinguishability and the attempt to return to the initial states
configuration on the sphere is interpreted as the recovery of the information that the system had previously
lost. This is precisely a signature of a non-Markovian system.
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CHAPTER 4
Retrieving non-Markovianity from PCA

In recent years, the amount of data handled in society has grown steeply, mainly due to technological
progress and digitalization [79]. The amount is such that it is often overwhelming and discouraging to
study them. Because of this, the area of data analysis research has gained relevance in recent years,
offering collection, cleaning, transformation and modeling techniques, with the main objective of discovering
useful information about the data that, at first glance, seems indecipherable. In this way, conclusions
and interpretations can be drawn about the data being handled. Physics is no stranger to this trend, and
the implementation of data analysis and machine learning techniques have gained relevance in modern
research topics [80–86]. In this specific work, we will implement a technique known as principal component
analysis (PCA) in the proposal of a non-Markovianity quantifier.

4.1 PRINCIPAL COMPONENT ANALYSIS

Principal component analysis (abbreviated PCA) is a data analysis technique whose main objective is to
decompose high-dimensional data into its most statistically descriptive factors [87]. It is based on a matrix
decomposition method known as singular value decomposition (abbreviated SVD). The PCA consists of
applying the SVD to a preprocessed data set, which is made up of the mean-subtracted original data with
variance set equal to one.

Data are usually presented in the form of matrices. In an image, for example, the information of each pixel
that composes it may be contained in the elements of a matrix, or, as another example, in a series of
measurements, each column of the matrix may represent a set of experimental data obtained at a precise
instant of time. In this order of ideas, we will call X the matrix containing all the data we want to analyze.
Let X ∈ Cn×m be a complex-valued matrix of size n×m written in the form

X =


| | |
x1 x2 · · · xm

| | |

 . (4.1)

We normally deal with a large amount of information, so it is to be expected that the size of the X matrix can
become very large. This is referred to as high-dimensional data. Such a large amount of data is naturally
overwhelming, but techniques have been developed for their processing and analysis, such as the singular
value decomposition (SVD).

The SVD consists of performing a matrix decomposition that always exists for complex-valued matrices and
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that is unique. It is written as
X = UΣV† , (4.2)

being U ∈ Cn×n and V ∈ Cm×m unitary matrices with orthonormal columns, and Σ ∈ Rn×m a diagonal
real-valued matrix with non-negative entries. The columns of U are called left singular vectors of X and
the columns of V are right singular vectors. The diagonal elements of Σ are called singular values. A
characteristic feature of this decomposition is that the singular values are arranged in a decreasing order.

This technique can be associated to the solution of a problem of eigenvalues and eigenvectors of the
correlation matrices XX† (which relates the data of the rows of X) and X†X (which relates its columns).
Both matrices have the same eigenvalues, and we identify the square root of these with the singular values
contained in Σ. On the other hand, the eigenvectors of the matrix XX† are precisely the columns of U,
while the same happens with the columns of V as eigenvectors of the matrix X†X. In this sense, the
unitary matrices U and V contain the information concerning the correlation in the columns and rows of X,
respectively. In addition, the fact that the singular values are ordered from highest to lowest indicates a
hierarchical ordering in the U and V matrices. This means that the columns of U (left singular vectors) are
ordered according to how much correlation they capture from the columns of X, while the columns of V
(right singular vectors) are also ordered hierarchically according to the correlation they contain about the
rows of X.

Following this perspective, one of the most important application of SVD is to reduce the dimension-
ality of a matrix by truncating the number of singular values taken into account, thus obtaining what is
known as a low-rank approximation. This is based on the fact that the hierarchical ordering indicates that
the first terms will always be those that contain the most statistical descriptive factors about the matrix under
study, and in contrast, the last terms are those that contain the most irrelevant statistical information about
it. Some of its best known applications are [88] image compression, noisy data processing, pseudo-inverse
computation for non-square matrices, least-squares, regressions, among others.

Knowing at this point the SVD, it is time to explain the PCA technique. The PCA consists of apply-
ing the SVD to a set of data after they have been standardized, which means that their average value
is subtracted to set their mean equal to zero (so that the data is centered at the origin of the respective
coordinate system) and their variance is set equal to 1. This is important to ensure that all variables
describing the data (which for example may represent physical quantities different from each other such as
time and temperature) contribute equally to the calculation of the principal components.

Furthermore, it is a common practice to consider only the U and Σ matrices in the decomposition, since
the former provides information on the directions of maximum variance in the data (which are contained
in its columns and are referred to as principal components), while the latter provides the magnitude of
the variance in each direction. These principal components, denoted PC from now on, are hierarchically
ordered and are mutually orthogonal. Moreover, the PCs constitute a new coordinate system in which the
visualization and interpretation of the data is more convenient, since it allows capturing a large part of
the information about the data in the first coordinates. The PCA is usually implemented in dimensionality
reduction and compression problems, denoising, pattern recognition and classification problems, among
others [89,90].

A very important feature of PCA (also of SVD) is that the dominant statistical patterns are deciphered
directly from the data provided, without the need for intuition or prior knowledge of what they represent.
Herein lies the power and great applicability of this technique to any type of problem in a wide variety of
study topics. In particular, we will apply the PCA to the set of quantum states of an atom in its coupling with
a radiation field, which are geometrically depicted by the reduced density matrix of the atom in the Bloch
sphere representation and whose evolution falls within the description of the Jaynes-Cummings model.
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4.2 PCA AS A NON-MARKOVIANITY MEASURE

In this case, we will apply the PCA to the Bloch sphere configuration (see Section 3.3) at each time instant.
Our data matrix X is then composed of the set of points in each snapshot, where each point is characterized
by three spatial components and the number of total points NT depends on the initial chosen distribution
over the surface of the Bloch sphere (again refer to Section 3.3).

Therefore the dimension of X is 3 × NT for any given instant of time. By applying the PCA, we ob-
tain that the U and Σ matrices of the decomposition both have dimension 3× 3, indicating that there are
three orthogonal directions (PCs) in which the variance of the data is maximal. This is to be expected since
the Bloch sphere representation is a three-dimensional space. Moreover, the matrix multiplication of U
with Σ results in the projection of the standarized data onto these particular directions (see Figure 4.1a).
The blue line indicates the first principal component (denoted as PC1), which contains the most relevant
statistical descriptive features of the data, while the red and black lines correspond to the second and third
principal components (PC2 and PC3), respectively.

In particular, we use the Python numpy library function linalg.svd applied to the pre-processed data.
Another option is to use the Python scikit-learn library. Below, a fragment of the code used to calculate the
PCs is shown.

import numpy as np

# ...

u = np.empty( (len(t), len(phi) ) ) # "x" coordinates

v = np.empty( (len(t), len(phi) ) ) # "y" coordinates

w = np.empty( (len(t), len(phi) ) ) # "z" coordinates

# "len(t)" corresponds to the time interval &

# "len(phi)" is the number of points in each snapshot

# ... (calculation of u,v,w)

P = np.empty(( len(t), 3, len(phi) )) # Array of points

P_avg = np.empty(( len(t), 3 )) # To compute the mean (centroid)

B = np.empty(( len(t), 3, len(phi) )) # Mean-substracted data

U = np.empty( (len(t), 3, 3) ) # SVD decomposition: Matrices U & S

S = np.empty( (len(t), 3) )

length = np.empty( (len(t), 3) ) # Principal Components (PC)

for s in np.arange(len(t)).astype(int):

P[s] = np.array( [u[s,:], v[s,:], w[s,:]] )

P_avg[s] = np.mean( P[s], axis=1 )

B[s] = P[s] - np.tile( P_avg[s], ( len(phi), 1 ) ).T

#SVD

U[s], S[s], VT = np.linalg.svd( B[s] / np.sqrt( len(phi) ), full_matrices=0 )

# the "square root" is for setting the variance equal to 1

for i in range(0,3):

lx = 0; ly = 0; lz = 0

lx = U[s][0,i] * S[s][i] # "x" component of the PC

ly = U[s][1,i] * S[s][i] # "y" component of the PC

lz = U[s][2,i] * S[s][i] # "z" component of the PC

length[s][i] = np.sqrt( lx**2 + ly**2 + lz**2 )

Nonetheless, for our concrete purpose of correctly interpreting the PCs on a physical ground, it is necessary
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to scale the lengths of these projections by some factor to fairly match the original data rather than the
standardized data. One way to accomplish this is to determine the appropriate scale factor from the initial
configuration at t = 0, when all points are on the surface of the Bloch sphere and it is clear that the proper
length of each PC in this configuration must be exactly equal to 1 in order to match the set of points. This
obtained scaling factor is fixed and will then be applied to each of the three PCs from any configuration at
later times (see Figure 4.1b for a time t ̸= 0). This is achieved by modifying the last part of the previous
code, where the matrix multiplication of U with Σ should be rescaled and thus so is the length of the vectors
representing the PCs. Below, a fragment of the modified code is shown.

scale = 1/length[0,0] # where the length of the first PC at t=0 is used

# We could use the length of the second (length[0,1]) or third (length[0,2]) PC as well,

# since they are all equal at t=0.

for s in np.arange(len(t)).astype(int):

# ... (repeat exactly the same code as before for the SVD decomposition)

for i in range(0,3):

lx = 0; ly = 0; lz = 0

lx = U[s][0,i] * scale * S[s][i]

ly = U[s][1,i] * scale * S[s][i]

lz = U[s][2,i] * scale * S[s][i]

length[s][i] = np.sqrt( lx**2 + ly**2 + lz**2 )

Figure 4.1: Example of the application of PCA to a snapshot of the time evolution of the atom that is coupled
to a coherent light field with mean number of photons n̄ = 9 in the JCM. The number of points considered
for constructing our data matrix was 184, which corresponds to the choice of N = 24 in equation 3.46. In
one side, (a) is the direct result given by the PCA, while (b) is the resultant after scaling the lengths of the
projections according to the initial configuration to match the original data.

For plotting the PCs on the Bloch sphere, the data preprocessing for the SVD is undone in the code below.

import matplotlib.pyplot as plt

fig = plt.figure(figsize=(6,6))

ax = fig.add_subplot(111, projection=’3d’)

# ...

sc = ax.scatter([], [], [], alpha=0.1)

PC1, = ax.plot([], [], [], ’-’, color=’blue’)
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PC2, = ax.plot([], [], [], ’-’, color=’red’)

PC3, = ax.plot([], [], [], ’-’, color=’black’)

r = 10 # time index

sc._offsets3d = (P[r][0, :], P[r][1, :], P[r][2, :])

PC1.set_data_3d([P_avg[r][0], P_avg[r][0] + U[r][0, 0] * scale * S[r][0]],

[P_avg[r][1], P_avg[r][1] + U[r][1, 0] * scale * S[r][0]],

[P_avg[r][2], P_avg[r][2] + U[r][2, 0] * scale * S[r][0]])

PC2.set_data_3d([P_avg[r][0], P_avg[r][0] + U[r][0, 1] * scale * S[r][1]],

[P_avg[r][1], P_avg[r][1] + U[r][1, 1] * scale * S[r][1]],

[P_avg[r][2], P_avg[r][2] + U[r][2, 1] * scale * S[r][1]])

PC3.set_data_3d([P_avg[r][0], P_avg[r][0] + U[r][0, 2] * scale * S[r][2]],

[P_avg[r][1], P_avg[r][1] + U[r][1, 2] * scale * S[r][2]],

[P_avg[r][2], P_avg[r][2] + U[r][2, 2] * scale * S[r][2]])

The idea now is to apply the rescaled PCA to each configuration associated to each time instant (see
Figure 4.2) and to keep track of the dynamics of the respective lengths PC1, PC2 and PC3 (see Figure
4.3). Associating the present analysis with the discussion carried out at the end of Section 3.3, it is possible
to interpret the decrease of the PCs as a loss of information from the system to the environment, and
consequently, its subsequent growth with a blackflow of information from the environment to the system.
From this point of view, the representation on the Bloch sphere helps us a lot to visualize geometrically the
evolution in the JCM and the subsequent application of the PCA, but the real relevant information about
memory effects (signature of non-Markovianity) is found in the temporal evolution of the PCs.

Figure 4.2: Rescaled PCA applied to some selected snapshot of the evolution of the Bloch sphere
representation of the atomic states in the JCM. Here we considered the coupling radiation field to be a
coherent state with average photon number n̄ = 9 and a total of 184 points for representing the sphere of
initial conditions.
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Figure 4.3: Time evolution of the lengths of the three principal components associated with Figure 4.2.
Recall that gt is a dimensionless quantity, where g is a parameter that quantifies the strength of the
system-environment coupling. In this particular case the value g = 0.1 was chosen for completeness of the
numerical implementation, but the choice of this value has no further justification than this.

Here is where our proposal to quantify the non-Markovianity of an open quantum system is born. As just
mentioned, the growth of the PCs is interpreted here as a characteristic feature of non-Markovianity, but
more important is its rate of change with respect to time, since a faster growth of the PCs would indicate that
the transfer of information back into the system is accomplished more quickly, and thus more non-Markovian
the system would be. In this direction, we define the rates of change with respect to time of the principal
components PC1, PC2 and PC3 as

ξi =
d

dt
PC(i) , i = 1, 2, 3 . (4.3)

As a next step, we will focus on all time intervals where the PCs are increasing (characterized by ξi > 0)
and we will take the cumulative contribution of the growth of the three PCs as a quantifier or measure of the
non-Markovianity NPCA of the system. This is written as

NPCA =
3∑

i=1

∫
ξi>0

ξi dt . (4.4)

In this approach, the three projections of the data in the directions of greatest variance (represented here
by the three PCs) all contribute to the calculation of the quantifier NPCA. This is a characteristic feature of
our approach and we regard it as important, because although the PCs are ranked in hierarchical order
with respect to the statistical variance of the data, this does not imply a hierarchical order also with respect
to the rate of change of their lengths. Thus, it is necessary to include the rate of change of the three PCs so
as not to ignore important contributions to the quantifier.

Another very important feature to take into account is that our proposal does not involve the solution
of a maximization problem, which is very demanding from the computational point of view and is one of the
major disadvantages of some of the non-Markovianity measure methods presented in Chapter 2. From the
numerical point of view, the application of PCA does not require many computational resources, since one
of its main uses (although not in the present case) is dimensionality reduction. It is usual then that PCA is
also applied to high-dimensional data matrices, so the technique has been optimized in the last decades to
be quite efficient, and here we take advantage of this remarkable calculation performance.

Let us now perform the calculation of our proposed non-Markovian quantifier to the dynamics of an
atom coupled to a coherent field of light described by the Jaynes-Cummings model. We must first review
the issue of the number of points we must consider in the sphere of initial conditions (see Figure 3.8).
Since we are applying a data analysis method, it is essential to be clear on how the choice and number of
data forming the matrix we want to analyze affects the results obtained. The ideal would be to consider
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all possible pure states of the atom, but obviously this is absurd given the discrete nature of numerical
processes. Therefore, it is necessary to choose a number of initial conditions that gives reliable results and
does not imply an overcomputation.

In the Table 4.1 different values for NPCA were calculated by considering a coherent field with mean
number of photons nmean = 9 and then with nmean = 25. The calculations were repeated varying the
number of initial conditions considered in each case. It should be noted that the relevant parameters for the
calculation in the Planck unit system were tinitial = 0, tfinal ≈ 386 (twice the revival time τr for nmean = 9),
dt = 0.1 and g = 0.1.

Number of Points NPCA , nmean = 9 NPCA , nmean = 25

6 5.23 2.86

22 5.24 2.87

46 5.20 2.71

128 5.20 2.71

184 5.20 2.71

412 5.20 2.71

510 5.19 2.70

Table 4.1: Values for NPCA under different average photon numbers (coherent field) and different number of
initial points considered. The first two results are far from the results provided when considering a higher
total number of points. From 46 points considered, the results obtained are almost identical.

According to our methodology for choosing the way in which the initial points are distributed on the sphere,
the two options with the lowest number of points (according to those available to choose from) result in
values of NPCA that are far from the rest of the values for this quantifier. This is to be expected, since a
low number of points does not guarantee the validity of the results obtained. On the other hand, the result
obtained when considering a total of 46 points (corresponding to N = 12 in Figure 3.8) is almost identical to
the results obtained when considering a larger number of points. Therefore, the choice of 46 points seems
to us the most reasonable to optimize time and computational resources, and at the same time, obtain
reliable results. Logically, these comments are valid only for the methodology proposed in Section 3.3. If
another approach to choose the distribution is considered, the respective analysis must be performed.

Taking the above into account, we will choose 46 points to build our data matrix from here on. Now,
we want to address the discussion of how our quantizer NPCA varies as the average number of photons
nmean of the coherent light field varies. In this direction, Figure 4.4 shows a comparison of the time evolution
of the principal components PCs for different values of the average number of photons (where tinitial = 0,
tfinal ≈ 700, dt = 0.1 and g = 0.1 were defined).

The most evident feature of the Figure 4.4 is the decrease in the occurrence of the revivals phenomenon
with increasing the average photon number. As a consequence, the non-Markovianity measure NPCA is
also reduced, as illustrated in Figure 4.5. This is an expected consequence, since when the size of the
environment (understood as the number of degrees of freedom) is much larger than the size of the system,
the former is not appreciably affected by the coupling and can be considered virtually constant, while
the latter does change appreciably. This is a distinguishing feature of memoryless Markovian systems,
which is reflected in the fact that the quantifier takes smaller and smaller values, until, for example, for a
coherent field with nmean = 500, the measure is almost equal to zero, indicating that there are no signs of
non-Markovian behavior, i.e. a fully Markovian dynamics. This could also be inferred from the absence of
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Figure 4.4: Time evolution of the three principal components PCs for different values of the average number
of photons nmean present in the coherent radiation field. The characteristic revivals of non-Markovian
systems become less and less frequent as the average number of photons increases.

revivals in Figure 4.4 during the defined time interval.

As a complementary analysis, the choice of a normalized time scale will now be considered. In that case,
one consistent choice is based on the revival time τr (see equation 3.40), whose value depends on the
mean photon number of the radiation field. The dynamical evolution of the reduced density matrix of the
atom is calculated from t = 0 to t = 2τr for each nmean, taking a division of 2000 values evenly spaced in
the time interval. The time evolution of the three PCs is ilustrated in Figure 4.6 for different nmean values.
Similarly, the dependence of the non-Markovianity index NPCA with the average photon number nmean is
depicted in Figure 4.7 in this normalized time scale.

With the exception of the first two plots, which correspond to nmean = 1 and nmean = 4, three gen-
eral features are observed as the value of nmean increases in Figure 4.6. First, the secondary oscillations
around the mean PCs values become absent. Second, the peak value reached by PC1 is larger, which is
not the case for PC2 and PC3. Third, the width of the revival peak becomes narrower and narrower for the
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Figure 4.5: Values for the non-Markovianity measure NPCA with respect to the average photon number
nmean characterizing the coherent state of light to which the atom is coupled. An important remark is
that the same time interval has been taken for each nmean. The inverse relationship indicates the loss of
non-Markovian features as the environment becomes larger and larger. A value NPCA = 0 indicates a fully
Markovian dynamics.

principal components PC2 and PC3.

Unfortunately, no general feature can be extracted in a simple way from Figure 4.7, where no obvious
correlation between the data for NPCA and nmean is observed. One could argue that the lack of connection
between the two data sets (as observed in Figure 4.5) could have its basis in the different choices for dt,
which depends on the nmean value. But, the calculations have also been performed for a fixed dt value,
obtaining almost the same numerical values for NPCA as before.

It should be noted at this point that, due to the discrete nature of computational calculations, the time
evolution of quantum states (and therefore of PCs) is very sensitive to the choice of the dt value. However,
once a sufficiently good time resolution is achieved, the same results are obtained for even smaller dt
values. This is exactly what happens in the current situation, where a time division of 2000 values is good
enough for a proper calculation of NPCA, even for the largest time interval related to nmean = 500. Therefore,
a smaller dt value does not change the already obtained results.

On the other hand, one could argue that the problem lies in the way of performing numerical deriva-
tives of the time evolution data. Although different approaches have been taken into account (e.g. discrete
derivatives and spline interpolation), almost the same numerical values were obtained in those cases as
well. Based on those facts, it is concluded that the non-Markovian index NPCA strongly depends on the time
scale considered in the study.

Up to now, the discussion has been limited to the study of pure states as initial conditions, which
are represented as points on the surface of the Bloch sphere. The reason for choosing this methodology is
the straightforward functional form of the time evolution of the composed state (given by equations 3.34 and
3.35), which allows both greater clarity in the interpretation of the system dynamics, as well as extraordinary
computational performance.

Nevertheless, the analysis can also deal with the choice of atomic initial conditions as mixed states.
This is done in Appendix A. There it will be seen that the non-Markovianity index given by the PCA, taking a
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Figure 4.6: Time evolution of the three PCs for different values of the average number of photons nmean.
The time intervals are expressed in terms of the revival time τr, whose value is nmean-dependent.

Figure 4.7: Values for the non-Markovianity measure NPCA with respect to the average photon number
nmean, where a normalized time scale has been taken into account in terms of the revival time τr.
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fixed nmean value, is directly proportional to the radius of the sphere of initial conditions. This implies that by
choosing mixed states instead of pure states, the index NPCA is only rescaled by the radius of the initial
sphere configuration, likewise the dynamical evolution of the PCs is also rescaled by the same factor.

4.3 COMPARISON OF OUR PROPOSAL WITH OTHER IDEAS AND APPROACHES

We shall now devote a large part of the present discussion to a qualitatively and quantitative comparison of
our method with the most widely used method in the literature: the proposal of Breuer-Laine-Piilo (BPL) [16],
which has already been presented in the equation 2.24. The first advantage of our method lies in, to
paraphrase what has just been said, the low computational costs required for the calculation compared to
BLP.

With respect to the optimization problem for the BLP measure, it must be performed between pairs
of initial conditions. Although the optimization is restricted to quantum states only orthogonal to each
other [40], the problem is still a challenging one. Consider that one has to calculate the integral of equation
2.24 for the evolution of all possible pairs of orthogonal initial conditions, and then determine which one
has the maximum value, so as to finally obtain the non-Markovianity measure. In our method we apply the
PCA to the whole configuration composed of all quantum states (on the Bloch sphere), without having to
establish pairwise relations or anything like that, thus avoiding complications in the implementation of the
method.

Another aspect to take into account is the fact that we are considering the contributions of all the three
principal components PCs. We also consider that this is an advantage with respect to BLP, which only
considers one direction given by the trace distance. This is related to the fact that the BPL measure is based
on the evolution of only one pair of initial conditions, thus ignoring the contribution of the other possible
quantum states. This does not seem adequate to us, because although the information on the evolution of
the ideal pair of initial conditions is the one that gives the greatest measure of non-Markovianity in the whole
time interval, it is also true that in certain time sub-intervals the ideal pair that maximizes the measure could
differ, whose contribution is ignored in BLP. That is, the pair of optimal conditions may vary in time, being
different from those found at the initial instant. In this aspect, we are certain that our method is preferable,
since in addition to considering the analysis of the evolution of all the three directions that contain the
greatest statistical variance in the data, the calculation of these directions is updated at each time instant or
snapshot, making the results obtained more complete and general.

In addition to the qualitative discussion, the non-Markovianity index NBLP was also calculated for each set
of parameters (nmean and time interval) discussed in the previous analyses. The results can then be directly
compared with those already obtained using our proposal based on the PCA method. The results of the
calculations of the non-Markovianity indices for different values of nmean, taking the same time scale, are
presented in Table 4.2. The NPCA index is decomposed into its constituents NPC1, NPC2 and NPC3, where
their sum must be equal to the NPCA(Total); while the NBLP index is located in the last column of the table.
On the other hand, Figure 4.8 shows the time evolution of the trace distance for the pair of initial conditions
that are appropriate for the calculation of the NBLP for different nmean values.

Thus, a similarity is observed between the calculated values of NPC1 and NBLP for values of nmean ≥ 25.
This gives an indication that the time evolution of the first principal component PC1 corresponds precisely to
the time evolution of the trace distance between the proper initial conditions for NBLP. This idea is reinforced
by comparing the dynamics of PC1 in Figure 4.4 with the dynamics of the trace distance in Figure 4.8, again
being very similar to each other. However, it is worth noting that this is true only for nmean ≥ 25. For these
values, the appropriate pair of initial conditions corresponds to |+⟩ and |−⟩, where |±⟩ = (|g⟩ ± |e⟩)/

√
2;

while for nmean < 25, the appropriate pair changes to |g⟩ and |e⟩.
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Figure 4.8: Time evolution of the trace distance between the proper pair of initial conditions that maximizes
the non-Markovianity measure NBLP. Different values of the average number of photons nmean present in
the coherent radiation field were considered. An important remark is that the same time interval has been
taken for each nmean.

nmean NPCA (Total) NPC1 NPC2 NPC3 NBLP

1 25.56 8.61 8.56 8.39 19.77

4 12.43 5.25 3.63 3.55 23.37

9 9.55 3.09 3.02 3.44 14.99

16 8.12 2.55 2.81 2.76 7.03

25 6.56 2.35 2.13 2.08 2.31

36 4.81 1.81 1.54 1.46 1.77

49 3.03 1.30 0.89 0.83 1.29

64 2.58 1.03 0.80 0.75 1.02

81 2.51 1.03 0.76 0.72 1.01

100 2.32 1.03 0.66 0.63 1.01

200 0.80 0.79 0.00 0.00 0.78

300 0.44 0.44 0.00 0.00 0.44

400 0.18 0.18 0.00 0.00 0.18

500 0.00 0.00 0.00 0.00 0.00

Table 4.2: Comparison between the non-Markovianity measures of NPCA = NPC1 +NPC2 +NPC3 and NBLP

for the same time interval. These values are related to the dynamical data ilustrated in Figures 4.4, 4.5 and
4.8. The values of NPC1 and NBLP are very similar to each other for nmean ≥ 25 (here highlighted in red).

For completeness, the calculation of NBLP is also extended to the normalized time scale in terms of the
revival time τr discussed in the previous sections. The results are presented analogously to the previous
case in Table 4.3 and Figure 4.9. The results obtained are completely analogous to the discussion just
carried out. It should be noted that there is also no direct relationship between NBLP and nmean on this
normalized scale, as in the case of NPCA.
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Figure 4.9: Time evolution of the trace distance between the proper pair of initial conditions that maximizes
the non-Markovianity measure NBLP. Different values of the average number of photons nmean present in
the coherent radiation field were considered. An important remark is that a normalized time scale has been
taken into account in terms of the revival time τr.

nmean NPCA (Total) NPC1 NPC2 NPC3 NBLP

1 4.88 1.33 1.83 1.71 2.85

4 4.21 1.44 1.46 1.31 4.12

9 5.19 1.51 1.84 1.84 3.81

16 5.66 1.70 2.00 1.96 3.59

25 5.20 1.80 1.74 1.66 1.76

36 5.58 1.90 1.89 1.80 1.84

49 5.55 1.94 1.85 1.76 1.88

64 5.30 1.96 1.72 1.62 1.91

81 5.01 1.97 1.57 1.47 1.91

100 4.67 1.97 1.40 1.31 1.93

200 3.86 1.96 0.96 0.95 1.96

300 3.87 1.97 0.95 0.94 1.97

400 3.90 1.98 0.97 0.95 1.98

500 3.88 1.98 0.95 0.95 1.97

Table 4.3: Comparison between the non-Markovianity measures of NPCA = NPC1 +NPC2 +NPC3 and NBLP

for a normalized time interval in terms of the revival time τr. These values are related to the dynamical
data ilustrated in Figures 4.6, 4.7 and 4.9. The values of NPC1 and NBLP are very similar to each other for
nmean ≥ 25 (here highlighted in red).

In what follows, a comparison is made between our method and some other methods present in the
literature. It is noteworthy to clarify that the numerical values associated with the Figures and Tables above
serve only as a reference, since the analysis made in this study has a more qualitative orientation. This is
because no direct comparison was made between the results provided by our method and those provided
by other methods. In part, the absence of this comparison resides in the first major advantage that our
method offers over the others, since the computational efficiency is extremely superior. This is notoriously
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more pronounced with respect to a substantial portion of the proposals in the literature that involve some
kind of optimization, usually over all possible initial conditions. This is an advantage inherited from the PCA
technique, which is very efficient for the treatment of high-dimensional data.

Now, the comparison will be made with the measure proposed by Rivas-Huelga-Plenio (RHP) [25], which is
also frequently used in the literature, mainly for theoretical formulations. The comparison in this case is not
so direct, since our measure is somewhat based on the distinguishability of quantum states, while RHP is
based on the analysis of the dynamical maps themselves, and how much they deviate from the condition
of being divisible. In the strict sense, someone could argue that RHP actually constitutes a measure of
non-Markovianity, while our proposal (and many others based on information backflow processes) are
only witnesses. This conflict was mentioned in the last part of Section 2.2.2, where it was said that the
non-Markovianity measures based on the distinguishability of quantum states (like ours) imply the violation
of the divisibility property of the dynamical map, but the converse is not necessarily true [41]. Whereas
this is a matter of debate, we consider that a practical calculation of the degree of non-Markovianity of the
system also plays an important role when thinking about possible applications of the system under study in
answering the question whether the system is Markovian or not.

In this aspect, we consider that our proposal offers a great practical advantage as it is based on data
analysis techniques. This means that for its correct implementation it is enough to know the possible
states of the system at each instant of time, and not to know the dynamical maps themselves. The
implementation in the Jaynes-Cummings model is not the best example of all, since its analytical solution
is known, and from it (after an arduous effort) it is possible to know exactly the functional form of the
mapping. However, in more complex models where it is necessary to use approximations in order to solve
the dynamics, our method of data analysis is much more practical than the description of the dynamical map.

Finally, we would like to make a series of remarks regarding another method that may seem at first
glance a little familiar to the one we are proposing. This is the proposal of studying the evolution of the
volume in state space representation, also known as geometric characterization of non-Markovianity [53].
The similarities reside in the fact that the state space representation for a two dimensional system (like the
JCM for example) is precisely the geometrical representation on the Bloch sphere. Therefore, studying the
increases in the volume of the ellipsoids formed by the quantum states is the basis of that proposal. In fact,
a connection with our idea could be found, since precisely the directions of maximum statistical variance of
an ellipsoid are its semi-major axes. Hence, the PCA technique could also be implemented for the study of
the the geometric measure.

However, the big difference between the two methods (apart from the process of formulation and nu-
merical implementation) resides in the fact that they propose the study of changes in the volume, while we
propose the study of changes in the PCs separately. Thus, if it is hypothetically the case that the PCs (which
can also be seen as semi-major axes of the ellipsoid) change their lengths in such a way that the volume of
the state space remains the same, our quanfier would detect a non-Markovian character as long as at least
one of the PCs exhibits growth, while the geometrical proposal would detect nothing. As an example for the
last sentence, the initial sphere collapses into a line segment where the volume is zero further on making
the analysis from volume futile, where as our approaches keeps tracking non-Markovianity under those
circumstances.

39



CHAPTER 5. CONCLUSIONS AND PERSPECTIVES

CHAPTER 5
Conclusions and Perspectives

The proposal presented in this work to quantify the non-Markovianity of a quantum system in an adequate
way is based on the data analysis method known as principal component analysis (PCA), whereby the data,
which in the present case represent the dynamics of the quantum states of an atom coupled to a coherent
radiation field under the Jaynes-Cummings model (JCM), is decomposed into its most descriptive statistical
factors. The non-Markovian quantifier NPCA is defined as

NPCA =

3∑
i=1

∫
ξi>0

ξi dt , (5.1)

where the ξi are defined as

ξi =
d

dt
PC(i) , i = 1, 2, 3 , (5.2)

being the PC(i) lengths of the projections of the original data onto the directions of greatest statistical
variance, here referred to as principal components (PCs). It is worth noting that it was found that the
non-Markovian index NPCA strongly depends on the time scale considered in the study.

The work was mostly focused on the dynamical study of pure states as atomic initial conditions. However,
the analysis was extended to mixed initial states in Appendix A, where it was found that that by choosing
mixed states instead of pure states, the index NPCA is only rescaled by the radius of the initial sphere
configuration, likewise the dynamical evolution of the PCs is also rescaled by the same factor. For the sake
of simplicity, only initial configurations corresponding to spheres will be considered. However, the idea can
be easily extrapolated to other initial configurations within the Bloch sphere.

This method was compared qualitatively with some of the most widely employed methods in the liter-
ature to measure the non-Markovianity of a system, among which are the Breuer-Laine-Piilo (BLP) measure
based on the distinguishability of quantum states by trace distance [16], the Rivas-Huelga-Plenio (RHP)
measure based directly on the non-divisibility of dynamical mappings [25], and the variation of the vol-
ume in the space of states [53]. We found advantages both from the point of view of the computational
implementation and the interpretation of the results obtained. Therefore, we are confident in assuring
that our non-Markovian quantifier based on the PCA technique constitutes a more suitable proposal to
those currently used in this field of study. On the other side, a quantitative comparison has been carried
out between the non-Markovianity indexes NPCA and NBLP, where a similarity is observed between the
calculated values of NPC1 (first principal component) and NBLP for values of nmean ≥ 25. This gives an
indication that the time evolution of the first principal component PC1 corresponds precisely to the time
evolution of the trace distance between the proper initial atomic pair for NPCA.
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For completeness of the discussion, in Appendix B the analysis of the temporal evolution of the state
of the field (or environment) was performed. In particular, the environmental return fidelity, defined as the
fidelity between the state of the field at an arbitrary time t with its initial state, was calculated. Nevertheless,
no direct correlation was found between the environmental return fidelity and the non-Markovinaity index
NPCA. Although fidelity also exhibits the phenomenon of revival, it is concluded that these quantities are not
correlated with each other, at least not in an obvious way.

With reference now to the perspectives, the main one would be to apply the proposed methodology
to other types of open quantum systems. The most direct case would be the generalizations of the Jaynes-
Cummigs model, known as the Dicke model (without applying the RWA rotating wave approximation) [91]
and the Traves-Cummings model (with RWA) [92,93]. The main difference with the JCM is that they consider
more than one two-level atomic system. In this respect, these extensions can be used to model the coupling
between two or more qubits, which is a topic of interest in the current development of quantum technologies.

In addition, there is also generalization of the representation in the Bloch sphere in a higher dimen-
sional space N -level Bloch [94]. The ideas presented in this work can therefore be extended to other
contexts. We must emphasize first that it is precisely in these high-dimensional spaces where the PCA
technique is very useful to be employed; and second, that working with the Bloch sphere representation
in two-level systems is friendly from the point of view of understanding and visualizing the dynamics of
quantum states, but when considering physical systems with more degrees of freedom, it is no longer
possible to represent pictorially what is happening. For two-level systems, the dynamics of the initial
configuration of atomic states given by the Jaynes-Cummings model results in the formation of ellipsoids
in the Bloch sphere representation, as observed during this work. This statement, however, cannot be
extrapolated at this time to extensions of the JCM for more levels, as this is a topic beyond the scope of the
present work. Nonetheless, since the PCA is applied directly to a data set (which in this case corresponds
to the time evolution of quantum states), we are confident that regardless of the shape of the points in the
space of the atomic density matrices at later times, the non-Markovianity index NPCA is still an appropriate
measure, given that the initial configuration is known.

In this regard, although the two-level model may seem like an extreme idealization, it is very useful
for understanding the use of the concepts and tools presented during this work. Once understood, for
example, the physical information contained in the principal components and the interpretation that can be
given to their changes over time, it is easier to extrapolate the technique to more complex systems and to
understand correctly what is happening.
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APPENDIX A
Mixed States Analysis

As already seen in Section 3.3, the reduced density matrix for the atomic system can be calculated from the
three cartesian components of the Bloch vector r(t) = ( u(t), v(t), w(t) ). This relation is given by

ρatom(t) =

[
ρgg(t) ρge(t)

ρeg(t) ρee(t)

]
=

1

2

[
1 + w(t) u(t)− iv(t)

u(t) + iv(t) 1− w(t)

]
. (A.1)

It has also been mentioned that the points just on the surface of the Bloch sphere correspond to the pure
states of the atom (i.e. coherent superposition of the |g⟩, |e⟩ states), while its interior points correspond to
the set of mixed states. The time evolution of the quantum states is regarded as a situation easy to deal with,
given that the initial state is precisely a pure state. This is because the expression for the dynamical evolution
of the state of the composed system is well-known and simple (see equations 3.32 and 3.33). However, it
may also be interesting to study the dynamics of the system when the initial state of the atom is a mixed state.

The strategy suggested is to determine the density matrix of the atom at the initial instant (t = 0) from the
initial distribution of points in the Bloch sphere representation. In spherical coordinates, the three Cartesian
components are parameterized by

u(t = 0) = r cosφ sin θ ,

v(t = 0) = r sinφ sin θ , (A.2)

w(t = 0) = r cos θ .

In particular, r = 1 represents the situation where all points are on the surface of the Bloch sphere, whereas
r < 1 represents an initial sphere configuration completely within the Bloch sphere (see the configuration at
t = 0 of the Figure A.1 for r ≈ 0.63). It is important to clarify that in the following analysis, for the sake of
simplicity, only initial configurations corresponding to spheres will be considered. However, the idea can be
easily extrapolated to other initial configurations within the Bloch sphere.

For the calculation of the dynamics of the composed system (whose initial state is χ(0) = ρatom(0)⊗ρfield(0)),
the Python library QuTiP will be used, which is oriented to the simulation of quantum systems, particularly
open quantum systems. It is worth highlighting that, for our current task of simulating the dynamics of all the
points that make up the initial configuration, the use of this library naturally results in a higher computational
cost than the procedures already implemented throughout this work. Nevertheless, this is the price to pay
to avoid the analytical calculation of the dynamics, which can be somewhat cumbersome in the present case.

Below, a fragment of the code implemented to calculate the time evolution of the atomic reduced density
matrix is presented.
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import numpy as np

import qutip as qtp

# ... (definition of parameters)

#convert the matrix into a qutip object

rho_atom_init = qtp.Qobj( np.array([[pee_0[i], peg_0[i]], [pge_0[i], pgg_0[i]]]) )

#density matrix (dm) for a coherent state

rho_field_init = qtp.coherent_dm( n_final + 1, np.sqrt(n_mean) )

rho_total_init = qtp.tensor( rho_atom_init, rho_field_init )

a = qtp.tensor( qtp.qeye(2), qtp.destroy(n_final + 1) ) #bosonic annihilation operator

sigma_minus = qtp.tensor( qtp.sigmam(), qtp.qeye(n_final + 1) )

H = g * ( a * sigma_minus.dag() + a.dag() * sigma_minus ) #interaction Hamiltonian

#QuTiP tool for solving the dynamics given the Hamiltonian, initial state and time

result = qtp.mesolve(H, rho_total_init, t, [], [])

time = 10 #time index

reduced_rho_atom = result.states[time].ptrace(0) #"ptrace": partial trace operation

Once the atomic reduced density matrix is known in the defined time interval, equation A.1 can be used
again to plot the dynamics on the Bloch sphere, as has been done throughout this work. For the particular
case of an initial state of coherent light with nmean = 9 and a radius of r ≈ 0.63 in the initial atomic
configuration, the dynamics is illustrated in Figure A.1.

Figure A.1: Evolution of the sphere of initial mixed states of the atom when it is coupled to a radiation field
described by a coherent state of light with mean number of photons equal to nmean = 9. The radius of the
initial sphere was chosen to be r ≈ 0.63. It is convenient to compare it with Figure 3.9 to see the similarities
between the dynamics of pure and mixed states.

The choice of these parameters was not random, but was made for the purpose of making a direct com-
parison with the dynamics of the initial configuration of pure states interacting with the same initial field
state, which is illustrated in Figure 3.9. It is evident that the dynamics are practically the same in both cases,
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differing only by the scale factor given by the radius of the mixed state sphere.

Now, before applying PCA to the generated dataset, one consideration must be reviewed. According
to the Section 4.2, it is necessary to scale the lengths of the principal components PCs (projections of the
data along the directions of maximal variance) by some factor to fairly match the original data rather than
the standardized data, in order to fulfill our concrete purpose of correctly interpreting the PCs on a physical
ground. In the present case, the scale factor must be defined in terms of the radius of the initial sphere, in a
similar way to what was already explained in the aforementioned section

scale = radius / length[0,0] # or length[0,1], or length[0,2] since it is a sphere

For pure states, it is clear that the scale factor of Section 4.2 is recovered, since the initial sphere radius is
equal to 1.

In this order of ideas, the time evolution of the PCs is determined and depicted in Figure A.2 for dif-
ferent purity P values, which are given by [28]

P =
1

2

(
|r|2 + 1

)
, where

1

2
≤ P ≤ 1 , (A.3)

being r is the Bloch vector. The purity P gives information on how much a state is mixed.

Figure A.2: Time evolution of the three principal components PCs for different values of the purity P . The
initial field state is a coherent state with nmean = 9. It is clear that the PCs are only rescaled by a factor that
depends on the purity value (or equivalently on the sphere radius).
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Finally, the direct proportionality between the non-Markovianity index NPCA and the radius of the initial
sphere becomes evident when observing Figure A.3, where the value of NPCA is plotted as a function of the
radius (left) and the purity (right).

Figure A.3: Non-Markovianity index NPCA as a function of the radius of the initial configuration of mixed
states (left) and of the purity (right). The proporcionality between NPCA and the radius is evident.

It is then concluded that the dynamics of mixed states is analogous to that of pure states, being a scale
factor equal to the radius of the initial sphere of atomic states what makes the difference between them.
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APPENDIX B
Environmental Return Fidelity

The composed quantum system discussed along this work consists of two quantum subsystems: the atom
and the radiation field. So far, we have focused our attention and analysis exclusively on the dynamical
behavior of the two-level atomic system (who has been referred to as the open quantum system of interest).
In contrast, a study of the time evolution of the environmental state encompasses a topic of interest by
its own, or could help to complement the analysis of the non-Markovian behavior of an open quantum
system [95]. In this Appendix, our study will be more concerned with the second aspect, where we will look
for a relationship between the time evolution of the field state with the non-Markovianity index NPCA.

The reduced density matrix of the field ρE(t) can be obtained from the density matrix of the composed
system χ(t) by tracing over the atomic degrees of freedom. For the simple case of a two-level atomic
system (whose Hilbert space is spanned by the states |e⟩ and |g⟩), this is very straightforward since only
two terms need to be considered. So, the reduced density matrix of the field is given by

ρE(t) = ⟨e| χ(t) |e⟩ + ⟨g| χ(t) |g⟩ . (B.1)

Evoking equation 3.32 (for initial pure atomic states), the above expression expands as

ρE(t) = |ce,0(t)|2 |0⟩⟨0| +
∑
n=1

[
c ∗e,n(t) ce,0(t) |n⟩⟨0| + c.c.

]
(B.2)

+
∑
nm=1

[
ce,n(t) c

∗
e,m(t) + cg,n(t) c

∗
g,m(t)

]
|n⟩⟨m| ,

where c.c stands for complex conjugate. The coefficients of the expanssion are given by equation 3.34 for
the resonant case.

Knowing then the state of the field for an arbitrary time t, one way to quantify the similarity between
it and its initial state is through the physical quantity known as fidelity, which takes as arguments two density
matrices and is defined by [28]

F (ρ, σ) =

(
tr
√√

ρσ
√
ρ

)2

. (B.3)

The values of F (ρ, σ) are bounded to the interval [0, 1], being F (ρ, σ) = 1 if and only if ρ = σ.

Here we will adopt the term “Environmental Return Fidelity” to refer to the fidelity between the state
of the field at an arbitrary time t and its initial state. The calculation of fidelity will be done with the help of
QuTiP library of Python, already introduced in Appendix A. However, the dynamics of ρE(t) is calculated
using the equation B.2. Below, a fragment of the code is shown.
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import numpy as np

import qutip as qtp

# ... (definition of parameters)

#density matrix (dm) for a coherent state

rho_field_init = qtp.coherent_dm( n_final + 1, np.sqrt(n_mean) )

# ... ( calculation of rho_E for each time as an np.array([]) )

reduced_rho_field = qtp.Qobj(matrix) #convert the matrix to a qutip object

fidelity = qtp.metrics.fidelity(rho_field_init, reduced_rho_field)

When making a direct comparison between the non-Markovianity index NPCA and the environmental return
fidelity, one faces a problem. On the one hand, the fidelity compares two density matrices, while NPCA is
a joint quantity that depends on all the points that make up the configuration in the space of the density
matrices of the atom (whose visualization is carried out using the Bloch sphere representation). Since, for a
given time, the return fidelity takes a different value for each initial atomic state considered, this implies that
the return fidelity must also be defined as a joint quantity for the sake of consistency. Thus, a first proposal
could be to calculate the arithmetic mean over all possible initial states of the atom in each snapshot as a
definition of the environmental return fidelity. This idea is depicted in Figure B.1a.

Figure B.1: Comparison between the dynamical behavior of (a) the mean-defined environmental return
fidelity, (b) the non-Markovianity index NPCA, and (c) the three principal components PCs. The initial field
state is a coherent state with average photon number nmean = 9 and τr is its associated revival time.
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The Subfigures B.1b and B.1c were included to provide a direct comparison between the dynamics
of the NPCA index and the three principal components PCs with the value of environmental return fidelity.
When comparing, there is no clear relationship between the dynamics of the quantities illustrated in the
Subfigure B.1a with the Subfigures B.1b and B.1c. Although fidelity also exhibits the phenomenon of revival,
it is concluded that these quantities are not correlated with each other, at least not in an obvious way.

The lack of correlation in the quantities could be attributed to the definition of environmental return fi-
delity given here. Other options could be to define the environmental return fidelity as the maximum or
minimum value at each time snapshot instead of the arithmetic mean (see Figure B.2 (left)), or to follow a
similar line of thought as in the definition of the NPCA or the NBLP indexes, and define it as the value given
by the initial atomic state that maximize the integral of the positive or negative derivatives of the fidelity (see
Figure B.2 (right)). However, the dynamics of each case are very similar to the original proposal based on
the arithmetic mean, so the stated conclusion remains.

Figure B.2: Temporal evolution of the different proposals to define the environmental return fidelity as a joint
measure of the initial atomic states for each temporal snapshot. On the left, the main proposal based on
the arithmetic mean is shown together with two proposals based on the maximum and minimum value of
the fidelity at each instant. On the right, two proposals influenced by the definition of the non-Markovianity
index NBLP are shown, where the initial atomic state that maximizes the integral of the positive or negative
derivatives of the fidelity is considered. Nonetheless, all cases have very similar behavior to each other.
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