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Abstract
Time dependent flow of an Oldroyd liquid B in a straight circular tube is examined. An
approach to describe the flow when a general pressure-gradient and general initial conditions
are given, is considered. The initial conditions imposed in the present work include the
initial distributions of velocity and acceleration. Some general results are derived and three
applications are considered.
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1 Introduction

The problem of flow of an Oldroyd liquid B in a straight circular tube has been
examined by several authors, for example, Ghosh [1], Waters and King [2],
Bhatnagar [3], Ramkissoon and Shifang [4] and Ramkissoon and Majumdar
[5]. (Other references to other works on non-Newtonian flows may be found
in the book by Kapur, Bhatt and Sacheti [6].)

Ref.[1] deals with the liquid in steady Poiseuille flow on which a general
pressure-gradient is superimposed. The technique used in its solution is a
combination of a finite Hankel and Laplace transformations and this gives a
rather compact form for the velocity. (The pressure-gradients in the examples
of Ghosh do not satisfy the condition he used to determine his eqn.(12) from
eqn.(11), however.)

In ref.[2] the authors examine the generation of Poisuille flow due to a
constant pressure-gradient as well as the decay of fully developed Poiseuille
flow when the pressure-gradient is removed, using only Laplace transforms.
Their primary goal is to explain certain anomalies found in experiments by
Oliver and Macsporran |[7].

Bhatnagar [3| considers his liquid to be under a pulsating pressure-gradient
of non-zero mean. He represents his pressure-gradient, shear-stress and ve-
locity by complex Fourier series and then derives and solves the resulting
ordinary differential equations for the coefficients occuring in those Fourier
series expansions.

Ramkissoon and Shifang [4| used the approximation of Kantorovich [8],
to examine their flow. They considered the liquid starting from rest and give
expressions for the first and second approximations.
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Ramkissoon and Majumdar [5] used a Fourier-Bessel expansion technique
to solve the constant pressure-gradient case and in the sinusoidal and expo-
nential cases they obtained exact solutions, which will be seen in the present
work, correspond to specific initial conditions. Here again their liquid starts
from rest.

Oun closer examination we observe that [1| can deal with given initial dis-
tributions for the velocity and acceleration and hence the initial shear-stress.
Ref.[2] appears not to be able to accommodate a given initial acceleration
distribution since the only initial condition is on the velocity. The initial ac-
celeration and shear-stress, if needed, are then obtained after the velocity is
found.

Ref. [3] cannot accommodate either an initial velocity or acceleration.
These are found afterwards. In [4] and [5] the initial velocity is given explic-
itly. The other initial condition used can be shown to imply a given initial
acceleration.

It is when we eliminate the shear-stress, to get an equation containing the
second time derivative for the velocity, that we must find two initial conditions
on the velocity. Refs. [1, 4, 5] use this approach.

The object of the present work is to attempt to develop a theory which
allows us to determine the behaviour of an Oldroyd liquid B in a straight
circular tube given the initial distributions of the velocity, pressure-gradient,
shear-stress and its derivative(or initial velocity and acceleration). We use a
Fourier-Bessel expansion as in [5]. The present work, we feel, extends [1], [4]
and [5] and compliments the others.

Results for the coresponding upper-convected Maxwell liquid may be ob-
tained by setting the constant G, occuring in the present work, equal to zero.

2 Formutation of the equations

The flow which takes place in a straight tube of circular cross section a is
defined by the velocity field ¢ = (0,0,w(r,t)) in a cylindrical coordinate
system, the z-axis being along the axis of the tube. The equations of motion
reduce to

Oow dop 1 0S5,
pE - _5 + ;Srz + 8’!“ (1>

where S is the extra stress tensor, p is the isotropic pressure and the consti-
tutive equation is given by

S+ \S =2uD +2\D (2)

where D is the deformation rate tensor, A\; is the relaxation time, Ao
the retardation time, pu a viscosity coefficient and the symbol ~ denotes the
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upper convected Oldroyd derivative. Using eqn.(2) and defining dimensionless
variables,

b M T g A
a

Ap 2777 27 27
(T)a pPa pa a
Ap

where a is the radius of the tube, - is a characteristic pressure-gradient
in the direction of flow, W, is the Weisenberg number and R. the Reynolds
number, we get the following dimensionless equation for ¢

92¢ 8 0% 10¢ 0 0% 10¢.
Hor T or ~ G t o)) ~ % T yay) =10 )
where
_ Lo o0, Lop
(M =-%0: "5, 02,82 (4)

The solution of eqn.(3) will be taken to satisfy the following boundary
and initial conditions

{05(1,7) =0, 2410 — A(p), A(1) = 0,

(n,0) = @), 2207 = 0 (5)

where ®(n) may or may not be zero.

The second condition is the extra initial condition mentioned above which,
since it is the derivative of a velocity with respect to time at 7 = 0, represents
an acceleration distribution at time 7 = 0. Actually, after making eqn.(1)
dimensionless, we get

9  Lop L, 1 198,

or Ap@z—i_A_p(% TZ+E on

)

and thus we see that this latter initial condition is equivalent to knowing (a)
the dimensionless initial pressure-gradient and (b) the initial shear-stress and
its derivative. The fourth condition says that the initial velocity distribution
need not be zero. The fifth condition is due to symmetry.

In this work we shall consider cases where the fluid starts from rest, ® = 0,
and also when the fluid is already in motion and is observed to have some
velocity distribution, ®(n), and acceleration distribution, A(n), at a particular
instant of time which we take as 7 = 0.

3 General solution

We shall now seek the general solution, ¢(n, 7), of eqn.(3) and to this end we
let

¢(77a T) = ¢1(7777-) + ¢0(777T)7 where ¢1(17 T) + 4)0(17 7-) =0.



20 Bhatt et al.

When substituted into eqn.(3) we get

0% O O?*p1  10¢1
v =H50 +§_<an2 +Ea_n>

9 (D*¢1  10¢ D?dy Oy

_ o2 -9 H 9%
8T<8n2+n87)>+ 8T2+8T
0? 10 o (0? 10

_ ¢0+,ﬂ fGi ¢0+,ﬂ i
on? oy or\ on*  n In

Now choose ¢p to be a particular of eqn.(3) and ¢; to be the general
solution of the homogenous equation

H82¢1 N 1 (02¢1 L1 3¢1)

or2  or o> ' non (©)
9 (9% 1041\
(G o) ="

The general solution of eqn.(6) will be obtained by expressing ¢1(n,T) as
a Fourier-Bessel series and we shall obtain this solution first.

4 General solution of the homogenous equation

We assume that in general we can express ¢1(n, 7) by a Fourier-Bessel expan-
sion

baln.7) = ilcm<f><fo<kmn> )
where :
) = 5 [ nt VG,
Cin = 5 [ 02D dhyin, ®)

k., being the positive zeros of Jy(k,,). Substituting eqn.(7) into the homoge-
nous eqn.(6), using eqn.(8) and using

Por 106

1
| otk (G + 5 St = 52,71 ) Con(7) 0

we get

HC" (1) 4+ (14 GE2)C! (1) + k2,Cou(1) = 0 (10)
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The solution of eqn.(10) is
Con(7) = AT 4 B, 1= mT

_ 2 \/—,
where 74 (m) = (1+Gky, )+ é;uekgny 4Hk$n’ H +0.
Eqns.(8) and (11) give

Cm(0) = Ay, + B
2

1
=I@yénmmmmmmm=d%®,

and

Cvln (O) = Am7+ (m) + Bm'Y—(m)
2

1
= m/o nA(n)Jo(kmn)dn =T (m)

where

AQy) = 22410

2

1
DMﬂZjHEFAn%mﬂ%%wWI

Solving eqns.(12) and (13) for A,, and B, we get

I'(m) 4+~ (m) D (0)

Am == ) — 7 (m)

and

T'(m) + 74 (m) Dm (0)
Y(m) = y-(m)

By = —

21

(11)

(12)

(14)

(15)

(16)

The formal general solution, ¢1(n, 7), of the homogenous equation (6) is

thus

$1(,7) = O (A€ ™7 4 Brie?= 7). Jo (k)

m=1

(17)

where A,, and B,, are given by eqns.(15) and (16). (We observe that vy will

become complex when k,, gets into the interval

(é\/(m_ G) —2/H(H — ), 2/ (2H — @) +2/A(H —G))
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and hence A, and B,,, will also be complex. However, it is easy to show that
in this interval the quantity Ay,,e?* ™7 + B,,e7=("7 is real and is equal to

2™ (D (0) Qi €08 (@) — (L(m) + Ry Dy (0)) sin (@ 7))

where R,, = —(HQL;Z"‘) and Qp, = ~ 4Gk$”;g+Gk’2”)2. Outside the above
interval 4 (m) are real and negative so ¢(n, ) is always real.)

The formal general solution of the inhomogenous eqn.(3) for a liquid start-
ing with initial velocity ¢(n,0) = ¢1(n,0) + ¢o(n,0) and initial acceleration

w = A(n) is thus
¢(777 T) =¢1 (77’ T) + ¢0(77’ T)

= 3" (A7 4 B "7) Jo (ki) + b, 7)

m=1

(18)

We note that the general solution depends on the initial values ¢1(n,0) =
#(n,0) — ¢o(n,0) and 8¢13(f’0) = a%z,o) — 84;%(:,0) from eqns.(12) and (13) and
(15) and (16).

It is also important to remember that knowledge of the initial acceleration,

w, means knowledge of the initial pressure-gradient and the initial shear-

stress and its derivative as is seen from the dimensionless form of eqn.(1):

09  Lop L 1 108,

or =~ "apos  aplan it aan )

So knowing the initial velocity, the initial pressure-gradient, the initial
shear-stress and its derivative (or equivalently the initial velocity and accel-
eration) and a particular solution of the inhomogenous equation we can solve
the general problem.

4.1 Particular solution of the inhomogenous equation

To complete the general solution we need to find a particular solution ¢o(7, 7)
of the inhomogenous equation (3).
Let us now return to eqn.(3) and seek a particular solution. Eqn.(3) is

H32¢0 Ao Pdo  10dg a9 do  19¢o

o " or o e " %ara Than

) = U(7).

We shall first seek solutions of separable form i.e. ¢g(n,7) = ©(n)T (1)
where we want ©(n) to vanish at n = 1. In some cases we shall have to use
other methods to find a particular solution.

Oun substituting ¢p = OT into eqn.(3) we get

/

OHT +T)— (T + GT)(®" + %) = U(7)
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or

' HT+T U :

We now make the following assumptions:
1.
Ui —v) = const. (20)
GT+T

where GT + T # 0,

U(T) :y—l—H%
GT+T GT+T

= vy = const. (21)

Wherey:—ﬁ%, U(r) :y+H%, GT +T #0.
© will then satisfy

1
0" + 5@’ + 110 = —1s. (22)

If U(7) # 0 we can write eqns.(20), (21) as

HT +T = —in¥(r), in = % o £ 0 (23)
2
and
. oy 1
T+T=v H—=), 9= — . 24
GI+T = ooy + Hol), o= =y 1 £ (24)
We can now show that W(7) satisfies
_ 0%(T) . _0v
I‘IVQiaT2 + (GI/1 + VQ)E + I/1\I'(T) =0. (25)

If U(7) # 0 the solution, T, of eqn.(24) is

_T
e~ G

T =ce G + /eé\IJ(T)dT. (26)
V2

For a given y, i.e. a given pressure-gradient, eqn.(25) may give a relation

between the constant parameters or we may get an inconsistent equation

which would imply that we cannot use separation of variables.
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A formal particular solution, of separable form, of eqn.(3) is

ootn.m) = (1= BEA) (e 4

+ (%)aé /eéymm), v #0, vy £0

and hence we may write the general solution of eqn.(3) as
oo
Z Ape* 7T 4 B =07 Jo (k)

(i

=1
1
< ) _T €G’lj( )dT)7 1/17&07 1/27&0‘

5 Some general results

We now derive some general results.

5.1 Liquid starting from rest

We shall as a first example, consider a fluid starting from rest. This means
that we have ¢(1,0) = ¢1(n,0) + ¢o(n,0) = 0 i.e. ¢1(n,0) = —¢o(n,0).

Case with ¢y # 0, 2290 — ¢

In this case, since ¢1(n,0) = —¢o(n,0), we have from eqn.(14)

1
Dy(7) = ﬁ /0 nbo(n,7) o (k)i (27)
and

The general solution, eqn.(18), of the homogenous equation which reduces
to —¢o(n,0) at 7 =0 is thus

=Y (A7 4 B e =) Jo ()
m=1

where D,, and A are given by eqns.(27) and (28).
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Therefore the velocity distribution for a liquid starting from rest with
initial acceleration

_ L 9p(0) L Srz(n,0) 1851%(7770)
(n) =~ Ap 0z +Ap( an +a on )

is

Z A7 1 BT Jo () + do(n, 7). (29)

m=1

Case with ¢y(n,0) =0

We note that if the particular solution of the inhomogenous equation, ¢ (n, 1),
is such that ¢o(n,0) = 0, then for a liquid starting from rest the condition
¢(n,7) = 0 implies that ¢1(n,0) = 0 also and from eqn.(7) C,,(0) = A, +
B, =0.

Now from eqn.(18)

6¢ 777 Z C/ ) 8¢08(Za 0)7 (30)

and if we choose the initial acceleration then from eqns.(11)

and (30)

9¢(n,0) __ 9¢0(n,0)
or - or

C'(0) = A4 (m) + Bny—(m) =0

and hence A,, = 0 = By, i.e. C,, = 0 for all 7 > 0. This gives ¢(n,7) =
¢o(n, ) for all 7 > 0.

We can interpret this as the following Special Result I:

If the liquid starts from rest at 7 = 0 i.e. ¢(n,0) = ¢1(n,0) + do(n,0) =0
with ¢o(n,0) = 0, (¢o(n, T) a particular solution of the inhomogenous equa-

3¢(TLU) _ ¢0 (7]70)
or Ot

tion) and an initial acceleration i.e. initial shear-stress given

by

1L 9p(0) | O¢o(u,0)
PSTZ_W/O U(Ap 5, T o )du, (31)

where P = ﬁ, then the velocity distribution ¢(n,7) = ¢o(n,7) for all
T > 02.

5.2 Liquid in motion

Case whit ¢(n,0) # 0

For a liquid already in motion at 7 = 0 we have ¢(n,0) # 0. If ¢(n,0) =
f(n) # 0, that is, the liquid is not starting from rest but is observed to have
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a velocity distribution f(n) # 0 at 7 = 0, then we must have from eqn.(18)

¢(n,0) = f(n) = > Cm(0)Jo(kmn) + ¢o(n, 0)

SO

m=1

It ¢(777 O) = ¢0(777 O) then
Con(0) = A+ B = 0 (32)

and since w =>4 C’;n,fo(kmn)—kw, Le. since d > Cl Jo(kmn) =
8‘%2’0) - 8¢?9(;7’0), then if the initial acceleration satisfies 8¢§7T”0) = ¢°((9"T’0) we
get from eqn.(11) C7.(0) = Apy4(m) + Byy—(m) = 0 which with eqn.(32)
gives Cp, (1) = 0 for all 7 > 0 and hence ¢(n, ) = ¢o(n, T) for all 7 > 0.

We can interpret this as the following Special Result 1I:

If initially the liquid has a velocity distribution ¢(n,0) = ¢o(n,0) # 0

(¢o(n, T) a particular solution of the inhomogenous equation) and an acceler-

ation distribution 8%2’0) = 84)((’9(;7’0) i.e. an initial shear-stress given by
17 L 9p(0) | Oo(u,0)
PS,, = - — d
" 77/0 U(Ap 0z + or ),

then the velocity distribution is given by ¢(n,7) = ¢g(n, 1) for all 7 > 0.

Case with ¢(n,0) = a(n) # ¢o(n,0)

In this case

Cn(0) = Ay, + B

= s | o) = dnln )tk
and
Cra(0) = Amy4(m) + Bnyy—(m)
= ﬁ /0177<A(77) - W)J()(kmn)dn-
We can now find the velocity distribution ¢(n,7) when A(n)(= W) is

equal, or not equal, to w.
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6 Applications for H > G

We shall now consider some flows defined by specific pressure-gradients and
obtain their general solutions .

6.1 A liquid starting from rest under a constant pressure-gradient

As a first example we consider the liquid starting from rest with an initial
acceleration A(n), under a constant pressure-gradient. The constant pressure-

gradient is expressed by y = —Aip% = k, and from eqn.(25) we find that

v; = 0. Taking ¢ = 0 in eqn.(26) we get T' = kin = V—’Z From eqn.(22)
© = 2(1 —n?), hence
k

k
$o(n,T) = %(1 - 772)V—2 = Z(l —n?),

or '
Thus from Sec.5.1.(a) the general velocity distribution for a liquid starting

from rest under a constant pressure-gradient and initial acceleration A(n) =

L (Sr=(n0) | 185-2(n,0)
k-+-35( an T a o

) is

infty
G0, 7) = > (Ame™* ™7 4 BT Iy (k)

m=1 (33)
k(1 —n?)

A

where A,, and B, are given by eqns.(15) and (16). This result generalises
the corresponding expression for ®(7, 7) in |5]. (Actually, in [5], the authors
use the condition (1 + Gk2,) C! (0) +k2,C,,(0) = 0 to give C! (0). This
actually implies that they have imposed a particular initial distribution for
the acceleration.)

From Sec. 5.2. we note the following Special Result:

If the liquid is in motion at time 7 = 0, under a constant pressure-gradient
with initial velocity distribution ¢(7,0) = %(1—172) and its initial acceleration

is zero(i.e. its initial shear-stress S,,(n,0) = —%a%n), then its velocity
distribution ¢(n, 7) = £(1 —n?) for all 7 > 0.

The corresponding result for the upper-convected Maxwell flow is obtained
from eqn.(18) by setting G = 0. The corresponding classical solution is
obtained from eqn.(18) by ignoring 7_, setting G = 0 and replacing v (m)
by limg o 4 (m) = —k,.

6.2 Liquid in motion under an exponential pressure-gradient

We consider next the case of a liquid already in motion subject to an expo-

nential pressure-gradient given by *A%,% = ke so U(1) = k(1 + Ha)e™
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H=G
100
vila)
a
Figure 1: 1} against o
where o may be positive or negative. Eqn.(25) gives v1 = —oz(ﬁzg), and

eqn.(26) gives for T, with ¢ = 0, T = E(:32E)e®™, 14+ aG # 0, vy # 0,
hence from Sec.4.1

B ko Jo(nyrn) 0T
¢0(nv7—) =0T = 04(1 JO(\/V_I) )

Now on examining the above expression for 1 we consider the following
cases

H>G>0

Plotting 11 against « we get the curve in Fig.1 We consider the following two
cases:
L () a>0,(3) —&<a<—4.
In both of these situations v1 < 0.

2. (1) 5 <—f <a<0, (i)a<-%<—4%.

In both of these situations v1 > 0.

We now examine these cases.
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a>0, (1) —F<a<—%

Here 11 < 0 hence \/v1 =13, = Y and

(,250(77,7-) = @(17’ T)T(T) — E(l _ ‘]0(2677) )ea’r‘

o Jo(23)
The general solution here is
= D (A7 4 B =) Iy (k) + o (7).
m=1

From Sec.5.2 above we can write the following Special Result:
For a liquid already in motion at time 7 = 0 under the exponential
pressure-gradient and with initial acceleration 8¢(”’0) = a‘f’%(f’o) i.e. ini-

tial shear-stress given by PS,, = 1 fo —k + k 1 — ']O(l’gu)))du and ini-

J(Z,B)
tial velocity ¢(1,0) = ¢o(n,0) = £(1 — ‘?(z%"))) the velocity distribution
is ¢(n,7) = ¢o(n,7) = £(1 - %)ew for all 7 > 0.

This explains the eqn.(18) of [5].
It can be shown that by taking |3|, |n| large enough and considering the
behaviour of Jy, |9], that

k 1 L 0
~ Foary —B-m)y . — _ p
¢(n7T) € (1 \/ﬁe )7 k Ap 82‘

2

For n near 1 and | 3| large enough we see that the velocity distribution will
depend on the wall distance because of the presence of the term exp(—3(1—7))
thus implying a boundary layer effect. We also note that this will happen
when we have either an exponential increasing or decreasing pressure-gradient
since v; can be negative when « is negative and satisfies —é <a< —%. This
is in contrast to what was mentioned in Sec.3 (3.2) in [5].

Example As an example of the Special Result B when «a > 0 or —é <
a < —%, we take H = 0.2, G = 0.15 and display the velocity and shear-stress
distributions ¢(n, 1), PS;.(n,7) when o = 1, 7 = 0.5. The results are shown
in Fig.2. We also considered the case where o = —6 but since the results
were similar we do not show them. We did not go beyond 7 = 0.5 because
the exponential terms become either small or too large. We plot both the
velocity distribution, ¢, and the corresponding shear-stress, S, .

—é<—}l<a<03nda<—é<—%

&) =81 >0 and go(n, 7) = (1 — 20T )cor,

Here v = |a|(
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\'I.\ w>0, H=02 G=015 a9
n
L a8
..\
L 07
w
L ) 05 |
- -
Legend g 4
l'. 04
—a— m
[ ] 03
- (PIK)S =
L] az
w=1 =035 e
\I\OJ i
u
08 a8 -0 a2 08

Figure 2: Velocity, Shear-Stress; a =1

The general solution is

o0

- Z (Ame’H(m)T + Bme’yi(m)T)JO(kmn) + (Z)O (777 T)‘

m=1

We get the following Special Result C from Sec. 5.2(a):
For a liquid already in motion at 7 = 0 under the given exponential
pressure-gradient and initial acceleration

9¢(n,0)  9o(n,0
or oOr

i.e. initial shear-stress given by PS,, = & fo —k + k(1 JO(’BW)))du and

Jo(B1)
(1 _ o (é@ﬁlrg)) the velocity distribution

initial velocity distribution ¢g(n,0) =
is p(n,7) = do(n,7) = E(1 - ‘{}’O%YS))@O” for all 7 > 0.

This result explains eqn.(22) of [5].

For | 31|, |41n| large enough ,[9], we get the following asymptotic expansion

B(n,7) ~ (1 — %) and although this depends on the distance 7

«
it does not depend on it in such a way as to produce a boundary layer effect
at the side of the tube. We also note that this behaviour occurs only with
the decreasing pressure-gradient.
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Example A second example is taken from the Special Result C when
0>a > —% > —é or a < —é < —% < 0, say a« = —1,—6.7 with
H = 0.2,G = 0.15. We obtained the velocity and shear-stress distributions
as shown in Figs. (3,4), for 7 = 0.5. We obtained graphs for 7 = 0, 1.0 but
they looked similar to that for 7 = 0.5 so they were not included. Also in the

shear-stress graphs we used %Sm.

" a=-1,H=02 G=015
LY o
L3
] a8
L
LR o7
LS
LN [T
LS
L] 05
Legend ‘m ul
‘m 0
—— ‘-
“l. 03
w-- (P/k)S, LR
" 0z
w=-1, =05 “m

m o

Figure 3: Velocity, Shear-Stress; a = —1

“1G<qg <-1H,H=02 G =015

a1

Figure 4: Velocity, Shear-stress; a = —6.7

We note that oscillations occur in ¢(n,7) and S,.., that is, we have flow
reversal in this case.
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0<H<G@G

In this case we have the following two situations when vy < 0.

1. a> 0; —%<a<—é

Both of these situations will produce a boundary layer effect as in the
previous case above.

We also have the following situations:
1 1, 1 1
2.0(<0,0é>—@>—ﬁ,Oé<0,0(<—ﬁ<—§

These do not produce a boundary layer effect.

H=G
In the case we get v = —a by substutiting H = G in v, = —a(ﬁ‘;g) from
Sec.4.1 and ¢o(n,7) = £(1 - ‘{;’O(EZ\/%))@M. This implies that if H = G the

non-Newtonian liquid behaves like a Newtonian liquid.

7 Liquid under a sinusoidal pressure -gradient

This type of pressure-gradient is encountered, for example, in the reciprocat-
ing piston system.

In this case if we try to use eqns.(25) and (20) we meet some problems(we
cannot get a seperable solution) and hence we must look for another method.
To this end we note that we can write y = —Aip% = Re(ke'T) and hence
from eqn.(4) ¥(7) = Re(ke'™ (1+aH1)). Therefore from eqn.(3) and the form
of the left-hand side, since the 7 dependence part contains only derivatives
with respect to 7, it becomes natural to seek a solution of the form

¢po = Re(ke'*™O) = Re(T(1)0(n))

where © is now complex. (The derivatives introduce powers of v, while ©
remains unchanged.) Substuting in eqn.(3) we choose O to satisfy

1
0" + E@I + 70 = —uy.

We thus have ¢o(n, ) = Re(£(1— ‘{})0(("\/‘/1%) )e’7) and the general solution

¢(77’7-) — Z (Ame’Y+(m)T + Bme’Y—(m)T)JO(k_mn)

(-5

[y

=

_|_
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where A,,, By, are given in eqns.(15), (16), 11, v are complex and given by

v = —(FE0)

If we choose ¢(n,0) = do(1,0) = Re(k(1 — DUVA)y) 4pq 2600 _

= —1as.

Jo(vr1)
w = Re(k(1 — %)) then we see that A,, = B,, = 0 and hence

b(1,7) = o, 7) = R(’“<1%) )

for all 7 > 0.

We can state this as Special Result D as follows:

For a liquid already in motion at 7 = 0 under the given sinusoidal pressure-
gradient and initial acceleration 8¢(n,0) 6¢(:9(Tn,0)7 initial shear-stress given by

L = %fon u(—k + Re(k(1 — JO(\/»u))))du and initial velocity distribution

Jo(\/v1)
oo(n,0) = Re(ﬁ( - %‘/\/@S))ezm), the velocity distribution is ¢(n,7) =
J T
do(n, 7) = Re( (1 = HE0)ete7) for all 7 > 0.

This result explains eqn.(28) of [5].

In |5] the velocity distribution for a pulsating pressure-gradient at different
instants is shown in their Fig.1. The graphs for the cases H = 0.2, G = 0.05
appear to be incorrect. We recomputed the graphs and show, for example,
only those for H = 0.2, G = 0.05, a = n =25, 7 = 7/2n, 7 = w/n in
Figs.(5,6) below. We again plotted %Sm as the shear-stress.

It can also be seen that if we set H = @, an Oldroyd liquid with the
corresponding ¢y, initial velocity and acceleration distributions and pressure-
gradient will behave as though it were a classical liquid.

8 Concluding remarks

We have attempted to examine in detail the flow of an Oldroyd liquid B
through a straight circular tube when different initial conditions are spec-
ified. Five previous investigations of this problem have not examined this
aspect in any detail. Our work used a Fourier-Bessel expansion, as in |5,
for the velocity distribution and we were able to obtain a general solution
when general initial conditions are specified for the velocity and non-zero
acceleration (or equivalently the pressure-gradient and shear-stress.) We ap-
plied the theory to problems where the pressure-gradient was (i) a constant,
(ii) exponential and (iii) sinusoidal and give the general expressions for the
corresponding velocity distributions.

In the analysis it was found that in certain cases if the initial acceleration
is chosen to be equal to certain known functions(i.e. derivatives of particular
solutions of an inhomogenous equation) then the velocity distributions are
given in terms of these known functions for all time. The results agreed with
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Figure 5: Velocity, shear-stress for sinusoidal pressure-gradient at 7 = w/2n

H=02 G=0D05a=n=25
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Figure 6: Velocity, shear-stress for sinusodial pressure-gradient at 7 = 7/n
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the results obtained in [5], however, these authors did not discuss anything
about initial conditions.

As an example we considered the exponential pressure-gradient where
—Aip% = ke®”. We considered real values of « in four regions where the
parameter v1(«) was either positive or negative. For different values of the
parameters o, H, G we give graphic representations of the velocity and cor-
responding shear-stress distributions at times close to 7 = 0. In some cases,

for example, where a < —é < —% < 0 flow reversal was present.
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