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Abstract

We study an iterative scheme for the computation of a zero of the sum of two nonlinear
operators. The proposed method contains Newton scheme and the Modified Newton
scheme as special cases and therefore provides a unified setting for the study of both
methods. It could also be viewed as an intermediate scheme between Newton’s method
and the modified Newton’s method.

Keywords: Zeroes of nonlinear operators, modified Newton scheme, Kantorovich-
type conditions.

1 Introduction

Let X and Y be Banach spaces, let D be an open convex subset of X,
and let f,g D — Y be Fréchet differentiable functions, fixed all through
this paper. In the sequel, given any ug € D and r > 0, Blug,r] will
designate the set {z € X ||z — ug|| < r}, and B(uy, ) will designate the
interior of Bluy, 7).

We are interested in the iterative solution of the equation

f(u) +g(u) = 0. (1)
In this paper, we study the iterative scheme
g1 = Um = [f (Um) +QF(“0}]_I[f(um) +9(um)], m=0,1,.... (2)

When g = 0, this scheme becomes the classical Newton scheme for the
equation f(u) = 0, and when f = 0, it becomes the Modified Newton
scheme for the equation g(u) = 0. Therefore the scheme (2) provides a
unified setting for the study of both methods.

The scheme (2) could also be viewed as an intermediate scheme be-
tween Newton’s method

Um+1 = Um — [ff(um) + g,(um)]_l[f{um) ‘*‘g("--‘-m)h m=0,1,.... (3J
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and the modified Newton’s method

It is well-known that, in general, Newton’s method converges faster
than the modified Newton method. However, the Newton’s method up-
dates derivatives at each iteration step, while the modified method per-
forms only one derivative evaluation. This led several authors (cf. [1,6,7])
to propose intermediate Newton methods which converge faster than the
modified method and are easier to implement than the classical scheme.
The Newton-type scheme (2) is evidently a (one-step) scheme of this
kind.

The basic convergence results for Newton’s method and the modified
Newton method were proved by Kantorovich (cf. [3-5]), and were later
improved by many authors (cf. [8-12]). In the sequel we give convergence
results for the intermediate Newton scheme (2) under Kantorovich-type
conditions.

2 Some preliminary results

The next two simple results will be used repeatedly in the sequel. The
proofs are included for the sake of completeness. -

Lemma 1. Let ug € D, let F : D — Y be a Fréchet differentiable
function, and suppose that F'(ug)~! exists and there exist K > 0 such
that for some z € D (independent of K ),

|1F' (uo) "} [F'(z) = F'(2))l| < K|z — z||, forallz € D.
Then for all z,y € D, we have

ul (lz — 2l +lly = 2l)

17 (u0) ™! [F () = Ply) - F' ()= )]l < K|z~ .

Proof. We have

F'(ug) ' [F(z)~F(y) - F'(2)(z - y)] =

1
/0 F'(uo) ™ [F'(sz + (1 - 8)y) - F'(2))(« — y) ds
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Therefore, it follows from the hypotheses that
IF' (uo) " [F(2) — F(y)-F'(2)(z - )l
1
< Kl —yll [ (sllo = 21+ (1= s)ly ~ =l ds

=zl +ly—=
_ Ko -y ngn D

Lemma 2. Let ug € D, with B(ug,7) C D, let F D — Y be twice
Fréchet differentiable function, and suppose that F'(ug)~! exists and
F'(ug) "' F"(up) is a bounded map. If

| F' (ug) ™' [F"(x) — F"(uo)]l| < Allz —uoll, for all z € B(uo,7),
|1 F' (o) ™ F" (uo)]l < b
then

|F" (uo) ' [F(z) ~ Fy)-F'(y)(z - y)lll <

lz - y||zt~)'2+—m, for all z,y € B(ug,r).

Proof. We have
F'(up) "' [F(z) — F(y) = F'(y)(z —y)] =

1
A B (ug) " [F" (s + (1 — 8)y) — F"(uo))(z — v)2(1 — s) ds

+ 3 (o)™ P (wo)(z — 9)”

Therefore, it follows from the hypotheses that for all z,y € B(up,7), we
have

bllz — yl?
2

1
MH—UWA(ﬂx—wh+ﬂmﬂmy—mm0—ﬂds

i i ]
<z -yl L+wr£(1 5)ds

_ llz = yl*(b + Ar)
2

In the sequel we will use the method of majorizing sequences to an-
alyze the convergence of the intermediate Newton scheme (2). In the

1E" (u0) " [F (z) = F(y) = F'(y)(z - y)lll <
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following proposition we define the majorant sequence that will be used,
and give its main properties.

Proposition 1 Let a > 0, let M and L be non-negative numbers such
that M + L >0 and 2(M + L)a < 1, and let

te=(1—/1-2(M + L)a)/(M + L).
Let ty =0, and form =0, 1, ..., let
tmt1 = (Ltg/2 = My, /2 + a) /(1 — Mty,) (5)
Then the t,, are well defined and we have
i1 <tm<tsy, form=1,2,..., (6)
and

Hm b =ity
n—00

Proof. Since tg =0 < t; =a and t, —a = (M + L)t?/2 > 0, we see
that (6) holds when m = 1. Suppose now, by induction, m > 1 and that
(6) holds. If M > 0, then

Mtp < Mt, <(M4L)t,=1—-4/1-2(M+L)a<1,

and if M = 0, then Mt,, = 0 < L. In either case, we see that t,,,, is
well defined. We have the estimates
te — tmei = [(1 = Mip)t, —a — L2, /2 + M2 /2]/(1 — Mt,,)
= [t. — a — Mtnt, — Lt /2 + M12,/2]/(1 - Mt,)
= [(M + L)t2/2 — Mt t, — L2, /2 + Mt2 /2)/(1 — Mty,)
= [M(t, — tm)?/2 + L(£? - 12,)/2)/(1 - Mt) > 0
tm+1 — tm = [a = tm + Lt2,/2 + Mt2,/2]/(1 — Mt,,)
= [(1 = Mis-1)tm+Mt2_ /2~ L2 /2=t
+ Lt /2 + Mt2,/2)/(1 — Mt,,)
= [~Mtp_1tm + Mt2,_ /2 - L2 _,/2
+ Lt2 /2 + M2 [2]/(1 — Mty,)
- [M(tm . tm—-l}zf’rg + L(tf” o tgn_l)/E]/(l o th) >0

which show that (6) holds when m is replaced with m + 1 and hence, by
induction, that it holds for all positive integral values of m.
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It follows that t,, is monotone increasing and bounded above by f{,.
Hence it converges, as m tends to infinity, to a real number ¢, with the
property that 0 < ¢ < t,. On the other hand, it follows from (5) that

Ltgn/l? = Mt?n,’ﬁ +a—tmi1(l - Mty) =0,
and, on letting m tend to infinity, we see that
(M + L)t*/2—t+a=0.

Since t, is the smallest solution of this equation we conclude that t, <
t < t,, and hence that (7) holds..

3 Convergence results

We first prove the convergence of the intermediate scheme (2) under
Kantorovich-type conditions.

Theorem 1 Let a, M and L be non-negative numbers such that M +L >
0and 2(M + L)a <1, let Ty = (1 + /1 — 2(M + L)a)/(M + L) and let
t. and t,, be defined as in Proposition 1. Let ug € D and let f,g D — Y
be differentiable functions such that Jy = f'(ug) + ¢'(ug) is invertible,
17 (£ (uo) + Q(UG)]” < a, Blug,t] C D, and

Ilfhllf ’y]H < Mz -y,
I 'lg'(=) —g'WIIl < Lllz - yll, Yz,y € D.

Then the intermediate Newton iterates in (2) are all well defined and
converge to the unique solution u of equation (1) in Blug,t.] U [D N
B(ug,T,)], with error estimates

||'“-m — Uy —| “ S "'m - "‘-m— ls
Hum - 'U'[J“ < tm,
”“ = 'U-m“ < i —tnm.

Proof. If a = 0, then u = ug solves equation (1) and, since u,, = ug
and t,, = ty for all m, the estimates (10) — (12) hold trivially. In the
rest of the proof we assume a > 0. Since ||u; — w|| € a = t; — to,
we see that (10) - (11) hold when m = 1. Suppose now, by induction,
that m > 1 and that the u,, are well defined and satisfy (10) - (11).
Then, on letting J, = f'(um) + ¢'(ug) = Jo(I + A) or, equivalently,
A = J5 ' (um) = f'(uo)], and applying (8), we see that ||A| < Mt,, < 1
Therefore (I + A)~! exists, with

I+ A)7Y € 1/(1 = Mty,),
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and it follows that J, is invertible, and that J.'Jy = (I + A)~'. Hence

| I Tl < 1/(1 = Mty,), and it follows from the induction hypotheses
that

lumsr = umll = 195" [f (um) + g(um)]ll < " JollllIg ™ [f (um) + g(um)]Il

But f(um}+g(um) = [.f(um}"f(umr-l)_fr(um—l](um_um—l)]+[g(um)_
9(um—1)— ¢ (uo) (e — um—1)]. Hence it follows from (8), (9) and Lemma
1 that

175 [f (um) + g(um)]l
< ”J-::u_l[f(um] - f(um-1) — f!(um—l)[um - um—l]]"

+ 115 [9(um) = g(um—1) — g (10) (tm — wm—1)]|
lttan — w1 |12

2
+ [lum—1 = uoll]/2

<_: M(tm T tf?ﬂ—l]‘}:,f2 + L(tm = tm-l)(tm -+ tm—l]]l’z
== M(tm = trri—l}z,/Q + L(t?“ = t.rzn.-l)/g

<M

+ L|um = tm-1|[|[um — uoll

and

i1 = tmll < [M{Em = tm1)?/2 + L(E2, — £2,_1)/21/(1 — Mtr)
= tm+1 — tm,
lums1 — woll < l[um+1 — umll + |lum — ol
Stmi1 —tm +tm
= tm+1
It follows that (10) and (11) also hold when m is replaced with m + 1

and hence, by induction, that they hold for all positive integral values of
m. This implies that

m+q m+q
”um+q — Ul < Z luk = up—1|| < Z (tk — tk—1) = tm+q — tm.
k=m+1 k=m+1

Since t,, is a Cauchy sequence, it follows that uy, is also a Cauchy se-
quence converging to some u € Blug,t,]. On letting ¢ tend to infinity
we see that (12) holds. It follows from (2) that [f'(um) + ¢’ (uo)](um+1 —
Um) + f(um) + g(um) = 0 and on letting m tend to infinity we see that
u solves equation (1).
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Finally, to prove the uniqueness assumption, we suppose that v is
another solution of (1) in Blug,t.] U [D N B(up,T)]. Then we have

ug —v = Jg ' [f(v) = f(uo) — f'(uo)(v — uo)]
+ Jg Hg(v) — g(uo) — ¢'(uo) (v — uo)] + J5 ' [f (uo0) + g(uo)]
lug — vl < 1T [f(v) = f(u0) = f'(u0)(v = uo)]|
+ 15 g(v) = g(uo) = 9" (uo) (v — wo)lll + 1175 ' [f (wo) + g(uo)]l
< (M +L)|lv - uol*/2 + a,

and we conclude that
llv = uoll < (M + L)|jv — uo[*/2 + a.

By solving this inequality, we see that either ||v —ugl| > T\ or ||v —ug|| £
t.. Since v € Blug,t.| U [D N B(ug,Ty)], we conclude that |lv — ugl| < t..

We show, by induction that the relation ||v — u,|| < t. — t;, holds for
all positive integral values of m. It follows from the previous paragraph
that it holds when m = 0. If we suppose that it holds for m, then we
have

V= U1 = = [f'(um) + ¢'(u0)] 7' [f(v) = f(um)

= f'(um) (v = um) + g(v) = g(um) — g'(uo) (v — um)],

and it follows from (8), (9) and Lemma 1 that

v = wmprll < I [f (©) = fum) = f'(wm) (v = )]
IIJm‘[g = g(um) = g'(uo) (v — um)]|
< Tt Joll Mo — wuml|®/2
+ L|v = um||(|lv — uol| + [lum — uoll)/2]
< [M(ts —tm)?/2
+ L(ts — tm) (e + tm)/2]/(1 — Mty,)
= [M(t. — tm)?/2 + L(£ - £2)/2]/(1 — Mty,)
= [(M + L)t?/2 — Mtpt, — Lt2 /2 + Mt2 /2]/(1 — Mty,)
= [t* —a — Mtpt, — Lt2, /2 + Mt2,/2)/(1 = Mtp)
— [Lt2,/2 — Mt2/2 +a)/(1 = Mty,)
=ty = tme1s

which shows that the induction hypotheses is true when m is replaced
with m + 1. We conclude that the inequality ||[v — u.,|| < t. — ¢, holds
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for all m. By letting m tend to infinity we see that u = v. We therefore
conclude that every solution of (1) in Blug,t.]U[D N B(ug, T\)] coincides
with u. That completes the proof of the theorem.

One could also analyze the convergence rate of the scheme (2) with
the method of nondiscrete mathematical induction developed by Ptdk
(cf. [8-10]). In this method a central role is played by the concept of a
rate function, defined as mapping of the form r T — T where T' = (0, 00)
or T' = (0, a] for some positive real number a, with the property that the
sum function s(t) = 3.%°_, r(™)(t) is convergent for all ¢ € T, where r(%)
is the identity and r(™*!) = 7 o #(™)_ The basic nondiscrete induction
theorem is the following result from [10].

Theorem 2. Let W be a complete metric space and let w be a mapping
from a subset of W into W. Suppose that there exists a point ug € W,
a rate function r on an interval T', and subsets Z(t) of W (one for each
t € T) such that the following conditions are satisfied:

ug € Z(a) for a certaina € T,

(t,z) € T x Z(t) implies w(z) € Z(r(t)) and d(w(z),z) < t.

Then the iterates generated from the successive approximation scheme
ey =Wnl; M= 01e
converge to an element u € W and satisfy the estimates

™) (a)),

d(tm, u) s(r!
,r{m)(a)

<
d(“mv Um+1) <

In the following result we deduce the convergence of the intermediate
Newton-type scheme (2) from this basic nondiscrete induction Theorem.

Theorem 3. Suppose that the hypotheses of Theorem 1 hold. Then the

Newton-type iterates in (2) converge to a solution u of (1), at the rate

lum —ul| < s(r™(a)),
lums1 = umll < r™(a),

and the rate and sum functions given, respectively, by the expressions

= t{2L(1 — 2(t)) + t(M? + L?)]
) = L T 2M(z() - LY)
s(t) = [Mt - /1 =2(M + L)a + z(t)]/(M + L),
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with z(t) = /1 —2(M + L)a + 2Lt + M?t?, defined for allt € T =
(0, al.

Proof. All we have to do is verify the hypotheses of Theorem 2. We
observe that z(a) = 1—Ma and s(a) = (1—/1 — 2(M + L)a)/(M+L) =
a

Given any t € T, it follows the hypotheses that 2t < 2a < 1/(M + L),
and hence that 1 — 2(M + L)t > 0 and

=+/(1-Mt)2-2(M + L)(a—t) <1- Mt.

Also, since
|z(t)[* — t3(M +2L)* =1 —-2(M + L)a + 2Lt[1 — 2(M + L)t] > 0,

we see that Mt + 2Lt < z(t) < 1 — Mt, Vt € T, which implies that
r(t) is well-defined and positive. Also, since z(t) > Mt + 2Lt > (M +
L)t/2, it follows from (17) that r(¢) < t, and consequently, that r maps
T into itself. Since s(t) = t + s(r(f)) and limyos(t) = 0, it follows
from Proposition 1 of [9] that r(t) is a rate function, with s(t) as its
corresponding sum function

For any = € D, let w(z) = [f'(z)+¢ (w)] [/ (z)z+ ¢ (uo)z — f(z) -

(z)], whenever it exists. Then it is evident that the iterative scheme (2)
coincides with the successive approximation scheme .+ = w(u,,) and
that u solves equation (1) if and only if it is a fixed point of w.

We define, for every t € T, the set Z(t) consisting of elements of D
for which f'(z) + ¢'(ug) is invertible, with the further properties that
llz = uoll < s(a) — s(t) and [|[f'(z) + ¢'(u0)] ™ [f(2) + g(2)]|| < t.

The hypotheses show that Jy is invertible, that w(ug) is well defined,
and |lw(ug) — ug|| = ||Jg *[f (o) + g(uo)]|| € a. It follows that ug € Z(a).
That completes the verification of (13).

Next, we observe that if z € Z(t) and t € T, then w(z) is well defined,
and

lw(z) — uoll < [lw(z) — 2|l + [l — uoll <t + s(a) - s(t) = s(a) - s(r(t)).
This verifies one part of (14). To verify the second part, observe that
M & (M + L)(1 + Mt), and hence, that
15 [f (w(z)) + ¢’ (uo) — f'(wo)] — g’ (uo) |
< M|w(x) — upl|
< Mls(a) - s(r(t))]
= M(1+ Lt - 2(t))/(M + L)
<M(1-Mt-Lt)/(M+L)
1.
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Therefore, it follows from Banach’s Lemma that [f'(w(z)) + ¢'(uo)] ™' Jo
exists, and that

1 - (M + L)
Mls(a) = s(r(t))] ~ L+ M(z(t) - Lt)’

Hence w(w(z)) is well defined and,

1757 [f (w(z)) + g(w(z))]|
= ||Jg [f (w(z)) = f(z) - (f'(rl
+ g (ug))(m(r) - z) + glw(z)) — g(z)]||
< (1 [f (w(z)) = f(z) - f’(sc)(w(m) - z)|
% [IJEI[g(w(:r)) - g(z) = ¢'(uo)(w(z) — z)]|
< Mlw(z) — z)[1*/2 + L(Jlw(z) — ol
+ Iz — wol) lw(z) — z) |/2
< t{Mt + L(s(a) — s(r(t)) + s(a) — s(t))]/2
= t{Mt(M + L) + L(2 - 2z(t)
+ Lt(L — M))]/[2(M + L)]
= t[2L(1 — 2(t)) + t(M? + L?))])/[2(M + L)).

I[f (w(z)) + g (uo)] " Joll < =

And

l|w(w(z) )|l = |[f (w(z)) + ¢'(uo)] ™' [f (w()) + glw(=))]|
< If (w(z)) + g'(uo)] ™ JollllJg " [£( w(sc )) + g(w(z)))ll
< t2L(1 — 2(t)) + t(M?* + L?))/[2(L + M(z(t) — Lm]
= r(t)

This shows that w(z) € Z(w(z)) and verifies the second part of (14).
Therefore the hypotheses of Theorem 2 are satisfied. We conclude that
the sequence u,, converges to a vector u in Blug,t.] and that the error
bounds (15)-(16) hold. It follows from (2) that [f’(um) + ¢’ (uo)](um+1 —
um) + f(um) + g(um) = 0 and on letting m tend to infinity we see that
u solves equation (1).

Remark 1. The identity
s(r(t)) = [Ms(t)?/2 — Ls(t)?/2 + Lsos(t)]/[1 — Msg + Ms(t)]

shows that the error bounds s;, = s(r(™(a)) in (15) satisfy the recur-
rence relations

Sma1 = [Ms2, /2 = Ls?, /2 + Lsysm]/[l — Msg+ Msp), m=0,1,....
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Since t, — tg = t. = sp and

te = tmy1 = [M(t* - trn)2/2 + L(i. - tm](t* + tm)/z]/(l - th)
= [M(t. —tm)?/2 = L(ts — tm)? + Lts(te = tm)]/(1 = Mitm)

we see, from a straightforward induction argument, that the error bounds
(12) and (15) are related in the form s, = t. — t;n.

Remark 2. An error estimate — analogous to (12) - satisfied by the
Newton scheme (3) under the hypotheses of Theorem 1 is

| = umll < s — wp,

with wg = 0 and wy41 = W +[(M +L)w?, /2wy +a]/[1 - (M + L)wn).
A bound for the modified Newton scheme (4) under the same conditions
is

lu — || <t = kin,
with kg =0 and k) = a+ (M + L)k?an. It is not difficult to see that
form=20,1, ..., we have

km < tm < wmn.

The inequality holds trivially when m = 0. Suppose, by induction that
(21) holds for a certain m. Then

a+(M+L)k%/2<a+ (M + L)t2, /2 + Mtp(tms1 — tm)
a— Mt2, /2 + Lt2 /2 + Mtmtm+1 = tms1

[a — Mt2,/2 + Lt2, /2 — Ltptms1]/[1 = (M + L)tp)

@ — (M + L)2,/2)/[1 — (M + L))

[a — (M + L)w2,/2)/[1 — (M + L)wy] = w1

Ik:'m+[

I

IAIA I

This shows, by induction, that (21) holds for all m, and suggests that
(2) is an intermediate scheme between the Newton scheme (3) and the
modified Newton scheme (4). However, under the hypotheses of Theorem
1, J; '[f'(x)+g¢'(x)] will have a Lipschitz constant K that is smaller than
M + L. This implies that the error estimates (19) and (20) are too coarse,
and hence that the relations (21) do not prove irrefutably that (1) is an
intermediate scheme between the Newton scheme (3) and the modified
Newton scheme (4). However, all numerical examples that one cares to
do will confirm that that is indeed the case (under the hypotheses of
Theorem 1).

Remark 3. It is well known (cf. Example 1.1 in [2]) the Kantorovich
hypotheses are not necessary for the convergence of Newton’s method. In
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[2] Argyros introduced a different set of sufficient conditions — depending
on second derivatives ~ for the convergence of the method. In the next
result we prove the convergence of the intermediate scheme (2) under
Argyros-type conditions.

Theorem 4. Let ¢ > 0 and let a, b, L and d be non-negative constants
such that M = max{c, b+ 2ad} and 2(M + L)a < 1. Lett., T. and t,, be
defined as in Proposition 1 and Theorem 1. Let ug € D and let f,q D
Y be differentiable functions such that Jy = f'(ug) + ¢'(ug) is invertible,
J5 f"(uo) is bounded, |[Jg ' [f(uo) + gluo)]l < @, 5 f"(wo)l < b,
B(up,1/¢) C D, and

15 [ (iB f (uu)]" < cllz = upll,
||Ju '[9'(z) — ¢'(w)]ll < Lllz —uol|,
| Jg  [f"(z) - f” (w)]|| < d|lz —ul|, Yz € D.

Then the intermediate Newton iterates in (2) are all well defined and
converge to the unique solution u of equation (1) in Blug,t.] U [D N
B(ug,T.)], with error estimates

”Um — Um-1 ” < tm = tm-1,
Huﬂ! _ I“'UH <_: "'m-.
||'” o um“ G R e

Proof. If a = 0, then u = wug solves equation (1) and, since u,;, = up
and t,, =ty for all m, the estimates (25) - (27) hold trivially. In the rest
of the proof we assume a > 0.

Since |lu; — ugl| = a = t; — tp, we see that (25) — (26) hold when
m = 1.

Suppose now, by induction, that m > 1 and that the u,, are well
defined and satisfy (25) — (26). Then, on letting J, = f'(um) + ¢'(ug) =
Jo(I + A) or, equivalently, A = Jy ' [f'(um) — f'(uo)], and applying (22),
we see that

ANl = 175 [ (wm) = f'(uo)]ll € cllum — uoll £ etm < Mty <1
Therefore (I + A)~! exists, with
I+ A)7H| < 1/(1 - Mty,),

and it follows that J,, is invertible, and that J;'Jy = (I + A)~'. Hence
|J- Joll € 1/(1 = Mty,), and it follows that

lum1 = umll = 195" [ (wm) + g(um )]l < 177" Jollll g [f (um) + g(um)]lI
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But £ (um)+9(ttm) = [ (tm) — f (m—1) = (1) (=01 )]+ g 1) ~
g(tum—1)—9' (1) (um —tm—1)|. Hence, since 2a < 1/(M+L) <1/M < 1/c
and |Jum — wl| € tm < t. < 2a and |Jum-1 — wo|| < tim-1 < te < 2a, it
follows from (23), (24) and Lemma 2 (with r = 2a) that

195 [f () + g(um)]|| <
< N Jg ' [f (um) = flum—1) = ' (tm-1)(um = um-1)]|
+ (190 [9(um) — g(tm-1) — ' (u0) (um — 1]
< (2ad + b)|lum — um—1I*/2
+ Lum — wm-1 [[[llum — uoll + [Jtm—1 — woll]/2
< M| — um_||J2/2 + Lt — wm—1]|[l|22m — uoll
+ llm—1 — uoll]/2
< M(tm — tm=1)2/2 + L{tm — tm—1)(tm + tm-1))/2
= M(tm — tm-1)*/2+ L(ty, — th_1)/2
lum+1 — um|l < [M(tm - 3m-1)2/‘2
+ L(t5, — th_1)/2)/(1 — Mty)
= tm+1 = tm,
lum+1 — woll < [lumsr — um|| + [lum — uol|
LSimtl —tm+tm
= tm+1
[t follows that (25) and (26) also hold when m is replaced with m + 1

and hence, by induction, that they hold for all positive integral values of
m. The rest of the proof proceeds exactly as in the proof of Theorem 1.
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