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To my parents, who valued education above all else



Abstract

In the last 40 years to develop a microscopic theory that explains high temperature su-
perconductivity has become one of the most intriguing challenges for theoretical condensed
matter physics. One of the questions that accompanies this challenge is to what extent su-
perconductivity can survive in the presence of a magnetic field, or equivalently, whether it
is possible for a system to exhibit superconducting properties with unpaired fermions. The
Fulde-Ferrell-Larkin-Ovchinnikov (FFLO) phase is one among multiple theoretical proposals
of quantum phases where this is possible. Although this proposal dates back to mid 60’s, it
is only nowadays with the advent of the third quantum revolution that it is possible to at-
tain experimental realizations of this phase in the laboratory using, among other interesting
systems, one-dimensional ultracold optical lattices. Thus, we are motivated to investigate
this phase using a very special non-perturbative technique restricted to one-dimensional sys-
tems, namely, bosonization. In this work we perform a comprehensive presentation of this
formalism, and discuss its application to the asymmetric Hubbard model. Then we use these
developments to tackle the FFLO model, finding an effective low-energy Hamiltonian for it,
along with the canonical transformation that diagonalizes it. Along the way we show how to
explicitly handle with the Klein factors, a chief ingredient of the bosonization program. Ulti-
mately, we employ functional integration to compute the singlet superconducting correlation
function and analyze its decay behavior, which turns out to be of the form x~¢. By means of
this, we find that many of the signatures of the FFLO phase are sustained by the attractive
Fermi model, out of half-filling, namely, the dominance of pairing of finite momentum in the
ordering of the system for intermediate values of the magnetic field, and a tendency to no
longer display superconducting properties for large values of the attractive interaction and
the magnetic field. More specifically, for an interaction of U = —3 we find that our model
is reliable up to a magnetic field of h = 2.7, above this value we get non-sensible outputs,
namely, complex propagation velocities for the fields. Thus, we interpret this as an indication
of a breakdown of any superconducting behavior of the system.

Keywords: Bosonization, superconductivity, FFLO phase, Klein factors, correlation func-
tions.
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Resumen

En los ultimos 40 anos desarrollar una teoria microscopica que explique el fenomeno de super-
conductividad a altas temperaturas se ha convertido en uno de los retos mas intrigantes de la
fisica tedrica de la materia condensada. Una de las preguntas que acompana este desafio es
hasta qué punto la superconductividad puede sobrevivir en presencia de un campo magnético,
o de manera equivalente, si es posible que un sistema exhiba propiedades superconductoras
con algunos de los fermiones desemparejados. La fase de Fulde-Ferrell-Larkin-Ovchinnikov
(FFLO) es una de las multiples propuestas tedricas de fases cuanticas donde esto es posible.
A pesar de que esta propuesta se remonta a mediados de los anos 60, es solo ahora con la lle-
gada de la tercera revolucion cuantica que es posible obtener realizaciones experimentales de
esta fase en el laboratorio, usando, entre otros sistemas interesantes, redes 6pticas ultrafrias
unidimensionales. Es justamente esto ultimo lo que nos motiva a investigar esta fase uti-
lizando una técnica perturbativa muy especial, a saber, bosonizaciéon. En el presente trabajo
llevamos a cabo una presentacion detallada de este formalismo, y discutimos su aplicacion al
modelo de Hubbard asimétrico. Luego, nos apoyamos en los desarrollos obtenidos para abor-
dar el modelo FFLO, encontrando un hamiltoniano efectivo para bajas energias, junto con
la transformacion canénica que lo diagonaliza. En el camino mostramos como lidiar con los
factores de Klein, un ingrediente esencial dentro de la técnica de bosonizacion. Finalmente,
empleamos integracion funcional para calcular la funciéon de correlacion de un superconductor
tipo singlete, y analizamos su decaimiento que resulta ser de la forma z~¢. A partir de esto
encontramos que muchas de las caracteristicas de la fase FFLO estan presentes en el modelo
de Fermi atractivo, fuera de medio llenado, a saber, la preponderancia de emparejamien-
tos con momento finito en el ordenamiento del sistema para valores intermedios del campo
magnético, y una tendencia para no manifestar propiedades superconductoras para valores
grandes de la interaccion atractiva y el campo magnético. Mas especificamente, para una in-
teraccion de U = —3 encontramos que nuestro modelo es confiable hasta un valor del campo
magnético de h = 2.7, por encima de este valor obtenemos resultados patologicos, a saber,
velocidades de propagacion complejas para uno de los campos. Asi, interpretamos esto como
un indicio de que el sistema ya no presenta ningin comportamiento superconductor.

Palabras clave: Bosonizacion, superconductividad, fase FFLO, factores de Klein, funciones
de correlacion.
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Chapter 1

Introduction

The only existing microscopic theory of superconductivity (superfluidity of charged particles)
dates back to 1957 with the groundbreaking work of Bardeen, Cooper, and Schrieffer (BCS)
[1], who explained this phenomenon as the condensation of paired fermions, called Cooper
pairs, due to a phonon-mediated attractive interaction induced by the lattice structure of
the material. However, since then technological progress has made possible the discovery
of a wide variety of superconducting materials that cannot be described by the BCS theory,
e.g. high-temperature superconductors, that is, materials with critical temperature above the
boiling point of liquid nitrogen (77 K), first discovered in 1986 by Bednorz and Miiller [2]. All
those superconducting materials that cannot be explained microscopically using BCS theory
are said to display unconventional superconductivity.

In the BCS theory Cooper pairs are often made of fermions of different species, namely,
two fermions with opposite spins (singlet configuration) and opposite momenta. Thus, the
most favorable situation for pairing is when the densities of the two species are the same,
so that there are no unpaired fermions in the ground state of the system. Then, some
questions arise straightaway: To what extent superconductivity can survive to deviations
of such most favorable situation? It is possible for a system to display superconductivity
even in the presence of such an unbalanced pairing? It turns out that these questions are of
great importance even out of the condensed matter community. For instance, in a system
of high density quark or nuclear matter as in the core of a neutron star, it is expected that
unbalanced pairing between quarks and nucleons takes place, giving rise to a new phase of
matter called color superconductivity [3-5].

For a singlet superconductor a relatively simple experimental way to induce such an imbalance
in the density of the fermion species is to put the system in the presence of a magnetic
field. Magnetism and superconductivity are natural enemies, as a magnetic field destroys
superconductivity in two ways, either by coupling to the spin or to the orbital degrees of
freedom of the fermions. In the latter case, the magnetic field spoils the known property
of superconductors of displaying diamagnetism (Meissner effect) by progressively creating
vortices in the material through which the magnetic flux lines penetrate [6]. This situation
is depicted in figure 1.1. On the spin degrees of freedom the magnetic field lifts the energy
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2 CHAPTER 1. INTRODUCTION

Figure 1.1: Left: Orbital effect of a magnetic field in a type-II superconductor. The density
of magnetic flux lines that penetrate the sample increases as the intensity of the magnetic
field increases. Above the second critical field Be, there is a transition to a normal (non-
superconducting) state. Right: Zeeman splitting of the energy levels. In this case the
magnetic field h is pointing to the +2z direction so that the energy of spin-up electrons gets
lowered.

degeneracy for the spin-up and -down electrons through the Zeeman effect, as shown in figure
1.1. Consequently, the densities of the species of fermions are going to change, increasing the
number of electrons with spin-up, and giving rise to an imbalanced sample.

Thus, to get an experimental realization of such an imbalanced sample in any solid state
material we have to manage to overcome the orbital effects and highlight the Zeeman effect.
The Maki parameter «y; quantifies the relative relevance of both effects |7, 8|,

orb
Hﬁ

P
HCZ

ay = V2 (1.0.1)

with ngzb the critical field for a type-II superconductor only including orbital effects, and
HCP2 the critical field in the Pauli paramagnetic limit (when the spins are paired up with the
magnetic field). It was proved that one needs ay; > 1.8 in order to the spin effects to be
dominant [9].

To reach the Pauli paramagnet we need to destroy the singlet configuration and thus break
the Cooper pairs, that is, the magnetic field A must overcome the Cooper pair binding
energy A. This is called the Chandrasekhar-Clogston limit and is reached for h = A/v/2
[10,11]. Tt was believed that above this limit there was a transition to a normal state since
Cooper pairs were being broken. Fulde and Ferrel [12] and Larkin and Ovchinnikov [13]
independently proposed that it was possible for superconductivity to survive beyond this
limit if the Cooper pairs develop finite pairing momentum. That way the order parameter
would be spatially modulated, A(z), and both superconductivity and magnetism survive
by periodically avoiding each other [14-16], as depicted in figure 1.2. This superconducting
phase with such an unconventional pairing is called the FFLO phase.



Magnetization

Figure 1.2: Top: The Zeeman field splits the Fermi surface into two, making that any pairing
between fermions at these new surfaces must have finite center-of-mass momentum. Bottom:
Such a pairing gives rise to a spatially modulated order parameter so that magnetism emerges
precisely where superconductivity is absent, and vice versa. This way the system can sustain
both phenomena.

A conclusive finding of the FFLO phase has been elusive to experiments for many years. The
two main reasons for this are disorder and the dominance of the orbital effects. Indeed the
condition aj; > 1.8 is such a strong restriction for the type of materials one can consider to
get this phase. There are also restrictions on the dimension of the materials one can prove, for
eddy currents due to the magnetic field enhance the orbital effects in 3-dimensional materials,
making it impossible to reach the FFLO phase [17].

Thus, any experimental evidence for this phase is to be searched in two types of systems:
i) Electronic solid state 2-dimensional or 1-dimensional layered materials as heavy fermions
CeColns and CeCo,Siy [18-20], organic superconductors [21-23], and Fe-based superconduc-
tors [24,25]. ii) Ultracold atomic gases [26-28]. The latter are of special interest because
they are neutral systems, and hence, the orbital effects are completely absent. Moreover,
they are highly tunable, for instance, the pseudo-spin of the atoms is fixed in the set up
and one can move in the space of parameters from a superfluid state to the boundary where
the FFLO is expected to be, by tuning the Feshbach resonances [4,17,29|. It is precisely
through these highly-tunable systems that one can simulate and study more general physical
scenarios that eventually allow us to draw conclusions applicable to other realms of physics,
e.g. color superconductivity.

In spite of this variety of probe systems, as mentioned before, the experimental evidence
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is far from conclusive. For instance, thermodynamic measurements in the heavy fermion
compound CeColns [30,31] permit to conclude that there exists a new phase inside the su-
perconducting state that the authors claim to be the FFLO phase. However, this phase
exhibits some features opposite to what we expect from the FFLO, more specifically, an anti-
ferromagnetic order [32,33]. Even more dramatically, in Ref. [34] the authors found (dS/dh)r
for this system by measuring the magnetic Griineisen ratio and the specific heat. They de-
tected a broadened downward discontinuity in (dS/dh)r indicating a negative contribution
to the entropy, contrary to what is expected for the FFLO phase due to the emergence of
paramagnetic states. Their experimental data also rule out the possibility of the coexistence
of this antiferromagnetic phase with the FFLO phase.

Roughly speaking, what we are currently able to do is to find a new state inside the su-
perconducting phase that may have, to a greater or lower extent, some of the features we
expect from the FFLO phase. However, more direct evidence is far from attainable with
current technologies. For instance, spatial anisotropy in the order parameter, one of the
main features of the FFLO model, has never been experimentally observed [14]. That is
partially why within the condensed matter community there exist other proposals of exotic
phases characterized by a finite pairing momentum, including deformed Fermi surface pairing
(DFSP) [35,36] states and breached pairing (BP) states [37-39].

We have decided to focus on the study of the FFLO phase because currently it is the phase
more enthusiastically explored in the light of one-dimensional ultracold atomic gases. They
are precisely these one-dimensional realizations what enable us to use a very special non-
perturbative analytic technique, namely, bosonization.

The present work is organized as follows: In Chapter 2, we present the bosonization program
starting from an heuristic point of view and arriving to the sophisticated field-theoretical
formulation. The latter is applied in section 2.5 to the asymmetric Hubbard model, which is
introduced as an intermediate step to reach the goal of this work. Chapter 3 is devoted to the
study of our system of interest, that is, the FFLO phase in attractive 1D spin-1/2 chains. We
shall see how the work on the asymmetric Hubbard model gives us valuable insights to tackle
this system. In that fashion, we find a low-energy effective Hamiltonian for the system and
the set of canonical fields that lead us to diagonalize it. This in turn allows us to compute
the singlet superconducting correlation function with the aim of finding non-zero momentum
superconducting pairs. Finally, in Chapter 4 we present the conclusions and perspectives of
the work.



Chapter 2

Bosonization

Bosonization is an useful technique to study strongly-correlated electron systems in one di-
mension, though it was developed simultaneously by condensed matter and particle physicists.
The latter were initially interested in a low-dimensional toy model for strong interactions,
and later on the applications of bosonization to string theory [40,41]. In the context of
strongly correlated systems, the idea behind this technique is that at low energies the col-
lective excitations of the system, i.e., particle-hole excitations, have bosonic nature [42], so
that employing a bosonic language highlights the physics of the system as well as allows us
to compute quantities like correlation functions more easily.

Such a prolific technique may represent a major challenge for the beginner researcher, due
to the fact that part of the literature requires some background on field theoretical methods
applied to condensed matter systems, see e.g. [43—46|, which is a demanding prerequisite for
senior undergraduates. And, although the other part of the literature follows what Delft and
Schoeller call the “constructive approach” to bosonization [47], that is, an operator formalism,
there are very different conventions for defining the Hilbert spaces and the field operators,
see e.g. [47-49].

In this chapter we adopt a balanced position: although we do not drop the field theoretical
insights altogether, we prioritize the constructive approach and try to shed some light on the
motivations to choose one convention before another. Our goal is to make the presentation of
the technique as self-contained as possible for an undergraduate student familiar with second
quantization and lattice systems, by making quantum field theory an appealing credential,
not a prerequisite.

2.1 Some words on one dimension

Bosonization is restricted to one-dimensional systems, even though people have tried to
generalize it to higher dimensions [50,51]. In two and three dimensions most of the systems
of interacting fermions at low temperatures are described by the Landau-Fermi liquid theory
[52]. There, excited states are obtained by exciting a certain number of particles across
the Fermi surface, and all these states can be thought of as different configurations of some
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6 CHAPTER 2. BOSONIZATION

k

Figure 2.1: Particle-hole excitations in two dimensions. The existence of several allowed
energies for the same value of k in the spectrum of the particle-hole excitations (figure in the
right) spoils a collective behavior of the low-energy excitations [40].

€
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Figure 2.2: Particle-hole excitations in one dimension. The existence of a linear dispersion
relation at low energies allows these elementary excitations to propagate coherently.

elementary excitations, namely, the creation of particles or holes just above or below the Fermi
surface, respectively. Due to the interactions these elementary excitations are ‘dressed’ by
other particles forming a new entity, a quasi-particle: an excited particle or hole surrounded
by a cloud of particles or holes. This is true as long as the interactions are turned on
adiabatically but fast enough to not overcome the lifetime of the quasi-particles. Equivalently,
it is true as long as we remain close to the Fermi surface. Most of the elementary excitations
do not have a linear dispersion relation as shown in the figure 2.1. For a given momentum
k there is a continuum range of allowed energies €, which prevents the quasi-particles to
propagate coherently.

In one dimension the picture is quite different due to the unavoidable presence of collective
phenomena. Landau-Fermi liquid theory breaks down in one dimension and we have to rely on
a new framework, namely, the Tomonaga-Luttinger theory [53,54]. For a Tomonga-Luttinger
liquid all the low-energy excitations are particle-hole excitations with linear dispersion rela-
tion (see figure 2.2), so they can be regarded as sound waves capable of propagating coherently
and give rise to new particles: our future bosons.

Most part of the fun lies in one dimension because the effect of the interactions is the strongest
and there are high odds to obtain novel physics. There are several methods to study these
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low-dimensional systems, either exact methods as the Bethe ansatz [55] or numerical as
the Density Matrix Renormalization Group method (DMRG) [56-58], and the correlated
Gaussian method [59]. However, for both types of methods the spectrum obtained is limited
to very special models, or as in the numerical methods, one has limitations in the number of
degrees of freedom, and has to deal with finite-size effects in the system [60]. Bosonization
emerges then as a clever alternative since it is a non-perturbative method, and hence we are
able to extract the exact long-range properties of the ground-state, within a cutoff regime,
and one can even find the low-energy spectrum [44].

2.2 Heuristic bosonization

Consider a system of N spinless fermions loaded in a one-dimensional lattice of size L, with
some boundary conditions to be specified later. The ground state consists of all the first N
energy levels occupied, defining the Fermi level of the system. Even for a finite lattice of
size L, we can regard the space variable as continuous by taking the limit a — 0, with a the
lattice constant. In such a case the system is described in second quantization through the
field operators ¢ (x):

() = % Z e*ep, k= 2%(71 - g), (2.2.1)
k=—00

where 6 = 0, 1 specifies the boundary conditions, either periodic or anti-periodic, respectively,
such that ¢(z + L) = e~ ™) (z).

As mentioned before, at low energies all the elementary excitations of the system are particle-
hole excitations that lie close to the Fermi surface which in this case, due to the dimensionality,
consists of two disconnected points +kr. Hence, if we are only interested in the behavior of
the system at low energies, say in a window of momentum of width 2A centered at £kp, we
can get an equivalent description for the system by linearizing the dispersion relation &(k)
around the Fermi energy ¢, as shown in the figure 2.3.

The linear spectra are given by

Oe
e(k) = e(dhr) + 5 - (k F kr) (2.2.2)

5(]'{7) =EF :l:UF(k’ + k’F),

where vp = Je/ 8k’k:kp is the Fermi velocity.

The first thing we can tell about our new description of the system is that we shall deal with
massless particles, for the spectra are linear. There is another even more dramatic conse-
quence of the linearization: any finite Fermi energy of the real system gives rise to an infinite
number of particles in this equivalent description, since now the spectra are unbounded from
below. Therefore, in our auxiliary description we are truly dealing with field theory, because
we are facing an infinite number of degrees of freedom. Due to this, the Fock space might
not be obvious and we shall discuss it with detail.
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R branch L branch

Figure 2.3: Linerization of the energy spectrum around the Fermi surface +kr. At low ener-
gies the system can be equivalently described by two independent linear dispersion relations
called the right branch and left branch.

2.2.1 Single branch system

We begin the study of the emergent features of this equivalent description by focusing on a
single branch, say the right one. Without any loss of generality consider that in figure 2.3
we have kr = 0 so that ep = 0.

In principle there is no issue upon dealing with an infinite number of degrees of freedom,
the actual problem lies in the fact that according to figure 2.3 some of these particles can
have negative energies. Fortunately, this is an old-dated problem cleverly solved by Dirac in
1930 [61] in his relativistic theory of the electron. The tenet consists in defining the ground
state of the system |0), such that it is stable. We can do this as long as we consider the
emergent massless particles to be fermions, and postulate that in the ground state of the
system all the levels of negative energy are occupied. Thus, the Pauli exclusion principle
makes these levels inaccessible for the particles with positive energy. So then, the vacuum
state is defined as in equation (2.2.3), and depicted in figure 2.4,

c]0)y = 0, for k > 0 (because everything is empty) (223)
ch0), =0, for k < 0 (because everything is occupied). o

The Fock space F is spanned by all the states that can be constructed from [0)," with the
operators ¢ and CL. The usual way to classify these states is according to their total number
of fermions. However, for any given state that number is always infinite by the definition
of the vacuum. So then, in order to manage sensible physical quantities, we consider the
difference between the total number of fermions in a given state and that of the vacuum

!The meaning of the subscript 0 will become clear later.
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Figure 2.4: The vacuum state of the single branch system is the Dirac sea: Every state with
negative k is occupied. Filled circles represent particles while blank circles represent holes.

state, which turns out to be a finite number. Thus, the particle number operator reads

N = ; <chk -0 (0|c£ck|0>0). (2.2.4)

The subtraction of the infinite quantity ,(0|cLcx|0), reminds us of the definition of normal
order in quantum field theory. Given an operator O that can be written as products of ¢’s
and cf’s, we define its normal ordered version, :0:, by moving all the ¢;’s with £ > 0 and
CL’S with & < 0 to the right of all the ¢;’s with & < 0 and ¢;’s with & > 0, and taking into
account that they are fermionic operators so that each transposition of the operators carries
a factor —1. Thus, the particle number operator can also be defined as

N=> e (2.2.5)
k

The definitions (2.2.4) and (2.2.5) are equivalent because in this case O = c};ck is quadratic

in the creation and annihilation operators, but it is not always true that :0: = O — (O) [42],
therefore we take the definition of the normal order as more fundamental.

2.2.2 Two-branches system

We want to find a connection between the two descriptions showed in figure 2.3. From
equation (2.2.2), we see that one linearization is performed at k£ > 0 while the other at k < 0,
thus we are motivated to split likewise the mode expansion for the field operator (2.2.1):

1 ikx ikx
Y(x) = ﬁ(kz@ ek ck—i—; e ck>. (2.2.6)

We can perform a shift in momentum around +kp in each sum:

kg 00
1 . ) . .
w(m) — ﬁ (ezkpx Z €ka0k7kp + elkpx Z ezkmckJrkF) . (227)

k=—00 k:—kp
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R

Figure 2.5: The definition of the new operators associated to the massless fermions of each
branch is consistent with the name of right-movers and left-movers, since for £ > 0 we see
that particles of the R (L) branch are moving to the right (left).

In order to collect everything in a single summation we set k — —k in the first sum,

1 4 = , , >
¢<I> = ﬁ <€ZkFx Z eilkchkko + €lkFx Z €lkx6k+kF) . (228)

k=—kp k=—kp

As mentioned before, the particles associated to the R and L branches are massless fermions,
let us call them right-movers and left-mowvers, respectively. The correspondent annihilation
operators per branch are defined as,

Ck+kp = Ck,R (2.2.9)

C—k—kp = Ck,L-

What is the motivation behind these definitions? Consider that k > 0, then k+ kr > kr and
—k — krp < —kp, so for both branches we are taking values of k such that (k) > ep. The
analogue holds for £ < 0. Moreover, for k£ > 0 the particles move to the right if they belong
to the R branch, and to the left for the L one. In summary, we have the situation depicted
in the figure 2.5.

There is another crucial consequence of the definition of the operators ¢ and ¢, p. It is
clear that for the R branch we recover the definition of the Fock space given in section 2.2.1.
Now, by setting ¢, = c_p_k, the same definition holds for the Fock space of the fermions
of the L branch, that is, ¢ 1 |0), = 0 for £ > 0 and CLL |0), = 0 for & < 0. Then, the reason
to stick with the definitions (2.2.9) is that we can construct the Fock space for both species
of fermions in the same way, and we achieve that the particles in the L (R) branch to be
moving to the left (right) for k£ > 0.

There is another striking feature in figure 2.5, notice that the coordinates systems placed
at +kp are mirrors of each other. This is a manifestation of an important symmetry of the
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auxiliary system: chirality. Hence, we are studying the low-energy behavior of (spinless) free
fermions through (spinless) massless chiral fermions.

Now that the definitions (2.2.9) were discussed, we can use them in the expansion (2.2.8) to
get

1 . > ) ) e .
¢($) — T <€—zk}w Z e—zkmck’L + esz:v Z 6”“0;973) ) (2210)
L k:_kF k:—k‘F

Since we know that for both branches £ < 0 corresponds to ¢ < ep, we can extend the
summation over all real values of k as long as we are only interested in the low-energy
behavior. Therefore,

1 , > ‘ : =
Q/}(x) il T (ezkp:v Z eilkxck,L + eikre Z elkxck‘,R>7 (2.2.11)
L k=—o00 k=—00
where we have introduced the notation “=” to indicate that the equality is valid only in the

low-energy regime.

The last equation suggests a definition for the field operators associated to each specie of
chiral fermions:

Yo ()

I o i
— Y ey, (2.2.12)
\/Zk:foo

where v = {R, L} carries the information of the branch and o = %1 for right-movers and
left-movers, respectively.

Notice that for the particles in the left branch the mode expansion involves plane waves
moving to the left, which agrees with the name of left-movers, and can be regarded as
another reason for defining ¢y 1, as c_g_g,.

Thus, we finally get a relationship between the original system of spinless fermions and the
auxiliary system of massless chiral fermions,

U(x) = e HrThp (1) + e (). (2.2.13)

We could regard equation (2.2.13) as a definition of two new fields ¢/, (x) which are assumed
to vary slowly on the scale of the lattice (which is a fancy way to say that they capture the
low-energy behavior). This is the approach followed by the introductory material oriented
to field theory as Refs. [43,44]. We have tried to provide a more intuitive and motivated
presentation.

Anyway, it is true that there is very little physical content in (2.2.13), so that it could be
taken as a definition. Most of the physics is actually contained in the Hamiltonian of the
system, Hy = >, py s(k‘)clck, and how it can be written in terms of these new fields,

o0

Hy = Z e(k)cle, = Z le(kp) + vpk] (c,t,Lck,L + CL,RCk,R) (a —0) (2.2.14)

keBZ k=—o00
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= vr [ defv}(@)(@0)00(o) + )0 )un()].  (2215)

Even if we take (2.2.13) as a definition, the Hamiltonian (2.2.15) shows that we end up
working with a one-dimensional massless Dirac system, with v taking the role of the velocity
of light ¢. Furthermore, one can show that the system verifies a Lorentz-like invariance by
finding the fields 1/, in the Heisenberg picture:

Vryn(x,t) = € pg,  (z)em Mo
1 ke iHot —iHot
=—= ) e """y pie "0 (2.2.16)
N 7
k

1

\/z Z e:l:ik(:rivpt)ckyR/L.
k

The last expressions shows that one could get a Lorentz-like invariant expression for the fields
by setting z# = (Fwvpt, x), k* = (wg, k) = (k, k), where wy = k since the particles are massless,
and taking a metric g, = diag(—1, 1) to define the scalar product z*k, = k(Fvpt+ ).

2.2.3 Bosons

In 1934 Bloch realized that one-dimensional non-interacting fermions have the same type of
low-energy excitations as a harmonic chain [62], that is, that they resemble sound waves. In
1950 Tomonaga employed Bloch’s method of sound waves to study a system of interacting
fermions [53]. He realized that the Fourier components of the density fluctuations operators
have a central role when studying the interaction. His breakthrough was to split such oper-
ators into two parts, corresponding to what we have called right-movers and left-movers. In
the following we show how in that way we reach bosonic operators.

We begin by defining the density operators for the v branch as

1 .
pu(x) = W) (21, (2): = 7 Z ek =Rz e, (2.2.17)
ke k!
Since the summations range from k, k' = —oo to k, k' = 0o, we can set k = k' + ¢, as long as

q respects the boundary conditions. Therefore,

1 .
_ —aiqz. T .
pu(x) = 7 E e [Chr g g ChID:
K q

= % Z:cjwck,,: + % Z e o Z:chq’yckyz
k

q7#0 k

1 1 .
_ —iogqx T .
= _LNV + 17 éﬁo et Ek 1Chy g Chv (2.2.18)
q
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Figure 2.6: Illustration of a particle-hole excitation in a single branch that may be generated
by :CLM,RCKR*

It is clear that the operator in the second term of the last expression quantifies the density
fluctuations of the system. Hence, we can define the Fourier components of those fluctuations
that were of much interest for Tomonaga:

Pav = > ChyguChi, for q # 0, (2.2.19)
k

There is an immediate drawback with such promising quantities, namely, they are not Her-
mitian,

P, = pqu, (2.2.20)

which can be regarded as an indication that there should be something even more fundamental
than p,,. As we will see, these are the bosonic operators.

Let us investigate the physical meaning of the Fourier components of the density fluctuations.
Consider p, r = Zk:czﬂﬂckﬁ: for ¢ > 0. Then, it is clear that the product :CLJrq,Rck,R: creates
a particle-hole excitation with momentum ¢ when acting on the vacuum (as long as k < 0),
as depicted in the picture 2.6. Thus, the Fourier component p, g is a superposition of all
the possible particle-hole excitations of right-movers. What about the left-movers? Since
our construction of the operators has been such that the definition of the vacuum is the
same for both branches, then p, ; will also create a particle-hole excitation in the left branch
when p > 0. This shows how convenient are our definitions. However, as mentioned at
the beginning of the chapter, part of the difficulties of following the operator formulation of
bosonization are the different conventions that one may find along the literature, for instance,
while our definition of the Fock spaces of the branches matches that of Ref. [48], it is different
to the one in Ref. [49].

The Fourier components, py,, are the bridge towards the bosons, and to see it clearly we
find their algebra. There are different ways to proceed: (i) To use the inverse Fourier trans-
formation to reduce the problem to that of finding the algebra of the densities in position
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representation or (ii) to realize that the normal order is immaterial for p,,, provided that by
definition ¢ # 0. Since the second approach is followed in Refs. [45, 48], we follow (i),

1 —taqr aqr
pu(x) = zZe 4 Z:chq’ycky: = P :/da:py(a:)e @, (2.2.21)
q k

Thus,
[ppy7 pp’u] - /dx dy eiapzemp,y[pu(x)v pu(Y)]

= /da: dy ei"pzei"p/y<_2—c7:z)a$5(x — ) (2.2.22)

Lp
_ﬂ p,—p’»

where for the computation of [p,(z), p,(y)] we refer the reader to the appendix A.1.

Using the equation (2.2.20) into (2.2.22) we can get something really close to the algebra of
bosonic operators by turning d, _,» into d,,,. To get rid of the factor —Lp/27 we scale the

operators properly and get
o\ M2 o\ M2
[Z(L—p> pp]/77/<L_p> p;,,/ = 5p,p’~ (2223)

At this point, we might be tempted to define the boson creation operator as the operator
proportional to p;fw. However, we previously figured out that, for p > 0, it is actually the
operator p,, the one that creates particle-hole excitations. Thus,

2T

1/2
b, = (L—p> Py, for p > 0. (2.2.24)

We have showed, heuristically, how the Fourier components of the density fluctuations give
rise to bosonic operators that represent the particle-hole excitations in each branch. More
physical content of this new picture can be found by writing the Hamiltonian (2.2.15) for
spinless free fermiones in terms of the new bosonic operators:

ey
:Ho: = Z (TFNVZ +vp Z \p]b;,/bpl,>, (2.2.25)

v p>0

where now we have to introduce a normal order for the bosonic operators b}m defined in the
same way as for the ¢, ’s, except that now the transposition of operators does not give rise
to a negative sign, due to the change in the algebra of the operators.

It is straightforward to interpret the second term in (2.2.25), it represents the shift of the
fermions to excited states, that is, the particle-hole excitations. What about the first term
in the Hamiltonian? If we were to measure the energy of the system without it, we would
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Figure 2.7: Possible configuration of the spectrum of one of the branches. The filled circles
represent particles (fermions) while the blank circles represent holes. A particle has been
added to the third excited level.

never get contributions from configurations like the one depicted in figure 2.7, for in it none
fermion has been shifted, but one fermion is added at the third excited level, and such a
process cannot be represented by the bf’s operators. It is precisely the first term of the
Hamiltonian the one that accounts for these processes, it is the energy cost of placing N,
fermions above the ground state (N, = Zk:c,tyckl,:) in the v branch. So then, we can regard
this configuration as first placing one electron immediately above the vacuum, k£ = 1, and
then shifting it up to k& = 3°.

Our conclusion from this heuristic presentation is that the bosonization technique allows us
to get an equivalent low-energy description for the system in terms of two processes: adding
fermions through N, and shifting them through the b’s and b'’s.

2.3 Constructive bosonization

The previous discussion about the configuration depicted in figure 2.7 opens a question on
the scope of the bosonic description: Is it possible to describe everything about a fermionic
system in terms of bosonic operators? In the case of a system of free fermions we could get
a Hamiltonian written in terms of bjw and by, but we realized that some features are not
captured by them. For instance, how from (2.2.25) would one compute the energy of the
system in the state ¢l [0),?

This difficulty is related to what we already addressed, namely, that the bosonic operators
shift the fermions but they do not create them. Mathematically, the underlying map we are
constructing is between density fluctuations and bosons, so there is no direct relationship
between ¢, and bf,. So then, if we were to compute | (Olesp Hock |0, we really needed to
think for a while on how to do it from the bosonic operators.

2We are being a bit sloppy at this point because k is not really an integer but it is labeled through one.
Recall the boundary conditions we set up in (2.2.1) where k = 27/L(n — 6/2), so hereinafter whenever we
write k = | we actually mean k = 27 /L(l — §/2).
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What we are looking for is the existence of a bosonic representation, that is, a set of operator
identities in Fock space between bosonic and fermionic operators, what Delft and Schoeller
call constructive bosonization [47]. We already pointed out the main issue, we need to write
¢k, and CLV in terms of bosons. To that end, we shall define new operators F, called Klein
factors, which allow us to change the number of particles (fermions) in the system.

2.3.1 Fock space

We aim to generalize the Fock space described in section 2.2. Consider a system of free
fermions such that after linearization we end up with M species of fermions labeled by 1 (in
the study of free fermions we had M = 2 and = v). The vacuum state of the system is

defined as
Crn [0)g =0, for k>0

2.3.1
CLn 0), =0, for k <0, (2.3.1)

where an (cky) creates a particle (hole) of the specie n with momentum k.

The Fock space F of the system is spanned by the states constructed from [0), through
the action of the operators ¢y, and C’Tm‘ Once more, a natural way to classify these states is
through their number of particles (measured by N,, that is, with respect to the vacuum |0),).
If Hyn,y is the Hilbert space of all the states of Zn N, particles and holes, then we have the
decomposition F = @, Hn,}. The states with lower energy in Hyy,) are given by

e e cl 10, i N, >0
n ®77 CNn,ﬂan-l-lm T 0_1777 |0>0 if N”] < O’

where CjVn,n (cw,n) creates a particle (hole) of the specie 7 with momentum k = 27 /L(N, —
6/2) for N,, > 0 (N, < 0).

Having discussed the meaning of the bosons as a superposition of particle-hole excitations,
we are prepared to understand the meaning of the subscript 0 that we introduced in the
notation for the states. It is aimed to remind us that even though |[{V,}), is an excited state
of fermions, it contains no particle-hole excitations and therefore it serves as a vacuum state
for the bosonic operators, provided that

bpy [{ Ny })o = 0, for all p,n. (2.3.3)
Therefore, the vacuum of the fermions |0), is not the same vacuum of the bosons, and actually

we have infinitely many versions of the latter since any state [{N,}), as defined in (2.3.2)
has no bosons.

2.3.2 Klein factors

Now we are in position to properly introduce the Klein factors, which turn out to be the way
out to the issues pointed out at the end of section 2.2. For M species of fermions we define
the Klein factors F), through the following properties [47]:

[Fy 0k, = [Fobiy] = [FlLbL,] = [FL bry] =0, for all .7, k, (2.3.4a)
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FH Ny, Noy oo, Napdg = (=125 Y [Ny Ny oo Ny + 1,0, N, (2.3.4b)
Fy [Ny, Noy oo Naghy = (—D)Z5 NN Ny, Ny — 1, Ny, (2.3.4¢)
FIF, = F,F} =1. (2.3.4d)

The phase ( —1)2?:711 Ni'is a consequence of the anti-commutation relations among operators
of different species. Thus, this phase is essential to preserve the fermionic nature of the
particles. An explicit construction of the Klein factors can be found in Ref. [47].

To put things into context, consider the case of spinless free fermions studied in section 2.2

where M =2 and n = v:
FL{N,}) = (=1)"" [Ng, N — 1) (2.35)
FI{N,}) = (=1)"® [N, Ny + 1) . -

It is worth writing down the general expression for M species because it makes it straightfor-

ward to apply this to our actual system, in which spin will be present so that M = 4. With

the defining properties (2.3.4) one can investigate the algebra of the Klein factors, which
verifies [47,48]:

{Fg, FJ,} = {F,,F,} =0, solely for n #1,

{Fg’ Fn’} = 200,y

[Ny Fl] = 0,0 F

[Nm Fn’} = =0y .

for all 7,7/,

Equation (2.3.6) shows a remarkable feature about these operators: Even though we change
the number of particles through Klein factors and they maintain the fermionic algebra, they
are not fermionic operators because (F)* # 0.

2.3.3 Towards the bosonization identity

Now our goal is to write the fermionic fields ! (x), 1, () (see (2.2.12) for an example when

M =2 and n = v) in terms of the bosons b}Tm, the number of particles N,, and Klein factors

F,,. The full computations of the commutators are shown in Appendix A.

or\'?
[bpn, Uy ()] = z(L—p> e P, (x)0y = Bp(x)1y () for p > 0. (2.3.10)

Similarly, we find that,
[b;ﬁ’¢n'(m)} = Bty ()0, - (2.3.11)

Let us consider the action of the commutator [b,,,(x)] on the state [{N,}),. Since
by [{Nn}) = 0, we get

[bpns ()] {0} = bomon(€) {Ny})q - (2.3.12)
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So then, from (2.3.10) we find that

bpntn () [{ Ny })g = Bp() by () { Ny 1) - (2.3.13)

The relationship in (2.3.13) is very important, for it shows that the state () [{Ny,}), is
an eigenstate of the bosonic annihilation operator b, with eigenvalue ,(x), p > 0. In other
words, ¢y, (x) [{Ny}), is a coherent state. From the elementary theory of coherent states we
know that [63],

2 2
|2,) = exp [Z (—% + zpbj,>] [ (2.3.14)
p

but we have to adapt the former relation to the states we are handling with. From the
discussion in section 2.3.1, we know that the analogue to the vacuum of bosons |0), ... in

our case is [{N,}),- On the other hand, the factor exp (— > |zp]2/2> is a normalization

factor, which might be different in our case. Therefore, the best we can tell from (2.3.13) is
that

Un(2) [{Np}), o< exp [Z Bp(x)b;n] {@n})o, With Q an integer. (2.3.15)

p>0

How do we find Q? If we write ¢, (x) |[{N,}), using the mode decomposition of v, (x) we
shall find out that ¢, (x) [{N,}), is a superposition of states with N, — 1 particles. So then,
V() {No})o € Hivy @ - - - Hiny—13 @ - ... In other words, {Qy}), = F {Nn})o

Ey {Ng}o (2.3.16)

() [{Ny})g = Ay(z) exp [Z By ()b},

p>0

where we have considered the general case in which the proportionality constant is z-
dependent.

It is only left to find A, () which can be done by facing the former expression with (({N,}| F},
and using the properties of the Klein factors:

Ey[{Na 1)

0 <{Nn}|F7;r¢n(93)|{Nn}>o = Ay(z) 0 <{Nn}|F7;r exp [Z Bp(x)b;n
Zﬂp(x)bgm

= A,(z) o ({Ny}Hexp FJFnHNnDo

2 (2.3.17)
= An(m) 0 <{Nn}| (1 + Z % (Z 6p($)bLn> > HN”}>0

=A,(x).
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Therefore, the mode decomposition tells us that % Dok € (NG HET e[ {Ng }) g = Ap(2).
Recall that k = 2m(n—4§/2)/L due to the boundary conditions, hence, the element cg, [{N,}),
is non-zero for n < N,. However, when facing it with ({V,}| FJ we get a non-vanishing
output only for n = N,. Thus,

1 .2 1)
NG exp [wz%(]\fn — 5)9&} =A,(x), (2.3.18)
and equation (2.3.16) reads
1 .2 0
Uy [{N, 1), = N [za% (Nn — 5)4 exp L; Bo(2)bh, | Fy [{N, 1), - (2.3.19)

We pursue an equality between operators. That is something we cannot get from (2.3.19)
because the state [{IN,}), is not a general state in . Recall that we claimed in section 2.3.1
that a general state of Zn N, particles and holes is spanned by all the particle-hole excitations
of [{NN,}),- Actually, that statement was rigorously proved by Haldane [64]. Thus, we are
interested in finding t,(z) [w) for [w) = f({b],}) [{Ny})o, With f a well-behaved function.
Since from (2.3.19) we know ¢, (x) [{NN,}),, we only need to find the commutator between
Uy(x) and f({b},}). In order to do so, we use the following identities which are proved in
the Appendix A.2.1:

[A,B] = DA = Af(B) = f(B+ D)A (2.3.20)
[A,[A,B]| = [B,[A, B]] =0 = e Bf(A)e? = f(A+ A, B]). (2.3.21)

Recall from (2.3.11) that [T/Jn($), b;rm,} = —fB5(x)¢y(2)dy,y. This commutator has the struc-
ture [A, B] = DA so that we can employ (2.3.20) to write

o) f ({01, 3) = F({bL, — B3 (2)dna } ) (). (2.3.22)

Then, the action of ¢, (z) on the state |w) is given by

() [w0) = F({b], — B;(x)éwx})%exp 02T (N, = 2 )| exp [Z By (@)l | Fy [N, 1o
= Lo 02 (- )e] R [z Bp@b;n] P — B20}) [N,
" (2.3.23)

To get a relationship between operators we have to construct the state |w) in the right-hand
side, the strategy to do so relies on the use of the second identity (2.3.21). Consider A = szm’
and B =), B(x)bky, so that

(A, B] =" Bi(@) [b bky | = —Bp() Gy (2.3.24)

k>0
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Since [A, [A, B]] = [B, [A, B]] = 0, the identity (2.3.21) reads

Z 5[9 bkn

k>0

exp

7 ({0}, exp lzﬂk bkn]:f({b;n—ﬁ,;k(x)an,nf}). (2.3.25)

k>0

Feeding the former into (2.3.23) yields

Pp(x) |w) = %exp { 22(]\7 5) }F exp [Zﬁp ] exp [ Zﬁk bkn]

( )exp [Z By (x bkn] H{N Do
— %exp {ia%([\fn — g)% F, exp [Z ﬂp(x)b;rm] exp [ Zﬁ pn] |w) .

(2.3.26)

We can finally write down an equality between operators (remember that §,(x) is a function
defined in (2.3.10)) given by,

Py(x) = % exp [ia% (N77 - g)% F, exp [Z 5p(x)b;n] exp [— Z 5;(x)bpn] . (2.3.27)

p>0 p>0

Here we have written the chiral fermionic fields in terms of the bosonic operators, the Klein
factors, and the particle number operator. This is a major result within the bosonization pro-
gram, it is called the Mattis-Mandelstam formula, after some of its discoverers [65—67].

2.4 Bosonic field operators

It is worthwhile to discuss constructive bosonization because we rigorously draw an equiva-
lence between the fermionic and bosonic descriptions at the level of the Hilbert spaces. How-
ever, for the purpose of computing quantities it is often better to rely on the field-theoretical
approach [43-46].

Thus, motivated on the description of a massless scalar field, we define the chiral bosonic
field operator as

f)\p/2

=275

p>0

zapszn 4 eficvponb;m)7 (h=1) (2.4.1)

where A\ > 0 is an infinitesimal parameter needed to regularize ultraviolet divergent sums that
may arise in certain non normal-ordered expressions and commutators [47]. The factor e=*P/2
should be regarded as necessary to ensure convergence at all intermediate steps, but final
results should be written taking A — 07, whenever this yields a sensible answer [48].
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In order to employ the full field theory machinery, we need to find a set of canonical dynamical
fields. Then, we introduce the dual bosonic fields,

E%Xﬁm% (2.4.2)
(b’y(x) = %[(ﬁlf}’ - ¢R'y]7 (243)

where we construct linear combinations of the chiralities R/L but the rest of the labels
contained in 7 remain unaltered, and they are now encoded in the collective index .

Appendix A.3.1 shows that these quantities define a set of canonical fields for L — oo
(alongside other important relations involving the field operators), that is to say,

[¢7(ZL’), H’Y(ZU)] = 2(5(1‘ - y)7 (2.4.4)
with IL, (z) = 0,0, (z).

2.4.1 Bosonization identity

The full potential of the field theory approach is unfolded once we rewrite the Mattis-
Mandelstam formula (2.3.27) in terms of the chiral bosonic fields, ¢,. We begin by recalling
the Baker-Campbell-Hausdorff (BCH) formula [63],

1

1
—1X.Y —

> pmxm—%mwymm) (2.4.5)

exp(X)exp(Y) = exp (X +Y +

In (2.3.27), we identify X =3 _, Bp(x)bl, and Y = — > p>0 By (2)byy so that:

ZZEP )Bi (@ pnvbk’n Zﬁp z)Brkp = Z|/Bp . (2.4.6)

p>0 k>0 p,k>0 p>0

Notice that this commutator diverges. This follows from the fact that we are destroying the
normal ordering in (2.3.27) when trying to combine the exponentials. To keep the commu-
tator finite we need to regularize the sums, then we set > _ — 37 e [48], and the
commutator reads:

= e VB ()f

p>0
2 e\

p>0 p
A27r

(2.4.7)

n>0

= —1In (1 —e_’\%ﬁ).
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In the third line we used periodic boundary conditions (0 = 0) without loss of generality
because the fields shall be employed in the limit . — oo, at which the choice of boundary
conditions is immaterial. This argument shall be widely used in most algebraic calculations.
Whereas in equation (2.4.1) we included the convergence factor e=*/2 as part of the def-
inition of the chiral bosonic field, here the regularization is regarded as a re-definition of
the summation. These two proceeding ways are equivalent (as we are about to show, we
recover the bosonic fields (2.4.1) even though having regularized the sums) but they rely on
different areas of physics: To introduce the convergence factor in the definition of the fields is
customary in condensed matter, while doing it through the sums is the quantum field theory
approach. On the fundamental level, the latter path makes more sense, since the regulariza-
tion is something that appears half-way to overcome a particular issue upon calculating some
physical quantity, and we should not change our definitions prior the emergence of such an
issue.

On the other hand, since A — 0T, the exponential can be expanded up to first order in A,
leading us to [X, Y] = —In (A27/L). It turns out that the commutator is proportional to the
identity, so the BCH formula ends up being

exp(X) exp(Y) = exp (X +Y + 1[X, Y])

L\ : (2.4.8)
= (ﬁ) exp (X +Y).
Feeding the last result into the Mattis-Mandelstan formula, we get
1 .27 o i ; .
Yy(x) = NoTSY exp [zaf (Nn - 5)4 F, exp _; (Bp(x)bl, — 5p(:x)bpn)] (2.4.9)
— \/217r_)\ exp [ia% (N77 — g)% F, exp —i\/%p; \/_—Ll_p (e’mmb;;n + empmbpn)] .

To get the definition of the field ¢,(z) we only need the convergence factor, but it is al-
ready contained in the summation ) _; so we reach the most important result of the field-
theoretical bosonization: a relationship between both chiral fermionic and chiral bosonic

fields,

Uy(x) = (2.4.10)

\/217r_)\ exp [m%r (Nn — g)% F, exp [—i\/%gbn(g;)} .

We have presented the bosonization framework, first from an heuristic view aimed to the
beginner researcher where we discussed the motivations behind some definitions, and we re-
alized that we could introduce bosonic operators into the description of our system through
the Fourier components of the density fluctuations. Secondly, we boosted the operator for-
malism presenting what Delft and Schoeller call constructive bosonization: An equivalence
between fermionic and bosonic descriptions at the level of Hilbert spaces. Ultimately, with
the aim of computing physical quantities, we introduced the field-theoretical approach that
culminates in obtaining the bosonization identity (2.4.10), which is going to be the corner-
stone for further developments. Now, we are in a position to study a particular model in the
light of this framework.
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2.5 Application: Asymmetric Hubbard model

In what follows we discuss the asymmetric Hubbard model (AHM) [68] with a two-fold
purpose. On the one hand, it allows us to become familiar with the bosonization technique,
while on the other hand we prepare the ground to tackle the Hamiltonian of the actual
system to look for the appearance of the FFLO phase. The Hamiltonian of the AHM is given

by [68]

Ns N
Hama ==Y > Y tocl ciuso +U D njnyy, (2.5.1)

j=16=%1 o J=1

where the asymmetry is manifested in the fact that the hopping integral ¢, is spin dependent,
so that fermions with different spin have different probability amplitudes to hop along the
lattice. Ny is the total number of sites, J denotes the two neighboring sites, and U the usual
interaction strength.

We should regard this Hamiltonian for a system studied at the thermodynamic limit (L —
o0) otherwise the hopping term would be manifestly non-Hermitian. Then, from the very
beginning we are considering a system of infinite size. We take a different path, namely,
we first bosonize the finite-size system, which has proved to be a non-trivial task full of
subtleties [69]. By taking this path we shall witness such difficulties. To do so, we work
out a more familiar Hamiltonian (though equivalent to (2.5.1) in the limit L — oo) for the
AHM:

Ns Ns
Hama ==Y (tocleiore +He) +U D njnyy. (2.5.2)
j=1 o j=1

We are interested in bosonizing the Hamiltonian (2.5.2), if we were purists and followed the
constructive approach of bosonization, then the first thing we would have to do is to go to the
momentum representation and linearize the energy spectrum. This step is merely pedagogical
provided that, regardless the shape of the dispersion relation, we can always linearize it as
long as we work in one-dimension. However, for this system we have an additional ingredient,
namely, we take into account the spin of the fermions. Typically, spin would not alter the
spatial degrees of freedom (at least not in the non-relativistic regime where spin-orbit coupling
is negligible) but the system displays an asymmetry, such that the hopping integral ¢, is spin
dependent. This means that the dispersion relation is also spin dependent

eq(k) = —2t, cos(ka), (2.5.3)

so that we are actually dealing with two dispersion relations, such a situation is depicted in
figure 2.8.

We shall see the effect of the different dispersion relations in the interaction term and in the
bosonized Hamiltonian. However, since now we realize that new questions arise due to the
existence of two different dispersion relations in the same system. For example, in figure
2.8 we see that kp(T) < kr() so that an excitation of order kr(1) may (or may not) be a
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Figure 2.8: The asymmetry in the hopping integral opens the possibility of having two
different dispersion relations, which in turn means to have two different Fermi surfaces kr(o).

low-energy excitation for the spin-down particles, while it would be certainly a high-energy
excitation for the spin-up particles. In other words, now we cannot assert without doubt that
an excitation with momentum close to the Fermi momentum is a high-energy excitation, since
the reply would be: Well, it depends on which Fermi momentum. We emphasize that this does
not have to do with the presence of the spin but with the asymmetry of the hopping.

Going back to the “heuristic” approach, we know that to have two different dispersion relations
implies that we have two different linearizations and hence, two different Hilbert spaces with
left and right-movers. Then, after linearization, we get four different species of fermions,
opposite to what happens in a customary fermionic chain [70] where the spin just make the
information to be two-folded and we can simply work with a collective index for both chirality
and spin.

2.5.1 Finite-size system

We shall work our fields in the continuum limit so let us set a — 0, keeping L finite:

haje, L0 \/_wa = Z etk Yo, (2.5.4)

k—oo

Cjo =

where k = 2m(n —6/2)/L with n € Z, and 0 = 0,1 depending on the boundary condition we
choose (periodic or anti-periodic, respectively).

From our work on bosonization in the previous sections, the relevant expressions for bosoniz-
ing the Hamiltonian (2.5.2) are compiled in the following set:

w(ﬂ/

ﬁ\

Z ek e, (2.5.5a)

k=—00
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Yo(z) = e *r O g () + €O p, (2.5.5b)
Yo () = ! F,, exp {z’a : 2—7T<N — é)x — iV 2T gy (1) (2.5.5¢)

ov 27-(-)\ ov L ov 2 av Y

60(2) = S [601(2) — dun(a)], (2.5.50)

0o(2) = =3 o), (2.5 5¢)

I, (x) = 0,0, (x). (2.5.5f)

Recall that o = 1 stands for right-movers and o = —1 for left-movers, v denotes the chirality,
v ={R,L}. N,, counts the number of fermions with spin o above the vacuum in the v
branch. Compared to (2.4.10), in (2.5.5¢) we have combined the exponentials with N,, and
0o, which follows from the fact that the operators commute. Finally, A is the cut-off to
eliminate short wave-lengths contributions.

The first step to bosonize (2.5.2) is to write the Hamiltonian in terms of fermionic field
operators. To this end, we have to set a — 0 but keep L finite,

Cio 20 Vat,(x) = Vae FrOn, (2) + O (@), with @ = ja. (2.5.6)

We write everything in terms of these chiral fermionic fields. The hopping term would
transform in the following way

hycirre = ale Ol (@) (o + a) + PO (@) p(a + a)

n e—ikp(a)(2x+a)wiR(x)wo_L(m ta)+ eikF(U)a¢lR(x)waR($ +a)|. (2.5.7)

By going to the momentum representation, we can show that the oscillatory terms propor-
tional to e**F(@)(22+a) are not part of the low-energy regime because when adding (integrat-
ing) over j () we get something proportional to o (o) k—k (0(2kr(0) —k+k')). This makes
complete sense because those terms are of the form ] 1, with v # 1/, so they destroy a
particle in one branch and create another in the other branch, being this a forbidden process.
Therefore, in the low-energy regime with the allowed contributions we obtain

C;chﬂ,g =a [e‘ikF(”)“wiL(x)ng(x +a) 4 e*r@al (2 ber(x + a)} . (2.5.8)

Equation (2.5.8) is enough to write down the kinetic term of the Hamiltonian in the continuum
limit. Now, the building block of the interaction term is

Njo = C}ocjg =a [Q/JlL(x)%L(:U) + ¢ZR($)17DUR($) + eikF(J)2x¢ZL(x)¢aR($)
e 2] (@) ()] (25.9)

Rionjor = 0[] (201 (2) + ] () on(x) + €% 2] (2)6m(x)
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+ e_ikF(U)zxwiR(x)wUL(m)] [a o a’] . (2.5.10)

From our experience with the kinetic term we know that, once we perform the product
in (2.5.10), not all the 16 terms contribute since some of them may represent high-energy
behaviors. Notice that there are four terms that are non-oscillatory which come from the
product of terms with no exponential factors. On the other hand, we neglect products
of two terms, one with an exponential factor and the other one without it, because the
result becomes oscillatory after summing over j. This discards 8 terms. Upon multiplying
terms both with exponential factors, we get two terms with phases +ilkr(o) + kr(o’)] (22),
and since kr(o) > 0 by definition, and regardless of the spin, this in general gives rise
to an oscillatory term, so we also discard it. Ultimately, there are two terms with phases
+ilkp(0) — kp(o”)] (22) which may give rise to a low-energy contribution, depending on how
large is kr(0) — kr(o’) compared to min{kr(c), kr(c’)}. Another very good reason to retain
those two terms for the moment is that in the symmetric case, when kr does not depend
on o, such a phase would vanish giving rise to an honest low-energy contribution. After all
these considerations, in the low-energy regime we should consider, in principle, only 6 out of
the 16 terms:

Myt 2 @2 (6L (0o (2L () () 0L (2 i (28] ) ()
2

J/

-~ -~

1

= Uy (@)Y (@)} (€)1 (1) + 0} (@) r(2)0] p(2) Yo r ()

J/

3 R
+ ¢'lbr(@) k(@) 2w wlL (w)%R(w)w}R(ﬂf)%L(I)
+ eilkr(o)—kp(o")] 22 w;R(I)¢0L(x)¢l’L(x)¢0/R(x)i| (2.5.11)

"

2 @2 [l (@) (2], (2 (@) + 0] (@) (2)0h, (@) Yorm ()
Ul R@) (@) ] (@) (@) + Ul (@) Yor(@)0] p(@)mr(@)]. (25.12)

Terms 1 and 4 are interpreted as intra-branch terms with no flip of the spin (forward scatter-
ing) while terms 2 and 3 are interpreted as inter-branch terms with no flip of the spin (also
forward scattering). The last two terms in (2.5.11) do not preserve the number of particles
per branch, for instance, the term proportional to @Dl LgDURwI, r¥o 1 is lowering the number
of spin-o particles in the R branch and raising it in the L branch. Such processes that take
fermions from one branch to another are also high-energy processes such that we shall discard
them as well. These situations are depicted in figure 2.9.

Upon finding the terms that survive from (2.5.10) we discarded two terms because their
phases are +i[kp(0) + kp(0’)] (22), those terms represent Umklapp processes which in the
most general case are high-energy contributions. However, in the very special case of half-
filling (taken as kpy + kpp = m/a [68]) those terms are not oscillatory and then we must

consider them. This is why in (2.5.11) we used the notation “g”, since in this opportunity
we are not restricting the analysis to the low-energy regime but also considering the system
far from the half-filling condition, for it being out of our future interests.



2.5. APPLICATION: ASYMMETRIC HUBBARD MODEL 27
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Figure 2.9: Graphic representation of the scattering processes.

Equations (2.5.8) and (2.5.12) are the building blocks of the Hamiltonian (2.5.2) in the
continuum limit @ — 0. Now, we can use the bosonization identity (2.5.5¢) to bosonize
them. We begin with the kinetic part:

cloeiire = ale ™ O (@), (@ + a) + M OWT L (@por(a +a). (2.5.13)

We only have to bosonize terms of the form ! (z)1,,(z + a) (i.e. same chirality):

V) (@)Y (x + a) :%FJV exp [—z‘a%r (NJV — g):v] F,, exp [i\/ﬁgbw(x)}

. 2m o
X exp [zaf (NW — 5) (x +a)

exp [—iV2r g, (x +a)|.  (25.14)

In the last equation we used the facts that: (i) ¢}, = ¢o,. (ii) The Klein factors F,, commute
with the chiral bosonic field ¢,,, which can be seen using the mode decomposition of the
latter. The tricky part is that the Klein factors do not commute with N,,, recall that they
verify

[N, FJ/] - 5n,n’FJ [Ny, Fiy] = —0nap F, (2.5.15)

with 7 a collective index for the different species of fermions, in this case n = {1 R,1 L,
R,| L}.

Using these commutation relations we can see that

. 27 5) ] [ , 27T( ) ) }
T —iy= _Z — il _ . _ f
F!, exp [ ta— (Nm, 5 %] = exp |~ Ny, 5 1)x|F),. (2.5.16)

Therefore, equation (2.5.14) yields

U8 (@)Y (x + a) = % exp {iaszx + ia%a(]\fw — g)} exp [im¢gy(x)]
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X exp [—i\/%(ﬁw(x + a)}. (2.5.17)

We could get rid of the Klein factors because we are dealing with a product of fields with
the same chirality and spin, so that their action eventually balance through unitarity. On
the other hand, we want to combine the exponentials of the chiral bosonic fields, so that we
invoke the BCH formula and use the fact that (see (A.3.37) in Appendix A.3.1)

(e
[¢n($), gbn’(?/)] = Esgn(x - y)én,n’a (2'5'18)
which leads us to
1 [ 27 . 2ma 5)} { i ]
T - -r - — e —
! () (x + a) 5, OXP [la—-T + i 7 (NU,, 5 )| exp|ag sgn(—a)
x exp [iV27(¢on () — G (w + a))]
BTN P TGV A
= 5 OXP |la—- 1 +ia— o g as
X €xp [i\/ 27?(—aﬁxqbg,,(:c))], at first order in a (a — 0).

With the result (2.5.19) we can bosonize (2.5.8),

2 2 )
c;’gcjﬂ,,, :%{ exp [—z%x — i% (NUL — 5) + zg —ikp(o)a —iaV 27?835%,,(:16)}

+ exp

z%ﬂx + Zz%a (NUR - g) - zg +ikp(o)a — ia\/27r@mq§03(x)] } (2.5.19)

Considering that the kinetic part in the Hamiltonian (2.5.2) has the form (t(,c;gcj+17a+H.c),
if we assume that the hopping integral is real then we can write it as tg(C;-O.Cj—‘rl,a +H.c). In

such a case, to find (C;-O_Cj_’_l’o— + H.c) is straightforward once we have C}O.Cj_i'_l’o— since all the
operators inside the exponentials are Hermitian, so then the +H.c makes the exponentials to
become into cosines,

a 2 2ma ) T
c}UcﬁLg +H.c :ﬁ{ cos [—fx - (NUL — 5) + 5~ kp(o)a —av 27r(9mgz§UL(x)]

(2.5.20)

+ cos {Q%x + QLLG (NUR — g) — g + kp(o)a — aV 210, por(T)

Herein we have some alternatives. We might be tempted to proceed similarly as in (2.5.19)
where we expanded up to first order in a because a — 0. However, in this case we have some
quantities inside the cosines that are not proportional to a, so that we cannot regard the
whole argument of the cosines as being small. The resolution for this could be to use sum
of angles identities to separate the terms that are proportional to a from those that are not,
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and then make the correspondent approximation. A shorter path is to use sum-to-product
trigonometric identities, which yields,

2a Ta T
C;r'gcj+1,a +H.c= Y COS [_T(NUR — Nyr) —a Eax(¢oL + ¢0R)i|
2
X COS [ — kp(o)a — %x — %(NUR + Nyp) + %5 + g

— oy 200601~ or)]. (2.5.21)

Notice that by adding and subtracting the chiral bosonic field we get the dual bosonic fields
¢, and 6,, defined in equations (2.5.5d) and (2.5.5¢). It is clear now why sum-to-product
identities is a better path,

2a Ta
C}L-,chﬂﬁ +H.c= = COS [T(NJL — Nyg) + a/70,0,
. 27 Ta
X sin {kp(o)a + fl’ -+ T(NUL + NUR — 5) + aﬁ@x¢g . (2522)

This is all for the kinetic energy, let us focus now on the interaction term (2.5.12). The
intra-branch terms and inter-branch terms can be identified automatically with products of
densities

UL (@) (@], (€) e () = o (%) pori () (2.5.23)
wlu<x>¢au(x)wl’y’ <x>wa’u’ (x) pau<x>p0’1/ (l’) (2524)

Since these terms are constructed as products of pairs of operators with the same chirality
and spin, the action of the Klein factors is balanced as we showed explicitly when bosonizing
the kinetic part.

So that the interaction term turns out to be very simple,

NjoMNjor 2 2 Pov (T) pory (). (2.5.25)

v,V

Equations (2.5.22) and (2.5.25) are all we need to write down the Hamiltian for the AHM in
terms of the bosonic fields, in the continuum limit @ — 0, in the low-energy regime and far
from the half-filling condition:

Hanv = Hyn + Hing (2.5.26)
2t Ta , 27 )
Hyin = — / dx ; E{ cos [T(NUR — Nor) — aﬁaxeg] sin [kp(a)a +t7 (x — 5)

ma

_ T(NUR + Nop) — aﬁax%} } (2.5.27)
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Hi=U [ de a3 pul)ovlo) (2.5.28)

v,/

This is enough to be convinced of the difficulties that exist when trying to analyze the finite-
size system. Even though we have a closed expression for the bosonized Hamiltonian, it does
not depend only on the bosonic operators but also on many N’s. Remarkably, the action
of the Klein factors gets balanced both in the kinetic and interaction terms. Also, we have
many terms that do not get simplified nor can be combined into simpler ones. On the other
hand, it is necessary to take L — oo provided that all the observables should be computed
in the thermodynamic limit.

The reader might be wondering why we bothered setting up the Klein factors at the level of
the Fock space and in the bosonization identity (2.4.10), if they turn out to be immaterial in
the bosonization of our Hamiltonian. This is actually one of the reasons why a large part of
the literature either omit them or slightly discuss them. However, as we shall see in Chapter
3 they are relevant upon computing the correlation functions [42].

2.5.2 Taking the thermodynamic limit
Taking L — oo in the Hamiltonian (2.5.28) yields

Hagv = — /da: Z ii)\” {cos [a\/g_bameg} sin [kF(a)a + aﬁ@xqﬁg} }
+U / dx a Z () ppo () (2.5.29)

v,V

This is a considerable simplification compared to (2.5.26). We shall simplify it further noting
that in the kinetic part we have trigonometric functions with arguments proportional to a,
so that we can expand them in power series.

cos [ay/T0,0,] sin [kp(0)a + ay/TOpds ]
= cos [/7ad,0, | {sin[kp(0)a] cos [av/T0,ds] + cos [kp(o)a]sin [av/TDr0,]}.  (2.5.30)

We expand
cos [ay/m,0,] cos [an/T0y0,| =1 — gaz(&pgba)Q — gaQ(aﬁg)Q + O(a?)
cos [ay/70,0,] sin [v/7ad, ¢, = a/T0p¢5 + O(a®). (2.5.31)

Despite in equation (2.5.19) we approximated up to first order in a, in the previous equations
it would be wise to approximate up to second order because the kinetic part of the Hamilto-
nian has a factor 1/A that eventually cancels out one order in a, so that our final expression
is, consistently, of first order in a.

g

Hyn = — / dx Z %{ sin[kr(0)al [1 - gaz((?xgbg)Q — ga2(8x90)2 + cos[kp(a)a]aﬁﬁxaﬁa}.
(2.5.32)
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Notice that the zeroth order contribution in a leads to a divergent term after integrating. To
fix this, it is necessary to employ the normal order for bosons. Using it the divergent factor
goes away and we are left with:

:H:kin = /dl’ Z 22%@2 Sin[k:F(O-)a] [(8x¢0)2 + (axga)ﬂ - /dl’ Z % COS[kF(U)a]a$¢U

(@007 + @6 + [ o300 0,0, (25.33)

where in the last line we have introduced the Fermi velocity vgp(o) = de,/ dk"k:kF and the
dispersion relation e, (k) = —2t, cos(ka).

Since a and A are of the same order (a — 0 in the continuum limit and A — 0% by definition)
we are left with an expression of zeroth order in a for the kinetic part:

Hin = / ZUF (Dabe)? / ZE" ke) o 6. (2.5.34)

Therefore, the normal-ordered Hamiltonian is given by

‘H amue :/dffz UF2(O) [(ax¢a)2 + H?T] + /dIZ &\/IZ_—F)awgba + l]/daj aZpTV(m)in’(l‘)'

(2.5.35)

This expression looks great and we are almost done, it is still left to express the densities in
terms of the bosonic fields. Inverting (2.5.5d) and (2.5.5¢), by using equations (A.3.44) and
(2.5.5f), and taking the thermodynamic limit, we end up with

pau( ) 2\/—( x¢a_ a - Zp@(x)pw(x) = %(&CQST)(&C@) (2.5.36)

2%

Thus, we can write down the fully-bosonized Hamiltonian for the AHM:

HAHM = Z/ x(ba + H2 Z/ /d.ﬁlﬁ %(aﬂc(ﬁT) (aT(bi)
(2.5.37)
= Hyin + Heuet + Hing. (2.5.38)

Which are the considerations we made along the way of finding this Hamiltonian? We are
working in the thermodynamic limit, in the low-energy regime and with a filling other than
half-filling. Besides, we assume that the hopping integral ¢, is real, and use the normal order
for bosons.
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2.5.3 Testing spin-charge separation

So far we have written the Hamiltonian of the system in a field-theoretical bosonic language.
It does not provide much information about the physics of the system, aside from the impli-
cations of being able to employ the bosonization technique. On the other hand, one of the
benefits of studying the AHM is that we can reach the Hubbard model by setting t| = t4 = ¢.
The latter has been widely studied and its bosonized version is well-known to lead to two
major findings: i) A separation of the system into spin and charge degrees of freedom and
ii) the existence of various phases depending on the filling of the system and the nature of
the interaction, regardless how strong it is (that is, it only depends on the sign of U, and
there is no finite critical value) [42,44,71]. We conclude this section by investigating to what
extent the hopping asymmetry for the AHM deviates us from the physics of the Hubbard
model.

In the Hamiltonian (2.5.38) the interaction term gives rise to a cross term (0,¢+)(0,¢0,), we
shall see that this term is decoupled by the so-called spin and charge fields that appear in
the study of the Hubbard model, though it does not diagonalize the whole Hamiltonian. The
cross term can be written as the quadratic form

(@.00)(0.0,) = 5000 0.0 (0 1) (gzgl). (2.5.39)

We find that the eigenvectors of the matrix in (2.5.39) are (—1 1)T and (1 1)T, up to nor-
malization factors, and the eigenvalues are —1 and 1, respectively. Hence, the diagonalization
of the matrix is accomplished through

1 11
AZE( 1 1)
@) @u6n) = 3(0u0y B.0)a( ! 0)a (547 (2:5.40)
(a$¢T>(8x¢¢) %( z¢c) - 5(8379253)27

where we have defined the charge and spin fields as,

e

Sl

(QbT + )
(2.5.41)

Ps

Sl

(¢>¢ — @)

In terms of these new fields the interaction part of the Hamiltonian (2.5.38) turns out to

be

1 1
Hiy =Ua / dx [%(@6@)2 - %(axqss)? : (2.5.42)

Now, we should also write the kinetic part of the Hamiltonian in terms of the new fields. To
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do so we stick with the matrix approach,

Hygn = Z/dIUUFT@ [(&c%)? + H(ﬂ

1 op 0\ (80 om0\ (I (2.5.43)
2wl g (U D))+ my (s 0) ()]
Under the transformation {¢,é,} — {&e, 65} the relevant quantitics transform as
o) = (5o = (o) 254
(5 2 ar (e 2 )a=g (e iy <0 ) s
(ED - A_l(gD = (_HH> (2.5.46)

So then, the kinetic part reads

o= fan 3| (co o952 D)) om0 D))
= [ o G5 o007 + s (000) = o0, 0.0.))

1/1
+ /dl’ 5 {5 [U+H§ + U+Hg] - U_HCHS} . (2547)
Ultimately, in terms of the new fields the Hamiltonian turns out to be
2 2
Hign + Hug: = [ dx [(1 + ﬁ) (Due)® + HZ} + Ui/d [(1 — ﬂ)(aﬂbsﬁ + H?}
4 TV 4 TV
L / 0((8,60) (0,6.) + TLIL] (2.5.48)
50 (kr)

surf Z/ F nga(x)- (2549)

We define the Luttinger parameter and the propagation velocity for each degree of freedom
as

1 2Ua (o
— =41+ — e = , 2.5.50
K. * Ty v 2K, ( )
1 2Ua Ut
— =,/1=-== s = ) 2.5.51
K, o, T 9K, (2551)

Therefore, the Hamiltonian of the AHM in terms of the charge and spin fields is given by

Ve

s = [ o] 000+ K2+ 2 [ de| @0+ K2
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5"(];F)ax¢g(:c). (2.5.52)

N

From this Hamiltonian it is clear that the asymmetry prevents the system to display a spin-
charge separation. The third term in the Hamiltonian is a coupling term between the spin
and charge degrees of freedom, that arises when we rewrite the kinetic energy with respect
to these fields. This term is proportional to vg_ which is zero in the limiting case when
ty = t|, that is, when we recover the Hubbard model. Since the spin and charge fields do
not diagonalize the Hamiltonian, we should not attempt to understand the phase transitions
of the system in terms of whether the spin or charge sectors acquire a mass gap (for more
reference see e.g. [12]).

+ 5 [ l(@:6)(0.00 + LI+ 3 f

Having become familiar with the bosonization framework by writing the Hamiltonian of
the AHM in the bosonic language, we are ready to tackle our actual system looking for
unconventional superconductivity. We shall see that there exists a parallel between the
Hamiltonian of the AHM and our effective Hamiltonian, the one that is able to display
the FFLO phase, which is actually the main objective of the present Thesis and is broadly
discussed in Chapter 3, together with our more relevant results on the subject.



Chapter 3

The FFLO phase in the attractive Fermi
model

As explained in chapter 1 the FFLO phase is expected to arise from the interplay of su-
perconductivity and magnetism, therefore we consider a one-dimensional lattice of fermions
described by the following Hamiltonian

H= Z tz CioCi+1,0 + Hoc) + hel 102Cj — [ Z CinCio + Un]TnN] , (3.0.1)

where t is the probability amplitude for the hopping between adjacent sites of the lattice, h is
the linear Zeeman field magnitude pointing to the —z direction, p is the chemical potential,
U < 0 is the attractive on-site interaction strength, and where we have introduced a Pauli
matrix notation for the magnetic field:

o= (4 (Y 0 (e
cjazcj:(cjT Cji) (O _1) (cL)' (3.0.2)

The Hamiltonian (3.0.1) can be regarded as the well-known Hubbard model with the addition
of two external fields, h and . The superconducting behavior is introduced through the on-
site interaction, and the magnetic features are tuned through the Zeeman field. The chemical
potential enforces particle conservation.

One can gather the effect of the external fields into a single term,

hel j92Cj — :“Z oCio = =1 — h) Cipit — (1 =+ h) Cj Gl = —HrC TCJT /%CLCJ'J (3.0.3)

Therefore (3.0.1) can be written as

N,

H = Z ( oCi+1,0 + H. C) - Z ,U,gc;r»Jng + Uanan/ . (304)

J=1

®
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Cala kel k(1) kel kr() r/a
k

Figure 3.1: The polarization of the sample lowers the energy of the spin-down particles giving
rise to two different dispersion relations with two different Fermi surfaces kp(c). This is the
well-known Zeeman effect.

The Hamiltonian for the non-interacting system (U = 0) in momentum representation
reads

Hy = Z Z (=2t cos(ka) — pie)Ch, Cro- (3.0.5)

This is a striking result because the dispersion relation of the system is o-dependent: (k) =
e,(k) = —2tcos(ka) — p,. This is the reason why we explored the bosonization technique
through the AHM instead of any other system, it also displayed a o-dependent dispersion
relation (see (2.5.3)). Hence, we are able to bosonize the Hamiltonian (3.0.4) by using some
of the results already obtained in section 2.5. However, it is important to point out some
differences between both systems: For the AHM the ¢ dependence comes from the asymmetry
in the hopping integral, t,, while for the attractive Fermi model it comes from the presence
of the magnetic field that polarizes the sample and, due to the chosen quantization axis
direction, it lowers the energy of the spin-down particles.

Then, a question naturally arises, namely, if the source of the o-dependence is different in
both systems, is the bosonization of the Hamiltonians the same? From the “heuristic” point
of view what matters is how the linearization of ¢,(k) would look like. A sketch of the
dispersion relation for the system is depicted in figure 3.1. Comparing this figure to figure
2.8 it is clear that the split of the dispersion relations has a different nature for each system:
In this case the well-known Zeeman effect shifts the energy of one of the species of fermions,
while for the AHM we had a modulation of the amplitude of the curves due to t,.

Therefore, for the sake of the bosonization program what matters is that now we also end
up with different dispersion relations depending on the spin of the fermions, meaning that
we shall have two different linearizations, as in the AHM. Hence, the bosonization should
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resemble what we already found,

N
_ 1 T
H= E [—t E (cjocjﬂﬁ + H.c) +Unjn;, — E [oCjyClo l. (3.0.6)
j:l o o
—~ - —_———
(I): Same as the AHM, eq. (2.5.2) with t4=t| (IT): New term to be bosonized.

This claim should be examined closely, for to set ¢4 = ?; might seem to destroy the o-
dependence in the AHM, which is precisely the link to our actual system. The key is that
the kinetic and surface terms in the AHM are bosonized into

3y / dr ”FQ(U) [(Or0)? + 1] + > / dz —8"\(/]‘;)@% (3.0.7)

so if we set t4 =t in the former expression we get vp(0) = 2tasin [kp(o)a| which is actually
the Fermi velocity for the FFLO model as well. However, if we do the same in e,(k) we
would get —2t cos(kr(o)a) which is not its dispersion relation, this is the major change to
take into account. Therefore the term (I) in (3.0.6) reads

Zsl [_tz (C}acﬁlﬂ + HC) + U”jﬂm] (3.0.8)
=y / dx ”FT(") [(0n00)* +TI2] + > / o COS\;’;F(U)CL)@@ +Ua / d %(am)(am).

(3.0.9)

T

Thus, the extra job is to bosonize the density term cj,c;,. We begin with equation (2.5.9):

chotio = a|por(®) + por(x) + MDY (), p(x) + e FH DY (@), (2)]. (3.0.10)

Working in the limit L — oo and using the bosonization identity (2.4.10), the equation
(A.3.44), and the commutator (A.3.37) to combine the exponentials, we get the follow-

ing

1 1 ) )
c}acja = a{ﬁﬁxgba + ﬁFlLFJR exp [zk:p(o)(Zx) + z?ﬁgba(x)}

1

+ ﬁFJRF(,L exp [—ikp(0)(2x) — i2y/Td,(2)] } (3.0.11)

Recalling our discussion in section 2.5.1 about high-energy contributions, notice that in the
general case, that is, far from the half-filling condition, the second and third terms do not
contribute to the low-energy description of the system, for they are oscillatory terms. Such
a conclusion does not change even if we consider the whole term (II) in (3.0.6), > ,uocj»gcjg,
because the Klein factors spoil any chance to combine the exponentials. On the other hand,
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the first term can be combined with the second term in (3.0.9) to get the dispersion relation
of the system e,(kr) = —2t cos(kp(o)a) — pio-

Therefore, far from the half-filling condition, the Hamiltonian for the FFLO model is given
by

:H::Z/dva g

(0rpo)? + 112] +Z/

) 9,60 + Ua / dr—(0.01)(0:0).
(3.0.12)

This Hamiltonian turns out to be exactly the same we found for the AHM (see (2.5.38)).
This is a remarkable result because, as explained before, the dispersion relations of both
models are different. Automatically from what we did for the AHM we can assert that the
FFLO model does not separate into spin and charge degrees of freedom, though this time it
is the presence of a magnetic field what spoils such a separation. This early departure from
the behavior of the Hubbard model is a promising signal, since we are looking precisely for
unconventional superconducting features.

The consideration of being far from half-filling is not only crucial to get this Hamiltonian, but
turns to be also crucial for further calculations. Basically, we ruled out the situation when
there is exactly one fermion per site in the lattice, for it is very particular and there are rele-
vant mechanisms in our initial Hamiltonian (3.0.1) that can change such a situation, namely,
the hopping and the chemical potential. From what we did for the AHM, we are implicitly
ruling out in (3.0.12) a cosine term with 2x(kpt — kg ) as part of its argument, and other one
with 2z(kpy + kp)) (see section 2.5.1). The latter is ruled out because it only contributes to
low-energy behaviors at half-filling, while the former is ruled out because the cosine would
not be oscillatory only at the special case kpy = kpy, i.e., in the absence of magnetic field,
which would also means absence of any unconventional superconductivity.

Thus, we have found an effective Hamiltonian for the low-energy behavior of the system, and
it turns to be astonishingly simple,

eH—Z/ (Oatp)” +112] +Z/

x¢U+U /dl’—( 1¢T)( x¢i>
(3.0.13)

3.1 Diagonalizing the Hamiltonian

The main goal of this work is to investigate whether or not the Hamiltonian (3.0.1) leads to
unconventional superconducting properties. For that purpose, we find the superconducting
pairing correlation function and check whether it differs from a typical pairing. We will
calculate the correlation function through functional integration, for which the Hamiltonian
need not be diagonal (see Appendix B.1). Nevertheless, diagonalizing it will prove to be
useful in simplifying the calculations.

Based on the works [72-74], we find a canonical transformation that diagonalizes the Hamil-
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tonian (3.0.13) in terms of new fields ¢, and ¢,':
(ﬁT == Al(bl + Ag(ﬁg, HT - Clﬂl + 021_[2 (311
¢, = Bi¢1 + Bago, 11, = Di1ly + Dolly (3.1.2

Uy .
A= —U—Tsmgp,
U1

Ay = \/ﬁcosgo
VU2

B = \/ﬂcosap, By = \/ﬂsintp (3.1.3)
(%1 V2
C,=— ﬂsiru,p, 02:,/%(:08@
Uy Uy

v Uy .
Dlz,/—lcosgp, Dy = —281n<p,
vy vy

with the angle ¢ defined through

2Ua, /070

and where the propagation velocities for the new degrees of freedom are given by

1 1 4U2a?
Uiy = 5(1}% +u}) F 5\/(1)% —v})? + U0 (3.1.5)

Recall that in section 2.4 the dual bosonic fields were defined as 6, and ¢,. So far the 6 field
has not had much prominence but it is about to become very relevant. Since 0,0, (x) = I1,(x)
and the derivative is a linear operator, then 6, transforms in the same fashion as II, in
equations (3.1.1) and (3.1.2).

The transformation is canonical so that the new fields verify [¢;(x), I1;(y)] = i6(x —y)d; ;, for
i,7 = 1,2. Under this transformation the Hamiltonian (3.0.13) becomes
Hef‘f = Z & /dx [(ax(b)Q + H2] + Z/dx50<kF) ax(bcr
e ’ ’ o VT
= o (3.1.6)
= Y4 [ dal0.0 4 18] + e
j=1,2

Since the transformation is linear, we have not written Hg,¢ in terms of the ¢, fields, for
it shall vanish anyway. The fact that we can diagonalize the Hamiltonian is remarkable:
The physics of the system can be understood in terms of two new degrees of freedom ¢,
and ¢9, that propagate independently (v; # v9). This separation is possible after discarding
the high-energy contributions of the Hamiltonian, more specifically, it does not work for the
particular case of half-filling where according to our discussion in section 2.5.1 we would
have a cosine with the sum ¢y + ¢, as part of its argument, and it is clear that such a term
does not separate under the previous transformation. It is also worthwhile to stress that the

"Henceforth for the sake of simplicity vr (o) in (3.0.13) is denoted as v,.
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transformation brings the Hamiltonian into its standard form [42] with no need of introducing
Luttinger parameters for the fields, contrary to what happens for the AHM with the charge
and spin fields. Finally, notice that if we set vy = v, i.e. h = 0, this transformation becomes
the {¢r, ¢} — {¢c, ¢s} transformation described in section 2.5.3, as expected.

Having diagonalizaed the Hamiltonian we are ready to investigate the existence of the FFLO
phase in the superconductive system described by the Hamiltonian (3.0.1), with its bosonized
version in (3.1.6).

3.2 Warming up

As explained in Chapter 1, the novel superconducting phase we are pursuing is characterized
by the presence of Cooper pairs with finite pairing momentum. Therefore, we are deeply
interested in studying the correlation function of creating Cooper pairs: <cj¢cj ¢c§ +n,TC; i, ¢>'
This correlation can be understood as the probability amplitude of a transition from the state
C;Tc; 1 10), where two fermions of opposite spin (singlet configuration) are created at the jth

site of the lattice, to the state c} +n’¢c} 1., [0) where the pair is located n sites to the right.
There is a major caveat here: The vacuum state |0) used to compute the correlation is not
the same vacuum defined in equation (2.3.1), which corresponds to a system of free fermions.
The correlation function must be calculated over the vacuum associated to the diagonal form

of the Hamiltonian (3.1.6), denoted |§2) hereinafter.

We begin by recalling (2.5.4) and (2.5.5b), so that we can write
chcﬂc}jLn’Tc;%¢ = —a’O(2)O0'(z +n), with O(z) = Y (z), (2). (3.2.1)

Thus, we have to bosonize the operator O(z) and then write it in terms of the fields ¢1, ¢o
that diagonalize the Hamiltonian. Proceeding likewise as in section 2.5, we get

e~ ikprtkp)T .
O@) =—— 5 FuFewp —ivm ) (0505 +0))
J
e~ ikpr—kp))z .
+ TFTLFUQGXP —Z\/%Z(ﬁj¢j+7j9j)
J
eilbrpr—kpy)z [ )
+ 55— FinFlrexp —iv/m Y (350 — B;;)
L J
eilkprtkr )z .
+ T FTRFiR exp —Z\/EZ (’}/jej - O‘]'(bj) (3'2'2)
L J

=01 (z) + Oz(x) 4+ Oz(x) + Oy(x),

where j = 1,2, 0;(x) is such that 0,0;(x) = II;(x), furthermore we have introduced param-
eters oy, B;, 74, defined in terms of the coefficients of the linear transformation presented in
section 3.1:

Oéj = Aj + Bj (323)
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Upon performing the product O(z)OT(y) we are left with 16 terms that can be gathered
into a 4 X 4 matrix @, constructed by regarding the operator O(z) as the column vector
(O1(x) Ox) Os(x) 04(1:))T and O'(y) its Hermitian conjugate. We shall explicitly de-
rive some elements of the @),,, matrix to discuss some insights that emerge along the way,
but in the end we shall just state the expressions for the rest of the entries. Before doing so,
we concentrate on a special issue, namely, how to deal with the Klein factors.

3.2.1 More on Klein factors

The most nontrivial step when working within the bosonization framework is the proper
treatment of Klein factors [75]. Nevertheless, they are simply ignored in very many papers,
see e.g. |68, 76-80], textbooks, see e.g. [81,82|, and other introductory material, see e.g.
[43,46]. In more gentle scenarios they are slightly mentioned but not properly discussed, see
e.g. [42,44,49,83,84]. Even though it is true that in many cases they can be safely ignored
like in a single-chain Luttinger model with spin, or any system of fermions with an internal
SU(N) symmetry [85,86], it is enough to consider a two-chain problem to require a deeper
treatment for them [85]. Therefore, in the most general case to neglect the Klein factors is
very dangerous and it is known that it may lead to mistakes, see e.g. [47,87]. Hence, their light
presentation in most the literature is a major drawback for the beginner researcher. In this
respect, our careful and detailed treatment of the Klein factors is a remarkable contribution
of this work.

Initially, we introduced the Klein factors to enforce a formal equality between fermionic and
bosonic operators, accomplished through the bosonization identity. Nevertheless, there is
a remarkable consequence of taking the thermodynamic limit regarding the Klein factors,
namely, they become Hermitian Fg = F, [88]. This can be seen from the fact that Fq;f (F)
creates (annihilates) a partcile in the n-branch with momentum k£ ~ 1/L, so that in the
thermodynamic limit the increase (decrease) in momentum is so small that it is like as the
energetic properties of the system essentially remain the same. In other words, we cannot
distinguish between creating or destroying a particle, for the system has infinite size (that
also means N — 00) so we cannot keep track of these additions or removals. Under these
conditions the algebra of the Klein factors turns out to be simplified into

(FLEY =26,y =% (F,F}=20,,, (3.2.6)
which is the well-known Clifford algebra, another heritage from Dirac’s relativistic theory of

the electron.

We might had thought that in this limit FJ = F, = 1 but that would not enforce the anti-
commutation relations of the fermionic fields (left-hand side of (2.5.5¢)). Even though we
did not need this to bosonize the Hamiltonian (3.0.1), it shall be crucial to compute the
correlation functions.

The fact that in the thermodynamic limit Fg = F,, can be regarded as a “gauge freedom” [40].
It is clear that by introducing the Klein factors into the framework we intentionally enlarged
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the Hilbert space generated by the boson operators b and b (they do not create fermions but
shift them). At the thermodynamic limit, however, since Fg = F,, we must compensate this
expansion by some sort of “gauge fixing”: The tenet is to choose a representation of the Clifford
algebra that turns the Hamiltonian and physical observables into diagonal [40,89].

From elementary quantum field theory we know that representations of the Clifford algebra

have even dimension [90]. In our case of 4 species (chirality and spin) we have a 4-dimensional
representation and we can choose [40]

0
FTR:O'1®O'1:< 0-1)

01 0
o 0
F¢R20'3®0'1:<01 _0_1>
. (3.2.7)
. . —101
FTL_UQ@Ul_(ial 0 )
. . ()] 0
FJ,L—1®02_<0 0_2),

with o; the Pauli matrices. We easily check that this representation indeed satisfies the
Clifford algebra {F), F; } = 2,,y and unitarity.

Thus we can get rid of the enlargement of the Hilbert space in the following way. Consider
for instance the product of Klein factors I FyrF|gF| 1 in this representation

. 0 —ZO'1><O 0'1) (0'1 0 )((72 0)
FTLFTRFiRFiL_(ial 0 o 0)\0 —01/\0 oy (3.2.8)

We observe that the operator Fiyp FyrF|rE| 1, has eigenvalues £1. Then, we choose the follow-
ing gauge: From the vast number of states in the Hilbert space hitherto described, pick the
eigenstate of Iy FrpF|rF|; with eigenvalue +1 and stick with it. As we shall see, through
this the relevant operators undergo diagonal forms in the Klein factors, simplifying to great
extent further calculations. It is important to emphasize that this is a choice, we could
equally consider the eigenstates with eigenvalue —1. Therefore, the results we are about to
obtain should be analyzed in the light of this gauge.

This can also be done from the defining properties of the Klein factors with no reference to any
particular representation for them [85]. It is straightforward to check that (Fyp FyrF|rF|1)* =
1, regardless of the representation, so that Fy FyrF|rF) has eigenvalues £1. On the other
hand, one can also check that Fy, FyrF)|gF|; commutes with any product of the 4 different
Klein factors, regardless of the order of the factors, so that we can simultaneously diagonalize
all such products and stick with the portion of the Hilbert space that is diagonal.
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3.2.2 Building the ) matrix

We are in a position to discuss the @ matrix. Consider first the Q11 = O1(x)O;(y)* ele-
ment,

e~ ikprt+kp,)(z—y)

27\ )2

Q1 = FTLFJ,LF 1, €Xp [—Z\/_Z (ojpj(x) + 7;0;(x))

X exp 2\/_2 a;oi(y) + ;0 (y))] (3.2.10)

The first thing to notice is that, due to unitarity, the product of Klein factors simplifies to
unity. This shall happen with all the diagonal elements @Q,,,,. To collect the exponentials
through the BCH formula we need to find the commutator > _; ., w[a;¢;+7;6; , cjrdjr +7;0;].
To that end, we exploit the fact that the transformation {ng, o1} — {é1, 02} is canonical,
and that the commutator between ¢, and 6,/ is given in (A.3.40), so that

> wlayoy(x) +7505(x) s by (y) + 105 (y)] = —imsgn(z — Z ;- (3.2.11)
73’
Thus, the BCH formula leads us to

e~ Ukprtkp)(z—y)

Q="
X exp [_Z_ sgn(z — Z ;v + Z\/_Z a;(9;(y) — ¢;(x)) +;(0;(y) — 9](15))]] :
(3.2.12)
Secondly, let us consider the (014 term,
e~ ikprtkr,)(z+y) ‘
Qu = N FipFy L FlpFlpexp —@ﬁ; (aj0;(x) + 7585 (2))
X exp [Zﬁz (7505 (y) — ;9;(y)) | - (3.2.13)
J
In the thermodynamic limit FTLFiLFERFTTR = —F. FigF\rF) 1, and in the gauge fixed in

section 3.2.1 we can safely replace this operator by —1. Notice the importance of a careful
treatment of Klein factors beyond the bosonization of the Hamiltonian, the term ()14 actually
contributes to the correlation function with a negative sign that would be impossible to get
if we do not dig into the underlying physics of these operators.

We combine the exponentials likewise for the term ()11. Since

> wlayi() +7i05(x) 40 (y) — e (y)] =0, (3.2.14)

v/

J»J
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the BCH formula leads us to

e~ kprtkr,)(z+y)

Qu =" exp[ VR L bilo <>>—aj<¢j<y>+¢j<x>>1]. (32.15)

Finally, the ()1 term reads

e~ kpr—kp )z pi(kpr+kp,)y

(2w\)?

Q2 = FTLFwF F 1 €XP [—Z\/_Z (Bidj(x) + v;0;(x ))]

X exp [z\/_z (0;0i(y) +7i0;(w)) |- (3.2.16)

This time the product of Klein factor does not simplify to unity: FipF ¢RF El b = F ¢RF L
The correspondent commutator reads

> w[Bi¢i(w) +7305(x) , aydy(y) + 705 (y)] = —im sgn(x — Z% (3.2.17)
7,3’
Therefore, the matrix element can be rewritten as

e~ Ukrr—kr )z oi(krrt+kry)y

— T
Q?l - (27’1’)\)2 FiRFiL

X exp —z—sgn xr — Z%A + Z\/_Z 7;(0 0;(x)) + c;d;(y) — Bid;(x)] |
(3.2.18)

Let us consider the contribution of this term to the correlation function, (()s1), for which
we would have to face the states (€| F¢LFR and expl...]|2). On the one hand, the state

FiRFf 1 |€2) has a different number of fermions in each branch compared to |©2). On the other
hand, the state exp[...]|Q2) does not change the number of fermions in any of the branches
compared to [(2), for the exponential consists of bosonic operators that do not change the
number of fermions, just shift them. Thus, the product (Q| F|,F f rexp|...]|Q) vanishes. It is
clear then that any other term with an unequal number of F;’s and Fg’s shall not contribute
to the correlation function.

We can understand the last finding on intuitive physical grounds. From (3.2.1) and the
definition of the ) matrix we can see that (Qo; is proportional to wTL(x)wiR(x)wiL(y)wiL(y),
then when we ask for (Qs1), we are looking for the probability amplitude related to the
transition from the state ¢IL(y)¢iL(y) |2), a pair with non-zero momentum, to the state

@/JIR(x)z/JlL(x) |2), a pair with zero momentum. Since there is no physical process in our
system through which a pair could gain or loss momentum, these states are orthogonal.

The rest of the 16 terms are analogue to one of the three cases previously discussed, that
is, their correspondent product of Klein factors is either +1 due to unitarity or the gauge
fixing, or it is simplified into a product of only two factors. The latter is the case of terms
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Q12, Q13, Qo1, Qas, Q31, Q34, Quo, and (Qu3. As showed before, all these terms do not
contribute to the correlation function, since they correspond to correlations of one pair with
zero momentum and other one with non-zero momentum (for instance @42 is proportional to
Urr(@) (7)) £ (y)¥l (1) Thus we are left with half of the original terms.

We emphasize once more the importance of a thorough discussion of the Klein factors. If we
had ignored them when presenting the bosonization identity, as many authors do, we would
have to go through the computation of these 8 nonphysical terms. Paradoxically, it is the
explicit account of these operators the only reliable, rigorous way of getting rid of them: It
is only through fixing a gauge, that all the relevant terms for our computation are set free of
any product of Klein factors. Unitarity may let us to get rid of some of them but, as already
discussed, fixing a gauge turns out to be of essential need.

Nevertheless, it does not suffice with that. There are high-energy processes that are hidden in
the bosonic language and that are not ruled out by the Klein factors. Consider for instance
the term @14, from equation (3.2.1) and the definition of the () matrix we see that it is
proportional to wTL(x)mL(x)szR(y)ﬂR(y), so that in terms of chiral fermions it becomes
clear that we should discard this term, for it takes a spin-up fermion from the L to the R
branch, and likewise with spin-down fermions. As explained in section 2.5.1 and shown in
figure 2.9, these kind of processes are of high-energy and do not preserve the number of
fermions per branch. Therefore, they are out of the scope of our effective theory and we
neglect them. Thus, we discard terms Qq4, QQ41, @23, (32, and ultimately, only 4 out of 16
terms contribute to the correlation function.

We stick with the classification in pairs of zero momentum and non-zero momentum, for it
proves to be useful for the interpretation of the results. Setting k* = kpy + kp) we start by
writing down the contributions of pairs with zero momentum:

e~k (z—y

)
Q92 :Wexp [ i—sgn(x — Z%BJ +z\/_z v (0 —0;(x)) + Bj(d;(y) — ¢J(5’7))]]

ik~ ()

Qs =gz &P [@Sgn = ZM +iva Z Y(0;(y) — 03(x)) — B;(65(y) — ¢j<x>>1] .
(3.2.19)
While the terms associated to pairs with non-zero momentum are:

e_ik+ (m_y)

Qn :WGXP [ Sgn x — Za]’}/] + Z\/_Z ’7] ( )) + aj(¢j(y) - gb](IC))]I

ikt (z—y)

B exp[ 2w =) D VDS u0,0) — 0,(e) — s (64(0) ~ %(m))]]

(3.2.20)

e

Q44 =T a8 _\\o

We have separated the relevant elements of the ) matrix into contributions of pairs with
zero and non-zero momentum. Such a division is of particular relevance in our work, for
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these non-zero momentum contributions are the ones we anticipate to be responsible of the
unconventional pairing of the FFLO phase. Although such contributions are present even for
a BCS-like pairing, the zero momentum contributions are the ones that usually dominate [83].
Then, we expect that in our case these contributions become at least comparable to those of
zero momentum due to the physics of the system.

3.3 Correlation functions

To calculate the vacuum expectation value of the 4 matrix elements listed before we can ignore
constant factors and focus solely on the operators, which all have the general structure

exp(X) = exp [Z\/_Z 75(05(y) = 0;(x)) + 6415 (05(y) — @(a:))]], (3.3.1)

where § = £1 and p; = {o;, 5;}.

Therefore, the calculation of all the (Q,.,) is reduced to finding the quantity (exp(X)),
for which we use the identity (3.3.2). This identity is valid for any operator X linear in the
bosonic operators b’s and bf’s, and it is proved in the appendix C of Ref. [47]. It is remarkable
how physics has driven us from 16 terms to the computation of a single term,

(exp(X)) —eXp< <X2>> (3.3.2)

To compute (X?) we shall employ functional integration, as explained in Appendix B, more
specifically equation (B.2.8). Let us begin with recalling the effective Hamiltonian for our
system (3.1.6)

Hg=> 2 / (000;) + 112] + Hypt = Z / dH;(¢;,11;) + / dx Howt,  (3.3.3)

7j=1,2

which is quadratic, Weyl-ordered, and separable in the fields ¢;. At this point we can
appreciate the role of these fields: Although (B.2.8) is valid for interacting theories, to
actually compute the integrals we should rely on Gaussian integrals as detailed in Appendix
C, and they only hold for quadratic Hamiltonians. It is by introducing the fields ¢, and
rewriting the Hamiltonian as that of a non-interacting theory that we can calculate the ezact
value of the integrals.

In the context of our system, (B.2.8) establishes that (A =1)
, 1
<A({L’, T)B(y7 T )> = E / H DH%(Iv T)quz(xv 7-) A(¢j7 Hj)B(ij, H]) eXp { - SE[¢j7 Hj]}7
i=1,2

(3.3.4)

where hereinafter the functional integrals are understood to be over periodic fields ¢;(x, T +
B) = ¢;(z,7), and the action in Euclidean time is given by

B
—SE:/O dT/de[iHj(I,T)aT¢j(x,T) (05,115 ZSEJ), (3.3.5)
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which remarkably separates into two independent actions as a consequence of the separability
of the Hamiltonian. This property, in turn, is manifested in the partition function

— /HDHi(x,T)D@(%T) eXp{ - SE[¢7’Hj]}
_ /HDHi(x,T)D@(x,T) eXP{ - 51(31)} eXp{ - Sg)}
— H (/ DIl(x, 7)Dei(x, T) exp{ - S?})

= leg‘

(3.3.6)

Since the fields are periodic in 7 we can expand them in the (k,w,)-space, as explained in
section B.2.2 of Appendix B, to get an algebraic expression for —Sg. The surface term Hgyu ¢
vanishes as expected, for it is a linear combination of terms of the form d,¢;, each of which
is identically zero after integrating over space,

1 . (kx—wnT
/dx8x¢j:/d$m§(zk)e(k Vi (K, wp)

% > (ik)6k0e ™ ¢y (k, wp) (8:3.7)
k,n

=0.

Thus, the Euclidean action in the (k,w,)-space is given by

—Sp = Z Z { k2 ¢] (k wn)¢;(/§,wn) + Oj(k,wn)e;(k,wn)] — ikwn(bj(k,wn)@;(k,wn)},
(3.3.8)

which can be cast into a quadratic form

1 . . kS ke (0
SR ke sk (1 ) (k) -

Z uT Mu;,
(3.3.9)

where we have introduced the contraction defined in Appendix C.

On the other hand, the operator X? is given by
X2 == 3 [05() = @) (6:(9) = () + b (059) — () (6(9) — i(x)
+ 017i(05(y) — 05(2))(0:i(y) — 0i(2)) + pjpi(d5(y) — ¢5(2))(di(y) — ¢i(x))]. (3.3.10)
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Let us being by computing ((6;(y) — 6,(x))(0;(y) — 6i(x))) for i # j, equation (3.3.4) leads
to

((0;(y,7) — 0;(x, 7)) (0;(y, T) — Oi(x,T"))) (i # 5)
- %/HD@(I,T)D@(I,T) 0;(y, 7) — 0;(x, 7)) (0i(y, T) — Oi(w,7'))e"F

— %/HD(%(x,T)D@(LT) 6,(y,7) — 6;(x, T’))G_Sg)(ei(y, ) — e, T’))G—SS)
!
=T1(z [ 2o r)Pote. ) 600,7) - e ),

essentially, we have found that for ¢ # j the correlation is also separable

((B(y,7) = 0;(x, 7)) (Oi(y, 7) — Os(, 7)) = ((0;(y, ) — 0;(=, 7)) {(Bi(y, 7) — Os(, 7)) -
(3.3.11)

It turns out that each of the factors in the right-hand side vanishes
1 )
0,07) = 5. 7) = 5 [ DO TP, 1) B30~ 0y e =0, (3312
J

for the function 6,(y, 7) —6;(x, 7') is linear in the fields. This is a generalization of the elemen-
tary Gaussian integral [ dx ze~®* = (), which can be proved for its functional counterpart in
a similar fashion to what we developed in Appendix C.

Thus we conclude that

((0;(y,7) = 0;(2, 7)) (Oi(y, 7) — (@, 7)) =0 (i #j). (3.3.13)

This computation relies on the separability of the action, which in turn implies the separa-
bility of the partition function, and since in the functional integral formalism we deal with
functions not operators, then the correlations separate accordingly. This has nothing to do
with the particular fields considered, so that the same happens with products of ¢’s and
products of ¢’s and 6’s:

((05(y.7) = ¢5(x, 7)) (dily, 7) — @i, 7)) =0 (i # ) (3.3.14)
((5(y, ) = &2, 7)) (Oi(y, 7) — Oz, 7)) =0 (i #j) (3.3.15)
((0;(y, ) = 0;(z, 7)) (di(y, 7) — di(x, 7)) =0 (i # j). (3.3.16)

Thus, the non-zero contributions to the expectation value (X?) are found when i = j,
(X =—7m) {’V? ((O5(y) = 05(2))*) + 0175 {(0(y) — 0;(2))(63(y) — 65())
J

+0p75 (65 (y) — 65 () (0(y) — 0:(2))) + 155 ((65(y) — ¢5(2))*) } (3.3.17)
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Consider the 6 — ¢ correlation, following (3.3.4) we have
{05y, 7) = 02, 7)) (0;(y, 7) = &, 7)) = ((&5(y, 7) — &3 (, 7))(03(y, 7) — b;(x, 7))
= 5 | TI P8 m D612, (61(0.7) = B3, 7)) (0,007 = 7

= 5 | PO 7ID0, ) 03 (07) = B, s 07) = 0y e

next we transform the product (6;(y,7) — 6,(z,7"))(¢;(y,7) — ¢;(z, 7)) to the (k,w,)-space
following section B.2.2,

(@300~ (703007 = 5,7
Z Lﬁ Z Z ( i(ky—wnT) _ (kxfwnf’)> <€i(qyfwm~r) _ ei(qume’)>

kn g,m

X / DO, (k, w, ) Db (k, wn) 0; (K, wn) b5 (g, win)e 5%

Z Lﬁ Z Z ( i(ky—wnT) _ (kxfwnf’)> <€i(qy7wm7-) _ ei(qx*me’)>

kn gq,m
X /Dﬁj(k,wn)Dtbj(k,wn) 0;(k, wn) 85 (—q, —wn) exp <—§u; : Muj)

The integral can be performed using (C.2.15), for which we have to invert M,

- Uij Zl{;wn) o 1 < Uij —ikwn>
M= (ikwn okt) = M T e ik, ok ) (3.3.18)
then equation (C.2.15) leads us to

((0;(y,7) = 0;(2,7))(05(y, 7) — d5(x, 7))
11 i(ky—wnT krx—wyn 1’ i(qy—wmT i(qr—wmT’
:7_5;;2< ) _ Gl ) (e )l )

q,m

N _ _
X Eék,,qén,,m (M3 (q,wm) + My (—q, —wn)]. (3.3.19)

On the other hand, equation (C.2.16) shows that

Z, = / DO, (k, w,) Db (k, wp) €55 = N, (3.3.20)

so that in (3.3.19) the factors N cancel out, as claimed several times in Appendix B, and
this formally divergent constant has no physical meaning for the correlations.

<(9'(Z/> 7) = 0;(2,7))(85(y, 7) — ¢;(x, 7)) |
B Z Z ( i(ky—wnt) ei(kxfwnr/)> (ei(qyfwmf) _ ei(q:vfwmf’)>5k’7q5n7im 2_2%0m

km qm Q(qu +wp,)
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_ 1 zk(y x) —an(T—T/) —ik(y—x) jiwn (T—7") — i
=18 kZ 2 ¢ ‘ }k(v]?kQ ¥ uw?)

=3 (Z h(k,n) =) h2(k:,n)> : (3.3.21)

To perform the summations over n we employ the Poisson’s summation formula, which
establishes that

Z s(n) = Z 5(m), 5(m) = /OO dn s(n)e 2™, (3.3.22)

n=—0oo m=—0o0 o0

Therefore, we begin by finding the Fourier transform of hy (k, n) (recall that w,, = 27n/3):

7 > 1 i ; ’ —127mn .
hi(k = dn — 12 — ik(y—z) ,—i2m(r—7")n/B —i2rmn
1(km) / "3 [2- "0 } kB + drn2B?) €

dn |:2 . ezk(y—x)e—zQﬂ(T—T )n/ﬁ} % e—i?ﬂmn' (3323)

T Ik vk (2 + dmn?

Even though this Fourier transform can be found using tables, we employ the software Math-
ematica to calculate the integral,

Pk, m) = = S [2sn(m) exp (~ ke )
— M sgn(mB £ 7 — ) exp (~lkuymB+ (r =], (3324)

therefore Poisson’s summation reads

oo

S uthon) = e S [2sn(m) exp (~oym) (3.3.25)
— e sgn(m + 7 — ') exp (— ks [mB + (r — 7))
etkly—z) 2
=T Z sgn(mp + 7 — 7') exp (—|kv;||mB + (1 — 7)), (3.3.26)

since the first term in equation (3.3.25) is an odd function in the variable m so its sum is
going to be zero.

We have to get rid of the absolute value in |mf + (7 — 7’)| in order to sum over m. Since
7,7 € [0, 5] then

<0, ifm< -1
m-1<t—74+m<(m+1)f = 7—7+mp BT (3.3.27)
>0, ifm>1,

thus

eth(v=7) cik(y—2)
Zhl(l{?,n) — — QkL |k’l}]|(7— 7—) Z eXp |]€’U]|m/8) QkL Sgn(T—T/) eXp (_|kvj||T—T/|)

m=—0o0
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el k(y—zx) >
+ T ~lkvjl(r=r Z exp (—|kv;|mp) (3.3.28)
m=1

ik(y—z)

S hulln) = = S inh k(7 = 7)) 3 exi (— oy )

m=1
+ et sgn(t — 7') exp (—|kv;| |7 — 7'|) (3.3.29)
2k L J e
etk(y—z) 1
>k, n) = — ——— sinh (Jkv;|(r — f))(l_e—kw - 1)
+ ) sgn(t — 7') exp (—|kv;| |7 — 7'|) (3.3.30)
T i ) 3.

Now, upon using (3.3.4) we have drew a parallelism with statistical mechanics, more specif-
ically, with the canonical ensemble of inverse temperature 5. However, our original system
is not thermal, therefore we should take the zero-temperature limit 5 — oo after summing
over the Matsubara frequencies w,,. Notice that, by taking this limit in the last equation we
simply get

ik(y—=)
S hi(kn) = © S sen(r =) exp (—[kv I = 7)) (3.3.31)

It was possible to expand the fields in the (k,w,)-space because we set up artificial periodic
boundary conditions, now we undo them by taking L. — oo, and translating the sum into an
integral accordingly:

1 dk et*ly—2)
Zhl(k,n) = §sgn(7—f’) Y exp (—|kv;|[T — 7))
kn (3.3.32)

i . 00 e—v]k\T d ‘
= %sgn(T —7') /0 — sin(k(y — z)).
This integral diverges due to its behavior for large k. We can regularize it by introducing
some cutoff by re-defining the integral measure [dk — [ dk e k. The final integral is
computed using Mathematica,

o g (oslr—r 4Nk
Z hi(k,n) = —sgn(r -7 / dkT sin(k(y — x))
| ° (3.3.33)
i Tr—y
— —%sgn(T — 7') arctan (m)
In a similar fashion, we compute ), . ho(k,n), as defined in (3.3.21), getting
Z ho(k,n) = ——sgn(T — 7') arctan <L> (3.3.34)
A+ vl =1/’
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and finally the 6 — ¢ correlation, »;  (hi(k,n) — ha(k,n)), yields

((0;(y, 7) = 03 (2, 7))(0;(y, 7) + €0i(x, 7)) = 0, (3.3.35)
and we shall get the same for ((¢;(y, ) + €p;(x, 7)) (0;(y, 7) — 0;(x,7"))).
Likewise we compute the 6 — 6 and ¢ — ¢ correlations:

<(0j(y,7') — ej(l’,T,))2> _ <(¢j(y>7—) i ¢j(x77/))2> _ iln

27

(. —y)> + (A +v|7 —7|)?
A2 ’

(3.3.36)

Finally we can write down the building block (X?) to find the elements (Q,.,) (see equation
(3.3.17))

(xXH=-%" %(%2 L) |2 s (AA;“ ulr =D — pu), (3.3.37)

J

recalling that u; = {a;, 5;} is defined through equations (3.2.3) and (3.2.4).

Notice that (X?) does not depend on ¢ while X? does, then as defined in section 3.2.2,
(Q22) and (Q33) differ only through an oscillating factor, likewise it happens with ((1;) and

<Q44>‘

3.4 Singlet superconducting correlation function

The correlations (Q.,,) can be written in terms of the function F(u;) using the identity
(3.3.2). We begin by noting that from the definitions in (3.2.3)-(3.2.5), one gets

Z'Yjﬁj =0, Z’Yj@j =2, (3.4.1)
J J
therefore the elements (@), as defined in section 3.2.2; read,
—ik™ (z—y) 1
(Q22) 26(27?—)\)2 exp [EF(@)} (3.4.2)
ik~ (z—y) 1
(Qs3) :e(zw—)\)g exp |:§F(/8_]):| (3.4.3)
e_ik+($_y) ) 1
(Qu1) :W exp [—imsgn(z — y)] exp bF(aj)] (3.4.4)
ekt (z—y) . 1
(Qua) = e exp [—imsgn(x — y)] exp bF(aj)] (3.4.5)

Recalling equation (3.2.1), the singlet superconducting correlation function is given by

(cienchinschin ) = —a((Qu) + (Qas) + (Qu) + (Qua)). (3.4.6)
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Notice that we can get a nice close expression for exp [F'(;)/2] using equation (3.3.37),

exp PF(M)} =] ( A )(A@W?)/Q. (3.4.7)
2 SV (@ —y)?+ (Al — 7))

To compare the correlation function with experimental results, e.g. coincidence detection
measurements, we shall focus on their spatial aspects, that is, we set 7 — 7 — 0~. On the
other hand, in terms of the lattice operators we are investigating the correlation of pairs at
the jth and (5 + n)th site of the lattice, with j =1,..., Land n=1,..., L — 1, so that in
the continuum limit y — z € [a, L — a], and exp [—imsgn(z — y)] = —1. Thus, the correlation
function reads

(Y2402
T T cos(k(y — z)) A > (F+ad)/2
<CjTCj¢Cj+n,ch+n,¢> - 272 (@ —y)* + A2
. >, (2 +82)/2
cos(k(y —x)) A K (3.4.8)
o2 (QZ' _ y)2 + 22 )

where the first term is the non-zero momentum contribution while the second one is the
contribution of pairs with zero momentum.

From equation (3.4.8) we observe that the singlet pairing correlation function is a competence
between the contributions of the pairs with zero momentum, responsible of coventional BCS
superconductivity, and those with non-zero momentum, responsible of novel features as the
FFLO phase. These contributions differ through their decaying power law and an oscillating
factor. As explained in Chapter 1, the former is a qualitative signature of the FFLO phase,
where the system develops an oscillating order parameter in order to sustain both magnetism
and superconductivity simultaneously. Therefore, it is remarkable the fact that in (3.4.8) the
oscillating factor of the term of pairs with zero momentum depends on the difference of the
Fermi momenta, k7, so that in the absence of magnetic field, h = 0, kpy = kg, the system
displays BCS superconductivity and that term is no longer oscillating, as expected. On the
other hand, since the oscillating factor of the term of pairs with non-zero momentum depends
on the sum of the Fermi momenta, k", even with A = 0 it remains oscillating. Thus, we
can characterize the contribution of pairs with non-zero momentum as truly oscillating, as
expected for the FFLO phase [14-16].

In what follows we study the interplay between the two contributions for different parameter
sets. The general settings are the following: the hopping parameter is the energy unit t = 1,
the size of the lattice is L = 100 with lattice constant a = 0.1, the chemical potential is
p = 0.1, and we choose a filling of v = 0.77/a. Let us begin with the case of null magnetic
field, h = 0, py = py, so that the system should display BCS superconductivity. This situation
is depicted in figure 3.2. Notice that frame (a) shows the expected overall decay behavior
for both contributions, with an envelope of the form (y — x)~¢, which starts to oscillate
around zero for a separation of around of a. In frame (b) we zoom in those oscillations, and
observe that the red curve, correspondent to the zero momentum contribution, decays faster
(¢ =2.01794) compared to the blue one (§ = 2.00008). Therefore, contrary to what we first
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Figure 3.2: Comparison between the two types of contributions to the correlation function for
t=1,U = —0.1, h = 0. Both contributions are normalized to their value when y —x = 0. In
(b) we zoom in around 0, the envelopes of the curves decay as (y —x)~¢ with £ = 2.01794 for
the zero momentum contribution (red curve) and £ = 2.00008 for the non-zero momentum
contribution (blue curve). BCS superconductivity turns out to be out of the scope of our
effective theory.

expected, figure 3.2 shows that the non-zero momentum pairing dominates even in the absence
of magnetic field. It is like if BCS superconductivity were ascribed to Cooper pairs of finite
center of mass momentum. However, it turns out that this finding is not as pathological
as it seems at first sight: In section 2.5.1 when we bosonized the AHM Hamiltonian, we
repeatedly ruled out terms from the interaction part of the Hamiltonian, arguing that they
would contribute only at the particular cases of half-filling or in the absence of magnetic
field (see also the discussion at the end of section 3). Thus, we should not feel surprised by
the fact that in the figure 3.2 the BCS features do not dominate, for we have oriented our
effective theory to the study of the FFLO phase, and then we should not rely on it to get an
accurate description of the system in the absence of magnetic field.

We continue by checking the case of moderate magnetic field, h = 2.0, py < ), so that the
sample is not completely polarized and we expect the presence of the FFLO phase. This
situation is depicted in figure 3.3. In this case, frame (b) shows that the zero momentum
contribution decays faster ({ = 2.02275) than the non-zero momentum contribution (§ =
2.00012). Thus, we corroborate that at a moderate value of h the singlet pairing correlation
function is dominated by the pairing of non-zero momentum, that is, the kind of pairing we
expect from the FFLO phase.

To investigate a third regime is mandatory in order to strengthen the validity of (3.4.8).
Although h = 0 is out of the scope of our calculations, we are able to check the case of large
h. In that case the sample is almost completely polarized, most fermions have their spin
pointing down, and therefore the system should have transited to the normal state (or to be
about to). Figure 3.4 depicts this scenario where we have taken h = 3.5, uy << ;. Although
this figure is not conclusive about whether a transition to the normal state takes place, we
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Figure 3.3: Comparison between the two types of contributions to the correlation function
fort =1, U = —0.1, and h = 1.75. Both contributions are normalized to their value when
y —x = 0. In (b) we zoom in around 0, the envelopes of the curves decay as (y — x)~¢
with £ = 2.02274 for the zero-momentum contribution (red curve) and & = 2.00012 for the
non-zero momentum contribution (blue curve).

remark the following facts: (i) Both contributions decay faster than in the case of figure 3.3,
more specifically, both start to oscillate around 0 for a separation of about of 0.5a instead
of a. (ii) As shown by the green curve, the contributions interfere destructively making the
correlation function to have less amplitude than in figure 3.3. (iii) Both contributions decay
way faster than in the previous cases, with £ = 2.03283 for the zero momentum contribution
and & = 2.00024 for the non-zero momentum contribution. These observations somewhat
show that the superconducting properties of the system are diminished as we increase the
magnetic field, enforcing the reliability of (3.4.8).

Now, for the same three regimes let us study the correlation function itself, not its separate
contributions, and for three limiting cases of the attractive interaction, U = -3, U = —1,
and U = —0.1, as shown in figure 3.5. In all three cases, for each value of h we identify
two extreme values in the correlation function, and from our analysis of the previous figures
we ascribe the value of minimum correlation (we refer to it as value A hereinafter) to the
dominance of the non-zero momentum contribution, while the value of maximum correlation
(we refer to it as value B hereinafter) corresponds to the zero momentum contribution. Thus,
it makes sense that on the one hand, A decreases as we lower the value of h because then
the BCS-like features dominates (notice that we are not taking h = 0 as before). On the
other hand, B is the largest for the intermediate value of magnetic field, where the FFLO
phase is expected to emerge and the non-zero momentum pairing is dominant; while it is the
lowest for the smallest value of h, where what dominates is the zero momentum contribution.
Remarkably, the largest value A is not attained when h is the largest, for in that case the
magnetic field is too strong and starts to spoil any superconducting behavior.

Figure 3.5 shows another interesting feature, namely , notice that for frame (a) the maximum
value of h plotted is h = 2.7 while from frames (b) and (c) it is A = 3.5. This is not arbitrary,
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Figure 3.4: Comparison between the two types of contributions to the correlation function for
t=1,U = —0.1, h = 3.5. Both contributions are normalized to their value when y — x = 0.
In (a) we included the correlation function, that is, the sum of the contributions. In (b)
we zoom in around 0, the envelopes of the curves decay as (y — x)~¢ with £ = 2.03283 for
the zero momentum contribution (red curve) and & = 2.00024 for the non-zero momentum
contribution (blue label).

it turns out that for U = —3 a magnetic field of A = 3.5 leads to non-sensible quantities,
more specifically, it turns the propagation velocity vy, defined in equation (3.1.5), into a
complex number. This may be interpreted as a breakdown of superconductivity due to the
polarization of the sample, and what we have found is that such a critical value for the
magnetic field decreases as we increase the strength of the interaction. Ultimately, the chief
difference between (a) and (b)-(c) is the relative position of the extreme values A and B
for each value of h. Whereas in frame (a) the extreme values take place at relatively close
positions, that does not happen for (b) nor (c¢). This is explained by the fact that the
interaction is on-site and attractive, thus as we increase its strength the particles have less
freedom to move along the lattice, then any dominant pairing shall occur at approximately
the same place. Finally, to increase the attractive interaction makes the absolute value of the
extreme values of the correlation to decrease, for any value of h. For instance, for h = 2.0
the value A is the largest for U = —0.1 (greater than 0.2), is less for U = —1 (approximately
0.2), while it is the smallest for U = —3 (less than 0.2). The fact that, in broad terms, the
correlation function decreases with the interaction strength is explained again as the particles
lack freedom to move, that is, to display superfluidity.

After this analysis we have identified two features that support the existence of the FFLO
phase in our system: On the one hand, the fact that the contribution of pairs with non-zero
momentum displays an oscillating behavior even when h = 0, which does not occur with
the BCS-like contribution. On the other hand, the fact that for a moderate value of the
magnetic field, more specifically h = 2.0, it is the non-zero momentum contribution the one
that dominates over the BCS-like. The study of the three regimes, small h, moderate h, and
large h, for given values of U, strengthens the validity of the main analytic finding of this
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Figure 3.5: Superconducting correlation function for different values of the magnetic field
and different strengths of the interaction, (a) U = =3, (b) U = —1, and (c) U = —0.1. All
the other parameters remain unaltered as in the previous plots.

work, equation (3.4.8), in particular because we observe the tendency of the system to no
longer sustain superconductivity for large h and U.
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Chapter 4

Conclusions and perspectives

The contributions of this work rely in the first place on understanding formal aspects like
bosonization and functional integration, both of great importance for modern topics in con-
densed matter and particle physics. In the second place, they rely on the application of
these methods and their underlying ideas to treat a particular model that sustains the FFLO
phase, which is of relevance for understanding the theory of superfluidity.

4.1 Conclusions

As mentioned at the beginning of Chapter 2, in spite of the vast literature on bosonization
it turns out to be a difficult topic to the beginner researcher, not because of its intellectual
depth but because of the lack of consistency in the definitions and conventions followed by
different authors. Thus, Chapter 2 is intended to bridge that gulf between the literature and
the background knowledge of a senior undergraduate student: We aimed to begin with a
comprehensive approach, motivating the given definitions, and providing a logical chain of
reasons to move forward in a particular direction rather than another, until reaching a more
sophisticated formulation within field theory.

The relevant results of Chapter 2 begin with the derivation of the bosons operators from the
Fourier components of the density fluctuations in (2.2.24), then we highlight the rigorous
construction of the Fock space of the theory in (2.3.2), which in turn permits a careful
treatment of the Klein factors. Finally, we remark the detailed derivation of the bosonization
identity (2.4.10) and put on safe grounds the subtleties that may appear on the application
of the program, by discussing in detail the bosonization of the AHM in section 2.5.

In Chapter 3 we focused on the FFLO model, whose physics could be easily approached after
having discussed the AHM. The early chief result in this chapter is to obtain a remarkably
simple effective Hamiltonian for the system in the bosonic language, equation (3.0.13), and
its posterior diagonalization through the canonical transformation described in section 3.1.
This is actually a wonderful finding, since the most documented work about bosonization
of 1-dimensional Fermi systems in the presence of a Zeeman field is developed under the
assumption that charge and spin degrees of freedom are decoupled (hence, they diagonalize
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the Hamiltonian) at low energies for small polarization [91]. As showed for the AHM, this is
true only at the particular case of half-filling. Thus, our study of the FFLO Hamiltonian in
terms of the fields ¢; is more general and, to the best of our knowledge, novel.

Later in this chapter we showed in a clear and detailed way how to deal with the Klein
factors. As mentioned in section 3.2.1, this is a major contribution of our work, for most
the literature either completely omit such a discussion or barely mention it, and it became
evident when finding the non-zero contributions of the () matrix to the correlation functions.
This completes our thorough presentation of the bosonization program.

Then we employed a rather sophisticated formalism, namely, functional integration, to com-
pute the singlet superconducting correlation function for the system in equation (3.4.8). Once
more, it turns out that this is a remarkable achievement, for similar studies of this system
employ mostly numerical techniques, see e.g. [92-94], and a similar analytic approach is
restricted solely to half-filling [91].

Lastly, by analyzing the decay of this correlation we are able to identify to what extent the
system develops some long-range order. We study three regimes according to the value of
the magnetic field, null h, moderate h, and large h. Since the effective theory developed
is oriented to highlight the effects of the FFLO phase, the description for the case h = 0
(figure 3.2) turns out not to be reliable, for many terms relevant only in this particular case
were discarded along the way. To include these terms in the theory requires the use of an-
other sophisticated technique, namely, renormalization, for they would contribute to equation
(2.5.38) as additional terms to the interaction part of the Hamiltonian that carry trigono-
metric functions of the bosonic fields ¢,. The presence of such terms would, among other
things, prevent us to diagonalize the Hamiltonian of the system by means of the canonical
transformation described in section 3.1.

In spite of this, the findings at moderate h and large h follow what we expected. For the
latter, figure 3.4 shows that the superconducting correlation function is small, suggesting
an eventual transition to the normal due to the complete polarization of the sample. This
finding is also supported by the fact that for U = —3 there exist large values of h that make
the propagation velocity v; in (3.1.5) to be complex, an indication of a possible breakdown
of any superconducting behavior. On the other hand, figure 3.3 shows that for an interme-
diate value of the magnetic field the ordering of the system is dominated by the non-zero
momentum contribution, that is, the physics of any phase associated to that choice of the
parameters is dictated by the presence of pairs of opposite spins but with non-zero center of
mass momentum. This is also observed in figure 3.5 where the association of extreme values
with each contribution suggests the existence of two orderings of different nature, each one
driven by one of the contributions. Also, the study of the interplay between U and h for
the correlation function strengthens the validity of equation (3.4.8) because we observe the
tendency of the system to not to sustain superconductivity for large h and U. These findings
permit us to conclude that, by using a non-perturbative approach, many of the signatures of
the FFLO phase are sustained by the attractive Fermi model, out of half-filling.
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4.2 Perspectives

An immediate perspective is to maintain in equation (2.5.11) the terms that contribute at
h = 0 and use renormalization method to be able to reach BCS superconductivity within the
effective theory. We identify another three avenues to develop further the ideas presented
in this work. One experimental way to look for the FFLO phase is to track topological
states within the superconducting regime, for instance, the presence of Andreev bound states
(particular topological states) in organic superconductors is presented as a hallmark of the
FFLO phase [95,96]. Any analytic search for such states requires to treat the system as
finite, and investigate the physics that takes place at the edges of the lattice. Thus, our
early results in section 2.5.1 where we bosonized the Hamiltonian for the AHM are the
starting point to conduct research on this direction. Topological phases of matter are of
great relevance for technological applications, for instance, they provide a promising way to
protect the information in a quantum computer [97]. Another way to contrast the results with
experimental measurements, namely, spectroscopic data, is to compute the Fourier transform
of the correlation function (3.4.8) to analyze the physics of the system in the light of linear
response theory [98].

In the second place, the question of to what extent superconductivity survives in the pres-
ence of imbalanced pairing can be followed by the question of how easily this new phase is
spoiled by thermal fluctuactions. Remarkably, the method employed to compute the singlet
superconducting correlation function allows us to study the system at finite temperature.
Actually, we already got the results in such a case, recall that equation (3.3.30) holds for our
system being in contact with a heat bath of temperature 1/8. Thus, it is straightforward
to study the interplay between imbalanced pairing and temperature with the methods we
described in this work.

Finally, since most studies of similar systems that can be found in the literature use nu-
merical methods like density-matrix renormalization group, while we do not know, up to
date, of analogue analytic works, as part of the process of validating our results it is neces-
sary to complement them with numerical results, which in turn can be contrasted with the
literature.
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Appendix A

Supplementary calculations

In this appendix we derive some early chief results and identities used throughout the work.
Such a variety of results are presented in a single appendix because they are derived using
the operator formalism, that is, the computations are mainly algebraic. This is in contrast to
the calculation of the correlations functions which uses a more sophisticated technique like
functional integration.

A.1 Commutator of the chiral densities

In subsection 2.2.3 we followed a particular path to find the algebra of the Fourier components
of the density fluctuations, [p,,, py./], namely, we did not rely on the known algebra of the
¢’s and cl’s operators directly, but we used the inverse Fourier transform to work with p, (z).
In this manner we will be able to discuss some technicalities that appear in the context of
field theory.

To exploit the normal order in the computation of [p,(z), pu ()] = [0} (2)1, (x):, 0L, (Y ()]
we compute it through its expectation value in the vacuum state. From Wick’s theorem [99]
we know that only the full pairings of the fields contribute to the expectation value, and
hence

(pu(@)pwr () = (LH@)EL(Y)) (Wu(@)w () + (Wl @) () (Bu(@)0)(m) . (A1)
and from the mode expansion of the chiral fermionic fields in (2.2.12) it follows that

(0 (@) pu () = (D5 ()0 (1)) (P (2)](y)) G (A.1.2)

Therefore, we concentrate on the calculation of (4§ ()1, (y)). We foresee that such expecta-
tion value is going to be found in terms of the ¢’s and c’s. Thus, from the definition of the
vacuum state |0), it follows that'

<CZIV Ck/’/'> - 0(_k)5k7k/5V,I/’ (A13)

'In this section all the expectations value make reference to the vacuum state |0), although do not include
the subscript 0.
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<C;W CL,V,> = 9(k)5k7k/5%y/, (A14)

where 6(z) is the Heaviside step function defined as

1 >0
fz) =9+ =0 (A.1.5)
0 z<0.

On the other hand, the mode expansion (2.2.12) leads us to

1 —iakxr o
Wl@ @) = 7 Y e ™ e (c],cm) (A.1.6)
k.q
= % D " emtehe g(—k) (A.1.7)
k
— = dk iak(z—y)
= /0 5 € (A.1.8)

1 ?
%m. (A.]_.g)

In the third line we have considered the thermodynamic limit . — oo which makes the
summation over k an integral, under the usual rule 1/L >, — [dk/2m. To get the result
in the last line we used one of the technicalities we mentioned at the beginning of this
appendix, namely, we implicitly re-defined the integral over k, [ dk — [ dke " with X > 0
infinitesimal. This is an essential physical consideration, for we expect the expectation value
to be finite while the integral in (A.1.8) is not well-behaved for large values of k. Thus, the
A parameter controls the, otherwise unavoidable, ultraviolet divergence. Another reason to
introduce this is that with A = 0 the expectation value is ill-defined when z = y. For that
reason, even though formally we should take A\ — 07 at the end of the calculations, in this
case it is crucial to keep the A. This was present in different contexts throughout the work,
see for instance the discussion in section 2.4.

In a similar fashion we can compute <¢V (), (y)T> finding that

(). 0) = (b @) = =5 rac— (A1.10)
Using this result and (A.1.2) the expectation value of [p,(z), o, (y)] reads:
Upo@), oo ) = (03 @)eu ) = (U5 @) (2))?) Bu (A.1.11)
_ [(%mf _ (%mﬂ Syur (A.1.12)
() con (G e e (1
= —a%22’2 ag,;(m)aw. (A.1.14)



A.2. CALCULATIONS TOWARDS THE BOSONIZATION IDENTITY 65

Taking A\ — 0% and using the following limit representation for the Dirac delta function
[100],

d(r —a)= lim i n (A.1.15)

n—0t Tn? + (x —a)?’

we are left with
o

We can safely get rid of the expectation value in the left-hand side since in the right-hand
side there is no operator and the only known operator to yield unity as its expectation value
in the vacuum state is the identity operator.

A.2 Calculations towards the bosonization identity

In the context of section 2.3.1, consider a system of M species of chiral fermions labeled by
n. We begin by computing the following commutator using equations (2.2.12), (2.2.19) and
(2.2.24).

Byt ()] = —(i—;)/p 2> ] (A21)
= :—z' (i_j)) v zk::clpmckn:, % %: eia,k,zck/n/] (A.2.2)
= — <i—7;) 1/2% ; gk’ [:c,ifpmckn:, ck/n/} (A.2.3)
- z(%) 1/2% ;; O S O Chn (A.2.4)
= z(i—l) I/Q%Giam Xk: R ey (A.2.5)
-i(7) e ) (4.2

A.2.1 Operator identities
Now we prove the identities (2.3.20) and (2.3.21). Let’s start with the former one.
[A,B] = DA — AB = DA+ BA= (B + D)A (A.2.7)

AB? = (B+ D)AB = (B + D)(B+ D)A= (B + D)*A (A.2.8)
AB™ = (B + D)"A. (A.2.9)
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Now let us consider,

Af(B)=A (; WM '(a) . > Z ; a:oAB (A.2.10)
= l'fw)(a) (B+D)"A l,f(”)(a) (B+D)"|A  (A2.11)

n=0 n: a=0 n=0 n: a=0
— f(B+ D)A. (A.2.12)

To prove (2.3.21) we invoke the Baker-Campbell-Hausdorff formula [63]:
1
e PAe’ = A+[A B] + 5[[/1, B],B] +... (A.2.13)

Under the conditions [A, B] = C with [A, C] = [B, C| = 0 the formula A.2.13 reduces to

e PAP = A+ C = (e PAeP)(ePAeP) = (A+O)? (A.2.14)
e BACP = (A+C0)? = e PAeP =(A+0O) (A.2.15)
Finally,

e Bf(A)e® = Z %f(")(a) e BAreP (A.2.16)

n=0 a=0
_ Z%f( a)| (Ao (A.2.17)

n=0 a=0
= f(A+C). (A.2.18)

A.3 Commutators of the dual bosonic fields

Our primary goal here is to prove that ¢, and II,, as defined in section 2.4, are canonical
fields.

A.3.1 Preliminary commutators

We begin by defining the auxiliary field
1

o —Ap/2 iapx
oyx) = — Z —c e"“Phy,, (A.3.1)
p>0 Lp
and looking for the commutator
(@ Z Z o~ /2 = Xa/2 yiapz ,—ic/ qy [bpm bjm/] (A.3.2)
p>0 q>0
= Z e ’\p/2e_A‘I/Qeio‘pxe_ia/qyép,q(%,n/ (A.3.3)

P,q>0
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= Z —e_’\pew‘p TG . (A.3.4)

p>0

From this calculation it is clear that

len(®), o (y)] = 0= [h(@), ¢, (1)]. (A.3.5)
Also, we notice that the spatial dependence of ¢, (x) is contained in a c-number, so then
len (@), 0yl ()] = B, |0 (), 0}, ()] (A.3.6)
1 ,
= 0, <Z L—e’\pemp(xy)énm) (A.3.7)
p>0 P
_ Z zp[a z—y —H)\p}dn,n" (A38)
p>0

As discussed in section 2.4.1, now we can choose periodic boundary conditions as long as at
the end we take L — ooc.

1o’ 27 .
(eala). ey )] =~ 3 L exp [iZn(ale ) + i) 3,0 (A3.9)
n>0
/ 2
- _% [Z exp [i%(a(w —y)+ i/\)} - 1] S (A.3.10)
n>0
1o 1 (1o
. Oy &+ O A3.11
L1—exp[iZ(z—y+iaN)] " L ( )

From this calculation we also realize that
[gon(x), Oy ory (y)] =0= [902(@7 aytpl;/ (y)} . (A.3.12)

Finally, we can exploit again the spatial dependence in the operators, namely, that position
enters into them through a c-number, to find

[00(), 0,01, (1)) = (0@, (1) — Dyl (W) ())' (A.3.13)
yow (Y@l (x) — ol ()0, (y) (A.3.14)
= [0y (1), 0} (2)]. (A.3.15)

A.3.2 Dual bosonic fields

The reason to introduce the auxiliary field ¢, () is that the actual bosonic fields ¢, () defined
in (2.4.1) are just the Hermitian combination ¢,(z) = ¢,(x) + ¢! (z). Therefore, the com-
mutators (A.3.11), (A.3.12), (A.3.15) are the building blocks to determine the commutators
for the bosonic fields:

(Gn(@), 0,00 ()] = [i2(x) + @1 (2), By (y) + Dol ()] (A.3.16)
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= [iu(), 0y, )] + [#}(2), Dy, ()] (A.3.17)

= [in(), 0yl ()] = [n(x), B0l ( ] (A.3.18)

=20 Im{ [gpn ygon y)” (A.3.19)
o 1 «

=2 Im{—zz&,m/ . FpETT——— + z‘zén,n,} (A.3.20)

= —m%mén,n/ + z%o‘an,n, (A.3.21)

= 00z~ YDy + by (A.3.22)

In the line (A.3.20) we used (A.3.11), and expanded the exponential up to first order in A
and x —y, as A = 0" and L — oo. Finally in (A.3.22) we used again the representation of
the Dirac delta function, equation (A.1.15).

Ultimately, we can show that ¢, and IL, are canonical in the limit L — oo,

6,(0), Ty ()] = 5[0 (2) = 6 (), By D1 () + 610, 1) (4329
= (6042 0,10 (9)] ~ 612(2). Dy 1) (4320

= % i0(x —y) — z% - (—z’d(a: —y) + Z%)} Oyt (A.3.25)

=i0(z — y)0y . (A.3.26)

A.3.3 Chiral bosonic fields

Upon implementing the bosonization identity (2.4.10) the commutator between chiral bosonic
fields is required. This can be computed from the commutator of the auxiliary fields ¢,,.

[fn(2), by ()] = [y (= ) oy ()] + [h(@), o (y)} (A.3.27)
= eweioravs N L iepta) 5 A.3.28

pg; Lp pg; p nn’ ( )
eioz27rn(xfy+ia)\)/L —e —ia2mn(z—y—ial)/L 5 A39

- Z % n nn' (A.3.29)

In equation (A.3.29) we chose periodic boundary conditions since at the end we plan to take
the thermodynamic limit L. — oo, so the choice is immaterial. Now we use the so-called
Mercator series for complex x [101]?,

n(l — z) Z — (A.3.30)

n>0

2This series converges for |x| < 1 after choosing a branch for the logarithm.
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Therefore, the commutator reads,

1 1 —y+ia —ia2m(r—y—i
(), Py (y)] = %{—ln [1 — glamle—y+ ’\)/L] +1In [1 — etan(z—y ’\)/L}}(S,m/ (A.3.31)

1 1 — e—iaZTr(m—y—ia)\)
- %ln [ 1 — ete2m(z—y+ial) ] n,n (A332)
1—(1—ia%m(x —y —ia)
: or U—iafle l»a ) nn (A.3.33)
=" [T (k= y i)
_ A — [—ia(r — )]}
1 { + [—ia(x — )] On- (A.3.34)

In equation (A.3.33) we expanded the exponentials up to first order in A due to the fact that
at some point we will take A — 07 and L — oo. Finally equation (A.3.34) has a suitable
form to invoke the following limit [42]:

lim In _ Z(x _ y)

e {m} = —imsgn(z — y), (A.3.35)

with the sign function defined as

1, x>0
sgn(z) =40, = (A.3.36)
-1, x<0.
Therefore, we find the commutator
iXe’
[60(2), o (y)] =+ Gnysen(z —y). (A.3.37)

Using the last result we can find the commutator between the ¢, and 6, fields.

[04(), 0y (y)] :%WLV(-?:) — Ory(2), 01y () + PRy (Y))] (A.3.38)
Z%([%w(l‘)a OLy (Y)] = [0ry (%), PRy (y)]) (A.3.39)
= - %Sgn(rc — )0y (A.3.40)

A.3.4 Density operator

We conclude this appendix by deriving an expression for the density p,(x) in terms of the
chiral bosonic operators ¢,(z). We rewrite (2.2.18) as

1 —iapr iapr
pn(z) = Tn + i Z (e P ppn + € P—p,n) (A.3.41)

p>0
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1 Io\Y2 Io\Y2
- [(—i)(Q—f:) ew"’xbjeri(z—f:) eorep (A.3.42)
p>0
a . 1 iapx —iapr T
\/_Q_WZ_ZQP\/L_])(Q bpy — € bl,) (A.3.43)
p>0
a
0.6, (o). (A.3.44)



Appendix B

Functional integration

In this appendix we present a (very) short introduction to the functional integration formalism
employed to perform the computations of this work. We shall state the relevant results
for field theory after having discussed (but not proved) their point-particle counterpart.
Although along the main text we have adopted natural units in which & = 1, in this appendix
we keep h to tacitly appreciate some wonders of this framework regarding classical and semi-
classical limits. All the developments are performed for one-dimensional bosonic systems,
as is the case in the main text, since there is no new physics that shall emerge in higher
dimensions, other than a change in the dimensions of the integrals and the Dirac delta
function. Finally, analytic proofs of the results we are about to present and their extension
to fermionic systems can be found in any of the references provided along the way.

B.1 Particles

The path integral formulation of quantum mechanics is renowned because it highlights the
physical differences between classical and quantum systems. It is also very illuminating to
understand semi-classical and classical limits of quantum systems where at the limit A — 0
the only non-zero contribution comes from the path that makes the action stationary, that is,
the classical solution to the equations of motion. This formulation is obtained upon writing
as an integral over paths the transition amplitude for a particle being at z; at time ¢; to be
found at a later time ¢; at a position z'.

(ap.tylant) = [ Do(t)Da(t)exp {ﬁ | @b - H<p<t>,x<t>>J}. (B.1.1)

In the left-hand side we have the transition amplitude from the state |z;,¢;) to the state
|z¢,tf), both in the Heisenberg picture, while in the right-hand side we have the position
and momentum eigenvalues at time ¢, z(t) and p(t), respectively, and the Hamilton function
evaluated at these eigenvalues. The notation [ Dp(t)Dz(t) means that we are integrating
over all possible functions x(t) and p(¢) with boundary conditions z(t;) = x; and z(t;) = zy,

'For a derivation of this result see e.g. [63,82,102-104].
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N t
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Figure B.1: Functional integration as a sum over the different paths that the particle can
follow between the fixed points z(t;) = z; and z(tf) = ;.

that is, over all possible configurations in phase space. Since we are integrating over functions
and not numbers as usual, this operation bears a special name, functional integration.

The idea behind functional integration is illustrated in figure B.1. We construct different
paths by keeping the endpoints fixed while varying the value of z at intermediate instants
of time ¢;. Notice that these are not classical trajectories since each x; can be anything,
regardless of z;41. So, even after taking ¢;;1 —t; — 0 there is no well-defined derivative,
though the trajectory is continuous. This is a dramatic departure from classical physics,
these are quantum paths. Each of these paths defines a configuration (x(¢),p(t)) in phase
space, thus functional integration | Dp(t)Dx(t) can be regarded as a sum over paths.

The most outstanding feature of this formulation is that in the left-hand side of (B.1.1) we
have a purely quantum mechanical quantity, while in the right-hand side we have classical
functions, not operators. Thus, we can reach quantum mechanics from classical physics as
long as we visit all the possible paths.

If H is quadratic in p and Weyl-ordered” we can use standard Gaussian integrals to reach
the path integral formulation in configuration space [82,102],

(gt ) :N'/Dx(t) exp <%S[x(t)]> :N/Dx(t) exp (% /t;f dtL(x(t),:’c(t))),
(B.1.2)

where S is the classical action of the system, L the classical Lagrangian, and A is strictly
speaking a divergent constant but it shall not have any physical relevance. The notation
S[x(t)] means that S depends on the whole function z(¢), not on a particular value for a
given t.

2That is, the expression must be symmetric in the operators = and p.
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Figure B.2: Wick rotation as a complex analytic continuation.

B.1.1 Wick rotation

We just mentioned that after performing the Gaussian integrals in (B.1.1) we can get (B.1.2).
Actually Gaussian integrals are essential tools upon performing exact calculations in the
functional integral formalism. Nevertheless, there is a caveat about their scope. Strictly
speaking, Gaussian integrals are well-defined only for real functions, while in (B.1.1) (and in
any other functional integral of relevance to compute physical quantities) there is a complex
argument in the exponential.

To overcome this drawback we set up and analytic continuation that will allow us to get
exponentials of the form e=5/" instead of ¢*/". This in turn brings a fascinating connection
with statistical mechanics. Let us begin by considering a time-independent Hamiltonian H
with positive eigenvalues E,,, H |n) = E,, |n), using the relationship between Heisenberg and
Schrédinger pictures |x,t) = e/ |z) the transition amplitude (', #'|z,t) is given by

(2! |z, t) Z e EnE=0/h (310 (n)z) . (B.1.3)

Since the last expression is time translational invariant we can set ¢t = 0. In particular, let us
specialize in the case that the particle arrives at the same initial point, so that 2’ = z, and
consider all possible such paths, that is, we integrate over x.

/ d (2, #'|x, 0) — / dx' S e E I (gl (n]z). (B.1.4)

We perform an analytic continuation of ¢ to the complex numbers, rotating it 7/2 clockwise
in the complex plane, as indicated in figure B.2. A clockwise instead of a counterclockwise
rotation guarantees a finite time-evolution operator, and hence a convergent transition am-
plitude. The transformation ¢ — —i7 is known as Wick rotation, and 7 is referred to as
Euclidean time. Implementing the rotation ¢ — —it in (B.1.4) we get

/ du {z, —ir|z,0) = / du Y e PN aln) (nfx) = (nle M) = T [T/,

(B.1.5)
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This is an outstanding result, for if we identify 7/h with 5 = 1/kgT then we get the partition
function for the canonical ensemble in statistical mechanics. Thus, beginning with a single-
particle propagator and considering all the possible closed paths we arrive to an analogue
statistical quantity.

Now we can translate this result to the path integral formalism. Consider a typical Lagrangian
of the form

L(z, &) = =2 — V(z) (m=1), (B.1.6)
so that the action reads

(B.1.7)

After the Wick rotation ¢ — —i7, .S reads

Sla(—ir)] :z'/: dr E(Z—f)zﬂf(x(—w))] = iSulal, (B.1.8)

the subscript E stands for Euclidean after reasons that become evident in quantum field
theory, see Ref. [102| for reference.

Let us implement this into (B.1.2):

?

(27, —irs|s, —im) :/m(—n) oxp (ES[;U(—@T)]) _ /Dx(—ir) oxp <—%5Em). (B.1.9)

In what follows we shall write the time variable just as 7 instead of —i7, but we should bear
in mind that we are working in Euclidean time. Notice that through the Wick rotation we
get an exponential function with a real argument, Sg, making it possible to employ Gaussian
integrals in the computations, which was our primary motivation to introduce this analytic
continuation.

Writing equation (B.1.5) as a functional integral leads us to the famous Feynmann-Kac
formula,

/dx (x,T|z,0) :/dx /x(f):x(o) Dx(7') exp <—%SE[ZL‘(T/)]> (B.1.10)
Tr e 7] = / Da(r') exp (-15,5[3;(7/)]). (B.1.11)

periodic z(7") h

The idea behind this integral is depicted in figure B.3. Feynman-Kac formula is completely
unexpected but very important, for it allows us to use functional integration in statistical
mechanics. As it is known, given the partition function of the system, we can find all the
thermodynamic quantities associated to it. It is important to remark, though, that we started
with (z,t|z,0) which is a quantum mechanical quantity for a single-particle system, there
is no heat bath, nor an ensemble of particles. This is just one example of several exciting
dualities that appear in modern physics and that show an intrinsic connection between very
distinct realms of physics.
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Figure B.3: For a given 2(0) = z(7) we perform a functional integral summing over all
possible paths. Then, we repeat the summation for all possible x(0), which would be the
integral over x in (B.1.10).

B.1.2 Correlation functions

After proving equation (B.1.2) it is straightforward to show that (see Ref. [102] for refer-
ence)

l

(xp, trla(te)z(ty)|x, ti) = N/Da:(t) exp (hS[x(t)])x(tg)x(tl), for t; >ty >t > ;.
(B.1.12)

The condition on the instants of time arises from the fact that when writing the transition
amplitude (xr, ts|z;,t;) as a functional integral we construct the different paths in an ordered
manner, starting at ¢; and ending at ¢; (as shown in figure B.1). Thus, if ¢; > ¢, when we
evaluate the operator x(¢;) on the state |xy,t;) we have already summed over all the possible
states |xq, ta), so that it would be impossible to evaluate the operator x(¢s) later. This is a ma-
jor subtlety that shows up in the left-hand side only, for in the right-hand side we are dealing
with functions and x(t2)z(t1) = x(t1)x(t2). Thus, we are able to write (zy,t|x(t2)z(t1)|xi, t;)
as a functional integral if and only if the operators are time-ordered.

Thus it is natural to introduce the time ordering operator T{...}. In general, the action of
T{...} on any product of operators []; A;(¢;) is to place the operators at earlier times at the
right of operators at later times. For instance, for two operators we would have

T{AL (1) Ao (ts)} = Ay (1) Aa(t2)0(t: — t2) + Ag(ta) Ay (£1)0(t — t1). (B.1.13)

Therefore the left-hand side of (B.1.12) can be written as (zy, t¢|T{x(t1)z(t2) }|z;, t;), and it
is generalized to the case of N position operators, defining the N-point correlation function
as

l

(bt T{x(t))x(te) ... x(tn) o ts) = N/Da:(t) exp <h5[$(t)])a:(t1) x(ty). (B.1.14)
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As mentioned before, strictly speaking one has to perform a Wick rotation to properly handle
with the exponential as a Gaussian integral. However, some technicalities arise related to
how to handle with T'{...} in such a case. Even when working in Euclidean time, the time
ordering operator is still defined in real time, that is, the operators are ordered with respect
to —it;. We could ignore the operator 7'{...} by imposing periodic boundary conditions on
x(7'), as done for deriving the Feynman-Kac formula, for if —i7y < —imy then we simply
consider —i(7; + 7) > —imp so that the order does not really matters. Then a rigorous
expression for the N-point correlation function is

/ 1 /
(xg,elz(m)z(me) ... x(Th)|zi, 7)) = N e o(e) Dz(1") exp (—ﬁSE[m(T )])x(ﬁ) cox(TN).
(B.1.15)

Upon doing this, however, our system is mapped into a canonical ensemble with inverse
temperature § = 7/h. Once found the correlation function, we should go back to the original
system first by taking 5 — oo, which would be the same as setting the temperature to zero,
then by undoing the Wick rotation setting 7; — it;.

B.2 Fields

The passage from point-particle quantum mechanics to quantum field theory is somewhat
straightforward at the level of the formulas, but not so at the conceptual level. The break-
through insight is to downgrade position operator x to a parameter, at the same footing as
time ¢, and regard the wavefunction ¢ (x,t) as a (field) operator instead of the single-particle
element (x,t[t)). The physical picture changes entirely: We are no longer dealing with a
localized particle, but with an object that spreads out over all space and time. Thus we pass
from working with a single degree of freedom to work with an infinite number of degrees of
freedom, one at each value of (z,1).

Since position is downgraded to a parameter, so is the momentum p. Our dynamical variable
is going to be some bosonic field ¢(z,t) (such as the bosonic fields we have defined in the
main text), and so it is its conjugate canonical variable denoted II(z,t), which satisfy the
bosonic algebra [¢(x,t),II(y,t)] = ihd(z — y). So let us think on how we would generalize
equation (B.1.1), in the right-hand side the immediate replacements are p(t) — Il(x,t) and
z(t) = ¢(x,t). The Hamiltonian H(p, z) has to be replaced accordingly with a Hamiltonian
density H(¢(z,t),II(x,t)). It is called density because now it can be thought of as energy
distributed over all space. Finally, if 2 and ¢ have to be at the same footing then we should
also integrate over . However, opposite to what happens with ¢, we should not integrate
between two given positions x; and x, but over the whole space, for the field is not to be
found at a given point of space but it is, at any time, spread over all the space. Therefore,
the right-hand side of equation (B.1.1) is generalized into

/ DII(z, t)Dé(x, 1) exp {% /t 7 it /_ " de [z, 006 (x, t) — H(, H)]}, (B.2.1)



B.2. FIELDS 7

where likewise as in the point-particle case, we are dealing with classical fields, not oper-
ators, and the functional integral is performed by exploring all the configuration of these
fields. Space and time, as parameters, are the background on which these configurations take
place.

It is much more tricky to think on the generalization of the left-hand side of equation (B.1.1),
for one thing, it does not make sense anymore to ask about the transition amplitude for the
field being at x; at ¢; and then at x; at t;. Now the field spreads out over all space at any
time! The question we should raise now is about the transition amplitude for the field being
at its ground state at t; and then again at its ground state at ¢.

The simplest system we can consider is that of a non-interacting scalar field ¢(z,t). It
turns out that such a system can be regarded as an infinite collection of decoupled harmonic
oscillators, one for each value of p at some time ¢ [99,102|. Fixed p and ¢t we can describe the
harmonic oscillators as in elementary quantum mechanics through creation and annihilation
operators [63], then the ground state of the system |0) is given by

a,|0) =0 for all p, (B.2.2)

and it shall be called vacuum state after the possibility of interpreting the nth excitation of
each harmonic oscillator with momentum p as a state comprised of n particles of momentum
p and energy E = hw, = h|p| [99,102].

Consequently, the field generalization of equation (B.1.1) is given by

(0,4,]0,¢;) = / DII(x,t)Dé(z, ) eXp{% /t s / dx [H<x,t)at¢(x,t)—H(¢,H)]}.
(B.2.3)

Likewise the case of particles, to get expressions we could handle with as Gaussian integrals
we must work in Euclidean time, through a Wick rotation. In the case of fields ¢t keeps being
a parameter so the Wick rotation works in the same fashion. Then the transition amplitude
reads

(0,7]0,7;) = /DH(I,T)D¢(I,T) exp {% /Tf dT/dx [ill(z, 7)0;p(x, T) — H(o, H)]}
(B.2.4)

B.2.1 Correlation functions

In what follows we shall lighten a bit the notation by writing the functional integral measure
just as DIID¢ since regardless of the independent variables the integration runs over all the
configurations of the fields. Now, it is straightforward to write down the field version of
equation (B.1.15),

<Oa 7'f|¢($1, 7'1) ce ¢($N7 TN)|07 Ti>
-/ DIDG ¢(x1, 7). .- b, 7v)
periodic ¢(z, 7’)
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X exp {% / " / da i1z, ), 7 _H(¢,n>]}, (B.2.5)

the periodicity is taken over Euclidean time ¢(z,7") = ¢(x, 7" 4+ 7). Due to this fact, we have
got rid of the time ordered product 7{...} in the left-hand side.

From the arguments invoked upon deriving equation (B.1.15) (see Refs. [99,102] for reference)
it is clear that nothing would change in the derivation if we considered products of functions
of the field operators f(¢(z;,7;),(x;,7;)) instead of the product ¢(xq,71)...¢(xN,Tn), as
long as the Hamiltonian density H is Weyl-ordered. Therefore,

(0, Tf|f<¢(~’171, 1), (21, 7)) g(d(22, 72), (22, 72))|0, 75)

1 T, +T
:/ DIID¢ f(x1,11)g(x2, T2) €Xp {7—1/ dT’/dx[iH(x,T’)(b(x,T’) — H(o, H)]}
periodic ¢(z,7") Ty
(B.2.6)

It is worthwhile to emphasize that all the expressions discussed hitherto make reference to
a transition from the vacuum state to the very same state for a non-interacting field theory,
for only in that case we can regard the system as an infinite collection of quantum harmonic
oscillators. Yet we have not said what we understand by a non-interacting field theory. After
reasons that become clear upon being familiar with the standard computational tools of
quantum field theory, we say that a theory is non-interacting if the Hamiltonian density is
quadratic in the canonical fields. For instance, the last term in equation (3.0.13) makes the
effective Hamiltonian for the FFLO system to be describing an interacting field theory.

It is an elementary fact in quantum mechanics that the ground state of a non-interacting
system changes in the presence of interactions [63|, and likewise happens in any quantum field
theory [105]. Let us denote the vacuum of the interacting theory as |€2), then the relevant
physical quantities are associated to the transition amplitude (€2,%7(€2,¢;). Expressions as
(B.2.6) should be corrected accordingly, and the way to do it is requiring the interacting
vacuum to remain as the vacuum, (Q|Q2) =1 [99]. Therefore, by defining,

Z= /p o DIID¢ exp {% /+ dr’ / dzlill(z, ™) (z, ') — 7—[(¢,H)]}, (B.2.7)

then equation (B.2.6) for an interacting quantum field theory reads

<Q> Tf’f(¢($17 Tl)7 H(xb Tl)) g(¢($2> TZ): H(x27 7-2))‘Qa Ti)
Ti+T
= % DIID¢ f(xl,Tl)g(xz,TQ) exp{%/ﬂ dH/dx[iH(a:,ﬂW(a:,ﬂ) _H((b, H)]}

periodic ¢(z, ")

(B.2.8)

There is a much more elegant way to justify the last formula. Consider the field version of
equation (B.1.11),

1 Ti+T
Tr [e—'rH/ﬁ} — /periOdiC oo DIID¢ exp {ﬁ /TZ dr’ / dfb[ZH($, 7")¢(1’, 7") — H(¢, H)]}
(B.2.9)
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Setting 8 = 7/h we have a duality with (field) statistical mechanics, and now it makes sense
to have called (B.2.7) as Z, for it is the partition function of the system. Then, regardless
of whether the field theory is interacting or not, we can find the expectation value of the
operator f(¢(x1, ), (21, 7)) g(d(x2, 72), (22, 72)) through the density matrix

(f(x1,m) g(22, 7)) =Tr[p f(@(21, 71), (21, 7)) g(D (22, T2), (2, T2))] (B.2.10)

:% Tr [e_ﬂHf(qb(xl, ), H(z1, 7)) 9(¢(x2, 1), (22, 72))].  (B.2.11)

Likewise we expressed the trace (B.1.11) as a functional integral, we can write the trace of
fzy,m1)g(z2, 72)e P as

Tr[f($1771)9($2,7'2)€7ﬁH} :/ DIID¢ f(x1,71)g(x2, T2)

periodic ¢(z, 7’)

Ti+hB
X exp {% / dr’/dx[iﬂ(x,q-’>¢(x,7-’) — H(p, H)]}>
(B.2.12)

therefore (B.2.8) coincides with (B.2.11), and we have reinforced previous key claims con-
cerning quantum statistical mechanics, for instance, why it makes sense to neglect the time
ordering operator when working in Euclidean time.

Equation (B.2.8) is the chief result of this appendix, it dictates a rigorous, elegant frame-
work to compute correlation functions using functional integration. However, we have not
shown how to actually perform any of these integrals. As claimed several times along this
appendix, the standard method is to use Gaussian integrals, which is the subject of the next
appendix.

B.2.2 Matsubara frequencies

Upon performing the Wick rotation, imposing periodicity for the fields ¢(z, ') = ¢(x, 7'+ 1),
and identifying 7/h with 3, we can regard our fields ¢(x,7)* as defined over the whole
Euclidean time axis, and periodic on an interval of length 3, say [0, 5]. As such, we can
expand them as a Fourier series in the time variable,

A B A
oz, 1) = % Ze_w”gb(x,wn), o(z,wy) = %/0 dr e p(z, 1), (B.2.13)

where

neZ. (B.2.14)

3Tricky tongue twister between 7 and 7/. Hereinafter the period is given by 8 and the independent variable
is going to be 7.
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are known as (bosonic) Matsubara frequencies®.

We would like to set periodic boundary conditions in the position variable as well, for then
the derivatives in both space and (Euclidean) time in (B.2.8) become algebraic operations.
We can actually manage to do this: We split space into boxes of length L and make the
physics of the system to be the same in each box, that is, ¢(x,7) = ¢(x + L, 7). Therefore,
we can also perform a Fourier expansion in the position variable leading us to

2
oz, T Z itha—on?) (ks w0), k= % m € Z. (B.2.15)

Since this discretization of space is artificial, after doing the computations we shall take the
limit L — oo to recover continuous space. As is known, differential operators in the (z,7)
space are now algebraic in the (k,w,)-space,

0r(x,7) Z (ik)e" =) Gk, wy,) (B.2.16)

O-p(x, T) Z —iwp e kTmenT) (k). (B.2.17)

4Recall that the entire field formulation holds for a bosonic field ¢(z,t). Fermionic fields display different
features as elements of Grassmann algebras, in particular, they must satisfy anti-periodic instead of periodic
boundary conditions to reach a duality with statistical mechanics. Therefore, even though they can be
decomposed in Fourier space, the values of the Matsubara frequencies shall be different to the ones stated.
For more reference see Refs. [82,83].



Appendix C

(Gaussian integrals

In this appendix we derive the relevant formulas to perform the functional integrals present
in equation (B.2.8). At the end, we shall realize that the appeal of non-interacting field
theories is that, being the Hamiltonian density quadratic in the fields, we are able to use the
formulas of this appendix to calculate the ezact value of the integrals.

The basic Gaussian integral is

I :/ da e /2 = \/ 2_7r7 a>0. (C.0.1)
_ a

oo

Taking the square of this formula,

27 e8] 92
I? = /dxdy e~ @ /2 = / d@/ dr re= /2 = =~ (C.0.2)
0 0 a

This can be generalized to any quadratic form in the exponent, u” Au, with A a positive
definite real symmetric N-dimensional matrix, and u a N-dimensional real vector.

/ dVu exp (—%uTAu> = (2m)V/?(det A) Y2, (C.0.3)

which can be proved by noting that A can be diagonalized as it is symmetric, and that
det A =] ;aj with a; the eigenvalues of A. The square root is well-defined provided that A
is positive definite and then a; > 0.

By implementing a clever change of variables, one can similarly show that (see Ref. [82] for
reference),

1 1
/dNu exp <—§uT -Au+a'- u> = (2m)M%(det A)~ Y2 exp <§aJr : A_la). (C.0.4)

Notice that these are multidimensional integrals. To get its functional counterpart consider
N — oo so that u becomes an infinite dimensional array in which we can store the infor-
mation of a function, say u(k,w,). Thus [ dNu becomes a summation over all the possible

81
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configurations of the function itself, that is, [d¥u — [Du. One question arises straight-
away: How is this step supposed to make sense if the factor (27T)N/ 2 clearly diverges for
N — oo, and so does the quantity det A, for the matrix has infinite dimension? Strictly
speaking, the factor N' = limy_,o(27m)"/2(det A)~/2 diverges, however, it turns out that,
very surprisingly, it shall cancel out in all the calculations of physical quantities. Notice that
this is not the first time we face such a constant, see section B.1.

Acknowledging that quantum field theory is far from mathematical rigor but full of experi-
mental validation, we stick with this A and write,

G= /Du exp <—%uT -Au+al- u> = Nexp <%aJr : A1a>. (C.0.5)

In the last two expressions we have included some sort of scalar product - between vectors
and dual vectors. This can be more general than just the usual Euclidean scalar product, it
actually denotes any contraction between the vectors. In particular, we are interested in the
following one

u'- Au =" ul(kw,) Ak, w,)u(k,w,), (C.0.6)

k,wn

where in the right-hand side matrix product is understood, and the functional dependence
(k,w,) makes reference to the Fourier expansion described in section B.2.2.

The integral (C.0.5) is not only important on its own right, but it also serves as a “generator”
of other useful integral identities. For instance, according to equation (B.2.8) we are interested
in integrals of the form

/Du w;(q, wim)u;(k, wy) exp (—%uT : Au), (C.0.7)

which can be derived from G in (C.0.5). In order to do so we need to introduce functional
derivatives, we shall do it in a rather light fashion, we refer the reader to any textbook of
calculus of variations to further reference, see e.g. [L06-108].

C.1 Functional derivatives

Smooth functions defined on a manifold M are denoted as C*>°(M ), and therefore a functional
I is a map

F:O%(M) s R
g~ Flgl, (C.1.1)

that is, a map whose domain is the set of functions. It is common to refer to functionals
as “functions of functions”, which is a rather sloppy way to regard them, for a function
of functions would look like f(z(t)) which is not the same as the functional F'[x(¢)]. The
difference relies on the fact that the input for f(x(¢)) is the number (or set of numbers) x(t)
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for some value of ¢, while the input of F[z(t)] is the function z(t) itself. In other words,
Fx(t)] requires knowledge of the entire function z(t), and not only its value at a given point.
Hence, functionals are non-local objects.

Now we provide a somewhat formal definition of what a functional derivative is. Since
functionals are non-local objects, it is customary to define them in terms of definite integrals
as

Fla(t)] = /dt’ (@), (), ), (C.1.2)

as is the case of the action which is defined as an integral of the Lagrangian.

Consider a 1-parameter family of variations of F' given by replacing x(t') by
To(e,t) = x(t') + eh, (¢, 1), (C.1.3)

with each h, being a test function, i.e. it vanishes outside some compact region, and whose
limit as a sequence is the Dirac delta function

lim ho(t,t) = 6(t — t'). (C.1.4)

n—0o0

Then the functional derivative is defined by

Let us exemplify how this definition works. Consider the functional

Gl = [ o (£ @) (C.16)
so that
0GIf] . d
) g Glf(x) + chn(z,y)] B (C.1.7)
~ lim dxd% () + <o) | (C.1.8)
= lim [ dz 2(f' (@) + ehn(z, ) (@, y)| (C.1.9)
= lim [ do2f'(x)h,(z,y) (C.1.10)
= lim d:c{Qdix[f(a:)hn(x,y)] —2f"(x)h,(z, y)} (C.1.11)
— nlggo —Q/dzpf”(x)hn(x,y) (C.1.12)

— 2f"(y), (C.1.13)
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where in (C.1.12) we used the fact that the h,(z,y)’s vanish out of some compact region.

We look for shortcuts to compute these derivatives more efficiently. For our purposes, it
suffices with the following two, which can be proved using the definition (C.1.5).
ox(t')
dx(t)
o t dg ox(t
glelt)) _ 09 _oa(t) (C.1.15)
dz(t') Ox(t) dx(t)
The advantage of expressing functional derivatives in terms of partial derivatives is that we
regain all the known properties of differentiation.

=6(t' —t) (C.1.14)

C.2 Application

Recalling (C.0.5) let us compute,

) )
oa; (k,wn) da%(—q, —wm) G aso
: (-3 )
= D ——u'- A 2.1
= 5 o) 8 (g, —om) / u exp { —gu'- u+al . (C.2.1)
—/Due (—luT Au+a'. )*Z “(p, wi)ug( )
= Stk ) T el (g, o) 2 PP
HoT a=0
(C.2.2)
1
= m /Du exp (—QuT Au+a'- ) ;5r7j5p7_q557_mur(p,wl) (C.2.3)
5T a=0
1
= m /Du exXp <—§uT Au + a u) U](—q, —wm) . (C24)
:/Duexp <—1uT-Au+aT-u>u-(—q )LZa*(p wy ) ur(pywy)
2 I dai(k,wy) oy e e
bt a=0
(C.2.5)
1 t
= [ Duexp —§u -Au+a'-uuj(—q, —wn) Zéniép,kél,nur(p, wy) (C.2.6)
pilr a=0
1
= /Du u}(q, wm)ui(k, wn) exp (—§uT : Au), (C.2.7)

where in the last line we have used the fact that u is real and therefore its decomposition in
the (k,wy)-space verifies u}(k,w,) = u;(—Fk, —wy).
On the other hand, we can perform the functional integral of G first and then take the

functional derivatives,

d Y
60; (ka wn) 5&;(—(], _wm)
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R 5 (1 R )
= Sar o) e E— N exp 52 A a » (C.2.8)
B ) <1 Pl ) ) 1 . 1
- 5ar(k’Wn>NeXp 2a A7a 5@;(_(]’ _Wm) 9 plz ar(pa wl)Ars (p7wl)as(pa wl)
obirss a=0
(C.2.9)
= L/\/’exp (151T : A_la)1 Z Or.i0p— a0t —m A (p, wi)as(p,w
5@:(]{7(&)11) 2 2 by r,jYp,—q%,—mrs \ U W) Us\ Py Wi
obrss a=0
+ LNeXp (151T : Ala)1 Z a(p,w) A D, wi)8.60,.40 (C.2.10)
sa; (k,wy) 2 2 e -
pl,r,s a=0
" N (1 FoA! ) ZA (— )
= —mmmm———— X —_ J—
it P o (0 mom)a(=g, em))
L0 Ne <1TA ) Z ) (C.2.11)
X . .
T wtem) Al m))
= Nexp (laT : Ala)L —A»’l(—q —wm)as(—q, —wpm)
2 daj(k,wy,) =2 7° o oo »
+ Nexp (laf - A%)L Z Lo (g wm) A7 (g, o) (C.2.12)
2 Saz (k,wy) A 2\ Hm) g U &m . -
N N
= S A (0 )0y + 5 A (0 0m) 00 kO (C.2.13)
N _ _
= 5 00k0mn (A (=@ —wm) + A5 (g, w0m)) (C.2.14)
Thus, equations (C.2.7) and (C.2.14) show that,
Du uj(q, wm)ui(k, w,) exp —5u’ cAu | = —5q kOmn (A5 (=4, —wm) + A (¢, W)
(C.2.15)
/Du exp (—%uJr : Au) =N. (C.2.16)

These two results are all we need to compute the correlation functions as established in
appendix B.
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