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Resumen

Este trabajo profundiza en la teoŕıa de electrones interactuantes y la formación de momentos
locales, modelada por el modelo de impureza única de Anderson (SIAM) y el efecto Kondo, en
el marco de las teoŕıas de transporte cuántico a nanoescala. Se explora la conexión entre estos
modelos a través de la transformación de Schrieffer-Wolff (SWT) y se estudia el transporte cuánti-
co dependiente del tiempo a través de un punto cuántico interactuante, que sirve como puente
entre los sistemas de transporte cuántico prácticos y el modelo Kondo. Utilizando la técnica de
funciones de Green fuera del equilibrio de Schwinger-Keldysh (NEGF), se investiga la respuesta
del sistema a un voltaje de polarización aplicado a conductores metálicos, analizando la corriente
de carga de Jauho-Meir-Wingreen (JMW) dentro de las aproximaciones de estado estacionario y
ĺımite de banda ancha (WBL). Aplicando la aproximación no canónica de Hubbard-I al término
de interacción electrón-electrón, se deriva expresiones anaĺıticas para la corriente de carga depen-
diente del tiempo y la ocupación de esṕın del electrón a través del punto cuántico para distintas
magnitudes de la interacción de Coulomb entre los electrones. Los resultados obtenidos muestran
excelente coincidencia con la literatura previamente reportada y revelan efectos de correlación de
campo medio mejorados en la dinámica de carga, mientras se evalúa la capacidad para describir
los efectos Kondo en los fenómenos de transporte. Este estudio sienta las bases para modelos más
realistas y abre el camino para enfoques teóricos y computacionales avanzados en la unidad de
transporte cuántico del grupo de f́ısica teórica del estado sólido en la Universidad del Valle.

Palabras clave: Funciones de Green, puntos cuanticos, trasnporte cuantico, electrones interac-
tuantes.

Abstract

This work delves into the theory of interacting electrons and local moment formation, modeled
by the single impurity Anderson model (SIAM) and the Kondo effect, under the framework of
nanoscale quantum transport theories. We explore the connection between these models through
the Schrieffer-Wolff transformation (SWT) and study time-dependent quantum transport through
an interacting quantum dot, serving as a bridge between practical quantum transport systems
and the Kondo model. Using the intricate Schwinger-Keldysh nonequilibrium Green’s functions
(NEGF) technique, we investigate the system’s response to a bias voltage applied to metallic
leads, analyzing the Jauho-Meir-Wingreen (JMW) charge current within stationary and wide-
band limit (WBL) approximations. Applying the non-canonical Hubbard-I approximation to the
electron-electron interaction term, we derived analytical expressions for the time-dependent charge
current and electron spin occupation through the quantum dot for different Coulomb interaction
strengths between electrons. The results obtained align well with previously reported literature and
reveal enhanced mean-field correlation effects on the charge dynamics while assessing the model’s
capacity to describe Kondo effects in transport phenomena. This study lays the groundwork for
more realistic models and paves the way for advanced theoretical and computational approaches
in the quantum transport unit of the theoretical solid-state physics group at Universidad del Valle.

Keywords: Green’s functions, quantum dots, quantum transport, interacting electrons.
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1
Introduction

The intrinsic many-body character of quantum systems, posed great difficulty and complexity
for the pioneering quantum physicists attempting to describe the behavior of many interacting
particles or quantum systems with many degrees of freedom [1, 2]. The emergence of relevant and
diverse physics at different scales and collective phenomena due to strong interactions challenge
the reductionist approach of describing these systems solely through fundamental forces and the
standard model, as pointed out by Philip Anderson [3]. This approach to physics becomes limited
in the description of novel many-body phenomena and emergent collective behavior, calling for the
need to develop new theoretical tools for a better complete understanding of nature [4–8].

One captivating field of research lies at the intersection of many-body phenomena: quantum
transport theory, which explores the dynamics of energy and charge in quantum systems. This field
has broad implications across various disciplines and experimental setups [9–14]. These systems
operate far from thermodynamic equilibrium, defying quick relaxation to stable states. The advent
of nanotechnology [15], marked by landmark techniques like the scanning tunneling microscope
(STM) and the atomic force microscope (AFM) [16, 17], has propelled quantum transport to the
forefront of both experimental and theoretical research [18–20]. However, as we venture deeper into
the nanoscale, challenges emerge. Quantum effects such as direct electron tunneling and complex
scattering mechanisms pose obstacles in reliably fabricating devices below 20nm [21]. These
challenges intensify as transport measurements reach atomic-scale processes with sub-picosecond
temporal resolutions. Here, the intricate interplay of multiscale many-body electronic correlations
tests our understanding of nanoscopic systems [22–25].

One of the most prominent examples of such quantum many-body phenomena persisted in
the study of the formation of localized magnetic moments (LMMs) in metals: the famous Kondo
effect [26], essentially a low-temperate phenomenon. In 1934, experiments in the Kamerlingh Onnes
Laboratory at Leiden University discovered the existence of a resistance minimum in the resistivity
of non-magnetic metals doped with a dilute small concentration of magnetic impurities (as to avoid
any exchange interactions between them) coming from the spin of electrons in localized partially
filled 4f rare-earth or 3d transition element orbitals [27]. While conventional transport theory
of nonmagnetic metals shows a low-temperature dependence of the resistivity such that ρ(T ) =
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CHAPTER 1. INTRODUCTION

ρ0 [1 + AT 5 + ...] (ρ0 being a saturated value due to defects considered in realistic metal, and the
term ∝ T 5 coming from lattice vibration effects), the increase of resistance with low temperatures
was an uncanny behavior. This phenomenon remained a mystery for more than 30 years until
the explanation by Japanese physicist Jun Kondo in 1964 based on earlier experiments performed
with better purity control techniques in 1962 [28]. The strong interaction of a magnetic impurity
with the spin of electrons in the conducting sea of a metal, particularly at low temperatures,
results in antiferromagnetic coupling, as extensively studied by physicist Philip Anderson [29].
This coupling, mediated by a parameter J , favors the formation of a singlet state that effectively
scatters electrons near the Fermi level, which causes the resistance to unexpectedly increase (see
Figure 1.1). Kondo’s original approach to the problem yielded a contribution to the resistivity that
diverged at a characteristic temperature known as the Kondo temperature TK . This temperature
delineates the scale at which the Kondo effect becomes prominent. The divergence famously termed
the “Kondo problem,” necessitated the development of the vital renormalization group approach
by K.G. Wilson in 1974 [30], along with additional analytical insights in the 1980s, exploiting the
integrability of the Kondo model and its exact diagonalization through the Bethe ansatz method
[31–34]. The well-defined rich physics of the Kondo problem has served as a fundamental framework
for both experimentalists and theoreticians in investigating strongly interacting materials, such as
heavy-fermion systems and high-temperature superconductors [4, 35].

Figure 1.1: Resistance minimum in MoxNb1−x.
Here, ”x” is the concentration of Mo. Once it ex-
ceeds 40%, the diluted iron atoms become mag-
netic, and the resistance minimum is observed:
this is the Kondo effect. (Figure from Ref. [4])

Figure 1.2: AFM image of two laterally coupled
quantum dots confined by metallic gates. The
leads are used to control the gate voltages to
direct and detect currents through the dots via
quantum point contacts. (Picture from Ref. [36])

In the era of Anderson and Kondo, physicists Schrieffer and Wolff proposed a unitary trans-
formation rooted in second-order perturbation theory: the Schrieffer-Wolf transformation (SWT).
This approach projects high-energy excitations of a given Hamiltonian out of the Hilbert space to
derive a low-energy model. When applied to the Anderson Hamiltonian, this transformation yields
the Kondo Hamiltonian, linking the Anderson and Kondo models [37]. However, the s-d or Kondo
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CHAPTER 1. INTRODUCTION

model presupposes the existence of a local moment of spin S coupled with the conducting sea of
electrons in the metal, treating the LMM as a separate entity. Conversely, the single impurity
Anderson model (SIAM) treats the LMM as the spin of another electron that can be exchanged
for other electrons in the conducting sea. Thus, we favor the more realistic Anderson model [38].
Recognizing this advantage, the first objective of this work is to employ the SWT as a bridge
between Kondo-like models and the Anderson model. This approach allows us to leverage the
Anderson model as a more realistic and comprehensive framework for investigating the interacting
quantum dot system, which serves as the primary focus of this study.

In 2024, the Noble Prize in chemistry was given to Moungi G. Bawendi, Louis E. Brus and
Aleksey Yekimov [39] “for the discovery and synthesis” of one the most important systems in
nanophysics that can be model with the SIAM: quantum dots (QDs). Quantum dot systems are
artificial man-made structures containing up to several thousand electrons (see Fig. 1.2). These
present quantum confinement to the nanoscale in all three dimensions, leading to engineered dis-
crete electronic structure and size-dependent energy levels [40]. This is why they are referred to as
artificial atoms. The ease with which QDs can be controlled offers a variety of possible applications
for the design of nanomaterials with tunable chemical, physical, and optical properties [41], the
design of realistic quantum computing platforms [42], and materials with widely spin-dependent
properties (spintronics) [43]. In addition, the sensibility of QDs to the additional presence of indi-
vidual electrons can dramatically affect its transport properties as Coulumb interactions become
relevant, extending the possibility of single-electron transport [44]. Thus, quantum confinement
and many-body electronic correlations can lead to the interplay of interesting effects, such as the
Coulomb blockade phenomena (conductance through these structures present oscillatory behav-
ior), and more importantly, the manifestation of the Kondo effect with QDs serving as impurities
[35, 45–47]. In this context, the SIAM, with an additional metallic contact, constitutes the system
of focus of this work: the interacting quantum dot system (IQDS).

The theoretical description of such complex many-body systems often relies on powerful tech-
niques, such as density renormalization group (DMRG) and tensor Networks (TNs) calculations
[48–50], dynamical mean field theory (DMFT) [51], quantum master equations (QME) [52], path
integral methods [53, 54], hierarchical equations of motion (HEOM) [55], density functional theory
(DFT) [56], and semiclassical methods [57–59]. One widely used approach is the Schwinger-Keldysh
nonequilibrium Green’s functions (NEGF) technique [7, 60–63]. Pioneered by Julian Schwinger and
Leonid Keldysh in their seminal works in the 1960s [64–66], NEGF provides a versatile framework
to study quantum transport in open systems, accounting for both electron-electron and electron-
phonon interactions, and accurately capturing nonequilibrium dynamics [67]. Its application has
yielded crucial insights into transport properties of interacting systems, making it an indispens-
able tool for elucidating the intricacies of quantum transport in nanoscale systems driven far from
equilibrium [68–71]. For our work, the most relevant insight of this technique on interacting quan-
tum transport problems is the Jauho-Meir-Wingreen (JMW) current formalism [72], introduced in
1994 and more general than Landauer-Buttiker theory for transport in nanoscopic systems. This
formalism builds a recipe for the calculation of nonequilibrium transport quantities such as the
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CHAPTER 1. INTRODUCTION

charge current passing through a general central nanoscopic region, while including many-body
correlations effects via the NEGF structure. It reproduces Landauer’s theory in a certain limit,
assumes no electronic interactions in the environment of reservoir Hamiltonians, and implements
the wide-band limit (WBL) for the interaction of the central region with the environment that
conveniently yields analytical results in the noninteracting case (see Chapter 3).

As a beautiful aspect of the technique, NEGF has a forward perturbative structure proper of
quantum field theory methods [2, 73] that we can make use of to treat the electronic correlations
and their effects in quantum transport systems. To outline the procedure, NEGF main concern
is the calculation of the interacting many-body self-energy ΣMB in Dyson’s equation (see Eq.
(3.26)) given by an infinite sum of terms represented by an infinite sum of Feynman diagrams [7].
Several approximations are considered for the self-energy [74], where the physics of the specific
problem determines the approximation chosen for the study of correlation effects, and different
approximations lead to particular results for the transport features [75]. This procedure defines
the many many-body perturbation theory (MBPT) methods for the study of complex many-body
phenomena. Here, we focus on the non-canonical Hubbard-I approximation (HIA) [76] for electron-
electron correlations as a preliminary study of correlation effects in transport systems that lead
to analytical results within the WBL. Thereby, the second objective of this work is to study the
NEGF approach to elucidate the physics of the JMW current formalism for transport in the
WBL in the IQDS within the HIA. The analytical expressions obtained are very complicated to
elucidate without a numerical method to evaluate them. Hence, the third objective of this work
is to implement a numerical calculation for the JMW current to analyze the quantum transport
through the IQDS for different system parameters such as on-site energies, system-bath coupling
strengths, temperature, and chemical potentials, and different bias voltages driving the system out
of equilibrium. This work aims to provide a gentle introduction for students interested in quantum
transport and many-body perturbation theory.

This work is organized as follows: in Ch. 2 we explore the physics of interacting electrons in
solids with the relevant Hubbard model. Then, we study the Kondo and Anderson models and
explore their connection through the Schrieffer-Wolf transformation. Next, the basics of quantum
dots and single-electron transport in nanoscale systems are introduced. Finally, by adding two
metallic reservoirs to the Hubbard mode the interacting quantum dot system is constructed and
the important Coulomb blockade and Kondo effects in quantum dots are studied. In Ch. 3, we
introduce the time-dependent nonequilibrium Green’s function formalism (TDNEGF) as the fun-
damental quantum theoretical method to approach the problem, we describe relevant open system
aspects of transport problems, and we introduce the Jauho-Meir-Wingreen current formalism for
the study of quantum transport features. The calculation of this quantity for interacting the quan-
tum dot system is treated in detail in Ch. 4, where we derive analytical expressions for both the
stationary and time-dependent situations within the HIA. Subsequent numerical implementations
are performed to elucidate the transport features of the problem. Finally, in Ch. 5 we give overall
conclusions of our work and discuss brief perspectives relevant to the analysis of our central system.
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2
Building our system

The theoretical model employed to approach the system focus of this work, namely, the interacting
quantum dot system (IQDS), consists of the Hubbard model with two additional tunneling Hamil-
tonians to metallics reservoirs forming a quantum junction. In this chapter, we discuss the main
ingredients for its construction. First, the relevant Hubbard model is discussed as an approach to
interacting electrons in solids. Then, we discuss the physics of the Kondo and Anderson models
from a historical perspective to reveal their ultimate connection through the Schrieffer-Wolf trans-
formation (SWT). Next, we delve into the fundamentals of QDs and single-electron transport.
Finally, by adding two metallic reservoirs to the Hubbard model, we build the IQDS and discuss
a phenomenon in this system: the Coulomb blockade effect of QDs.

2.1 Interacting electrons in solids

The physical description of solids has evolved over the years. A first perspective considers solids
as made from several units called atoms that interact among them and are found at different
average distances (hence relating to the ideas of gas, solid, and liquid) [77]. Physicists require
a statistical description of particles to determine the properties of systems with many degrees of
freedom [78]. However, the atomic nature of the units conforming solids and the many interactions
between electrons, ions, and nuclei imposed several problems in the theoretical treatment of such
many-particle systems, where quantum effects inevitably arise. These studies focused on the
magnetic and electrical properties of different materials, and phenomenological approximations
based on intuitive physical arguments were proposed to explain experimental results. One of the
first phenomenological models for solids at this intersection is Drude’s simple yet powerful model
[79, 80], which roughly treats electrons as free and independent entities colliding with immovable
core ions (nuclei) in the solid; no electron-electron interactions are considered and the solid would
not pertain a complex band structure. From Boltzmann to Drude, and from Sommerfeld to Jellium,
passing through Debye, Einstein, and many others [80] the modern picture of solids has suffered
dramatic changes with the advent of first-principles quantum descriptions [81, 82].

In this context, the study of magnetism of materials constituted one of the main focus of
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CHAPTER 2. BUILDING OUR SYSTEM

theoretical efforts. Here, we define magnetic ions, as the building blocks of materials where the
partially filled outer shells present unpaired electrons that give rise to magnetic properties. Among
many attempts to describe magnetism in such materials, we find the Heisenberg model for mate-
rials with localized magnetism, which proposes the existence and energetic prevail of permanent
spin degrees of freedom forming magnetic moments in the material and are incredibly useful to
describe localized magnetism such as in magnetic insulator materials and certain classes of ferro-,
ferri- or antiferromagnets [83]. The fundamental insight came from 1928 Heinsenberg’s seminal
paper [84], where types of exchange interactions between electrons due to Coulomb repulsion were
the driving force of quantum magnetism, and electrons were assumed to be tightly localized at each
magnetic ion orbital yielding a negligible contribution from their kinetic energy. When electrons
were not localized at the materials, models by Edmund Stoner and John Slater were developed
in the 1930s for itinerant magnetism, where magnetism is carried by delocalized conducting elec-
trons conforming to a self-consistent phenomenological exchange, and collective novel magnetic
properties emerge that explain ferromagnetic formation. Typical limitations of the Heisenberg
model arose when considering materials with highly localized partially filled 4f or 3d orbitals,
corresponding to some rare-earth metals, transition metals, and magnetic dilute alloys. The same
electron group is responsible for magnetism and conduction in such materials as the electrons in
for example 3d orbitals giving rise to spin magnetic moments form a band. Hence, kinetic energy
contributions of the electrons compete against electronic correlations, and treating such electrons
simply as localized magnetic moments (LLMs) becomes inadequate [4, 79, 81, 85]. This is band
magnetism and it seemed to develop in the narrow energy bands of incomplete shells of transition
and rare-earth metals. Attempts to construct a theory for magnetism in such materials led to the
S-D model of magnetism by Frohlich and Nabarro [86], later considered by Zener [87] to account
for magnetism in iron-group materials. Later on, the RKKY (Ruderman, Kittel, Kasuya, Yosida)
interaction was developed as an indirect exchange interaction between localized spins mediated by
the surrounding conducting electrons in the incomplete 4f orbitals [88–90]. Additionally, the 1930s
stoner theory lacks a microscopic first-principles deduction for the origin of itinerant magnetism,
for example in the explicit consideration of electron-electron interactions.

The solution to the issues presented above came from John Hubbard in his seminal paper of
1963 [91], where the Hubbard model was proposed as one of the first microscopic first-principle
constructions of interacting electrons in the narrow energy bands of certain solids. As depicted in
later sections, the one-site Hubbard model is the central ingredient for constructing the IQDS.

2.1.1 The Hubbard Model

We derive the Hubbard model starting from the modern picture of solids [80, 81]. A solid can
be seen as a collection of many constituent parts such as atoms or molecules which form positive
charge nuclei and negatively charged electron shells. Some electrons are tightly bound to the nuclei
forming fully occupied shells, the core electrons. In contrast, conduction electrons are weakly bound
to the nuclei and have more degrees of freedom that contribute dominantly to the properties of
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the solid. In this way, we can see a solid as a combination of ions in a lattice (formed by nuclei
and core electrons) and conduction electrons, with a Hamiltonian given by

Ĥ = Ĥe + Ĥi + Ĥei, (2.1)

each Hamiltonian term is given by:

Ĥe = T̂e + V̂ee =
Ne∑
i=1

p̂2
i

2m
+

1

2

i ̸=j∑
i,j

e2

4πε0 |̂ri − r̂j|
, (2.2)

Ĥi = T̂i + V̂ii =

Ni∑
α=1

P̂2
α

2Mα

+
1

2

α ̸=β∑
α,β

ZαZβe
2

4πε0

∣∣∣R̂α − R̂β

∣∣∣ , (2.3)

Ĥei = −
Ne∑
i=1

Ni∑
α=1

Zαe
2

4πε0

∣∣∣̂ri − R̂α

∣∣∣ = V̂
(0)
ei + V̂ep, (2.4)

where Eq. (2.2) describes the electrons in the solid with the usual position and momentum op-
erators r̂i and p̂i for the i

th electron out of the Ne; Eq. (2.3) describes the ionic part, where the
ion α out of the Ni is described by position and momentum operators R̂α and P̂α; Eq. (2.4)
describes the interaction between ions and electrons. In first principles theories of nuclear effects,
it is customary to write the position of the ions as R̂α = R̂

(0)
α + ûα, where ûα determines the actual

displacement from the equilibrium stationary position R̂
(0)
α of the ions in the lattice of the solid

[92]. With this in mind, Eq. (2.4) can be split as a sum between V̂
(0)
ei which denotes the periodic

potential emerging from the lattice periodic structure of the solid given by

V̂
(0)
ei = −

Ne∑
i=1

Ni∑
a=1

Zαe
2

4πε0

1∣∣∣r̂i −R
(0)
α

∣∣∣ , (2.5)

and V̂ep corresponding to the electron-phonon interaction term1. Along these lines, it is found that

V̂ii for the interaction between ions can be split into two parts: V̂ii = V̂
(0)
ii + V̂ep. The first term

is susceptible to the Bohr-Oppenheimer approximation [80] and represents the rigid lattice R
(0)
α

2,
while the second accounts for the lattice dynamics or collective vibrations described by phonons.
Finally, Zα is the atomic number of ion α, ϵ0 is the electric permittivity of free space, m accounts
for the electron mass, and Mα for the ion’s mass.

The Hubbard model emerges from the first-principles Hamiltonian (2.1) after several simplifi-
cations relevant to the objective of describing band magnetism, as first deduced by Hubbard [91].

1The “phonons” described by V̂ep are the quanta for the collective vibrations traveling through the solid’s period

lattice [73]. The indication of the exact form of this term, V̂
(0)
ii and V̂p is beyond the scope of this thesis and can

be further explored in references [82, 92].
2In principle, all operators present a complex time-dependence, but not for the rigid R

(0)
α .
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CHAPTER 2. BUILDING OUR SYSTEM

The starting point is a series of experimental and intuitive observations about the nature of solids
[81, 83, 85, 93]:

1. Contrary to the electron gas picture of solids, in the case of rare-earth and transition com-
pounds the partially filled electrons in localized d- or f -bands facilitate the sense of referring
to electrons being on a particular atom site, giving rise to an atomistic view of the solid where
electron correlations may become important. The key insight however is better viewed in
the words of Hubbard [91]:

“A theory of correlation effects in narrow energy bands is inevitably somewhat different from
a theory of correlation effects in the free electron gas. The electron charge density in a d-band
is concentrated near the nuclei of the solid and sparse between the atoms, making it possible to
speak with some meaning of an electron being “on” a particular atom. This circumstance gives
rise to the possibility of an atomic description of the d-band despite its considerable bandwidth.
It is, in fact, found experimentally that the d-electrons of transition metals exhibit behavior
characteristic of both the ordinary band model and the atomic model.”

Hence, the d-electrons’ somewhat mixed localized and itinerant nature renders the possibil-
ity of the same groups of electrons to account for conduction and magnetic properties (band
magnetism as described at the beginning of section 2.1): band ferromagnetism is experimen-
tally observed to be produced by electrons in relatively narrow energy bands of d-electrons.
Explicitly, from the argument that when the Fermi surface lies within a single conduction
band we may assume that the coupling between bands is negligible as they present far away
from the Fermi energy. This is the most important assumption of the essentially single-band
Hubbard model. It is important to note that based on the localized picture by Heitler and
London [94], the highly localized electrons in f -orbitals allow for a purely atomistic picture
to capture the essential localized behavior of rare-earth compounds qualitatively. In reality,
the single-band simplification is rather unjustified in the rare-earth compounds; despite the
high localization of f -electrons, the electron interactions are larger than the small inter-band
splitting3, thereby producing additional charge fluctuation effects caused by the interplay
between f -levels and delocalized s- and p-band electrons [83]. For such systems, multiband
models or Anderson/Kondo models (see section 2.1.2) result in better descriptions.

2. Imagine you have a positively charged ion surrounded by a cloud of electrons. If an additional
electron is introduced, the existing electron cloud will rearrange itself to partially cancel out
the added electron’s charge. This rearrangement diminishes the extra electron’s ability to
“see” the full charge of the ion and the other electrons, effectively reducing the strength of
the electrostatic forces. This is the screening effect. In delocalized s- or p-bands, electrons
can move relatively freely and respond quickly to changes in charge distribution. As they
effectively hybridize with states of the d-band electrons, this rapid response tends to “screen”

3This interband splitting is defined as the energy difference between the highest occupied state in one band and
the lowest unoccupied state in a different band, which we refer to as simply the “energy separation” for the bands.
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or dampen the electrostatic effects that one electron would otherwise feel from another or
the positively charged ions. This requires a certain renormalization for the model parameters
where such effects may be considered only through a self-consistent Hartree-Fock field.

3. Phonon dynamics may play important roles in the properties of solids [82]. In the case of
band magnetism and the context of the Hubbard model, it appears that effects coming from
lattice dynamics are negligible (V̂ep → 0). However, the formation of bands requires the

periodic lattice structure (V̂ei) to play an important role.

By applying all previous assumptions to the Hamiltonian in Eq. (2.1), we obtain the Hamilto-
nian

Ĥ ≈ Ĥ0 + Ĥ1, (2.6)

where we have restricted ourselves to d-band electrons in a nondynamical rigid ion lattice. Here,
Ĥ0 = T̂ d

e + V̂
(0,d)
ei is the single-particle part, conforming the kinetic energy of d-electrons (first term)

and their interaction with the ion lattice periodic potential, and Ĥ1 is the two-body Coulomb
interactions between d-band electrons. In Figure 2.1 we observe the narrow energy band structure
from the localized d-orbitals at each lattice ion site.

Figure 2.1: Diagram of the lattice potential structure and narrow band formation due to the d-
electrons in the solid. (Figure taken from [81])

With this picture in mind, electrons yield a strong reference to the atomic structure and are
still itinerant due to the nonnegligible hybridization of lattice sites. We proceed with the usual
second quantization process [61] of the model by considering the atomic wavefunction complete

9 Jhoan Alexis Fernandez Sanchez



CHAPTER 2. BUILDING OUR SYSTEM

base (in the subspace of the d-band states) in position basis φµσ (r−Ri) =
〈
r | φ(i)

µσ

〉
, with:

|φµσ(k)⟩ =
1√
Ni

Ni∑
j=1

eik·Rj
∣∣φ(j)

µσ

〉
, (2.7)

where µ denotes the d-orbitals degeneracy determining the number of sub-bands, Ri is the position
of the ion site, and σ denotes the spin degree of freedom. The second quantized version of the Ĥ0

Hamiltonian is:
Ĥ0 =

∑
ijσ

∑
µν

T µν
ij ĉ

†
iµσ ĉjνσ, (2.8)

where the hopping integrals Tij are given by:

T µν
ij =

∫
d3rφ∗

µσ (r−Ri)

(
− ℏ2

2m
∆+ V

(0,d)
ei

)
φνσ (r−Rj) . (2.9)

As a relevant note, we can transform the single-particle Hamiltonian of the kinetic energy
contribution to momentum space using a Fourier transform4. This yields its eigenvalue problem

T̂k |umkσ⟩ = εm(k) |umkσ⟩ , (2.10)

where the eigenstates |umkσ⟩ relate electron states in the m sub-bands whose number is the same
as the number of atomic orbitals employed for the degeneracy of the d-orbitals. We can use them
to build the matrix Umµ

kσ = ⟨umkσ | φµσ(k)⟩ that diagonalizes T̂k:

ÛkσT̂kÛ
†
kσ =


ε1(k) 0 · · · 0 0
0 ε2(k) · · · 0 0

· · · · · · 0
0 0 · · · 0 ε2l+1(k)

 . (2.11)

With this, we write:

Ĥ0 =
∑
kmσ

εm(k)ĉ
†
kmσ ĉkmσ, (2.12)

and in close analogy to the second quantization form of a gas of noninteracting fermions in a
periodic potential (like for a macroscopic metal whose kinetic energy predominates correlations,
typical of fermionic reservoirs representations) εm(k) are the bloch energies determining the band
structure of the solid [79]. This Hamiltonian is frequently employed for the representation of the
“open” part of the IQDS, as we discuss in Ch 3.

We follow the same procedure for the two-body interacting part (Ĥ1), whose interacting diagram
is depicted in Figure 2.2. This leads to:

Ĥ1 =
1

2

∑
ijkl

∑
µµ′νν′

∑
σσ′

v (iµ, jν; lµ′, kν ′) ĉ†iµσ ĉ
†
jνσ′ ĉkν′σ′ ĉlµ′σ, (2.13)

4Explicitly given by Tµν
k = 1

Ni

∑
i,j T

µv
ij e−ik·(Ri−Rj).
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where interacting parameters v (iµ, jν; lµ′, kν ′) =
〈
iµjν |Ĥ1|lµ

′
kν

′〉
are given by the overlapping

integral:

v (iµ, jν; lµ′, kν ′) =

∫∫
d3rd3r′φ∗

µσ (r−Ri)φ
∗
νσ′ (r′ −Rj)

e2

4πε0 |r− r′|
φµ′σ (r−Rl)φν′σ′ (r′ −Rk) .

(2.14)

Figure 2.2: Two-body interaction diagram for the Ĥ1 Hamiltonian.

We note the spin independence of the Hamiltonian (no magnetic fields or other sources of spin
dependency [95]) so we write

v (iµσ1, jνσ2; lµ
′σ4, kν

′σ3) = δσ1σ4δσ2σ3v (iµ, jν; lµ
′, kν ′) . (2.15)

The next fundamental assumption of the model is the consideration that the parameters in
(2.14) can be approximated by the matrix element integrals v (µν;µ′ν ′) = v (iµ, iν; iµ′, iν ′), i.e., it
is assumed from the locality of the atomic basis that the inter-atomic electronic correlation effects
become negligible against the intra-atomic ones. Interacting electrons always belong to the same
site, and we can write:

Ĥ1 =
1

2

∑
iσσ′

∑
µµ′νν′

v (µν;µ′ν ′) ĉ†iµσ ĉ
†
iνσ′ ĉiν′σ′ ĉiµ′σ. (2.16)

Using atomic Ni (nickel) wavefunctions (while also ignoring d-orbital degeneracy with possible
sub-band structure −we drop µ and ν−), Hubbard justified the previous fundamental assumption
by calculating some values of the interacting parameters, such as v(ii; ii) ≈ 20eV , v(ij; ij) ≈ 6eV ,
v(ii; ij) ≈ 0.5eV, v(ij; ik) ≈ 0.1eV, and v(ii; jj) ≈ 0.025eV. We note how the intra-atomic
interactions have a larger contribution. As noticed by both Hubbard and Assa Auerbach, even
though we still are not fully justified in neglecting the inter-atomic parameters v(ij; ij) due to
the coupled charge fluctuations at different sites, the resulting effective model emerging from such
considerations is otherwise not so poor as a starting point for a theory of correlations.
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Typically, only two types of terms in (2.16) are particularly important (we drop any other
index combination terms because of their negligible magnitude and contribution to the material’s
magnetic properties [81]): the direct terms giving rise to the Coulomb repulsion Uµν ≡ v(µν;µν),
corresponding to the case µ = µ′/ν = ν ′, and the exchange terms (with no classical analog)
originating from the statistical nature of Fermi-particles5 Jµν ≡ v(µν; νµ), corresponding to the
case µ = ν ′/ν = µ′:

Ĥ1 =
1

2

∑
iσσ′

∑
µν

[
(1− (δµνδσσ′)Uµνn̂iµσn̂iνσ′ + (1− δµν) Jµν ĉ†iµσ ĉ

†
iνσ′ ĉiµσ′ ĉiνσ

]
. (2.17)

Finally, we neglect the d-orbital degeneracy to get a single effective band model (µ = ν = 1)
akin to a model for a s-band solid and arrive at the Hamiltonian:

Ĥ =
∑
ijσ

Tij ĉ
†
iσ ĉjσ +

U

2

∑
iσ

n̂iσn̂iσ̄ =
∑
ijσ

Tij ĉ
†
iσ ĉjσ + U

∑
i

n̂i↑n̂i↓, (2.18)

where Tii = εi (on-site “coupling”) is understood as the lattice energy required for an electron to
occupy the lattice site6, and U is the on-site interaction strength of the single-band electrons. An
important parameter of this model is the electron occupation n =

∑
iσ ⟨niσ⟩ ; 0 ≤ n ≤ 2. Each

site is degenerate in spin with the possibility of containing two electrons of opposite spin (n = 2).
This notation is employed in this work for the case of a single-site Hubbard model (εi → ε0).
The Hamiltonian in Eq. (2.18) is the famous Hubbard model that John Hubbard deduced in
his seminal work [91]. Before we move on to the Anderson and Kondo models, we describe two
important limiting cases of this Hamiltonian to build some intuition of its physics: the band
limit and the atomic limit (or infinitely narrow band limit) with its variant consisting of the
strong-coupling limit.

1. The band limit: If we set U = 0, no electronic correlation effects are taken into account in the
study of the solid. In this scenario, we arrive at the description given by the Hamiltonian of
Eq. (2.8), which can be diagonalized to determine the band structure εm(k) of the solid. The
spectral properties are then completely determined by the band structure energy dispersion
relation and this is why this situation is referred to as the band limit. This is one of the
few scenarios where the Hubbard model can be fully solved analytically, as demonstrated in
section 3.3.1. In the case of a solid in the mesoscopic scale, this limit constitutes a model
perfect for an infinite periodic metal as an unlimited supply of electrons: a fermionic reservoir,
with which quantum systems of finite sizes and myriad complexities can exchange energy and
electrons. As seen in section 2.2, this is the scenario of relevant quantum transport setups.

5A consequence of the exchange principle of quantum mechanics and Heisenberg noted these terms were respon-
sible for ferromagnetism in materials with localized magnetism [84].

6If we consider the hopping between nearest neighboring sites only we arrive at the tight-binding approximation,
where electrons only hop to the nearest next neighbor sites in virtue of the small hybridization between second-
neighbors. It is denoted by the subscript ⟨i, j⟩, which indicates summation over i and j for nearest neighbors only.
This approximation is compatible with descriptions of solids with narrow energy bands.
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2. The atomic limit: sometimes referred to as the infinitely narrow band model. It assumes that
the coupling between lattice sites is negligible compared to the on-site Coulomb repulsion U
(with |U | > 0), hence resembling a band structure with vanishing dispersion (or infinitely
narrow band), analogous but not exactly as if the solid were a collection of isolated atoms.
It must be emphasized that this limiting case is reached because of the competition between
hopping processes among sites and the formation of doubly, singly or empty states energeti-
cally more expensive due to the Coulomb repulsion and onsite lattice energies. In this limit,
the model emphasizes the local (on-site) interactions over the kinetic energy of the electrons
moving between sites. We let each energy site to be same, Tij = ε0δij, and hence the band
structure resembles ε(k)→ ε0, ∀k.
We can proceed by analyzing the spectral features of the Hubbard model in the atomic
limit. This can be done (as considered by Hubbard) with the so-called equation of motion
techniques, depicted in Ch. 3 and employed in Ch. 4. Here, we outline the procedure and
note that it follows as a limiting case of the general situation depicted in section 4.2.1. We
follow reference [81] and start by obtaining an equation of motion for the expectation value of
the operator −iθ(t− t′)

{
ĉiσ(t), ĉ

†
jσ(t

′)
}
(the retarded single-particle Green’s function) in time

domain. This equation can be translated to the energy domain in the stationary situation
where the equation for the expectation value can be effectively solved by taking advantage
of the limiting scenario. As customary in the theory of Green’s functions (see Ch 3.1), this
expectation value can be used to compute the spectral density ρσ(E), giving as a result:

ρσ(E) = (1− nσ̄) δ (E − ε0) + nσ̄δ (E − ε0 − U) , (2.19)

where nσ̄ = nσ =
〈
n̂σ

〉
(both spin occupation are symmetrically the same) is the expectation

value of the electron number operator or the occupation of the system, and we note the
appearance of two possible energy excitations at E1 = ε0 and E2 = ε0 + U with spectral
weights 1− nσ̄ and nσ̄, respectively. The fundamental feature of the Coulomb interaction in
the spectral properties of the system manifests in the appearance of an energetically inconve-
nient energy state associated with the double occupancy of a single lattice site degenerated
in spin. In the infinitely narrow band limit, the Bloch band of the solid (which in this case
becomes a degenerate level with energy ε0) is split into two sorts of discrete (or infinitely
narrow) quasiparticle energies defining two sub-bands at energies E1 and E2. Their associ-
ated spectral weights represent the probabilities for an electron of spin σ to occupy an empty
energy level at the lattice site (1 − nσ̄) or to encounter one electron of opposite spin there
(nσ̄), for which an energy cost of U must be paid. This is intuitively seen if you assume
nσ̄ = 0 (empty lattice site), for which the energetic cost for an electron to transfer to this
level would be ε0 (ρσ(E) = δ (E − ε0)). These are the Hubbard bands, first discussed
by Hubbard in his seminal work [91] and they are relevant for the study of this Thesis as
discussed in section 4.1.2. We refer to the band centered at E2(E1) as the higher(lower)
sub-band. Electrons moving in the higher sub-band are more likely to hop to lattice sites
with existing electrons of opposite spin, and electrons in the lower sub-band have energies
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favoring the hopping to empty lattice sites. This distinction is the landmark feature of such
a quasiparticle band structure [81].

If we now assume nonzero bandwidth in the band structure (Tij ̸= 0) such that the dominant
energy is the Coulomb repulsion energy U ≫ Tij, the system presents yet another regime known
as the strong-coupling limit. The non-vanishing hopping parameters Tij produce a nonnegligible
contribution of electrons’ kinetic energy, which now hop between sites. Such processes (with their
additional non-diagonal terms with respect to the atomic limit Hubbard Hamiltonian) change the
eigenstates of the atomic limit case by allowing electrons to hop to neighboring sites and back.
In some cases, electrons can temporarily hop to sites with one electron of opposite spin (with
an unfavorable energetic cost of U) and then tunnel back to its original site. Furthermore, the
initial electron could exchange spin with the electron at the neighboring site and hop back to its
initial site with the opposite spin. These are the so-called virtual hopping processes [4]. In the
strong-coupling limit, they are especially relevant if we imagine a total occupation of n = 1, i.e., one
electron per site at each lattice site of the solid. This is the half-filling situation and is important
for the study of ferromagnetic properties of metals presenting localized magnetism, where double
occupations are very costly energy states. An effective low-energy Hamiltonian can be deduced
from the half-filling situation in the strong-coupling limit of the Hubbard model: the Heisenberg
Hamiltonian, which describes the resulting favorable antiferromagnetic alignment of neighboring
electrons (now seen as localized spins due to the half-filling situation). It is behind the virtual
hopping processes affecting the energy state of the system through the so-called superexchange
mechanism [83].

From the discussion above, the kinetic energy is expected to lift the degeneracy of states with
energies E1 and E2 present in the atomic limit. The new energies group around them smearing
out the previously discrete energies and developing a peak structure at energies associated with
changing double occupations: for a two-site Hubbard model, we could have an additional peak at
energy ε0 + 2U corresponding to the cost of two double occupations (two electrons with opposite
spins per site). In general, satellite peaks at ε0 + pU ; p = −1,−2... ; p = 2, 3... emerge due to
multiple of such processes whose associated spectral weights are very small as they constitute
relatively improbable processes in the strong-coupling situation (see Figure 2.3). Finally, the role
of temperature is also important in this widening of the spectral energies due to the introduction
of thermal fluctuations: higher energies produce wider spectral peaks and electrons presenting
stronger delocalization about the lattice sites.

In the weak coupling regime where U is comparable with the hybridization among levels, the
first option to explore the physics of the Hubbard model is the mean-field approximation. In
this approach, the quartic term in Eq. (2.18) is replaced using the expectation value (hence mean
field) of the spin occupation operators: n̂iσn̂iσ̄ → ⟨n̂iσ⟩ n̂iσ̄ + n̂iσ ⟨n̂iσ̄⟩, leading to the Hamiltonian
Ĥ → ĤS =

∑
ijσ (Tij + U ⟨n̂iσ̄⟩ δij) ĉ†iσ ĉjσ, where we note a renormalization or shifting of the site

energies Ei↑ = ε0 + U⟨n̂i↓⟩ and Ei↓ = ε0 + U⟨n̂i↑⟩ (for Tij = ε0δij), hinting to a self-consistent
procedure for the calculation of the mean-field values of the operators [96]. A better outline of this
procedure is studied in the next section for the Anderson model.
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Figure 2.3: Spectral density of the strong-coupling limit. The smearing out of the degenerate
energies can be depicted. (Figure taken from [81])

Beyond mean-field methods lies the realm of perturbation theory with Feynman diagrams
thoroughly discussed in Ch 3. The essence of this method is to capture the electronic correlations
of interacting problems from an infinite sum of terms, each higher order containing more correlation
effects leading to modified perturbation treatments that include even more many-body effects and
reveal additional aspects of Hubbard systems (relevant to the purpose of this work) such as the
Kondo effect, and the appearance of a Kondo resonance in the electronic density of states of the
system [4], briefly discussed in the consequent sections. However, the physics of the approximation
employed in this work to study the Coulomb interaction is not enough to account for such strong
correlation effects in transport [76]. This is one of the reasons to highlight the Schrieffer-Wolf
transformation of section 2.1.3 as a bridge to study only Anderson physics as a starting point.

2.1.2 The Kondo and Anderson models

Neither of the models discussed in the previous section explained the origins of local magnetic
moment (LMM) formation in magnetic alloys with impurities that tended to preserve or lose
localized spins, thereby not always forming LMMs [85]. In addition, as mentioned in Ch 1, some
materials with certain magnetic impurity concentrations developed a resistance minimum as a
function of temperature that puzzled solid-state physicists in the 1930s [27]. This section details the
path followed to resolve these issues, conforming to the fundamental ideas behind LLM formation,
asymptotic freedom, and Kondo physics.

Building on the ideas of virtual bound-state resonance employed to describe the interaction of
electrons with the d-orbitals of magnetic ions developed by Andre Blandin and Jacques Friedel [97],
Phillip Anderson built the single impurity Anderson model (SIAM) to explain LMM formation
in 1961 [29]. The physical situation is that of an impurity atom with incomplete localized d’ or
f -orbitals interacting with the continuum of states in a noninteracting metal with a determined
band structure described by Eq. (2.12). For simplicity, let us assume a simple band structure with
no sub-bands (the degeneracy of the orbitals is neglected). Then, the Hamiltonian for the metal
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(a fermionic reservoir denoted by the subscript “M”) is written as

ĤM =
∑
kσ

εkĉ
†
kσ ĉkσ. (2.20)

The Hamiltonian for the impurity is the single-site version of the Hubbard model Hamiltonian in
Eq. (2.18) (we now use “d” to differentiate from the second quantization operators of electrons in
the metal):

ĤD = ε0
∑
σ

d̂†σd̂σ + Un̂↑n̂↓, (2.21)

where the subscript “D” for the Hamiltonian stands for the “device” or system of interest,7 in this
case the impurity atom. The fundamental addition in the paradigm of the Anderson model is the
Hamiltonian ĤT for the interaction between the metal and the impurity atom. We use a basis of
localized atomic wave functions |ϕd

σ⟩ for the impurity and a basis of Bloch states denoted by |kσ⟩.
In the derivation of the diagonalized Hamiltonian in Eq. (2.12), the band structure is deduced from
the change from position to momentum basis in the description of the solid. The original atomic
basis functions are now written in momentum and replaced by Bloch functions ψkσ(r) = ⟨r|kσ⟩.
In this way, it seems natural to think of the product state basis as a complete basis for the
full system description, where the change to momentum space and subsequent diagonalization
is performed in a subspace of the lattice. In general, this is valid under the assumption that
the tunneling processes associated with purely single-electron energies, and the chosen basis be
correctly localized to avoid higher-order hybridization contributions [13]8. Hence, the non-diagonal
terms of the matrix representation of the full Hamiltonian in the chosen basis constitute the
interaction between the conducting sea and the impurity atom:

Ĥ =
∑
kσ

εkσ|kσ⟩⟨kσ|+
∑
σ

ε0|ϕd
σ⟩⟨ϕd

σ|+
∑
kσ

Vkσ|ϕd
σ⟩⟨kσ|+ V ∗

kσ|k⟩⟨ϕd
σ|, (2.22)

or in second quantization form:

Ĥ = ĤD + ĤM + ĤT , ĤT =
∑
kσ

Vkσd̂
†
σ ĉkσ + V ∗

kσ ĉ
†
kσd̂σ, (2.23)

where the tunneling (or hybridization) coefficients Vkσ = ⟨kσ|ĤT |ϕd
σ⟩ are given by:

Vkσ =

∫
drψkσ(r)VT (r)ϕ

d
σ(r). (2.24)

The potential VT (r) is responsible for the actual transfer of electrons between the parts of the
system as a consequence of the interaction of the impurity atom with the ionic lattice potential

7We are paving the way towards the paradigm we use from section 2.2.2 to the rest of this work.
8The tight-binding approach is clearly compatible with these assumptions and it is often imposed in the definition

of the Hubbard model [93].
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Vion(r) of the metal. The full deduction for the Hamiltonian stems from a model for this first-
principles potential. The seminal work by Anderson [29] deduces the following expression for the
tunneling coefficients:

Vkσ =

∫
dr e−ik·rVion(r)ϕ

d
σ(r), (2.25)

which is obtained with the “muffin-tin” potential model [4]. The muffin-tin potential is a theoretical
model used to simplify the complex potential landscape in a crystal, making it particularly useful
for deriving the Anderson model from first principles. In this model, the potential is divided into
two regions: one inside the muffin-tin sphere of radius R0 centered around each atom, where the
potential is given by the sum of the ionic potential, Vion(r), and a constant term, W . In the
interstitial region outside the sphere, the potential is considered constant, which is set to zero here
for simplicity:

V (r) = (Vion (r) +W ) θ (R0 − r) . (2.26)

The constant W is determined such that both the ionic potential inside the sphere and the
potential in the interstitial region are balanced. This ensures that the muffin-tin potential provides
a realistic approximation of the true potential landscape within the crystal, thereby allowing for
accurate calculations of electronic properties. This potential captures the essential physics of the
localized atomic states and the conduction electrons in a crystal lattice for the Anderson model
after the application of first-order degenerate perturbation theory to evaluate the elements of the
first-principle Hamiltonian steaming from the V̂T (r) felt by an isolated impurity described by the
atomic localized basis |ϕd

σ⟩. Finally, the full Anderson model is given by:

ĤA =
∑
kσ

εkĉ
†
kσ ĉkσ + ε0

∑
σ

d̂†σd̂σ + Un̂↑n̂↓ +
∑
kσ

(
Vkσd̂

†
σ ĉkσ + V ∗

kσ ĉ
†
kσd̂σ

)
. (2.27)

The relevant ingredients to understand this model are the atomic limit and noninteracting
limit (U = 0), which then facilitates the application of a mean-field treatment to elucidate the
physics of this model. Here is a summary of the most important takeaway points of this model:

1. Atomic limit: As in the previous section, we only deal with the Hamiltonian (2.21). The
possible quantum states are simple: we could have a single spin up or down electron with
energy E1 = ε0 (magnetic), or a doubly occupied state with energy E2 = 2ε0 + U (nonmag-
netic). The energy cost to add an electron to a magnetic state is ε0 + U , while the cost to
remove it is −ε0. This is summarized by the energy change ∆E = U

2
±
(
Ef +

U
2

)
. Relative to

zero (where below zero energies represent favorable low excitation states and we can assume
ε0 < 0), we see from that energy change that we must ensure U > ε0 + U/2 if we require
ε0 + U to be sufficiently greater than zero (unfavorable). But we also need U < ε0 + U/2 to
achieve the same. In both cases, the doubly occupied state is highly unfavorable and only
the spin degrees of freedom remain. A localized moment could be formed in this situation
and a half-filling condition could be satisfied.
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2. U = 0 case: How does the conducting sea affect the spectral properties of the impurity atom?
In general, there is a competition between the hybridization Vk and the interacting Coulomb
constant U . The former tends to equalize up and down spin occupancy and the latter tends
to unbalance them due to the energy cost of U for the double occupancy. To appreciate
the interplay, we start by assuming U = 0 in Eq. (2.27). The impurity level is sharp and
discrete previous to the interaction with the continuum. This hybridization means that the
impurity state can exchange electrons with the conduction band, giving the impurity state
a finite lifetime. The finite lifetime of the impurity state leads to an energy uncertainty,
causing a broadening or spread in its energy level within the density of states. This produces
a resonance from the interference arising from the hybridization reflecting the energy of the
impurity level: a Fano resonance [98] (see Figure 2.4). In Ch. 3, it is shown how these
effects can be rigorously described with the concept of the embedded self-energy. It is
intuitive to see that this resonance increases the probability for a balanced up-and-down spin
occupation from multiple hopping processes between the continuum states and the impurity
atom, in contrast to the introduction of unfavorable balanced spin states steaming from the
energy cost U once the Coulomb repulsion is switched on.

3. Mean-field treatment: Finally, the key for understanding the competence of the scales associ-
ated with U and Vkσ that unravels the principles of local moment formation is the mean-field
approximation, mentioned in section 2.1.1 at the bottom of page 14, transforming the quartic
Coulomb term into a single particle Hamiltonian that shifts the impurity energies such that
Ei↑ = ε0 + U⟨n̂i↓⟩ and Ei↓ = ε0 + U⟨n̂i↑⟩. In his seminal work [29], Anderson obtained the
electron spin occupations, resulting in the self-consistent expressions (εF is the Fermi energy
of the conducting sea):

⟨n̂↑⟩ =
1

2
+

1

π
arctg

εF − ε0 − U ⟨n̂↓⟩
Γ

, ⟨n̂↓⟩ =
1

2
+

1

π
arctg

εF − ε0 − U ⟨n̂↑⟩
Γ

, (2.28)

where Γ represents the broadening of the density of states about the energy level due to the
system-bath coupling. Careful analysis of these equations leads to phase diagrams determin-
ing nonmagnetic (⟨n̂↑⟩ = ⟨n̂↓⟩) or magnetic solutions (⟨n̂↑⟩ ≠ ⟨n̂↓⟩) setting the conditions for
LMM formation.

The Anderson model alone did not provide a complete explanation for the observed anomalies
in electrical resistivity in metals doped with magnetic impurities. One such anomaly was the
resistance minimum observed at low temperatures, known as the Kondo effect [27]. In 1964, Jun
Kondo tackled this problem by considering a simplified version of the Anderson model, focusing
on the exchange interaction between the conduction electrons and the localized magnetic moment.
This led to the formulation of the Kondo model. Anderson observed that in the limit of strong
U , the hybridization term can be treated as a perturbation. Another mechanism to explain the
origin of a localized moment came from the application of second-order perturbation theory in the
parameters Vkσ. This procedure is detailed in Ref. [83], where an effective model equivalent to the
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Figure 2.4: (a) Schematic representation of the muffin-tin potential (2.26) responsible for the
hybridization of the degenerate conducting sea states and the localized impurity atom state. (b)
The effect of the continuum to the localized level of the impurity is to produce broadening and a
resonance centered at ε0. (Figure taken from [4])

s-d model [86] emerged:

ĤK =
∑
kσ

εkσ ĉ
†
kσ ĉkσ +

∑
k,k′

Jk,k′ ĉ
†
kσ σ⃗σσ̄ ĉk′σ̄ ·

ˆ⃗
Sd,

ˆ⃗
Sd ≡ d̂†σ

(
σ⃗σσ̄
2

)
d̂σ̄, (2.29)

where σ⃗σσ̄ is the vector of Pauli matrices. The s-d model describes the interaction between the
conduction electrons in the s-band and localized magnetic moments arising from the d-electrons

in a material. Here, the spin operator
ˆ⃗
Sd for the localized moment is produced by the spin degree

of freedom in the magnetic impurity atom. The exchange coupling constant J turns out to be
negative, indicating a tendency to form a singlet between the localized spin and the spin density
of the surrounding conducting sea (ĉ†kσ σ⃗σσ̄ ĉk′σ̄) from an antiferromagnetic coupling. Kondo em-
ployed perturbation theory to show that the scattering of conduction electrons off the localized
spin above becomes stronger at low temperatures due to higher-order spin-flip processes [99]. He
performed a perturbative expansion in the exchange constant J , and observed that the second
term (second-order perturbation theory) could be much larger than the first. This insight ex-
plained the resistance minimum phenomenon observed experimentally. The resistance minimum
arises from the temperature-dependent scattering rate of conduction electrons off the localized
magnetic moment. At high temperatures, the scattering rate is relatively constant, resulting in a
normal metallic behavior where resistivity decreases as temperature decreases. However, at lower
temperatures, the interaction between conduction electrons and the localized magnetic moment
leads to an increased scattering rate due to spin-flip processes. This enhanced scattering causes
an increase in resistivity,

ρ(T ) = C

[
1− 2Jn0 ln

Γ

kBT

]
, (2.30)
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where Γ is the bandwidth induced by the conducting sea, n0 is the density of states at the Fermi
level, and J is the antiferromagnetic exchange coupling constant. The resistivity presents a min-
imum at a characteristic temperature, known as the Kondo temperature TK . This is a crucial
parameter in the Kondo model, representing the scale below which the Kondo effect becomes
significant. It is given by :

TK = Γexp

(
− 1

2Jn0

)
.

More relevant to this Thesis, in terms of the Anderson model parameters TK is given by

TK =
1

2
(ΓU)1/2 exp

[
πε0 (ε0 + U)

ΓU

]
, (2.31)

result obtained by Haldane in Ref. [100].
One of the most striking features of the Kondo effect is the appearance of the Kondo reso-

nance. It originates from the interaction between conduction electrons and the localized magnetic
impurity. At temperatures below the Kondo temperature TK the strength of this interaction leads
to the formation of a many-body singlet state where the localized magnetic moment is screened by
the surrounding conduction electrons. This screening results in a sharp peak in the spectral density
of states at the Fermi level, known as the Kondo resonance, or more historically accurately the
Abrikosov–Suhl resonance [101, 102]. In bulk metals doped with impurities, the Kondo resonance
enhances scattering through the localized spin, leading to increased resistivity at low temperatures.
Conversely, in quantum dot structures, the Kondo resonance enhances the density of states at the
Fermi level, facilitating electron tunneling through the dot and thereby increasing conductance [45].
Although this effect in quantum dots is crucial for understanding the low-temperature transport
properties of correlated systems, Kondo physics is not in the scope of the approximation employed
in this work to treat the Coulomb interaction. By exploiting the Anderson model’s connection
with the Kondo model through the famous Schrieffer–Wolff transformation, we shall focus on the
more fundamental and general physics of the Anderson model as a starting point for the study of
interacting systems9. This is the topic of the next section.

2.1.3 The Schrieffer–Wolff transformation

In the advent of the Kondo and Anderson models, obtaining the s − d or Kondo Hamiltonian
from applying perturbation theory in the hybridization term hinted at some effective connection
of these models. Physicists Schrieffer and Wolf provided the details for such a relation through a
beautiful procedure that outlines the concept of renormalization in condensed matter physics: the
application of a canonical transformation that facilitated the integrating-out of higher degrees of
freedom in the Anderson model. The result is a low-energy Hamiltonian resembling the Kondo
Hamiltonian after the application of the now-called Schrieffer-Wolf transformation (SWT) [37].

9Kondo physics pertains scales and parameters in ranges already contained in the Anderson model.
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The idea behind renormalization is cemented on the distinction of phenomena steaming from
separated energy scales in quantum systems, as in the case of LMM formation and Kondo physics.
In this sense, it is observed that the low-energy physics of effective models depends very specifically
on gross features of the high-energy physics allowing for the separation of energy scales. We outline
this procedure for the specific case of the Anderson model. Here, the valence fluctuations induced
by the virtual charge fluctuations of the hybridization with the conducting sea are integrated out of
the Anderson Hamiltonian in a sort of one-step renormalization with the application of the SWT.
It is a canonical operator version of classic perturbation theory. The Hamiltonian in Eq. (2.27) is
divided into two parts ĤA = Ĥ0 + Ĥp, where Ĥ0 = ĤD + ĤM is the diagonal part and Ĥp = ĤT

as the perturbation. Generically, we can write:

Ĥ0 =

(
ĤL

0

∣∣∣∣∣ 0

ĤH

)
, (2.32)

with ĤL(H) denote the low(high) energy Hamiltonian corresponding to a single(double) occupation
configuration. The term connecting both parts is:

Ĥp =
∑
kσ

(
Vkσ ĉ

†
kσd̂σ + V ∗

kσ ĉ
†
kσd̂σ

)
=

(
0

Ĥp

∣∣∣∣∣ Ĥ†
p

0

)
. (2.33)

We aim to apply a transformation Û = eŜ defined by the anti-hermitian (Ŝ† = −Ŝ) action
operator Ŝ that bring the original Hamiltonian to a diagonal form:

Ĥeff = eŜĤAe
−Ŝ = Û

(
ĤL

Ĥp

∣∣∣∣∣ Ĥ†
p

ĤH

)
Û † =

(
Ĥ∗

0

∣∣∣∣ 0

Ĥ ′

)
, (2.34)

which is expanded as:

Ĥeff = Ĥ0 + i
[
Ŝ, Ĥ0

]
+ ĤT + i

[
Ŝ, ĤT

]
− 1

2

[
Ŝ,
[
Ŝ, Ĥ0

]]
+ · · · . (2.35)

In their original work, Schrieffer and Wolf chose Ŝ to the first order in Vkσ such that we can
eliminate all non-diagonal components to leading order in this relation by imposing

[
S, Ĥ0

]
= iĤT

from which we obtain the action operator:

Ŝ =
∑
kσα

Vkσ
εkσ − ε0 − U

nα
σ̄ ĉ

†
kσd̂σ − H.c., (2.36)

where nα
σ̄ = nσ̄ forα = +, and nα

σ̄ = 1− nσ̄ forα = − are electron occupations akin to the spectral
weights of the Hubbard band splitting. This leads to a new Hamiltonian

Ĥeff = Ĥ0 +
i

2

[
Ŝ, ĤT

]
, (2.37)
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which is later identified with the Kondo Hamiltonian:

ĤK =
∑
kσ

εkσ ĉ
†
kσ ĉkσ +

∑
k,k′

Jk,k′ ĉ
†
kσ σ⃗σσ̄ ĉk′σ̄ ·

ˆ⃗
Sd,

ˆ⃗
Sd ≡ d̂†σ

(
σ⃗σσ̄
2

)
d̂σ̄. (2.38)

With this connection in mind, we depart from the study of Kondo physics and LMMs and focus on
the more fundamental Anderson model encompassing interacting physics in wider energy scales. As
we see in the next section, an additional fermionic reservoir interacting with the Anderson model
in a two-terminal structure conforms to the most important theoretical paradigm in quantum
transport and serves as a model for the interacting quantum dot system.

2.2 Quantum dots & single-electron transport

Quantum dots (QDs) are nanoscale semiconductor particles that exhibit distinct quantum mechan-
ical properties due to their extremely small size, typically ranging from 2 to 10 nanometers. These
minute structures were first conceptualized in the 1980s, with seminal works by Ekimov and Efros,
followed by significant advancements by Reed and colleagues, marking the initial discovery and
development of these remarkable nanomaterials [103, 104]. QDs exhibit discrete energy levels and
size-tunable electronic and optical properties, a result of the quantum confinement effect, where
the dimensions of the dot are comparable to the de Broglie wavelength of the electrons within.
Over the years, QDs have found a wide array of applications due to their unique properties. In
optoelectronics, they are used in QD light-emitting diodes (QD-LEDs) and solar cells, providing
enhanced efficiency and color purity [105]. In biomedicine, QDs serve as fluorescent probes for
imaging and diagnostics, offering superior brightness and photostability compared to traditional
dyes [106]. Moreover, QDs have been utilized in quantum computing and information processing,
where their ability to represent qubits and facilitate coherent manipulation is invaluable [107]. A
wider variety of applications is seen in Figure 2.5.

The advent of quantum dots has significantly advanced the theoretical and experimental study
of single-electron transport, an essential aspect of quantum transport. Single-electron transport
involves the controlled movement of individual electrons through a system, typically at low tem-
peratures to minimize thermal fluctuations. Quantum dots, due to their discrete energy levels and
Coulomb blockade effect (discussed in section 2.2.2), are ideal systems for observing and manip-
ulating single-electron phenomena. One of the notable devices utilizing single-electron transport
through QDs is the single-electron transistor (SET). The SET consists of a small conducting is-
land (the quantum dot) connected to source and drain electrodes through tunnel junctions and
capacitively coupled to a gate electrode. This configuration allows the control of electron flow
one electron at a time, a capability critical for high-precision charge and quantum computing
applications [108].

The discrete character of the spectrum of quantum dot structures facilitates a first-principles
description based on the single-particle Hamiltonian, with the additional two-body operator for
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Figure 2.5: Representation of the diverse technological applications of the quantum dot interface
spanning communication and information technology energy harvesting, displays, cameras, sensors,
biology, and medicine. (Figure taken from [41])

the Coulomb interaction. If we choose a localized basis (an atomic orbital basis for example) for a
single level QD, we can employ the Hamiltonian of Eq. (2.21) to model this system. In practical
application, QDs exchange electrons with surrounding conducting materials through tunneling
processes, similar to the physical situation described by the Anderson model, with a QD instead
of an impurity atom.

A fundamental paradigm of quantum transport is the two-terminal configuration for transport,
as it is depicted in Figure 2.6) [19, 109]. In the figure, a voltage Vsd is applied between a source
and drain, inducing a current I through the central region or the channel. We shall refer to the
central region as the device. It possesses a certain density of states D(E). Both source and drain
can be described by macroscopic leads serving as fermionic reservoirs. The application of Vsd shifts
the chemical potential in both leads in such a way that µL − µR = qVsd [19] (recall that both
lead’s states are occupied up to a given chemical potential), where q is the electron charge. The
amount qVsd is referred to as the transport window: only the states of D(E) with energies near
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this zone contribute to electron flow. Whenever Vsd = 0, we have µR = µL = µ0 and the system
is in equilibrium. We describe the electron states in both reservoirs with their Fermi-distribution
functions and assume that their density of states remains unaltered by the presence of the central
region, in virtue of their huge amount of degrees of freedom in comparison with the device. It is,
instead, the device that is affected by its interaction with the continuum of states of the reservoirs.
The bias voltage induces a non-equilibrium condition where now the left contact tends to fill out the
device energy level to achieve the equilibrium situation of uniform chemical potential throughout
the system. At the same time, the right contact has unoccupied states and “pulls” electrons
from the device states. This process is the origin of electron flow in quantum transport setups.
Electron flow would intuitively depend on D(E) for energies near the bias window, or near the
equilibrium chemical potential µ0 related to the Fermi-energies of the leads. Whenever the device
presents available energy states in the transport window, such states are referred to as transport
channels. Electron flow is obviously enhanced if we have a large number of such channels at
disposition.

Figure 2.6: Two-terminal quantum transport set up: it consists of a source and drain (fermionic
reservoirs or macroscopic nonmagnetic noninteracting metals) and a central region (channel) which
could be a quantum dot structure or a bulk solid or any other quantum system susceptible to energy
exchange.

The fundamental approach to this setup is widely attributed to physicist Rolf Landauer [110],
whose deep physical ideas on the subject laid the foundation for understanding transport in
nanoscale systems. Here we outline the fundamental ideas of his approach and provide a heuristic
derivation of the Landauer current.

Based on experimental observations, Landauer began by assuming that the device behaved in
a ballistic way: electrons entering the device do not give up energy to the surroundings and travel
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smoothly through the channel. They change energy from one lead to the other but not inside
the channel. In this picture, electron flow is taken care of by a nonzero difference between Fermi
distributions and any entropy-driven process (steaming from the interaction with the reservoirs at
certain temperatures) can be separated from the dynamics inside the device: from the perspective
of the channels in the device, electrons are simply injected an ejected at different energies without
changing their energies inside the channel. This is why Landauer referred to the device zone as
the scattering region. Now, we assume a length L for the device and that plane waves with
+k(−k) momentum enter the scattering region from the left(right) lead: ψ+k(−k) = (1/

√
L)eikx

(1/
√
Le−ikx). Despite the complicated nature of the interface between the leads and the device,

experiments suggest that +k(−k) states are primarily occupied by the left(right) leads with its

Fermi distribution fR(L) [111]. The current injected from the leads is given by I = Tr(
ˆ⃗
jρ̂M), where

the diagonal elements of the density matrix of the metals or contacts ρ̂M are given by the Fermi

distributions of the left and right leads and
ˆ⃗
j = (e/2)(n̂ˆ⃗v + ˆ⃗vn̂) (n̂ and v̂ are the electron number

and velocity operators). It can be shown that this operator applied to a wavefunction gives:

j⃗(r⃗) =
eiℏ
2m

[ψ (∇ψ∗)− ψ∗(∇ψ)] . (2.39)

We need to determine the j+k(−k) currents corresponding to states coming from the left(right)
leads with wavefunction Ψ+k(−k). For simplicity, let’s consider the case of a 1D ballistic device in
the central region, the energies of incoming electron states are given by ε+k = ε−k = h2k2/2m. It
follows that j±k = ± eℏk

mL
and then:

I = Tr(
ˆ⃗
jρ̂M) = 2e

∑
k>0

[j+kf+k + j−kf−k] = 2e
∑
k→0

ℏk
mL

[f (εk − µL)− f (εk − µR)] .

By letting
∑

k 7→ L/(2π)
∫∞
0
dk and ℏk/m = (1/ℏ)∂εk/∂k we obtain a simple expression known

as the Landauer current formula for 1D ballistic devices:

I =
2e

h

∫
dε
[
f (ε− µL)− f (ε− µR)

]
. (2.40)

We see how Eq.(2.40) naturally contains all previous relevant assumptions and fundamental fea-
tures of the transport picture of Landauer; if µR = µL = 0, then I = 0, nmeaning no current
flows through the device, and the system is in equilibrium. The current depends only on the dif-
ference between the Fermi functions, which reflects the imbalance of electron populations between
the two reservoirs. This imbalance drives electrons to flow from the higher chemical potential to
the lower one. The absence of additional terms indicates that electrons travel without scatter-
ing—maintaining coherence throughout the conductor. Thus, the flow is determined solely by the
availability of electrons on either side and not hindered by resistive effects, which is the hallmark
of ballistic transport. In general, a rigorous expression may be obtained for the Landauer current
according to [111]:

I =
2e

ℏ

∫ ∞

0

dE Tr
(
t̂†t̂
) [
fL(E)− fR(E)

]
, (2.41)
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where it is customary to define the transmission function T (E) = Tr
(
t̂†t̂
)
=
∑

i Ti(E), where t̂ is

the transition operator in the non-diagonal elements of the scattering matrix operator Ŝ [111], and
Ti(E) are the transmission eigenvalues of the operator t̂†t̂ 10. The transmission function accounts
for scattering, imperfections, and resistive effects within the conductor. It modifies the Landauer
current expression in Eq. (2.40) to reflect the probability that an electron at energy E successfully
transmits through the device in a more realistic setup. The eigenvalues Ti(E) are related to the
transport channels in the scattering region (device). The value |tmn|2 gives the probability for an
electron to transfer from channel n in lead L and transmit through the scattering region to channel
m in lead R (tmn are its matrix elements in some appropriate basis). If we assume a linear response
regime (small bias voltage) we can rewrite the Fermi function difference as:

fL(E)− fR(E) ≈ f(E) +
∂f

∂µ
µL −

[
f(E) +

∂f

∂µ
µR

]
≈ ∂f

∂µ
(µL − µR) =

(
− ∂f
∂E

)
(µL − µR) ,

and we can obtain an expression for the conductance [13, 40]:

G =
I

(µL − µR) /e
=

2e2

h

∫
dE

(
− ∂f
∂E

)
T (E). (2.42)

A relevant feature of Eq. (2.42) is the spread-out shape of the derivative of the Fermi func-
tion. It presents a resonance symmetric shape about the chemical potential and it multiplies the
transmission function as shown in Figure 2.7. In linear response regime, the derivative determines
the difference between the Fermi functions. It contributes to the conductance in the energy win-
dow defined by the chemical potential and the resonance’s width kBT . For energies centered at
the transport channel characteristic energies (of the device), the conductance tends to develop
a resonance structure with certain widths determined by the parameters of the system11. High
temperature is detrimental to conductance since heat fluctuations increase scattering events in the
scattering region and smear out transmission probabilities through the channels.

The amount 2e2/ℏ in equation (2.42) is the quanta of conductance. A fundamental feature of
the conductance of devices in two-terminal devices is the quantization of conductance for different
values of an applied gate-voltage Vg that shifts the device’s spectrum distribution. A beautiful
experiment where this quantization is evidence can be found in Ref. [112] (see Figure 2.8). With
this, we are now ready to build the interacting quantum dot system12.

10Note how if the device is 1D ballistic device, the transmission probability approaches 1 and then
∑

i Ti(E) = 1,
arriving at the result in Eq. (2.40)

11This is thoroughly discussed in section 4.3.1 and we can see this structure in Figure 2.10 of section 2.2.2.
12Several additional developments were considered in the theory of quantum transport all steaming from the

Landauer approach. One such approach is the Jauho-Meir-Wingreen formalism for the current study in Ch. 3. For
further reading, the reader is directed to
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Figure 2.7: We observe ∂f/∂E vs (E − µ) for different values of kBT . It is observed how higher
temperatures smear out the resonance, thereby being detrimental to the conductance.

Figure 2.8: Conductance as a function of gate voltage in ballistic point contacts defined in the
two-dimensional electron gas of a GaAs-AlGaAs heterostructure, with zero magnetic field [112].
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2.2.1 The interacting quantum dot system

We are now ready to introduce the interacting quantum dot system (IQDS) Hamiltonian ĤS(t) =
ĤM(t) + ĤD(t) + ĤT (t) which consists of the Anderson model (which is the single-site Hubbard
model + one fermionic reservoir) and an additional fermionic reservoir to build the typical two-
terminal structure of quantum transport discussed in the previous section:

ĤM(t) =
∑
kσα

εkα(t)ĉ
†
kασ ĉkασ, ĤD(t) = ε0(t)

∑
σ

d̂†σd̂σ +Un̂↑n̂↓, ĤT (t) =
∑
kσα

Vkα(t)ĉ
†
kασd̂σ +h.c. ,

(2.43)
where, α = R,L denotes the right and left fermionic reservoirs or metallic leads (in principle
indistinguishable from each other), and the rest of the terms were previously defined. However, ĤD

now describes the localized discrete energy level of an artificial single-site quantum dot degenerated
in spin with the intra-site Coulomb interaction U between electrons of opposite spin, characteristic
of single-electron transistor devices [113]. Figure 2.9 depicts a schematic representation of the
situation.

Figure 2.9: Schematic representation of the interacting quantum dot open system with a symmetric
protocol of bias voltage application.

In Figure 2.9, each lead sustains a chemical potential µα, and the parameters Γα associated
(see section 3.3) with the level broadening induced by the interaction of the discrete level with the
continuum of the metallic leads. The application of a bias voltage VSD = µL − µR in a symmetric
protocol set up typical of these systems [109] induces a non-equilibrium situation by shifting the
chemical potential and differentiating the Fermi distribution functions of the leads, hence inducing
charge transport in the system. The bias voltage is applied relative to the potential barrier between
the quantum dot and the leads, so that Vsd = 0 → µR = µL = µ0 ≈ ε0 ≈ εF , where εDF is the
Fermi energy of both leads. [72]. This voltage determines the transport window of the problem,
effectively centered on the discrete energy level of the quantum dot.
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2.2.2 The Coulomb blockade effect in QDs

As discussed in section 2.2, technological advances have made possible single-electron transport
in nanostructures [113]. The ability to control electron flow one at a time in small devices makes
it impossible to neglect electron correlations caused by the Coulomb interaction. The addition
of electrons in structures with certain discrete energy levels (such as quantum dots) comes at an
energetic cost determined by the Coulomb parameter U , which affects the conduction of electrons
through the device and ultimately its quantum transport properties. This is the essence of the
Coulomb blockade effect, relevant to the discussion of the IQDS.

To elucidate the Coulomb blockade effect, consider a multilevel quantum dot as a device under
the application of a gate voltage Vg(t) whose effect is to shift the energy spectrum in the device
by an amount determined by eVg:

ĤD(t) =
∑
ασ

(εα + eVg(t))d̂
†
ασd̂ασ + U

∑
α

n̂α↑n̂α↓. (2.44)

It is easy to see that the energy difference between having n and n + 1 electrons in the dot
states is given by E(n + 1) − E(n) = nU + ϵλn − |e|Vg, where λn denotes the associated single-
particle state where we add the electron. Now, the levels at the quantum dot are filled by electrons
sequentially as the energy state is lower to approach the Fermi energy of the leads due to the gate
voltage. Clearly, at |e|Vg = nU + ϵλn , the n-th level allows for a double occupation by becoming
degenerate with the Fermi sea of the leads. Coherent tunneling of electrons to the quantum dot is
more likely to occur at this point, giving rise to a periodic resonance structure of the conductance
which ideally tends to reach a value near the quanta of conductance. We note how increasing
temperature smears out the resonances and the structure is coherent with Eq. (2.42) according
to the form of ∂f/∂E in Figure 2.7. Thus, the Coulomb blockade restricts the transmission of
electrons to the quantum dot due to the unfavorable associated energy cost U of adding electrons
to the levels of the quantum dot, until the cost is met through Vg.

We have constructed the system of interest for this work, described by the Hamiltonian (2.43)
and depicted in Figure 2.9. We thoroughly discussed the physics of the fundamental Hubbard
model, the connection between the Anderson and Kondo models, the concepts and ideas of single-
electron transport, and the two-terminal transport setup, which are the main ingredients for the
study of the IQDS. We are now ready to study the time-dependent nonequilibrium Green’s func-
tions approach to elucidate the relevant properties of the IQDS.
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Figure 2.10: Behavior of the conductance as a function of the gate voltage in a quantum dot. The
Coulomb blockade effects manifest in the zero conductance valleys for certain values of Vg, which
is caused by the unmet energy cost U of adding an electron to the system. (Figure taken from [4])
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3
Time-dependent nonequilibrium
Green’s functions for quantum

transport

In this chapter, we establish the theoretical framework necessary to address the physical system
introduced in the preceding chapter. Our primary tool in this endeavor is the time-dependent
nonequilibrium Green’s functions (TDNEGF). We provide a comprehensive explanation of TD-
NEGF and delve into their capabilities in accurately describing quantum transport phenomena
in open systems. To commence, we present the rationale behind our choice of the TDNEGF
approach and subsequently explore their definition in the Keldysh-Schwinger contour. This foun-
dational understanding naturally leads us to the application of these objects within the context
of the state-of-the-art general quantum transport setup. This application sets the stage for the
utilization of the Jauho, Meir, and Wingreen formalism, crucial in studying the time-dependent
response of the system when subjected to time-dependent external perturbations that drive the
system far from equilibrium, particularly in terms of the produced physical charge current flowing
through the system.

3.1 Why nonequilibrium Green’s functions?

In the introductory chapter of this thesis, we placed an important emphasis on the intricacies of
the analysis of quantum transport systems in the context of nanoscale devices such as molecular
junctions or mesoscopic systems with complex materials, and we highlighted several theoretical
approaches to time-resolved quantum transport, each with its constraints and limitations. Sim-
ulating the quantum dynamics of such devices, characterized by a complex interplay of strong
correlations, non-equilibrium behavior, and external perturbations, is an intricate task. In prin-
ciple, the solution of the time-dependent Schrödinger equation should be enough to describe the
dynamical evolution of general quantum systems. However, in practice, the sheer number of equa-
tions makes this unattainable in the context of ab initio prescriptions (see DFT review by [114]),
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even with the most powerful supercomputers available to this date. As mentioned earlier, this fact
calls for new theoretical tools in the search for a practical yet complete description of many-body
complex quantum systems. Fortunately, many experimentally observed properties involve only
a few number of particles (such as densities and current), making it possible to evaluate these
quantities from a reduced theoretical standpoint [10, 11].

The critical question is: What constitutes an appropriate reduced quantity for this purpose?
The field of quantum transport has evolved, yielding various theoretical methodologies constructed
around distinct reduced quantities, like the reduced single electron density matrix (RSDM) [115].
Our focus here is on one of the most versatile approaches: the time-dependent non-equilibrium
Green’s function (TDNEGF) formalism. NEGF stands out for its ability to treat multiple facets
equally, including interparticle interactions, external perturbations, far-from-equilibrium scenar-
ios, and arbitrary coupling to baths with an infinite amount of degrees of freedom. It provides
transparent connections to other theoretical methods employed to simulate quantum transport,
even reducing gracefully to established quantum transport formulae in limiting cases [5, 20].

The NEGF approach offers an ab initio method adaptable to various scenarios. It accommo-
dates both bosonic and fermionic systems [116], regardless of dimensionality, perturbation strength,
temperature, or transient versus stationary state by pertaining a hierarchical structure, inspired
by Martin and Schwinger [64, 117], that governs the evolution of the Green’s function, employing a
self-energy kernel as an effective medium or scattering potential accounting for many-body effects
[62]. The NEGF method aligns with macroscopic conservation laws, systematically truncating the
hierarchy, which allows for a natural perturbative prescription of interactions. In its simplest form,
the so-called Kadanoff–Baym equations govern the single-particle Green’s function’s motion and
contain all many-body effects. The versatility of NEGF extends beyond quantum transport, en-
compassing diverse domains from photo-induced phenomena to quantum thermodynamics, among
which several applications can be found [118–122]. Its capacity to seamlessly handle interactions,
external perturbations, nonequilibrium dynamics, and arbitrary system-bath interactions in open
systems, without imposing constraints on any of the aforementioned aspects, renders it ideal for
our investigation.

In the following sections, together with appendices B and E, we delve deeper into the application
of NEGF, unraveling the complexities of quantum transport and revealing the secrets concealed
within nanoscale systems driven far from equilibrium.

3.1.1 Many and single-particle Green’s functions

Green’s functions are compelling tools and fundamental blocks of any quantum field theory [7] that
emerge in several contexts in physics [14, 123]. However, in quantum mechanics, they can be seen
as a time-ordered response to a certain physical event that dictates the probability amplitude for
that event to happen. Imagine we are studying the transition from a certain initial quantum state
to another which we call the final state. This transition occurs as a response to a certain event
that produced the change in the quantum state, and according to the elementary rules of quantum
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mechanics [124], the transition is associated with a certain transition probability amplitude that
measures the probability of occurrence of the event. Green’s functions naturally contain the causal
and anti-causal information of such transition, thereby yielding the characteristic time and energy
scales related to the transition processes in the physical system. To visualize these transitions, let
us write:

|Ψ(t)⟩ = Û (t, t0) |Ψ(t0)⟩ → ⟨x | ψ, t⟩ =
∫

dx′⟨x|T exp

[
− i
ℏ

∫ t

t0

dt′Ĥ (t′)

]
|x′⟩⟨x′ | ψ, t0⟩,

ψ(x, t) =

∫
dx′K (x, t, x′, 0)ψ (x′, 0) , (3.1)

where Û(t, t0) is the evolution operator in the Schrodinger picture of a certain system with Hamil-
tonian Ĥ(t) and we have a certain initial state |Ψ(t0)⟩ at time t0 evolving to a final state |Ψ(t)⟩
at time t. In equation (3.1), we then have the evolution process of the wave function. Note that

K (x, t, x′, 0) = ⟨x|T exp

[
− i
ℏ

∫ t

t0

dt′Ĥ (t′)

]
|x′⟩ = ⟨x|Û(t, t0)|x′⟩ = ⟨x, t|x′, t0⟩, (3.2)

is the probability amplitude for the particle to go from a space-time point (x′, t = 0) (state
|Ψ, t = 0⟩) to (x, t) ( |Ψ, t⟩). We refer to K (x, t, x′, 0) as a transition amplitude.

It can be shown [124] that this object is the solution response of the Schrodinger equation,
such that [

−
(

ℏ2

2m

)
∇′′2 + V (x′′)− iℏ ∂

∂t

]
K (x′′, t;x′, t0) = −iℏδ3 (x′′ − x′) δ (t− t0) , (3.3)

where we can now see the transparent interpretation of K as a transition probability amplitude,
or in the language of QFT, a one-particle propagator. Once there is a certain time-ordered in the
time arguments of K, e.g., by allowing the event at time t to be a causal response of the initial
one, i.e., by imposing t > t0 we can define a sort of “causal” Green’s functions as Gr (x, t, x

′, t0) =
K (x, t, x′, t0)Θ(t− t0).

In general, we define the many-body Green’s function to describe state transitions of many-body
systems as [4, 125]

G (1, 2, . . . n; 1′, 2′, . . . n′) = (−i)n
〈
ϕ
∣∣T ψ(1)ψ(2) · · ·ψ(n)ψ† (n′) · · ·ψ† (1′)

∣∣ϕ〉 , (3.4)

where we have a n−particle system undergoing a transition between a certain initial and final
state, and we introduced a field operator ψ̂(N) for the particles in the Heisenberg picture, with
the short-hand notation N = (xN , t), so that ψ̂(N) (ψ̂†(N)) annihilates (creates) a particle at
position xN and time t and an average over the ground state |ϕ⟩. The symbol T is the usual
time-ordering operator of quantum mechanics: it orders products of operators such that the ones
occurring later are placed to the left. For reasons that we explore in section 3.1.3, it turns out
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that the dynamical (or static) content of any QFT theory is contained within the single-particle
Green’s function (SPGF) plus a many-body self-energy accounting for more than one-body effects.
This provides a way to study the contents of general many-body correlators as those found in Eq.
(3.4). We define the SPGF as:

Gαα′ (x, t;x′, t′) = −i
〈
T ψ̂α(x, t)ψ̂

†
α′ (x

′, t′)
〉

= −i
〈
ψ̂α(x, t)ψ̂

†
α′ (x

′, t′)
〉
Θ(t− t′)∓ i

〈
ψ̂†
α′ (x

′, t′) ψ̂α(x, t)
〉
Θ(t′ − t) ,

(3.5)

where we can also have a spin degree of freedom denoted by α. Note how the SPGF contains both
the causal (t− t′ > 0) and anti-causal (t− t′ < 0) response of the system. The ± symbol denotes
the quantum statistical nature of the field operators: the (−) sign for fermionic operators, and (+)
for bosonic operators.

Since Green’s functions are strongly related to expectation values of products of field operators,
and we can in principle build any observable using field operators, the determination of the SPGF
provides a complete description of the system’s relevant observables [8]. As a first example, we
follow Ref. [4] to calculate the Green’s function of a degenerate Fermi liquid of non-interacting
fermions in its ground state. The details can be found in appendix A. We obtain:

G(k, ω) =
1

ω − εk + iδk
. (3.6)

We observe how Green’s function contains the spectral information of the Fermi liquid at its poles
given by εk = ω− iδk, where ω is the energy at which we calculate the GF, and δk = δ sgn (k − kF )
with sgn() equal to one if its argument is positive, −1 if it is negative, and zero if it is zero, and
δ is an infinitesimal real number serving as a convergence factor (see Appendix A). In the process
of obtaining the GFs of the problem a Fourier transform from time to energy domain was applied.
This procedure imposes a causal or anticausal structure on the GFs, manifested in the appearance
of complex poles in either the lower or upper complex plane in the energy domain, depending on
the sign of the imaginary part in the denominator of Eq. (3.6). As we explore in the next section,
this has to do with the retarded and advanced components of the Green’s functions in a time
contour. Once we obtain the GF of the problem, we can use it to calculate any observable such as
the particle density current (see appendix A).

An important aspect of GF theory is that it allows a natural transition to the most general
nonequilibrium scenario in a quantum system, relevant to the context of quantum transport. For
example, consider the case of statistical equilibrium. We start with the calculation of an observable
such as

O = ⟨GS|Ô|GS⟩ = ⟨0|Û−∞,tÔÛt,−∞|0⟩, (3.7)

where Û−∞,t = Û(t,−∞). In the Schrodinger picture, we have |GS⟩ = Ût,−∞|0⟩, where |GS⟩ is the
ground state of an interacting zero temperature system (extension to finite temperature through
the Matsubara formalism is possible [126]), |0⟩ is the ground state of the non-interacting part. A
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special trick is the equilibrium assumption that the evolution of the non-interacting ground state
upon adiabatic switching on of the interactions and subsequent adiabatic switching them off brings
the system back into the state |0⟩, up to a phase factor eiL [8]. Closely related to this assumption is
the Gell-Mann-Low theorem [4]. Then Û+∞,−∞|0⟩ = eiL|0⟩ and it follows that eiL = ⟨0|Û+∞,−∞|0⟩
(upon imposing normalization for |0⟩). With the previous considerations, we may write:

⟨GS|Ô|GS⟩ = ⟨0|Û−∞,tÔÛt,−∞|0⟩ = e−iL⟨0|eiLÛ−∞,tÔÛt,−∞|0⟩

= e−iL⟨0|Û+∞,−∞Û−∞,tÔÛt,−∞|0⟩ =
⟨0|Û+∞,tÔÛt,−∞ | 0⟩
⟨0|Û+∞,−∞|0⟩

.
(3.8)

We then consider only the forward-time evolution with an additional cost of the denominator
⟨0|Û+∞,−∞|0⟩, relevant in the diagrammatic formulation of perturbation theory. In general, the
equilibrium assumption fails, as we can not always bring the system to the same equilibrium state
in the distant future when general external perturbation drives the system far from equilibrium.
This calls for a better formulation of the theory in the search for computing expectation values.

In terms of the SPGF, we can derive eq. (3.8) following the same idea to obtain

iG (x, t;x′, t′) =

〈
Φ0

∣∣∣T [S(∞,−∞)ψ̂(x, t)ψ̂† (x′, t′)
]∣∣∣Φ0

〉
⟨Φ0|S(∞,−∞)|Φ0⟩

, (3.9)

where S is the scattering matrix, typical of equilibrium perturbation theory [73] and defined by

S(∞,−∞) = T exp

(
−i
∫ ∞

−∞
dt1ĤI (t1)

)
, (3.10)

where HI is the interacting part (every non-quadratic term) of the Hamiltonian.
Following the tools of quantum statistical mechanics [127], expectation values are computed

from the state operator ρ̂(t) of the system, such that

⟨Ô⟩(t) ≡ Tr{Ôρ̂(t)}
Tr{ρ̂(t)}

=
1

Tr{ρ̂(t)}
Tr
{
Û−∞,tÔÛt,−∞ρ̂(−∞)

}
. (3.11)

In the equation above, we wrote ρ̂ in the Schrodinger picture and defined it as a known quantity
in the distant past, where at time t = −∞ the system’s Hamiltonian was a noninteracting one.
It could be, for instance, the equilibrium density matrix in the grand-canonical ensemble. Let us
assume that interactions are adiabatically switched on and off before the application of an external
time-dependent perturbation at time t > 0, where the system is driven out of equilibrium. In this
general nonequilibrium scenario, eq. (3.11) defines a forward and backward evolution that can not
be eliminated by using the aforementioned equilibrium assumption trick; the system is now in an
unknown superposition of excited states once we evolve it according to Û∞,−∞.

As it was noted by Keldysh in his seminal work [66], Eq. (3.11) defining the expectation value of
the operator Ô turns out to have a one-to-one correspondence between the forward and backward
time evolutions, and the parametrization of the observable in a complex two-branch contour. This
is the so-called Schwinger-Keldysh contour and it is the subject of the next subsection.
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3.1.2 The Schwinger-Keldysh contour

The forward and backward evolution in the calculation of expectation values of observables is
directly related to the parametrization of the expectation value in a complex two-branch contour,
the Schwinger-Keldysh shown in the figure 3.1.

Figure 3.1: Keldysh Contour introduces two
branches, where the upper branch is a progressive
contour between times, and the lower branch is a re-
gressive one (Figure from Ref. [8]).

Figure 3.2: Different orders for arguments in
the contour (Figure from Ref. [60]).

The contour is defined as γ ≡ (t0, t)︸ ︷︷ ︸
γ+

⊕ (t, t0)︸ ︷︷ ︸
γ−

and we denote by z′ = t′− the point of γ lying on

the forward or upper branch γ− with value t′ and by z′ = t′+ the point of γ lying on the backwards
or lower branch γ+ with value t′. With this in mind, operators are defined in the contour according
to

Â (z′) ≡

{
Â+ (t′) if z′ = t′+
Â− (t′) if z′ = t′−

. (3.12)

According to complex analysis, parametrization over the contour immediately sets an order of
its arguments. Some ways in which arguments in the contour can be arranged are shown in figure
3.2. Points in the backward branch could have a smaller projection to the real-time axis (see third
diagram) but they are still considered as being after any point in the forward branch. Analogous
to the time-ordering operator, a contour-ordering operator can be defined such that

T
{
Â (z1) B̂ (z2)

}
=


T
{
Â+ (t1) B̂+ (t2)

}
if z1 = t1+ and z2 = t2+

Â− (t1) B̂+ (t2) if z1 = t1− and z2 = t2+

B̂− (t2) Â+ (t1) if z1 = t1+ and z2 = t2−

T̄
{
Â− (t1) B̂− (t2)

}
if z1 = t1− and z2 = t2−

. (3.13)
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Using the Schwinger-Keldysh contour, different propagators can be defined according to how
the first and second-time arguments are placed in the contour. Defined the contour-ordered Green’s
function as:

GC (1, 1′) ≡
(
G11 (1, 1

′) G12 (1, 1
′)

G21 (1, 1
′) G22 (1, 1

′)

)
, (3.14)

where the notation G12 indicates that the first time-argument is in the forward branch and the
second in the backward branch. In this way, “i” as a subindex in the first position of Gij indicates
the position of the first argument in either the forward branch (i = 1) or the backward branch
(i = 2), and j indicates the position of the second argument in one of the branches (j = 1, 2 as
well). Changing a bit the notation, we can define

G11 (1, 1
′) = G(1, 1′) = −i

〈
T
(
ψ(1)ψ† (1′)

)〉
, (3.15)

as the causal or time-ordered GF,

G22 (1, 1
′) = G̃ (1, 1′) = −i

〈
T̃
(
ψ(1)ψ† (1′)

)〉
, (3.16)

as the anti-causal or anti-ordered GF (T̃ orders products of operators in increasing times, opposite
to T ),

G21 (1, 1
′) = G> (1, 1′) = −i

〈
ψ(1)ψ† (1′)

〉
, (3.17)

as the greater GF (as obviously 1′ > 1), and

G12 (1, 1
′) = G< (1, 1′) = ∓i

〈
ψ† (1′)ψ(1)

〉
, (3.18)

as the lesser GF. Keldysh noted that the four GFs defined in the complex contour were redundant,
as it can be easily shown that

0 = G11 (1, 1
′)−G12 (1, 1

′)−G21 (1, 1
′) +G22 (1, 1

′) . (3.19)

In this way, there is one linearly dependent and redundant propagator. By applying the trans-
formation GC → LGCL

† with

L =
1√
2

(
1 −1
1 1

)
, (3.20)

which we refer to as Keldysh rotation, we can construct the following tridiagonal matrix in Keldysh
space for the contour-ordered GFs:(

G G<

G> ˆ̃G

)
→
(

0 GA

GR GK

)
, (3.21)

where we define the retarded (advanced) Green’s function GR(A) and the Keldysh Green’s function
GK such that:

GR(A) = θ(±(t− t′))(G>(<) −G<(>)), (3.22)
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GK = G> +G<. (3.23)

In the scope of this thesis, we will not have to deal with GK , which is related to the equilibrium
limit of the theory at hand as it provides a natural regularization in the path integral formulation
of nonequilibrium theories [8]. Note that GR = (GA)† and [G<(>)]† = −G<(>). A beautiful feature
of the theory is noted here, as we only need the retarded (advanced) and lesser (greater) Green’s
functions for a complete description of the nonequilibrium dynamics.

When dealing with contour-ordered GFs, it is desirable to project to the real-time axis to do
calculations. The final projected form of propagators in the real-time axis is referred to as real-time
formalism. The key ingredient for this is the set of rules developed by Langreth and Wilkins [128]
(see Appendix B for details). In general, we encounter contour-ordered objects of the form

C (z1, z1′) =

∫
γ

dτ A (z1, τ)B (τ, z1′) , (3.24)

and when projecting these objects onto the real-time axis, results from the application of Langreth’s
rules lead to:

CR (t, t′) =

∫ ∞

−∞
AR (t, τ)BR (τ, t′) dτ, ĉ< (t, t′) =

∫ ∞

−∞

[
AR (t, τ)B< (τ, t′) + A< (t, τ)BA (τ, t′)

]
dτ.

(3.25)
As a note about notation, double subindices are employed to describe contour-ordered Green’s

functions with complex arguments in Keldysh contour as opposed to real-time Green’s functions
with real arguments. As we can always translate from a complex Keldysh argument to real-time
arguments as noted in the definition in (3.12) and from the above discussion, we drop the messy
contour notation from now on and stick to real arguments. With this freedom, subindices may be
used to describe the expectation values of operators living in similar or different subspaces of the
total Hilbert space (see Eq. (3.27) in the next section).

3.1.3 Many-body perturbation theory

Many-body perturbation theory (MBPT) provides an excellent methodology for unraveling many-
body correlation effects in quantum transport phenomena. It can be entirely deduced in the
language of the NEGF formalism. Here, we outline the procedure of MBPT; additional details can
be found in appendix C. Analogous to the BBGKY hierarchy in classical statistical mechanics [78],
Martin and Schwinger developed a hierarchy for the Green’s function propagators [64], starting
from the contour-ordered SPGF: G (1, 1′) = −i

〈
Tγ

[
ψ̂H(1)ψ̂

†
H (1′)

]〉
. This process constitutes an

infinite hierarchy in terms of higher-order propagators. The solution to the hierarchy is the Dyson
equation

G (1, 1′) = G0 (1, 1
′) +

∫
d1 d2G0(1, 1)ΣMB(1, 2)G

(
2, 1′

)
, (3.26)

where the term ΣMB is the many-body self-energy functional containing all many-body effects from
the interacting part of the quantum theory. We do not employ a double subindex notation here
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as we are not referring to time arguments ordered in Keldysh contour. Systematic construction
of the infinite terms in the self-energy functional in terms of Feynman diagrams leads to the
regular MBPT formulation of quantum field theories [129]. Among many approximations for
the self-energy [74], the second-order expansion for electron-electron interactions constitutes the
important second Born self-energy, whose equation and Feynman diagram representation can be
found in appendix C.

Another way to visualize the origin of higher-order terms leading to different many-body effects
in the self-energy functional is by differentiating the SPGF in its different components. We can
also use the resulting self-consistent differential equations with a suitable approximation for the
interacting terms to attempt to close the system of equations. This process is referred to as the
equation of motion method. For example, for the retarded component in Eq. (3.22) we obtain

∂

∂t
GR

αβ (t− t′) = −i⟨
[
[Ĥ, ψ̂α(t)], ψ̂

†
β (t

′)
]
⟩ − i⟨[ψ̂†

α(t), ψ̂
†
β (t

′)]⟩δ (t− t′) , (3.27)

where the double subindex αβ implies that the expectation value underlying the Green’s function
definition is taken between operators belonging to equal or different subspaces of the total Hilbert
space, such as ψ̂α(t) or ψ̂β(t). The relevant part is the commutator [Ĥ, ψ̂α(t)], responsible for
the emergence of higher-order propagators. Any self-energy approximation of electron correlation
effects should lead to an equivalent ruling out of terms in this commutator. In this thesis, we
focus on the mean-field Hubbard-I approximation (HIA) to the e-e interactions, which consists
of neglecting fluctuations (influence of strong external fields or high temperatures), opposite-spin
correlations in the leads, and all other higher-order terms are approximated at the Hartree-Fock
level [13, 76, 91, 95, 130]. Thus, we close the system of equations for the Green’s function com-
ponents of the quantum dot system (section 4.1). This approximation scheme is equivalent to
neglecting all terms without coinciding quantum numbers for at least two fermionic operators in
the commutator of the Hubbard term. The non-canonical aspect and further details of the HIA
are explained in chapter 4.

3.2 Theoretical open systems aspects of the IQDS

The realization of quantum transport models involves an open system paradigm. Quantum systems
must be regarded as open systems when treating any realistic system subjected to coupling to
an uncontrollable environment that influences it in a non-negligible way, e.g., in the measurement
process. In quantum transport setups, we often deal with an environment (heat baths) in which the
system of interest exchanges energy and particles, as depicted in figure 3.3. Each part of the total
system is described by its own density matrix, where the total density matrix ρ̂T (t) = ρ̂S(t)⊗ ρ̂B(t)
evolves unitarily according to the Von-Neumann equation, where ρ̂S(t) is the density matrix for
the central region, and ρ̂B(t) the density matrix for the baths or full environment. However, our
interest lies in the reduced dynamics of the system described by ρ̂S(t), and usual procedures in
the theory of open system involve tracing over the bath degrees of freedom [131]. Something
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worth mentioning is the fact that the reduced single electron density matrix often denoted by
σ(t), defined as the expectation value of single-particle operators of the underlying field theory is
intimately connected with the SPGF through the straightforward relation σ(t) = −iG<(t, t). This
connects the TDNEGF theory with the theory of open quantum systems from master equation
approaches [131]. In this section, we discuss some general aspects of transport in the context of
open systems. See appendix D for additional details.

We start from a system such as the one in Figure 3.3, consisting of a metallic junction with
a multilevel central device. This region, in turn, is coupled locally with the metallic reservoirs:
only at the boundary of the reservoirs and the central device do we perceive hybridization allowing
tunneling processes. Crucially, the interacting quantum dot system (IQDS) resembles such a
boundary-driven configuration (see section 2.2.1). Recalling the Hamiltonian in Eq. (2.43), the
metallic leads are given by:

ĤM =
∑
kασ

εkασ(t)ĉ
†
kασ ĉkασ, (3.28)

where α = L,R for the left and right leads respectively, and εkασ(t) = ε0kασ+∆α(t), ε
0
kα is the band

structure of the leads and ∆α(t) shifts the energy levels due to a time-dependent applied voltage.
In a real situation, this applied voltage is established in the tunneling structure by accumulation
and charge depletion near the lead-system interface’s barrier [72]. For the case of a multilevel
system with spin-dependent parameters (a straightforward generalization of the IQDS of section
2.2.1), the coupling Hamiltonian also assumes time-dependent parameters, such that the precise
form of the time dependence is determined by the geometry and by the self-consistent response of
charge produced by the external driving. It is given by

ĤT =
∑
kαmσ

Vkαmσ(t)ĉ
†
kασd̂mσ + h.c. . (3.29)

Here, the central region can be modeled by non-interacting time-dependent energy levels

ĤD =
∑
mσ

εmσ(t)d̂
†
mσd̂mσ +

∑
m

Umn̂m↑n̂m↓, (3.30)

where the d̂†mσ(d̂mσ) creates(annihilates) an electron in the energy level m (with a total of M
levels), and εmσ(t) has a time-dependence produced by the application of some time-dependent
bias voltage shifting the levels of the system (we refer to the voltage affecting the levels as the
gate voltage), and we have several Coulumb integrals Um for the on-site interaction at each energy
level.

We now outline the most important aspect of the system in Figure 3.3: the embedding ap-
proach (Further details and notation specifications can be found in appendix D). Consider that by
choosing a single particle basis, we can divide the matrix representation of the total Hamiltonian
by sub-system blocks [67, 75] for each part of the system. We write the matrix representation of
operators such that ĤD → (HD)ij = ⟨i, σ|ĤD|j, σ⟩, where |i, σ⟩ is a ket state of the basis. Using
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Figure 3.3: Quantum transport setup of interest as a boundary-driven system: the central device D
couples locally to the leads at their boundaries in a junction-like setup for transport in nanodevices.

this representation for Green’s function and Hamiltonians, it is possible to write an EOM in the
Schwinger-Keldysh contour for the Green’s function GD of the device only, such that1:[

i∂z1−HD(z)
]
GD (z, z′) = δ (z, z′)1+

∫
dz̄ ΣD(z, z̄)GD (z̄, z′) , (3.31)

where the full many-body self-energy ΣD = Σem +ΣMB,D: the many-body self-energy ΣMB,D con-
tains any interactions coming from the device degrees of freedom only. The information regarding
the influence of the leads on the system is physically contained in the embedding self-energy Σem

(written in terms of the leads GFs and the tunneling amplitudes Vαµm) for which is very customary
to apply the Wide-Band Limit (WBL) that captures the main physics in the macroscopic lead-
central device interplay. This approximation neglects the exact form of the leads’ density of states
making the coupling constants Vαµi(t, ε) time-independent and the energy shift (real part of the
embedding self-energy) zero, as we see in the next section. Note how this beautiful approach ex-
poses the open system character of our model in a natural way from the Green’s function structure.
In particular, the fermionic leads constitute the dissipative environment of our problem.

3.3 Building the Jauho, Meir & Wingreen formalism

In this section, we build the general Jauho, Meir, and Wingreen (JMW) charge current formalism
for giving the fundamentals of the quantum transport in our systems [72]. The idea is to study
the change in the properties of each part of the system. We start from the Hamiltonian model
ĤS(t) = ĤM(t) + ĤT (t) + ĤD(t) with each term given by equations (3.28), (3.29), and (3.30). For
the present case, we want to study the time evolution of the particle number in one of the leads,
as this is closely related to the charge current. The number operator is given by

N̂ =
∑
ασ

∫
ψ†
σ(r)ψσ(r)d

3r =
∑
kασ

ĉ†kασ ĉkασ,

1The bold notation is employed to reference the different subsystem, as shown in Eq. D.3
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and the charge current operator is defined in terms of the derivate of the particle number of one

of the leads Ĵe = −edN̂dt . The mean value of this expression can be written in the following form:

Je = −e
〈dN̂
dt

〉
= −ie

ℏ
⟨[ĤS, N̂ ]⟩ = −ie

ℏ
⟨[ĤS,

∑
kασ

ĉ†kασ ĉkασ]⟩. (3.32)

It is easy to deduce that the particle number operator is a conserved quantity in the non-coupled
system. Using that fact, we can write:

[ĤM + ĤD + ĤT , N̂ ] = [ĤT , N̂ ]

=

[∑
kαmσ

Vkαmσ(t)ĉ
†
αkσd̂mσ + h.c,

∑
pασ′

ĉ†pασ′ ĉpασ′

]
=

∑
pkασσ′

(
Vkαmσ[ĉ

†
αkσd̂mσ, ĉ

†
pασ′ ĉpασ′ ] + V ∗

kαmσ[d̂
†
mσ ĉkασ, ĉ

†
pασ′ ĉpασ′ ]

)
=

∑
kαmσ

(
− Vkαmσ ĉ

†
kασd̂mσ + V ∗

kαmσd̂
†
mσ ĉkασ

)
. (3.33)

Now we go back to Eq. (3.32) to get:

Je = −ie
ℏ
∑
kαmσ

〈
−Vkαmσ ĉ

†
kασd̂mσ + V ∗

kαmσd̂
†
mσ ĉkασ

∣∣∣−Vkαmσ ĉ
†
kασd̂mσ + V ∗

kαmσd̂
†
mσ ĉkασ

〉
(3.34)

= e
∑
kαmσ

Vkαmσ
i

ℏ

〈
ĉ†kασd̂mσ

∣∣∣ĉ†kασd̂mσ

〉
︸ ︷︷ ︸

G<
kσ,mσ

−V ∗
kαmσ

i

ℏ

〈
d̂†mσ ĉkασ

∣∣∣d̂†mσ ĉkασ

〉
︸ ︷︷ ︸

G<
mσ,kσ

, (3.35)

where we have introduced the lesser hybrid GFs G<
kσ,mσ. With the property G< = −[G<]†, we get

(Re() denotes the real part of the argument):

Je = 2e
∑
kασm

Re(Vkαmσ(t)G
<
mσ,kσ(t, t

′)). (3.36)

Next, we try to find an expression for the hybrid GFs in terms of the individual Green’s
functions of the leads and the system. For this purpose, it is useful to find the equation of motion
of the Greens functions and to use Langreth rules. Let’s proceed with the former first:

dGmσ(t,t′)

dt′
=

d

dt′

(
− i
ℏ

〈
d̂mσ(t)ĉ

†
kασ

〉
θ (t− t′) + i

ℏ

〈
ĉ†kασ (t

′) d̂mσ(t)
〉
θ (t′ − t)

)
= − i

ℏ

〈
T d̂mσ(t)

∂ĉ†kασ (t
′)

dt′

〉
+
i

ℏ

〈{
d̂mσ(t), ĉ

†
kασ(t)

}〉
δ (t− t′)

= − i
ℏ

〈
T d̂mσ(t)

[
ĉ†kασ, Ĥ

]〉
.

(3.37)
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The commutator [ĉkασ, Ĥ] is given by

[ĉkασ, ĤS] = [ĉkασ, ĤM + ĤT ] (3.38)

= [ĉ†kασ,
∑
qασ

εqασ′ ĉ†qασ′ ĉqασ′ ] + [ĉ†kασ,
∑
qασ′m

V ∗
qασ′md̂

†
mσ′ ĉqασ′ ] (3.39)

= −εkασ ĉ†kασ −
∑
αm′

V ∗
kασm′ d̂

†
m′σ. (3.40)

Then, replacing in the equation of motion we obtain

iℏ
dGmσ,kσ(t,t′)

dt′
= −εkασ

(
− i
ℏ

〈
T d̂mσ(t)ĉ

†
kασ (t

′)
〉)

︸ ︷︷ ︸
Gmσ,kσ(t,t′)

−
∑
αm′

Vkασm′

(
− i
ℏ

〈
T d̂mσ(t)d̂

†
m′σ (t

′)
〉)

︸ ︷︷ ︸
Gmm′σ(t,t

′)

,
(3.41)

(
−iℏ ∂

∂t
− εkασ

)
︸ ︷︷ ︸

D

Gmσ,kσ (t, t
′) =

∑
αn

V ∗
kασnGmnσ (t, t

′) . (3.42)

The bare green function of the lead is given by Gkασ(t, t′) = − i
ℏ⟨T ĉkασ(t)ĉ

†
kασ (t

′)⟩ and it satisfies
DGkασ(t, t′) = δ(t, t′), where D = (iℏ ∂

∂t
− ϵkασ) denotes a differential operator which is the inverse

of the bare Green’s function in Fourier space. Similar to the embedding approach section, by
multiplying the equation of motion by Gkασ(τ, t′) and integrating for τ , we obtain

∫ δ(τ−t′)︷ ︸︸ ︷
dτGkασ(τ, t′)DGmσ,kσ(t, τ)︸ ︷︷ ︸

Gmσ,kσ(t,t′)

=
∑
n

∫
dτV ∗

kασn(τ)Gmnσ(t, τ)Gkασ(τ, t′) (3.43)

Gmσ,kσ(t, t
′) =

∑
n

∫
dτV ∗

kασnGmnσ(t, τ)Gkασ(τ, t′), (3.44)

where in the first line, we have used the integration by parts to make D act on G, and used the
fact that G satisfies the bare equation of motion. Now we apply the Langreth rules to the last
term and we obtain G< in terms of the individual Green’s function in the Keldysh contour, i.e.:

G<
mσ,kσ(t, t

′) =
∑
n

∫
dτV ∗

kασn

(
GR

mnσ(t, τ)G<kασ +G<
mnσ(t, τ)GAkασ(τ, t′)

)
. (3.45)

Before going back to eq. (3.36), let’s find the form of the retarded and advanced bare Green’s
functions for the leads. Using the Heisenberg equation of motion is easy to see that the explicit
dependence of the time for the operators takes into account a phase that includes the time depen-
dence of the band structure, that is:

ĉkασ(t) = ĉkασe
− i

ℏ
∫ t
−∞ εkασ(τ)dτ , and ĉ†kασ(t

′) = ĉ†kασe
i
ℏ
∫ t′
∞ εkασ(τ)dτ . (3.46)
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Using these expressions, we can write

GRkασ (t, t′) = −
i

ℏ
θ (t− t′)

〈{
ĉkασ(t), ĉ

†
kασ (t

′)
}〉

= − i
ℏ
θ (t− t′) e−

i
ℏ
∫ t
t′ εkασ(τ)dτ

〈{
ĉkασ, ĉ

†
kασ

}〉
= − i

ℏ
θ (t− t′) e−

i
ℏ
∫ t
t′ εkασ(τ)dτ ,

(3.47)
for the advanced green function, we have

GAkασ (t, t′) =
i

ℏ
θ (t′ − t)

〈{
ĉkασ(t), ĉ

†
kασ (t

′)
}〉

=
i

ℏ
θ (t′ − t) e−

i
ℏ
∫ t
t′ εkασ(τ)dτ

{
ĉkασ, ĉ

†
kασ

}
=
i

ℏ
θ (t′ − t) e−

i
ℏ
∫ t
t′ εkασ(τ)dτ ,

(3.48)

and for G<kασ (t, t′), we obtain

G<kασ (t, t′) =
i

ℏ

〈
ĉ†kασ (t

′) ĉkασ(t)
〉
=
i

ℏ
e−

i
ℏ
∫ t
t′ εkασ(τ)dτ

〈
ĉ†kασ ĉkασ

〉
=
i

ℏ
e−

i
ℏ
∫ t
t′ εkασ(τ)dτf

(
ε0kασ

)
,

(3.49)

where ε0kασ denotes the constant part of the time-dependent energy bands εkασ(t) = ε0kασ +∆α(t).
We can finally go back to eq. (3.36) to write

Je = 2e
∑
kσmn

∫
dτRe

(
Vkαmσ(t)V

∗
kασn(τ)

(
GR

mnσ(t, τ)
i

ℏ
(t, t′)f(ε0kασ)e

− i
ℏ
∫ τ
t εkασ(τ

′)dτ ′

+ G<
mnσ(t, τ)

i

ℏ
θ(t′ − t)e−

i
ℏ
∫ τ
t εkασ(τ

′)dτ ′
))

= −2e

ℏ
∑
kσmn

Im

∫ t

−∞
dτVkαmσ(t)V

∗
kασn(τ)e

− i
ℏ
∫ t
τ ∆α(τ)dτ ′e−

i
ℏ εkασ(τ−t)

(
GR

mnσ(t, τ)f(ε
0
kασ) +G<

mnσ(t, τ)
)
,

where in the second expression we have factorized a i/ℏ and the phase associated with the temporal
evolution, and in the third line we have separated the temporal contribution of the energy. Now,
is useful to write the sum over momentum like a sum over energies, using the spectral density
function,

∑
k →

∫
dεA(ε) and define the linewidth function as

Γα
mnσ(ε, t, t

′) = 2πA(ε)Vmασ(ε, t)V
∗
nασ(ε, t

′)e−
i
ℏ
∫ t
t′ ∆α(τ)dτ ′ . (3.50)

Replacing the current and putting all in terms of the trace over spin and molecular space, we
finally obtain (we dropped the e subindex and denote the current flow from lead α to the system)

Jα(t) = −
2e

ℏ

∫
dε

2π

∫ t

−∞
dτ ImTr

[
Γα(ε, τ, t)

(
GR(t, τ)fα(ε) +G<(t, τ)

)
e−

i
ℏ ε(τ−t)

]
, (3.51)
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where fα(ε) is the Fermi-function of lead α = L,R and Im denotes the imaginary part. This is
the central equation for the charge current in the JMW formalism, where the current is expressed
in terms of local quantities. Note how this expression is independent of the device Hamiltonian
ĤD. This expression suggests an interpretation as the out-tunneling rate G< for the first term,
and an in-tunneling rate for the second term proportional to the occupation in the leads and to the
density of states in the central region. Note how the obtention of this expression was independent
of the specific form of the central system (see first line of eq. (3.33)). For our interacting quantum
dot, it is possible to see that the JMW current reduces to the formula employed in [76] for the left
(or right if we change L for R) lead:

JL(t) = −2
e

ℏ

∫ t

−∞
dt1

∫
dε

2π
Im
∑
σ

{
e−iε(t1−t) ΓL (ε, t1, t)

[
G<

σσ (t, t1) + fL(ε)G
r
σσ (t, t1)

]}
. (3.52)

The main focus of this work is the development of the formalism for M = 1 energy levels. This
situation corresponds to the interacting resonant level model suitable for the IQDS of Eq. 2.43
consisting of a single energy level with energy ε0(t) and on-site Coulomb repulsion U . We first
focus on the case U = 0 as in the standard treatment by Jauho et. al. [72] (with the exception of
spin-independent parameters), and the device Hamiltonian is simply given by

ĤD = ε0(t)
∑
σ

d̂†σd̂σ, (3.53)

where we note how the system corresponds with the noninteracting case with trivial time depen-
dence (they commute at different times with themselves ) just as the lead Hamiltonians. This
aspect is important for the discussion of Ch. 4.

We highlight two relevant scenarios for the dynamics of this model; in the first, a sufficiently
long time has passed for the charge current to be constant under a certain initial configuration (with
a given applied bias). Thus, the system reaches a steady state situation: this is the stationary
limit. In the second, the transient response of the initial configuration is studied in the particular
case where an analytical solution exists when certain considerations are imposed by the wide-
band limit approximation for the time-dependent scenario. In the next sections, we derive the
relevant expressions in both scenarios while their physics is discussed later on in chapter 4.

3.3.1 Time-independent case: stationary limit

After a sufficiently long time, the charge current reaches a steady state situation characterized by
a time-independent linewidth function Γ(ε, t, t′)→ Γ(ε) and expectation values have a trivial time
dependence in time differences R(t, t′) = R(t− t′), where R is any expectation value. This allows
for the application of Fourier transforms (now that time-translational invariance is restored), where
physics in the energy space is more practical and sufficient. As it was proven by Stefanucci and
Cini [68], long-time dynamics tend to wash out initial conditions in the Keldysh formalism for the
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charge current, which is the expected physical scenario. First, we define the Fourier transform:

G(ε) =

∫ ∞

−∞
dtG(t)eiεt, and (3.54)

G(t) =

∫
dε

2π
G(ε)e−iεt. (3.55)

In general, it can be shown that the integral over t1 in Eq. (3.52) can be performed to give

JL(R) =
ie

ℏ

∫
dε

2π
Tr
{
ΓL(R)(ε)

[
G<(ε) + fL(R)(ε)

(
Gr(ε)−Ga(ε)

)]}
, (3.56)

even in the fully interacting case, whereGA (ε) = [Gr (ε)]∗, G<(ε) andGr (ε) are written as matrices
and the trace is over spin space. The details of these calculations are found in Appendix E. In
steady state, clearly JR = −JL and we can symmetrize the current as J = (JL − JR)/2 to obtain:

J =
ie

2ℏ

∫
dε

2π
Tr
{ [

ΓL(ε)− ΓR(ε)
]
G<(ε) +

[
fL(ε)Γ

L(ε)− fR(ε)ΓR(ε)
] [
Gr(ε)−Ga(ε)

]}
. (3.57)

Let us start with the retarded self-energy defined as

Σr(t, t′) =
∑
kα

V ∗
kα(t)Grkα(t, t′)Vkα(t′), (3.58)

as it was discussed in section D.1. In the steady limit εkα(t) and Vkα(t) are constant and if we let
τ = t− t′ we can write:

Σr(τ) =
∑
kα

|Vkα|2 Grkα(τ) and Grkα(τ) = −iθ(τ)e−iεkατ .

When computing the Fourier transform, the following formula becomes very useful:∫ ∞

−∞
dtθ(t)eiεt =

i

ε+ iδ
. (3.59)

Calculating the transform of Eq. (3.58) (using equations (3.54)-(3.55)), we have:

Σr(ε) =
∑
kα

|Vkα|2
∫ ∞

−∞
Grkα(τ)eiετdτ =

∑
kα

|Vkα|2
∫ ∞

−∞
−iθ(τ)ei(ε−εkα)τdτ

=
∑
kα

|Vkα|2 (−i)
i

ε− εkα + iη
,

so that

Σr(a)(ε) =
∑
kα

|Vkα|2

ε− εkα ± iη
. (3.60)

46 Jhoan Alexis Fernandez Sanchez



CHAPTER 3. TDNEGF FOR QUANTUM TRANSPORT

Note that the Fourier transform of bare retarded or advanced propagators, relevant in the
stationary limit, is given by:

Gr(a)kα (ε) =

∫ ∞

−∞
Gr(a)kα (τ)eiετdτ =

1

ε− εkα ± iη
. (3.61)

Rewriting Eq. (3.60) in a more convenient form leads to:

Σr(a)(ε) =
∑
kα

|Vkα|2

ε− εkα ± iη
· ε− εkα ∓ iη
ε− εkα ∓ iη

=
∑
kα

|Vkα|2 (ε− εkα)
(ε− εkα)2 + η2

∓ i
2

2 |Vkα|2 η
(ε− εkα)2 + η2

= Λ(ε)∓ i
2
Γ(ε),

such that

Σr(a)(ε) = Λ(ε)∓ i

2
Γ(ε), (3.62)

where we have Λ(ε) =
∑

α Λ
α(ε) and Γ(ε) =

∑
α Γ(ε)

α as the level-shift and level-width functions
respectively. The function Λ(ε) is the real part of the self-energy and it carries the information
about the quantum dot level energy shift caused by the coupling to the reservoirs. Similarly, we
obtain the lesser component of the self-energy function in the stationary limit as:

Σ<(ε) =
∑
kα

|Vkα|2 G<kα(ε) = i
∑
α

Γα(ε)fα(ε). (3.63)

The Dyson equations for the molecular Green’s functions are now products (due to the time
convolution theorem [61]) in energy space and the retarded Green’s functions can be obtained by
solving Eq. (D.12) in energy space for the noninteracting case. That is:

G<(ε) = Gr(ε)Σ<(ε)Ga(ε), Gr(a)(ε) =
1[

Gr(a)(ε)
]−1 − Σr(a)(ε)

, (3.64)

where Gr(a)(ε) is the retarded(advanced) component of the bare Green’s function for the isolated
system. It follows straightforwardly from its equation of motion in energy space (η is an infinites-
imal real number):

G(ε)r(a) = 1

ε− ε0 ± iη
. (3.65)

From the equations in (3.64) we can easily obtain the retarded and advanced propagators, and
the lesser propagator in energy space as:

Gr(a)
σσ (ε) =

1

ε− ε0(U) − Λ(ε)± i
2
Γ(ε)

, and G<(ε) = i
ΓL(ε)fL(ε) + ΓR(ε)fR(ε)

[ε− ε0 − Λ(ε)]2 + [Γ(ε)/2]2
. (3.66)

Finally, the charge current in Eq. (3.57) is given by

J =
e

ℏ

∫
dε

2π

ΓL(ε) ΓR(ε)

[ε− ε0 − Λ(ε)]2 + [Γ(ε)/2]2

[
fL(ε)− fR(ε)

]
. (3.67)

47 Jhoan Alexis Fernandez Sanchez



CHAPTER 3. TDNEGF FOR QUANTUM TRANSPORT

3.3.2 Time-dependent case: wide-band limit approximation

The wide-band limit approximation consists of assuming that the leads’ density of states remains
constant. This is valid as long as the leads are large enough (macroscopic) that their properties
are unaffected by the presence of the resonant level. This is precisely a way to define a non-strong
system-bath coupling regime, where the system does not affect the bath physics. Experimentally,
we can set the resonant level to lay within a broad, flat region of the leads’ density of states [72].
This justifies the application of the WBL to our model. As a consequence, the environment affects
the central system without a memory in an adiabatic fashion. This implies considering a delta
function for the retarded embedding self-energy, neglecting the level-shift Λ(ε), and considering
energy-independent constant linewidth functions such that Γ(t) = ΓL (t)+ΓR (t), where ΓL/R(t) =

ΓL/R (t, t) = ΓL/R
∣∣uL/R (t)

∣∣2. Then
Σr(t, t′) = − i

2
Γ(t)δ (t− t′) , (3.68)

and with this self-energy it is straightforward to see that

Gr,a (t, t′) = Gr,a (t, t′) exp
{
∓
∫ t

t′
dt1

1

2
Γ(t1)

}
, Gr,a (t, t′) = ∓iθ (±t∓ t′) exp

[
−i
∫ t

t′
dt1ε0 (t1)

]
,

(3.69)
where we can see the great advantage of this approximation: it yields explicit analytical results.
By denoting ImG<(t, t) = n(t), where n(t) is the occupation of the resonant level, we go back to
Eq. (3.51)

Jα(t) = −
e

ℏ

[
Γα(t)n(t) +

∫
dε

π
fα(ε)

∫ t

−∞
dt1 Γ

α (t1, t) Im
{
e−iε(t1−t)Gr (t, t1)

}]
. (3.70)

We find a solution for the lesser Green’s function by using Keldysh equation (C.9). If we use
the equations in (3.69), simple algebra leads to:

n(t) =
∑
α

Γα

∫
dε

2π
fα(ε) |Aα(ε, t)|2 , (3.71)

where the function Aα(ε, t) is defined for compactness as:

AL/R(ε, t) =

∫
dt1uL/R (t1)G

r (t, t1) exp

[
iε (t− t1)− i

∫ t1

t

dt2∆L/R (t2)

]
(3.72)

Following Ref. [72], we write the current in Eq. (3.70) as a sum of outgoing and in-going
current contributions from the right or left lead to the central region:

Jα(t) = Jout
α (t) + J in

α (t), (3.73)
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Jout
α (t) = − e

ℏ
Γα(t)n(t), (3.74)

J in
α (t) = − e

ℏ
Γαuα(t)

∫
dε

π
fα(ε) Im {Aα(ε, t)} . (3.75)

Finally, the relevant quantity is the total current flowing through the region as quantified by
the symmetrized current J(t) = [JL(t)− JR(t)]/2.

We have discussed relevant aspects of the interacting quantum dot system and outlined the
theoretical formalism for characterizing its transport features, including the JMW current. Addi-
tionally, we reproduced the standard treatment by Juaho et al. [72] for the noninteracting case
(U = 0) and single-level (M = 1) configuration. This involved calculating relevant expressions for
two key scenarios: the stationary limit and the time-dependent Wide-Band Limit (WBL) situa-
tion, which are the focus of the remainder of this work. Implementing numerical methods is crucial
for visualizing and analyzing the current’s time-dependent behavior. In Chapter 4, we explore the
broader interacting case in both scenarios, analyze the stationary and noninteracting cases for the
time-dependent current (consistent with the noninteracting case U = 0 as per [72]), and implement
numerical methods to elucidate the JWM current.
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4
Quantum transport with TDNEGF

With the foundational theoretical elements introduced for examining the interacting quantum
dot system (IQDS), our focus now shifts toward the central objective of this study: evaluating
the quantum transport properties of the system in terms of the charge current generated under
various bias voltages. Employing the equation of motion approach within NEGF framework for
the interacting problem, we discern that the closure and resolution of the resulting equations are
feasible only within the Hubbard-I approximation (HIA) for electron-electron interactions within
the one-level quantum dot. Then, we derive an analytical expression for the charge current as
a function of time and assess it under different initial configurations, using Julia programming
language. This procedure is the basis for our subsequent analysis of quantum transport properties.

4.1 Closing the equations of motion

We focus on the system depicted in Figure 2.9: the IQDS. We employ the equation (3.27) for the
Hamiltonian model ĤS(t) = ĤM(t) + ĤD(t) + ĤT (t), specified in equation (2.43) and section 3.2.
For simplicity, we consider spin-independent parameters Vkασ = Vkα, εkασ = εkα and ε0σ = ε0. We
define the relevant lesser and retarded GFs in the Keldysh-Schwinger contour for the QD as:

G<
σσ (t, t

′) = i
〈
d̂†σ (t

′) d̂σ(t)
〉
, Gr

σσ (t, t
′) = −iθ (t− t′)

〈{
d̂σ(t), d̂

†
σ (t

′)
}〉

. (4.1)

For the retarded propagator (using Eq. (3.27)) we get

i∂tG
r
σσ (t, t

′) = δ (t− t′) + iθ (t− t′)
〈{[

ĤS(t), d̂σ(t)
]
, d̂†σ (t

′)
}〉

, (4.2)

and we have to solve each commutator coming from
[
ĤS(t), d̂σ(t)

]
=
[
ĤM , d̂σ

]
+
[
ĤD, d̂σ

]
+[

ĤT , d̂σ
]
. The details of this procedure can be found in appendix F where we develop each term

to solve for
[
ĤS(t), d̂σ(t)

]
. This leads to the first total commutator of this section:[
ĤS(t), d̂σ(t)

]
= −ε0d̂σ − Ud̂σn̂σ̄ −

∑
kαα

V ∗
kαĉkασ. (4.3)
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In Eq. (4.2) we identify new hybrid and higher-order Green’s functions to account for high-
order electron-electron interaction effects and electronic transition amplitudes from the device to
the metallic reservoir and vice-versa. These functions are defined by

Gr
σσ,U (t, t′) = −iθ (t− t′)

〈{(
d̂σn̂σ̄

)
(t), d̂†σ (t

′)
}〉

, Gr
kασ (t, t

′) = −iθ (t− t′)
〈{

ĉkασ(t), d̂
†
σ (t

′)
}〉

.

(4.4)
We rewrite the following nice-looking non-closed differential equation for the retarded Green’s
function:

i∂tG
r
σσ (t, t

′) = δ (t− t′) + ε0(t)G
r
σσ (t, t

′) + UGr
σσ,U (t, t′) +

∑
kα

V ∗
kα(t)G

r
kασ (t, t

′) . (4.5)

The next step of our calculation is to find an EOM for Gr
kασ (t, t

′). Notice how we repeatedly
use the equation of motion method to obtain a differential equation for the different propagators.
Such is the essence of this method. Using equation (3.27) again for this new propagator we find:

i∂tG
r
kασ (t, t

′) = iθ (t− t′)
〈{[

ĤS(t), ĉkασ(t)
]
, d̂†σ (t

′)
}〉

. (4.6)

Now we have
[
ĤS(t), ĉkασ(t)

]
=
[
ĤM , ĉkασ(t)

]
+
[
ĤD, ĉkασ(t)

]
+
[
ĤT , ĉkασ(t)

]
. We skip the

details of the recurring commutator calculations which can be found in detail in Appendix F. An
analogous procedure leads to the second complete commutator:[

ĤS(t), ĉkασ(t)
]
= −ϵkαĉkασ − Vkαd̂σ(t). (4.7)

With the commutator in Eq. (4.7), we return to Eq. (4.6) to get

(i∂t − εkα(t))Gr
kασ (t, t

′) = Vkα(t)G
r
σσ (t, t

′) . (4.8)

Here comes a key consideration in this derivation. Define the Green’s function for the uncoupled
leads, or the bare Green’s function, as the solution of:

(i∂t − εkα(t))Grkα (t, t′) = δ (t− t′) −→ Grkα (t, t′) = −iθ (t− t′) exp
[
−i
∫ t

t′
εkα(τ)dπ

]
. (4.9)

This is equivalent to defining the bare Green’s function as Gr/akα = ∓i θ (±t∓ t′)
〈{
ĉkα(t), ĉ

†
kα (t

′)
}〉

.
Similarly, it follows that the bare lesser Green’s function for the leads is given by:

G<kα(t, t′) = if
(
ϵ0k
)
exp

[
−i
∫ t

t′
dt1ϵkα (t1)

]
. (4.10)

Based on the fact that the macroscopic leads are simply metallic ones with no interactions, we
can obtain an integral equation for their Green’s functions since the ĤM commutes with itself at
different times and presents no interacting terms. Therefore, the energy contribution from the lead
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electrons is purely kinetical and encoded in the energy bands, as usually established in the theory
of bands for macroscopic metals with Fermi functions fα(ϵ) = f(ϵ − µα). Let t 7→ π, multiply by
Grkα(t, π) and integrate over dτ in Eq. (4.8) to obtain:∫

Grkα(t, τ) (i∂τ − εkα(τ))︸ ︷︷ ︸
δ(t−τ)

Grkασ (τ, t′) dτ =

∫
Grkα(t, τ)Vkα(τ)Gr

σσ (τ, t
′) dτ.

Hence, we obtain the formal solution of Eq. (4.8) as1:

Gr
kασ (t, t

′) =

∫
K

Grkα(t, τ)Vkα(τ)Gr
σσ (τ, t

′) dτ. (4.11)

It is convenient to define the retarded embedding self-energy, analogous to the analysis of
section 3.3.1:

Σr (t, t′) =
∑
kα

V ∗
kα(t)Grkα (t, t′)Vkα (t′) = −iθ (t− t′)

∑
α

∫
dε

2π
e−iε(t−t′)Γα (ε, t, t′) , (4.12)

Γα (ε, t, t′) = 2πρ(ε)uα (t
′)uα(t)Vα(ε)V

∗
α (ε) exp

[
i

∫ t′

t

dτ ∆α (τ)

]
. (4.13)

The last equality in Eq. (4.12) is not straightforward and we refer to Appendix F for a detailed
derivation. Using equations (4.11) and (4.12) into (4.5) we get:

(i∂t − ε0(t))Gr
σσ (t, t

′) = δ (t− t′) + UGr
σσ,U (t, t′) +

∫
Σr(t, τ)Gr

σσ (τ, t
′) dτ, (4.14)

which is the EOM for the retarded QD propagator still coupled to the higher-order interacting
propagator Gr

σσ,U (t, t′).

4.1.1 Non-canonical Hubbard-I approximation

We have obtained an equation of motion for the device retarded propagator in terms of an unknown
interacting propagator Gr

σσ,U (t, t′). Let us now turn to the problem of obtaining an equation of
motion for Gr

σσ,U (t, t′) by following a similar procedure as for Eq. (4.2):

i∂tG
r
σσ,U (t, t′) = δ (t− t′)

〈{(
d̂σn̂σ̄

)
(t), d̂†σ(t)

}〉
+ iθ (t− t′)

〈{[
ĤS(t),

(
d̂σn̂σ̄

)
(t)
]
, d̂†σ (t

′)
}〉

.

We compute the commutator
[
ĤS,

(
d̂σn̂σ̄

)
(t)
]
(see appendix F) to obtain:[

ĤS,
(
d̂σn̂σ̄

)
(t)
]
= − (ε0(t) + U)

(
d̂σn̂σ̄

)
(t)−

∑
kα

(
Vkα(t)c

†
kασ̄d̂σdσ̄ + V ∗

kα(t)ĉkσαn̂σ̄ + V ∗
kα(t)d̂σd

†
σ̄ ĉkασ̄

)
.

(4.15)

1Integration of propagators is always understood with their arguments lying in the real-time branches of the
Schwinger-Keldysh contour.
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Crucially, we observe that this commutator plays a pivotal role in hierarchically introducing higher-
order terms for the interacting Green’s functions as we repeatedly formulate equations of motion for
the resulting higher-order propagators. As expounded in Section 3.1.3, we circumvent this challenge
by resorting to the Hubbard-I approximation (HIA)—a mean-field approximation. This method is
a common practice in many-body perturbation theory (MBPT) [61] akin to the systematic neglect
of specific diagrams in the self-consistent expansion of self-energy of the problem [95]. To elaborate,
this approximation involves discarding terms lacking matching quantum numbers for a minimum
of two fermionic operators within the commutator in Eq. (4.15). This leads to:[

ĤS,
(
d̂σn̂σ̄

)
(t)
]
≈ − (ε0(t) + U)

(
d̂σn̂σ̄

)
(t)−

∑
kα

V ∗
kα(t)

(
ĉkασn̂σ̄

)
(t). (4.16)

We define a hybrid higher-order Green’s function asGr
kασ,U (t, t′) = −iθ

(
t−t′

)〈{
(ĉkασn̂σ) (t), d̂

†
σ (t

′)
}〉

that allows us to obtain an equation of motion for Gr
σσ,U (t, t′):

(i∂t − ε0(t)− U)Gr
σσ,U (t, t′) = δ (t− t′) ⟨n̂σ̄(t)⟩+

∑
kα

V ∗
kα(t)G

r
kασ,U (t, t′) . (4.17)

The usual HIA proceeds by applying the Hartree approximation decoupling ĉkασn̂σ̄ ≈ ĉkασ ⟨n̂σ̄⟩
such that the energy levels are self-consistently renormalized by the expectation value of the
number operator of electrons with a given spin in the level, at each instant of time. Instead, the
non-canonical aspect of our HIA consists of finding an EOM for the new hybrid propagator:

i∂tG
r
kασ,U (t, t′) = iθ (t− t′)

〈{[
ĤS, (ĉkασn̂σ) (t)

]
, d̂†σ (t

′)
}〉

.

By analogous procedure, we compute the commutator above (see Appendix F) and we get:[
ĤS, (ĉkασn̂σ̄) (t)

]
= −εkαĉkασn̂σ̄ − Vkαd̂σn̂σ̄ +

∑
qβ

ĉkασc
†
qβσdσ̄ −

∑
qβ

V ∗
qβ ĉkασd

†
σ̄cqβσ. (4.18)

Within the usual HIA [76, 91, 130], the previous commutator reduces to:[
ĤT , (ĉkασn̂σ̄) (t)

]
≈ −εkαĉkασn̂σ̄ − Vkαd̂σn̂σ̄.

Finally, we obtain the following EOM for the hybrid higher-order Green’s function:

(i∂t − εkα(t))Gr
kα,U (t, t′) = Vkα(t)G

r
σσ,U (t, t′) . (4.19)

Due to the trivial time dependence of the Hamiltonian ĤD(t), we have commutation at different
times. This allows us to write all our Green’s functions in integral form. With this, we can define
bare propagators with trivial equations of motion such as 2:

Gr0 (t, t′) = −iθ (t− t′) exp
[
−i
∫ t

t′
ε0(τ)dτ

]
, (4.20)

2From now on, we denote nσ̄(t) = ⟨n̂σ̄(t)⟩.
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GrU (t, t′) = −iθ (t− t′) exp
[
−i
∫ t

t′
ε0(τ)dτ

]
exp

[
− iU (t− t′)

]
= Gr0 (t, t′) exp

[
− iU (t− t′)

]
,

(4.21)
G̃r0 (t, t′) =

(
1− nσ̄ (t

′)
)
Gr0 (t, t′) , (4.22)

G̃rU (t, t′) = nσ̄ (t
′)GrU (t, t′) . (4.23)

We now proceed by writing equations (4.14), (4.17) and (4.19) in full integral form:

Gr
σσ (t, t

′) = Gr0 (t, t′) +
∫
Gr0 (t, τ) Σr(τ, τ ′)Gr

σσ (τ
′, t′) dτdτ ′ + U

∫
Gr0(t, τ)Gr

σσ,U (τ, t′) dτ, (4.24)

Gr
σσ,U (t, t′) = G̃rU (t, t′) +

∫
dτGrU(t, τ)

∑
kα

V ∗
kα(τ)G

r
kασ,U (τ, t′) , (4.25)

Gr
kασ,U (t, t′) =

∫
dτGrkα(t, τ)Vkα(τ)Gr

σσ,U (τ, t′) . (4.26)

We eliminate Gr
kασ,U (t, t′) by using Eq. (4.26) into Eq. (4.25) to get:

Gr
σσ,U (t, t′) = G̃rU (t, t′) +

∫
GrU(t, τ)Σr (τ, τ ′)Gr

σσ,U (τ ′, t′) dτdτ ′. (4.27)

Finally, we use Eq. (4.27) in Eq. (4.24) and we obtain:

Gr
σσ (t, t

′) = Gr0 (t, t′) +
∫
Gr0 (t, τ) Σr(τ, τ ′)Gr

σσ (τ
′, t′) dτdτ ′ + U

∫
Gr0(t, τ)G̃rU (τ, t′) dτ

+ U

∫
Gr0(t, τ)GrU (τ, τ ′) Σr (τ ′, τ ′′)Gr

σσ,U (τ ′′, t′) dτdτ ′dτ ′′.

(4.28)

We direct the reader to Appendix F for further calculations of the third term in (4.28) written
in purple. Additional calculations lead to:

Gr
σσ (t, t

′) = Gr0 (t, t′) + G̃rU (t, t′)− nσ̄ (t
′)Gr0 (t, t′) +

∫
Gr0 (t, τ) Σr(τ, τ ′)Gr

σσ (τ
′, t′) dτdτ ′

+

∫ (
GrU(t, τ)− Gr0(t, τ)

)
Σr (τ, τ ′)Gr

σσ,U (τ ′, t′) dτdτ ′,

(4.29)

which is the equation of motion for the unknown retarded propagator Gr
σσ (t, t

′). However, if we
aim to obtain an analytical solution for this equation, an additional procedure is necessary with
the consideration of the important Hubbard bands.
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4.1.2 Hubbard bands

Here, we outline the key procedure that offers a simple way to obtain an analytical solution for
the Green’s functions from Eq. (4.29). By introducing two new Green’s functions

G̃r
σσ,0 (t, t

′) =
Gr

σσ,0 (t, t
′)

1− nσ̄ (t′)
, G̃r

σσ,U (t, t′) =
Gr

σσ,U (t, t′)

nσ̄ (t′)
, (4.30)

and splitting the GF in Eq. (4.29) in two contributions such that Gr
σσ (t, t

′) = Gr
σσ,0 (t, t

′) +
Gr

σσ,U (t, t′), we can deduce a Dyson equation satisfied by each new GF in Eq. (4.30). Solutions to
these equations are presented in Appendix G by the expressions (G.4) and (G.5) are straightforward
in the wide-band limit approximation for our system. Algebraic manipulations lead to the following
expression:

Gr
σσ (t, t

′) =
(
1− nσ̄ (t

′)
)
G̃r

σσ,0 (t, t
′) + nσ̄ (t

′) G̃r
σσ,U (t, t′) . (4.31)

Direct application of Eq. (C.9) leads to another equation from which we can obtain nσ(t) =
iG<

σσ(t, t) after solving Eq. (G.7):

G<
σσ (t, t

′) =
(
1− nσ̄ (t

′)
)
G̃<

σσ,0 (t, t
′) + nσ̄ (t

′) G̃<
σσ,U (t, t′) . (4.32)

Once again, we can obtain analytical solutions for lesser components of the new GFs by solving
Eq. (G.7). As noted in section 2.1.1, the Coulomb repulsion is responsible for the emergence of
a quasi-band structure formed by two bands centered at energies ε0 and ε0 + U , whose intuitive
spectral weights are given by 1− nσ̄ (t

′) and nσ̄ (t
′), respectively. Then, we can easily see how the

Green’s functions in (4.30) relate to the concept introduced by Hubbard in its seminal work [91]:
the Hubbard bands or Hubbard excitations3. Therefore, we notice how the analytical treatment
depicted in [76] is facilitated by the recognition of the quasi-band structure of the Hubbard terms
of ĤD, whose contributions are closely contained by the new Green’s functions defined above.

4.2 Analytical expression of the JMW current

Now that we have defined suitable equations for the calculation of the relevant Green’s functions,
we carry on to find an expression for Eq. (3.52) by explicitly determining each quantity in two
scenarios where an analytical solution is possible: the stationary limit and thewide-band limit.
The physics relevant to each case is studied in section 4.3. We follow the same procedure as in
sections 3.3.1 and 3.3.2.

3We can see how this bands and their appearance in the form of Green’s functions have spectral weights just as
in the analysis of the Hubbard model of section 2.1.1.
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4.2.1 Time-independent case: stationary limit

We start by describing all previous quantities in the stationary limit. Once the system responds
to an initial perturbation that drives it out of equilibrium and reaches the steady-state situation,
expectation values have a trivial time dependence and we proceed similarly to section 3.3.1. The
self-energy of the problem is the same as in Eq. (3.60),

Σr(a)(ε) =
∑
kα

|Vkα|2

ε− εkα ± iη
, or Σr(a)(ε) = Λ(ε)∓ i

2
Γ(ε). (4.33)

We also have the energy representation of the bare retarded or advanced propagators given by:

Gr(a)kα (ε) =
1

ε− εkα ± iη
. (4.34)

Similarly, we obtain the lesser component of the self-energy function in the stationary limit as:

Σ<(ε) = i
∑
α

Γα(ε)fα(ε). (4.35)

The Dyson equations for the QD Green’s functions are now products in energy space:

G̃
r(a)
σσ,(0)U(ε) = G

r(a)
(0)U(ε) + G

r(a)
(0)U(ε) Σ

r(a)(ε) G̃
r(a)
σσ,(0)U(ε). (4.36)

If we use the energy space definitions above, we can obtain the Hubbard bands propagators as:

G̃
r(a)
σσ,(0)(ε) =

1

ε− ε0(U) − Λ(ε)± i
2
Γ(ε)

. (4.37)

Going back to Eq. (G.6), we retrieve the retarded and advanced propagators,

Gr(a)
σσ (ω) =

1− nσ̄

ω − ε0 − Λ(ω)± i
2
Γ(ω)

+
nσ̄

ω − ε0 − U − Λ(ω)± i
2
Γ(ω)

. (4.38)

From Eq. (G.7) in energy space (time integrals are now products of matrices) and from Eq.
(G.9) it follows the solution for the lesser Green’s function

G<
σσ(ω) = i

∑
α

Γα(ω)fα(ω)

(
1− nσ̄

[ω − ε0 − Λ(ω)]2 + [Γ(ω)/2]2
+

nσ̄

[ω − ε0 − U − Λ(ω)]2 + [Γ(ω)/2]2

)
.

(4.39)
Simple algebra for the spectral function Aσ(ω) = i

[
Gr

σσ(ω)−Ga
σσ(ω)

]
leads to:

Aσ(ω) = A0
σ(ω) + AU

σ (ω) =
(1− nσ̄) Γ(ω)

[ω − ε0 − Λ(ω)]2 +
[
Γ(ω)
2

]2 +
nσ̄Γ(ω)

[ω − ε0 − U − Λ(ω)]2 +
[
Γ(ω)
2

]2 , (4.40)

56 Jhoan Alexis Fernandez Sanchez



CHAPTER 4. QUANTUM TRANSPORT WITH TDNEGF

where we can interpret it as a contribution from spectral energies of the Hubbard bands with
the independent terms A0

σ(ε) and A
U
σ (ε). Using Eq. (4.40) and the stationary form of the JMW

current in Eq. (3.56), along with the analytical expressions for the Green’s functions, it follows
that:

JL(R) = −
e

ℏ

∫
dε

2π

∑
σ

Aσ(ε)
ΓL(ε)ΓR(ε)

Γ(ε)

[
fR(L)(ε)− fL(R)(ε)

]
. (4.41)

The occupancy for an electron with spin σ is the same as the occupation of σ̄ electrons as the
Green’s functions are diagonal in spin, and the leads present no magnetic properties that could
produce different contributions of spin currents to the problem. It is possible to see that Eq. (4.39)
can be written in terms of the spectral function as G<

σσ(ε) = if̄(ε)Aσ(ε), where it is customary to

define f̄(ε) = ΓL(ε)fL(ε)+ΓR(ε)fR(ε)
Γ(ε)

[72, 76]. With this, it follows that:

nσ = ImG<
σσ(t, t) =

∫
dε

2π
ImG<

σσ(ε) =

∫
dε

2π
f̄(ε)Aσ(ε). (4.42)

Since nσ(t) = nσ̄(t), we can rewrite Eq. (4.39) in terms of nσ as nσ = (1− nσ)n
0 + nσn

U ,
where the occupation per magnetic projection is retrieved by,

nσ = nσ̄ =
n0

1 + n0 − nU
, (4.43)

with n0(U) given by:

n0(U) =

∫
dε

2π
f̄(ε)

Γ(ε)[
ε− ε0(U) − Λ(ε)

]2
+ [Γ(ε)/2]2

. (4.44)

It is important to mention the connection between the formulas in this section and those in
section 3.3.1. By letting U = 0 in the expressions of this section, it is immediate to see that we
consistently recover the results from the noninteracting case. For example, in Eq. (4.38), if we let
U = 0, we obtain:

Gr(a)
σσ (ω) =

1− nσ̄

ω − ε0 − Λ(ω)± i
2
Γ(ω)

+
nσ̄

ω − ε0 − Λ(ω)± i
2
Γ(ω)

=
1

ω − ε0 − Λ(ω)± i
2
Γ(ω)

,

which reproduces the result of Eq. (4.37).
As mentioned in section 3.3.2, in the WBL approximation we neglect the level-shift function

(real part of the retarded self-energy) while its imaginary part is constant. In this way, we can
study the WBL in the stationary situation by imposing Λ(ε) = 0 and Γα(ε) = Γα.
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4.2.2 Time-dependent case: WBL approximation

Here, we follow 3.3.2 closely. We neglect the level-shift Λ(ε), and consider energy-independent

constant line-width functions such that Γ(t) = ΓL (t) + ΓR (t), where ΓL/R(t) = ΓL/R
∣∣uL/R (t)

∣∣2.
The self-energy is given by

Σr(t, t′) = − i
2
Γ(t)δ (t− t′) , (4.45)

and with this self-energy it is possible to see that

G̃r
σσ,0(U) (t, t

′) =Gr,a0(U) (t, t
′) exp

{
∓
∫ t

t′
dt1

1

2
Γ(t1)

}
,

Gr,a0(U) (t, t
′) =∓ iθ (±t∓ t′) exp

[
−i
∫ t

t′
dt1ε0 (t1)

]
.

(4.46)

We find a solution for the lesser Green’s function by using Keldysh equation (C.9), whereby
defining the useful quantities [72, 76]4

A0(U)
α (ε, t) =

∫
dt1 uα (t1) G̃

r
σσ,0(U) (t, t1) e

iε(t−t1) exp

(
−i
∫ t1

t

dt2∆α (t2)

)
, (4.47)

where the lesser Green’s functions is shortly rewritten as;

G<
σσ(t, t) = i

∑
α

Γα

∫
dε

2π
fα(ε)

{[
1− nσ̄(t)

] ∣∣A0
α(ε, t)

∣∣2 + nσ̄(t)
∣∣AU

α (ε, t)
∣∣2} . (4.48)

Analogous to the interacting stationary limit of the previous section, we can write the magnetic
projection occupation by nσ = (1− nσ)n

0 + nσn
U , where it follows (similar to Eq. (4.43)) that

nσ(t) = nσ̄(t) =
n0(t)

1 + n0(t)− nU(t)
, (4.49)

where n0(U)(t) is given by:

n0(U)(t) =
∑
L,R

Γα

∫
dε

2π
fα(ε)

∣∣A0(U)
α (ε, t)

∣∣2 . (4.50)

Then, we write the current as a sum of outgoing and in-going current contributions from the
right or left lead to the central region:

Jα(t) = Jout
α (t) + J in

α (t). (4.51)

4As mentioned in section 3.3, A
0(U)
α (ε, t) is related to the spectral function in certain limits.
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The first comes from the lesser Green’s function integration over t1 in Eq. (3.52). From looking
at Eq. (4.48):

Jout
α (t) = −2e

ℏ
Γαu2α(t)nσ(t). (4.52)

The second contribution comes from the integration over the retarded Green’s function of Eq.
(3.52). By defining the useful quantities:

B0
α(ε, t) =

∫
dt1
[
1− nσ̄ (t1)

]
uα (t1) G̃

r
σσ,0 (t, t1) e

iε(t−t1) exp

(
−i
∫ t1

t

dt2∆α (t2)

)
,

BU
α (ε, t) =

∫
dt1nσ̄ (t1)uα (t1) G̃

r
σσ,U (t, t1) e

iε(t−t1) exp

(
−i
∫ t1

t

dt2∆α (t2)

)
,

(4.53)

it found that this contribution is given by:

J in
α (t) = − e

ℏ
Γαuα(t)

∑
σ

∫
dε

π
fα(ε) Im

{
B0

α(ε, t) +BU
α (ε, t)

}
. (4.54)

Finally, the relevant quantity to be studied in the following sections is the total current J(t) =
[JL(t)−JR(t)]/2. The physics of the stationary and WBL approximation in both the noninteracting
and interacting cases are studied in the next section. By letting U = 0 in the expressions of this
section, it is immediate to see that we again consistently recover the results from the noninteracting
case of section 3.3.2, just as in section 4.2.1.

4.3 Analysis of the JMW current

The analytical current in Eq. (4.54) would be impossible to fully elucidate without a numerical
method to evaluate the one-dimensional integrals appearing in each relevant expression. Hence, we
employ Julia programming language [132] to implement Simpson’s rule method [133] for numerical
integration of all time-dependent quantities above. The details of the numerical calculations can be
found in Appendix H. The principal objective of this work is the study of time-dependent features
of the current. Therefore, we did not numerically reproduce the simple numerical integrals in
Eq. (4.41) for the stationary case, but only for the time-dependent one. Even so, we present the
results of [76] for this case for further discussion and consistency in section 4.3.1. Our analysis
follows the same results for the stationary and time-dependent currents as studied in [72, 76]. The
temperature parameter is chosen so that T > TK where TK follows from Eq. (2.31)5. As such, the
relevant cases to consider are:

1. Time-independent case: we consider the stationary value obtained by the current due to a
constant applied voltage, (whose analogous to the time-dependent situation is a pulse-like
driving voltage of infinite duration) for different configurations and voltages.

5We recall from the discussion in chapters 2 and 3 that the HIA does not account for Kondo physics present at
higher order correlation effects.
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2. Time-dependent case: first we consider a pulse-like driving voltage of a certain duration,
and second, a harmonic modulation voltage for different configurations.

In the calculations below, all energy quantities (ε0, µR, µL, U, ΓR, ΓL,∆0(L)(R),∆) are measured
in units of Γ = ΓR + ΓL = 1. As an example, if ε0 is given with a numerical value of −5.0, we
imply ε0 = −5.0 Γ. In addition, when we set T = 0.1, we mean kBT = 0.1 Γ, ω = 0.2 (frequency
in the harmonic driving case of section 4.3.2) implies ω = ℏω = 0.2 Γ. Time is also measured in
units of ℏ/Γ.

4.3.1 Time-independent case: current VS voltage curves

We consider the case of a constant voltage in the stationary limit, where the current has reached a
stationary value for the applied voltage. Then, a current VS voltage curve is obtained as customary
in quantum transport calculations (see section 2.1). Figures 4.1 and 4.2 are the curves obtained in
Ref. [76], where the authors solved Eq. (4.41) and use the Hartree-Fock (HF) approximation [75].
In addition, found in the literature is the more sophisticated noncrossing approximation (NCA)
[45, 134] for the electronic correlations, employed by the authors as a benchmark method for the
approach in the time-independent regime, since the NCA is known to yield better results and
encompass a wider range of physics6.

Figure 4.1: Current VS voltage for U = 10, µR = 0, µL = V, ε0 = 5, T = 0.1, ΓL = ΓR = 0.5,
in the HIA (black solid line), non-interacting case (black dashed line), Hartree-Fock (red dotted
line) and non-crossing approximations (blue dotted line). The conductance is calculated from the
formalism employed to obtain Eq. (2.8) (grey curve). (Taken from [76])

6Relevant to our work, it suffices to mention that the NCA encompasses Kondo physics and it is, therefore, a
better many-body approximation to benchmark the HIA [45].
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In general, the applied bias V rises the chemical potential µL so that µL − µR = V inducing
a nonequilibrium situation in this transport window. The energy of the level and the interacting
Coulomb parameter determine the characteristic energies ε0 and ε0 + U of the two transport
channels steaming from the Hubbard band splitting in the quantum dot. The current increases as
soon as the transport channels are included in the transport window, reaching a resonance closed to
V = ε0. Here, the channel becomes degenerate with the Fermi sea of the left lead and interference
improves electron transfer to the device. The same happens at ε0+U with a lower current increase
due to the additional cost and two-body effects of the Coulomb repulsion7. However, the Coulomb
repulsion does not generally lowers the total current with respect to the U = 0 case as seen in
the left panel of Figure 4.2. For ε0 < V < ε0 + U the current through the device is constant
akin to the conductance quantization phenomena in nanostructures (zero conductance here). For
reference, the conductance is computed from the formalism depicted in section 2.2 and we see how
it behaves according to Figure 2.7, acquiring resonances at the transport channel energies. For a
better comparison, we see how the HF approach yield results very closed to the noninteracting case
and completely disagrees in the plateau region transitions as it does not account for the additional
transport channel coming from the interacting Coulomb energy. The HIA is bench-marked against
the NCA, which is known to contain Kondo physics and usually yields wider Hubbard bands. The
difference between these results is more visible in the case ε0 = 0 (left panel of Figure 4.2) due to
the incipient Kondo resonance from the occupied level in resonance with the chemical potentials
of the leads for V = 0. Double occupancy requires higher bias voltages here, promoting the effect
of the spin degree of freedom. Consequently, lower temperatures would increase the disagreement.
This is not observed in the case ε0 = −5, where the double occupancy is reached more quickly
with the rise of the bias voltage.

Figure 4.2: Same as figure 4.1, but with ε0 = 0 (left) and ε0 = −5 (right). (Taken from [76])

7This follows from the spectral weights of each Hubbard bands: 1− nσ̄ for the energy ε0 and nσ̄ for ε0 + U .
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4.3.2 Time-dependent case: pulse-like & harmonic modulation

For the time-dependent case, following Ref. [76] we consider two relevant cases:

1. Pulse-like driving : We consider rectangular pulses such that:

∆L/R(t) = [θ(t)− θ(t− s)]∆L/R, ε0(t) = ε0 + [θ(t)− θ(t− s)]∆, uL/R(t) = 1, (4.55)

where s is the time pulse duration, and ∆ and ∆L/R are the amplitudes of the pulse given in
units of (ℏ/Γ) and (Γ) respectively. In the WBL, this implies ΓL/R(t) = 1

2
Γ and Σσ(t) = − i

2
Γ.

Figure 4.3: Occupancy per spin nσ(t) (left) and time-dependent current J(t) (right) at the dot
(top) in the case of pulse modulation with ΓL = ΓR = 0.5, T = 0.1, µL = 0, µR = 0, ε0 = 0,
∆L = 10, ∆R = 0, ∆ = 5, s = 3, for U = 0 and U = 10. The gray area depicts the pulse duration.

In general, the transport window is determined by δ = (µL −∆L)− (µR −∆R). The Hubbard
bands are centered around the characteristic transport channel energies E1 = ε0 + ∆ and E2 =
ε0+∆+U . The essence of time-dependent calculations is the controlled shifting of these transport
channel energies and the transport window. The spectral weights associated with each channel
reflect the spin occupations: nσ < 1/2 implies a favorable single electron occupancy (1−nσ > 1/2),
and nσ > 1/2 implies a favorable double electron occupancy (1− nσ < 1/2). In Figure 4.3 above,
the dot occupancy for U = 0 approaches 1/2 as E1 is symmetrically positioned about the transport
window, resulting in unchanged occupancy over time (JL(t) = −JR(t)). Similarly, in the HIA, dot
occupancy remains constant at 1/3, due to the symmetrical position of the lower Hubbard band
characteristic energy E1 with respect to the window (δ = 10 and ε0 = 5), which, according to
Eq. (4.42), implies nσ̄ = 1/3 (f̄(ε) = 1/2 for the n0 lower Hubbard band). For both finite U
and U = 0, the current exhibits oscillations with the same period, transiently tending towards an
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equilibrium value as electrons bounce between the leads, with a dominant contribution from the
left lead due to the value of µL −∆L. However, for finite U , the current is smaller as only the E1

channel contributes to transport within the transport window, whereas for U = 0, both do. The
results presented here are in complete agreement with the ones presented in Ref. [76], revealing
the strictness of the analytical expression retrieved for the current, main objective of this work.

Figure 4.4: Same as Figure 4.3, but for ∆L = 20, thus ensuring a higher bias window.

When both channels lie in the transport window (Figure 4.4) the current differences are atten-
uated and the high bias voltage ∆L = 20 produces a complex time dependence. We recover the
same results as in Ref. [76]. We note that E1 and E2 have an asymmetric distribution inside the
transport windows. From Eq. (4.50), we can see that n0 and nU are in general different and the
occupancy varies in time while still favoring the single-electron occupancy due to the high cost of
E2 relative to the transport window.

In Figure 4.5, parameters are chosen to illustrate the Coulomb blockade effect. Differing from
the parameters chosen in Ref. [76] for the same purpose, we chose ∆ = 0 to better differentiate the
transport channel energies and transport window. We also calculated the nσ and J(t) for U = 0.
At all times, E1 is below the transport window, making electron occupancy of the energy level
very likely. Consequently, for U = 0, nσ̄ ≈ 1, favoring double occupancy for finite U (nσ̄ > 1/2).
For t > 0, the current oscillates due to the initial bias onset and quickly reaches zero, indicating no
conduction. In the interacting regime, the additional transport channel with characteristic energy
E2 lies inside the transport window for t > 0, allowing the quantum dot to conduct electricity.
This transition to a conducting regime demonstrates the Coulomb blockade effect.
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Figure 4.5: Same as Figure 4.3, but for ε0 = −5 and ∆ = 0, thus permitting the visualization of
the Coulomb blockade effect.

Figure 4.6: Occupancy per spin nσ(t) (left) and current J(t) (right) in the case of step voltage for
different values of ∆L, for µL = µR = 0, ε0 = 0, U = 10, T = 0.1, ∆R = ∆ = 0, s ≥ 1.

The current dependency for different values of ∆L and temperature kBT (while keeping other
parameters constant) is depicted in Figures 4.6 and 4.7. Once again, the results presented here
are in excellent agreement with the results in Ref. [76]. For completeness, we also computed the
dot occupancy in these cases (left panel in Figures 4.6 and 4.7). Notably, if all parameters remain
unchanged (as in Figure 4.4), we can deduce a simple time dependence for the current. Higher bias
increases both the amplitude and period of the oscillations (note the phase factor in Eq. (4.47))
while preserving the steady-state value of the current (E1 and E2 remain the same and within δ in
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Figure 4.7: Occupancy per spin nσ(t) (left) and current J(t) (right) in the case of step voltage for
different temperatures, for µL = µR = 0, ε0 = 0, U = 10, ∆L = 20, ∆R = ∆ = 0, s ≥ 3.

all cases). As expected, high temperatures are detrimental to current values due to the destruction
of interference and high heat fluctuations, forcing the system to reach a steady state in very short
time scales, while moderate temperatures could not affect the period. Generally, complex time
dependence is attained for small kBT [76], and dot occupancy is not intricate in both Figures 4.7
and 4.7.

2. Harmonic modulation: We consider a harmonic modulation voltage of frequency ω for the
left and right leads (“L” and “R”) and the quantum dot level (“0”), akin to references [76]
and [72]:

∆L/R,0(t) = ∆L/R,0 cos(ωt) (4.56)

In Figure 4.8, we observe the time-dependence of dot occupancy and current due to in-
phase voltage modulation. We observe an excellent agreement with the results obtained in
Ref. [76]. For finite U , the dot occupancy is close to 1/3 but exhibits slight oscillations
due to the statistical spectral weights of the Hubbard bands. For U = 0, the constant
symmetric positioning of the E1 channel within the transport window explains the constant
dot occupancy. For both finite U and U = 0, the current becomes periodic in time due to
forced periodic modulation, as studied in [72, 135] for U = 0. In both cases, the current
exhibits the same period, with the HIA showing additional oscillations. A smaller amplitude
is observed as the higher Hubbard band, associated with the E2 channel, moves periodically
from 10 to 20 while µL − ∆L shifts from 20 to 0, periodically bordering and exiting the
transport window δ(t). The wide-band limit’s adiabatic character is evident in the system’s
rapid response to periodic modulation.
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Figure 4.8: Time dependence of current (top) and dot occupancy per spin (bottom) in the case of
harmonic modulation, for ΓL = ΓR = 0.5, T = 0.1, µL = 10, µR = 0, ε0 = 5, ∆L = 10, ∆R =
0, ∆ = 5, ω = 2, U = 0 (exact solution) and U = 10 (HIA).

With the discussions of the previous results, we have characterized relevant features of the
quantum transport properties of the interacting quantum dot systems. Using the NEGF technique,
we have obtained the observable characterizing transport in this work, namely the charge current
in the JMW formalism. Analytical results were obtained based on the Hubbard band procedure
while relying in the HIA for electronic correlations and WBL for the embedding self-energy. In
the next chapters, we summarize and highlight the key aspects of this work, and mention some
possible avenues towards a more complete understanding of the system on upcoming projects.
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5
Conclusions

In this chapter, we present the final remarks and conclusions relevant to this work. We start with
an overview of the main points concerning the construction and analysis of quantum transport
through the interacting quantum dot system. Finally, we discuss some perspectives and advanced
methods to build upon our current understanding of the quantum transport properties.

5.1 Conclusions

In Chapter 2, we explore the primary components necessary for constructing an interacting quan-
tum dot system (IQDS). Initially, we establish the fundamental paradigm of interacting electrons
in solids, known as the Hubbard model. We outline its essential assumptions and limitations,
discussing significant aspects of its complex physics to elucidate the formation of the quasiparticle
band structure, known as Hubbard bands. We then discuss the Anderson and Kondo models, ex-
amining the impact of a continuum (represented by a metal as a conducting sea) on the spectrum
of an impurity atom. This includes addressing localized magnetic moment formation and the resis-
tance minimum problem explained by the Kondo model. The connection between these models via
the Schrieffer-Wolff transformation allows us to focus on the Anderson model, disregarding Kondo
physics, as the fundamental model underlying the significant characteristics of interacting systems.
Subsequently, we discuss single-electron transport and quantum dots, culminating in constructing
the IQDS to simulate the classic two-terminal quantum transport setup. The Coulomb blockade
effect in QDs is examined to illustrate how Coulomb repulsion influences single-electron transport.

In Chapter 3, we detail the time-dependent nonequilibrium Green’s functions (TDNEGF) ap-
proach, the core theoretical method for studying the dynamics of many-body interacting quantum
systems. We discuss the physical insights of this approach, including the Schwinger-Keldysh con-
tour, the natural perturbative treatment of interactions, and the equation of motion method. The
Hubbard-I approximation (HIA) is proposed as the perturbative approximation employed in this
work to describe electronic correlation effects. Our system of interest is defined as a quantum open
system, highlighting key concepts of this paradigm. The separation into environment (metallic
reservoirs) and system (quantum dot) degrees of freedom allows for defining the embedding self-
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energy, representing all environmental effects on the system. We examine the wide-band limit,
capturing the essential physics of the lead-central device interaction that facilitates analytical so-
lutions. Finally, we derive and apply the Jauho, Meir, and Wingreen (JMW) formalism for charge
current to a noninteracting quantum dot system in both stationary and time-dependent regimes.
The charge current is proposed as the fundamental observable, revealing the quantum transport
features of the system, setting the stage for applying the method to the system with interactions.

In Chapter 4, we apply the formalism to the interacting problem within the HIA and the
wide-band limit. The HIA, which does not account for Kondo physics and has a mean-field
character, defines quasiparticle Hubbard bands and their respective Green’s functions to obtain
closed equations of motion for the propagators. These can be solved analytically to yield a closed
expression for the charge current within the JMW formalism in both stationary and time-dependent
regimes. A numerical method was developed in Julia for calculating the time-dependent current.
Various transport calculations were presented in both stationary and time-dependent regimes,
achieving excellent agreement with results previously reported in Ref. [76] for the case of the time-
dependent driving, validating the analytical calculations and correct application of the algorithm
in Appendix H. Essentially, the bias voltage or time-dependent modulations control and shift the
transport channel energies and the system’s transport window. The interplay of these quantities
determines the current response for given parameter values. Generally, if the transport channel lies
within the transport window, the current through the system is enhanced. The interacting situation
presents richer physics due to additional transport channels from Hubbard band splitting and the
Coulomb blockade effect. In the stationary case, Coulomb repulsion is not always detrimental to the
current, and the HIA results showed accuracy when benchmarked against the NCA approximation,
except where the incipient Kondo effect is evident. Overall, the HF method is insufficient and
inaccurate for studying transport [76].

In the time-dependent regime, pulse-like and harmonic driving voltages were studied to obtain
previously reported results. In some cases, the current exhibits periodic transient oscillations, while
in other instances, varying parameters lead to a complex time dependence. We also studied the ef-
fects of bias voltage and temperature on the current and dot occupations, illustrating the Coulomb
blockade-conducting transition. Crucially, temperature reduces both the period and amplitude of
current oscillations, while higher biases increase them. Generally, the current reaches a transient
state depending only on the transport channel energies and the transport window. Additionally,
whenever the higher Hubbard band was favored by the transport window, dot occupancy tended
to favor double occupancy (nσ >

1
2
), making transport more intricate.

In Chapter 4 we present key results forming the core of this work, utilizing the developed
and applied formalism. The IQDS is a fundamental model system, serving as an indispensable
starting point for characterizing complex systems suitable for realistic experimental scenarios. This
study provides a comprehensive introduction to the fundamental concepts and analysis of quantum
transport in interacting quantum systems. Although the perturbative nature of the method and
chosen approximation do not cover all regimes, particularly Kondo physics, it provides analytical
solutions for quantities characterizing the system’s relevant dynamics.
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5.2 Perspectives

The charge current is not the only observable relevant to quantum transport descriptions. A
natural extension of this work within the HIA would be the calculation of the time-dependent con-
ductance through the junction and the time-dependent spectral density to elucidate how different
modulations affect the system’s spectral properties. Calculations could include spin-dependent
processes from the effect of magnetic leads with a corrected band structure εkσ → εkσ + ∆σ(t),
where different spin contributions to the current equations in (4.54) and (4.52) emerge within the
realm of spin transport [136].

The NEGF approach is a powerful and versatile tool for studying open quantum systems and
quantum transport phenomena. It excels in treating various regimes, scales, and phenomena
uniformly. However, its perturbative nature limits its application to realistic systems with high
computational complexity and non-local interactions, where non-perturbative solutions may yield
significantly different results compared to finite or infinite summation of diagrams [137]. The
scope of this approach extends beyond the methods and results discussed in this work. For in-
stance, the HIA approximation is an initial step beyond the Hartree-Fock treatment but remains
a mean-field approximation. Consequently, Kondo physics and other relevant scales are absent
from the propagator solutions. As such, the next extension of this work could include calculating
the same transport quantities in higher-order approximations, such as the second Born approxi-
mation, which can accurately describe Kondo physics and other relevant scales, attaining a more
complete characterization of the indispensable interacting quantum dot system. This would make
the transition to the double-site quantum dot, or general lattice site systems, more transparent and
natural. Additionally, as the reservoirs’ spectral properties are increasingly influenced by device
dynamics and the lead-device interface becomes more complex, the wide-band limit simplifications
can render the open system dynamics description inaccurate.

Solving the propagators on the Schwinger-Keldysh contour is computationally expensive even
for short time scales, with costs increasing rapidly with time and system size [138]. Along these
lines, moving towards numerically exact approaches offers promising improvements in understand-
ing interacting systems, such as hierarchical equations of motion, tensor network, or dynamical
mean field theory approaches [50, 51, 139]. Quantum Monte Carlo, tensor network algorithms,
and path integral formulations have been proposed to consider higher-order Feynman diagrams for
interactions [140–142]. For a more realistic physical realization of leads, numerical approaches have
been proposed to go beyond the wide-band limit, addressing more intricate lead-device interfaces
and energy scales associated with strong environment-system effects [143–145]. Pursuing these
approaches constitutes a promising direction for future work related to this thesis.

With this final remark, we conclude our work. Our study has illuminated the complex many-
body physics and formalism of transport in interacting quantum systems while maintaining an
introduction with a pedagogical and accessible narrative. We hope the reader finds this initial
exploration both useful and inspiring, encouraging further research into advanced and exciting
areas of this field.
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A
Green’s function of a degenerated

Fermi liquid

Here, we calculate the Green’s function of a degenerate Fermi liquid of non-interacting fermions in
its ground state. We take the heat bath into account by using a Heisenberg representation where
the heat bath’s contribution to the energy is subtracted away, so that

Ĥ = Ĥ0 − µN̂ =
∑
σ

εkĉ
†
kσ ĉkσ, (A.1)

is the Hamiltonian of the system and εk = ℏ2k2
2m
− µ the dispersion relation. The ground state for

a fluid of fermions is given by

|ϕ⟩ =
∏

σ|k|<kf

ĉ†kσ|0⟩. (A.2)

In the Heisenberg representation, ĉ†kσ(t) = eiεktĉ†kσ, ĉkσ(t) = e−iεktĉkσ. For forward-time propa-
gation, it is only possible to add a fermion above the Fermi energy:〈

ϕ
∣∣∣ĉkσ(t)ĉ†k′σ′ (t

′)
∣∣∣ϕ〉 = δσσ′δkk′e−iεk(t−t′)

〈
ϕ
∣∣∣ĉkσ ĉ†kσ∣∣∣ϕ〉

= δσσ′δkk′ (1− nk) e
−iεk(t−t′),

(A.3)

where nk = θ (|kF | − |k|). For backward-time propagation, it is only possible to destroy a fermion,
creating a hole, below the Fermi energy (this is the adjoint process):〈

ϕ
∣∣∣ĉ†k′σ′ (t

′) ĉkσ(t)
∣∣∣ϕ〉 = δσσ′δkk′nke

−iεk(t−t′), (A.4)

so that
G(k, t) = −i [(1− nk) θ(t)− nkθ(−t)] e−iεkt (A.5)

can be expanded as

G(k, t) =

{
−iθ|k|−|kF |e

−iεkt (t > 0)
iθ|kF |−|k|e

−iεkt (t < 0).
(A.6)

71



APPENDIX A. GREEN’S FUNCTION OF A DEGENERATED FERMI LIQUID

The spectral properties due to the time-ordered structure of these functions are what allow
us to consider the particle and hole contribution to the SPGF into a single entity. Now, let us
calculate the Fourier transform of the Green’s function:

G(k, ω) = −i
∫ ∞

−∞
dtei(ω−εk)te−|t|δ [θk−kF θ(t)− θkF−kθ(−t)]

= −i
[

θk−kF

δ − i (ω − εk)
− θkF−k

δ + i (ω − εk)

]
=

1

ω − εk + iδk
,

(A.7)

where δk = δ sgn (k − kF ) is defined in the main text. The infinitesimal real number δ is employed
as an analytical continuation to the complex plane as a mathematical tool for the evaluation of
the integrals in (A.7). Finally:

G(k, ω) =
1

ω − εk + iδk
. (A.8)

Having obtained the GF of the problem, we can use it to calculate any observable. For example,
we can compute the density of particles in a Fermi gas

⟨ρ̂(x)⟩ =
∑
σ

〈
ψ†
σψσ

〉
= −

∑
σ

〈
ϕ
∣∣Tψσ

(
x, 0+

)
ψ†
σ(x, 0)

∣∣ϕ〉
= − i(2S + 1)G

(
x, 0+

)∣∣
x=0

,

(A.9)

where S is the spin of the fermion, and 0+ implies that the second argument approaches zero from
the right.
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B
Langreth Rules of Analytical

Continuation

In this appendix, we describe the procedure to obtain the Langreth rules in the Schwinger-Keldysh
contour theory. We need to evaluate the following convolution integral for functions with two
arguments lying in the Schwinger-Keldysh contour (denoted with “K”):

A(z1, z2) =

∫
K

B(z1, τ)C(τ, z2) (B.1)

Figure B.1: Function B and C in the Keldysh Contour

Consider arguments z1 = t and z2 = t′ lying in the contour as shown in Figure B.1. This
is equivalent to calculating the lesser component of A(z1, z2). The idea is to divide the contour
integral (which runs from −∞ to ∞) by parts while considering the arguments in the contour in
the following form:∫ −∞

−∞
=

∫ t

−∞
+

∫ t′

t︸︷︷︸
1

+

∫ −∞

t′︸ ︷︷ ︸
2

=

∫ t

−∞
−
∫ t

−∞
+

∫ t′

−∞︸ ︷︷ ︸
1

−
∫ t′

−∞︸ ︷︷ ︸
2

. (B.2)
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APPENDIX B. LANGRETH RULES OF ANALYTICAL CONTINUATION

The numbers in Eq. (B.2) denote the simple splitting of the given integral (either “1” or “2”)
after the second equal sign. Let us rewrite the first equal sign above in terms of the given functions
B(t, t′) and C(t, t′). We pay special attention to the order of arguments in the contour for each
function in each integral. If the first argument is later(earlier) in the Keldysh contour than the
second, we are referring to the greater (lesser) component of the function in question. That is:

A<(t.t′) =

∫ t

−∞
dτ B>(t, τ)C<(τ, t′) +

∫ t′

t

dτ B<(t, τ)C<(τ, t′) +

∫ ∞

t′
dτ B<(t, τ)C>(τ, t′). (B.3)

Then, we expand the integrals using the second equal in Eq. (B.2), regroup similar integral
terms and use the relation between the Keldysh components of the Green’s functions [7] to obtain:

A<(t, t′) =

∫ t

−∞

(
B>(t, τ)−B<(t, τ)

)
C<(τ, t′)dτ +

∫ t′

−∞
B<(t, τ)

(
C<(τ, t′)− C>(τ, t′)

)
dτ

=

∫ ∞

−∞
θ(t− τ)

(
B>(t, τ)−B<(t, τ)

)︸ ︷︷ ︸
BR(t,τ)

C<(τ, t′)dτ

+

∫ ∞

−∞
B<(t, τ) θ(t′ − τ)

(
C<(τ, t′)− C>(τ, t′)

)︸ ︷︷ ︸
CA(τ,t′)

dτ.

Finally, we obtain the Langreth rule for A<(t, t′):

A<(t, t′) =

∫ ∞

−∞
dτ
(
BR(t, τ)C<(τ, t′) +B<(t, τ)CA(τ, t′)

)
. (B.4)

Similarly, we deduce yet another rule with arguments in a different organization:

A>(t, t′) =

∫ ∞

−∞
dτ
(
B>(t, τ)CA(τ, t′) +BR(t, τ)C>(τ, t′)

)
. (B.5)
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C
Details of many-body perturbation

theory

In this appendix, we outline the many-body perturbation scheme of quantum theories. Assume
a Hamiltonian of the form Ĥ = Ĥ0 + Ĥint, where the interacting part is a generic simple four
product of field operators with a given probability amplitude:

Ĥint =
1

2

∫
dxdx′v (x,x′) ψ̂†(x)ψ̂† (x′) ψ̂ (x′) ψ̂(x). (C.1)

In this section, we denote 1 = (x1, z1). By deriving the SPGF contour-ordered GF G (1, 1′) =

−i
〈
Tγ

[
ψ̂H(1)ψ̂

†
H (1′)

]〉
with respect to one of its time arguments, we obtain an equation of motion

(EOM) for the SPGF such that:

(i∂z1 − h(1))G (1, 1′) = δ (1, 1′) + i

∫
d1v(1, 1)G2

(
1, 1; 1′, 1

+
)
, (C.2)

where
G2 (1, 2; 1

′, 2′) = (−i)2
〈
Tγ

[
ψ̂H(1)ψ̂H(2)ψ̂

†
H (2′) ψ̂†

H (1′)
]〉

(C.3)

is the two-particle GF. Martin and Schwinger developed a hierarchy for the propagators [64] in
analogy to the usual BBGKY hierarchy in classical statistical mechanics [78]. An EOM for G2 will
be in terms of higher order propagators, constituting an infinite hierarchy. Instead of truncating
the hierarchy by developing the diagrammatic rules from the application of Wick’s theorem [4] to
get the perturbative expansion for higher-order propagators, we define the many-body self-energy
as a way of decoupling the dynamical evolution of the SPGF from that of the (N > 1)-particle
GFs: ∫

d1ΣMB(1, 1)G
(
1, 1′

)
= i

∫
d1v(1, 1)G2

(
1, 1; 1′, 1

+
)
. (C.4)

The many-body self-energy is a functional of the SPGF and contains all many-body effects
from the interaction part of the theory. The problem at hand becomes that of evaluating the
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many-body self-energy that comes from an infinite summation of Feynman diagrams. In this way,
we arrive to

(i∂z1 − h(1))G (1, 1′) = δ (1, 1′) +

∫
d1ΣMB(1, 1)G

(
1, 1′

)
, (C.5)

where h(1) is the matrix representation of the quadratic part of the Hamiltonian, once a proper
basis (for example an orthonormal spin-orbital basis) is chosen.

By defining a simple EOM for the non-interacting propagator G0

(i∂z1 − h(1))G0 (1, 1
′) = δ (1, 1′)

G0 (1, 1
′)
(
−i
←−
∂ z′1
− h (1′)

)
= δ (1, 1′) ,

(C.6)

we can obtain the formal solution to eq. (C.5) which represents the Martin-Schwinger hierarchy.
The solution is the Dyson equation:

G (1, 1′) = G0 (1, 1
′) +

∫
d1 d2G0(1, 1)ΣMB(1, 2)G

(
2, 1′

)
. (C.7)

The differential form of the Dyson equation (C.5), when analytically continued to get the
G<(>) propagators leads to the quantum kinetic equation [146] or the Kadanoff-Baym equations.
This thesis deals with a trivial time-dependence (trivial in the sense that the system Hamiltonian
commutes at different times) that renders the integral form (C.7) of the Dyson equation useful.
Consequent to the application of Langreth rules to the Dyson integral form, we obtain (in reduced
notation):

G< = (1 +GrΣr)G<
0 (1 + ΣaGa) +GrΣ<Ga. (C.8)

Equation (C.8) is the so-called Keldysh equation. Note how the self-energy also has different
components depending on the position of its time arguments in the Schwinger-Keldysh contour.
The quantity G<

0 contains information on the initial configuration of the system. This is related
to the physical realization of the quantum transport setup, as we see in the next section. In our
case, it can be shown that G<

0 = 0, leading to

G< (t, t′) =

∫
dt1

∫
dt2G

R (t, t1) Σ
< (t1, t2)G

A (t2, t
′) . (C.9)

Systematic construction of the infinite terms in the self-energy functional in terms of Feynman
diagrams leads to the regular many-body perturbation theory of quantum field theories [129].
A simple example (among many approximations for the self-energy [74]) is the expansion up to
second-order for electron-electron interactions in the many-body self-energy:

Σ2B[G] (1, 1
′) =ΣHF[G] (1, 1

′)− i2G (1, 1′)

∫
d1 d2v(1, 1)G(1, 2)G(2, 1)v

(
1′, 2

)
+ i2

∫
d1 d2v(1, 1)G(1, 2)G(2, 1)G

(
2, 1′

)
v
(
1′, 2

)
,

(C.10)

76 Jhoan Alexis Fernandez Sanchez



APPENDIX C. DETAILS OF MANY-BODY PERTURBATION THEORY

where ΣHF[G] is the Hartree-Fock contribution to the self-energy, given by

ΣHF[G] (1, 1
′) = −iδ (1, 1′)

∫
d1v(1, 1)G

(
1, 1

+
)
+ iG (1, 1′) v

(
1+, 1′

)
. (C.11)

The Feynman diagram representation of this self-energy approximation can be found in figure C.1.

Figure C.1: Diagrammatic representation of the second Born self-energy. Besides the HF terms,
it contains the first-order bubble diagram (third term) and the second-order exchange diagram
(fourth term). (Figure from Ref. [67])
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D
General quantum transport set up

Following the general formulation of Ref. [67], let us consider a very general setup depicted in
Figure D.1; an arbitrary number of leads at different temperatures (T1, T2...) are coupled to a
rather general complex central device D through a tunneling process. The total Hamiltonian
in a second quantization spin-orbital orthogonal basis set φiτ (x) = φi(r)δτσ is given by Ĥ(z) =
ĤD(z) +

∑
α Ĥα(z) + ĤαD(z) (with ĤD(z) = Ĥ0(z) + ĤI(z)), each term given by

Ĥ0(z) =
∑
µν

hµν(z)â
†
µâν +

∑
µ̄ν̄

Ωµ̄ν̄(z)ϕ̂µ̄ϕ̂ν̄ , (D.1)

ĤI(z) =
1

2

∑
ijkl∈D

vijkl(z)â
†
i â

†
j âkâl +

∑
ij

∑
µ̄

λµ̄ij(z)â
†
µâνϕ̂µ̄,

Ĥα(z) =
∑
ij∈α

hαij(z)d̂
†
i d̂j,

ĤαC(z) =
∑

µ∈C,i∈α

(
Vαµi(z)â

†
µd̂i + h.c.

)
,

where the coefficients related to the probability amplitudes and energetic information for each
physical process represented by those Hamiltonians are given by:

hµν(z) =

∫
drφ∗

µ(r)h(r, z)φν(r), (D.2)

hαij(z) =

∫
drφ∗

i (r)hα(r, z)φj(r),

Vαµi(z) =

∫
drφ∗

µ(r)Vα(r, z)φi(r),

vijkl(z) =

∫
drdr′φ∗

i (r)φ
∗
j (r

′) v (r, r′, z)φk (r
′)φl(r),

λη̄µν(z) =

∫
drφ∗

µ(r)λη̄(r, z)φν(r).
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Figure D.1: General quantum transport set up of a complex quantum device D coupled to an
arbitrary number of leads at different temperatures T1, T2... (Figure from Ref. [67])

Term by term the total Hamiltonian goes as follows: Ĥ0(z) is the quadratic part for both
bosons and fermions; bosons described by the multi-component ϕ̂-fields containing the displacement
ϕ̂µ,1 = ûµ and the momentum operator ϕ̂µ,2 = p̂µ for the mode µ, where we have introduced a

composite index µ̄ = (µ, ξµ) with ξµ = 1, 2, ĤI(z) contains electron-electron interactions (first

term) and electron-boson interactions, Ĥα is the Hamiltonian of the environment part involving
the α metallic lead of noninteracting fermions where hαij also contains a time-dependent external

field often referred to as an applied bias voltage, and finally ĤαC(z) is the Hamiltonian connecting
the central region and lead α by a tunneling process.

D.1 The embedding approach

Focusing on the SPGF, we can divide its matrix representation by sub-system blocks [67, 75] for
each part of the system in the single particle basis chosen before. Once this basis is decided, we
employ bold notation from now on for the matrix representation of operators such that ĤD →
(HD)ij = ⟨i, σ|ĤD|j, σ⟩ For our particular choice of quantum transport setup, we decide for α = 2,
denoting left (L) and right leads (R) in the usual boundary-driven configuration [109] (Figure 3.3).
With this in mind, we write:

G =

 GL GLD GLR

GDL GD GDR

GRL GRD GR

 , H =

 HL HLD 0
HDL HD HDR

0 HRD HR

 . (D.3)

In this way, we further clarify notation in equation (D.3) by noticing (see (D.1))

(Hα)i,j = (hα)i,j = hαi,j, (HαD)µ,j = (Vα)µ,i = Vαµi, (HD)µ,ν = (h)µ,ν = hµiν .
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We can now start by projecting the general EOM (3.26) to the central device SPGFs,

i∂zG (z, z′) = δ (z, z′)1+H(z)G (z, z′) +

∫
dz̄ ΣMB(z, z̄)G (z̄, z′) , (D.4)

and note how the matrix representation for the many-body self-energy ΣMB is actually written as:

ΣMB =

 0 0 0
0 ΣMB,D [GD] 0
0 0 0

 . (D.5)

The many-body self-energy in Eq. (D.5) has nonvanishing entries only for indices in the region
D. This is an immediate consequence of the fact that the diagrammatic expansion of the self-
energy starts and ends with an interaction line which in our case is confined in the central region
(see the first term in the first equation of Eq. (D.1)). This also implies that ΣMB [GD] is a function
of GD only.

Now we can write a matrix form for (D.4) as follows:

i∂z

 GL GLD GLR

GDL GD GDR

GRL GRD GR


(z,z′)

= δ (z, z′)1+

 HL HLD 0
HDL HD HDR

0 HRD HR


(z)

 GL GLD GLR

GDL GD GDR

GRL GRD GR


(z,z′)

+

∫
dz̄

 0 0 0
0 ΣMB,D [GD] 0
0 0 0


(z,z̄)

 GL GLD GLR

GDL GD GDR

GRL GRD GR


(z̄,z′)

.

Following the (2, 2) component of the set of equations resulting from using (D.3) in (D.4), we
have:

i∂zGD = δ (z, z′)1+HDLGLD +HDGD +HDRGRD +

∫
dz̄ ΣMB,D(z, z̄)GD (z̄, z′)

= δ(z, z′)1+HDGD +
∑
α

HDαGαD (z, z′) +

∫
dz̄ ΣMB,D(z, z̄)GD(z̄, z

′),

[
i∂z −HD(z)

]
GD (z, z′) = δ(z, z′)1+

∑
α

HDαGαD (z, z′) +

∫
dz̄ ΣMB,D(z, z̄)GD (z̄, z′) . (D.6)

For a projection to the αD components, one sees that:[
i∂z −Hα(z)

]
GαD (z, z′) = HαDGD (z, z′) . (D.7)

As customary [20, 72], we can define a bare’s GFs Gα(z, z′) for the isolated lead α such that:[
i∂z −Hα (z)

]
Gα (z, z′) = δ (z, z′)1, (D.8)
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where the most relevant aspect of our theory is the fact that any time-dependence of the leads
must be a trivial one, and we must consider fully non-interacting leads. Otherwise, we wouldn’t
be able to write ∫

γ

dz̄ G−1
α (z, z̄)Gα (z̄, z′) = δ (z, z′)1 =

∫
γ

dz̄Gα (z, z̄)G−1
α (z̄, z′)∫

γ

dz̄
[
i∂z −Hα (z)

]
δ (z, z̄)Gαα (z̄, z′) = δ (z, z′)1,

(D.9)

so that [
i∂z −Hα (z)

]
δ (z, z′) = G−1

α (z, z′) , (D.10)

to then use Eq.(D.10) to substitute into Eq.(D.7) after multiplying the latter by δ(z, z′) to finally
get

GαD (z, z′) =

∫
γ

dz̄ Gα (z, z̄)HαC(z̄)GD (z̄, z′) . (D.11)

Equation (D.11) puts any hybrid environment-system propagator in terms of the propagators
of each individual part, thus allowing the EOM to be written in terms of GD only. Now we use
Eq. (D.11) back into (D.6) to get a closed equation for GD with its symmetric part also given by:[

i∂z1−HD(z)
]
GD (z, z′) = δ (z, z′)1+

∫
dz̄ ΣD(z, z̄)GD (z̄, z′) , and

GD (z, z′)
[
− i
←−
∂ z′1−HD (z′)

]
= δ (z, z′)1+

∫
dz̄ GD(z, z̄)ΣD (z̄, z′) ,

(D.12)

where we defined GD (z, z′)
[
−i
←−
∂ z′1−HD(z

′)
]
= −i∂z′GD (z, z′) − GD (z, z′)HD (z′) and the

device many-body self-enery as ΣD = Σem +ΣMB,D, where the embedding self-energy is given by:

Σem (z, z′) =
∑
α

Σem,α (z, z
′) =

∑
α

HCα Gαα (z, z′)HαC. (D.13)

This separation of the self-energy allows for the many-body self-energy ΣMB,D to contain any
interactions coming from the device degrees of freedom only. The embedding self-energy Σem ac-
counts for the influence of the leads on the device. In this thesis, only electron-electron interactions
are considered, as we do not deal with bosonic degrees of freedom in any way.
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E
Stationary form of the JMW current

Here, we deduce Eq. (3.56) in detail. We start by rewriting Eq. (3.52) in the following way (we
let α = L,R):

Jα(t) =−
2e

ℏ

∫
dε

2π
Tr

{
Im

∫ t

−∞
dτ
[
e−

i
ℏ ε(t−τ)Γα(ε)Gr(t− τ)fα(ε)

]}
− 2e

ℏ

∫
dε

2π
Tr

{
Im

∫ t

−∞
dτ
[
e−

i
ℏ ε(t−τ)Γα(ε)G<(t− τ)

]}
.

(E.1)

Now we define:

I1 =

∫ t

−∞
dτ
[
e−

i
ℏ ε(t−τ)Γα(ε)Gr(t− τ)fα(ε)

]
, (E.2)

I2 =

∫ t

−∞
dτ
[
e−

i
ℏ ε(t−τ)Γα(ε)G<(t− τ)

]
. (E.3)

We start by solving the integral in (E.3):

I2 =

∫ t

−∞
dτ e−

i
ℏ ε(t−τ)Γα(ε)

∫ ∞

−∞

dω

2π
G<(ω)e−iω(t−τ) =

∫ ∞

−∞

dω

2π
Γα(ε)G<(ω)

∫ t

−∞
dτ e

i
ℏ (ε−ℏω)(t−τ).

We now analytically continue the previous integral (see reference [147]) to formally solve it:

I2 = lim
η→0

∫ ∞

−∞

dω

2π
Γα(ε)G<(ω)

∫ t

−∞
dτ e

i
ℏ (ε−ℏω+iη)(t−τ).

We perform a change in variables such that t′ = t− τ and dt′ = −dτ . Limits change such that
−∞→∞ and t→ 0. Then we have:

I2 = lim
η→0

∫ ∞

−∞

dω

2π
Γα(ε)G<(ω)

∫ ∞

0

dt′ e
i
ℏ (ε−ℏω+iη)t′

= lim
η→0

∫ ∞

−∞

dω

2π
Γα(ε)G<(ω)

e
i
ℏ (ε−ℏω+iη)t′

i
ℏ(ε− ℏω + iη)

∣∣∣∣∣
∞

0

= −i lim
η→0

∫ ∞

−∞

d(ℏω)
2π

Γα(ε)G<(ω)
1

(ε− ℏω + iη)
.

82



APPENDIX E. STATIONARY FORM OF THE JMW CURRENT

We now use the formula for Cauchy’s principal value:

1

ε− ℏω + iη
= P

(
1

ε− ℏω

)
− iπδ(ε− ℏω), (E.4)

to obtain:

I2 = lim
η→0

∫ ∞

−∞

d(ℏω)
2π

Γα(ε)G<(ω)

[
−i

ε− ℏω
− πδ(ε− ℏω)

]
.

Note from Eq. (E.1) that only the imaginary parts of I1 and I2 contribute to the integral. By
definition, G<(ω) is imaginary so the first term in the equation above can be neglected. Hence,
we only have the delta function part where we straightforwardly obtain:

Im (I2) = −iΓα(ε)G<(ε). (E.5)

Now we solve the integral in (E.2):

I1 =

∫ t

−∞
dτ
[
e−

i
ℏ ε(t−τ)Γα(ε)Gr(t− τ)fα(ε)

]
= Γα(ε)fα(ε)

∫ ∞

−∞
dτ
[
e−

i
ℏ ε(t−τ)Gr(t− τ)

]
= Γα(ε)fα(ε)G

r(ε).

Above, we used the fact thatGr(t−τ) is not defined for t > τ to extend the domain of integration
to +∞. Note how we basically have a Fourier transform which leads to the simple result shown
above. Next, recall that Im z = − i

2
(z − z∗) for any complex number z. Also, [Gr]∗ = Ga. Hence:

Im (I1) = −
i

2
Γα(ε)fα(ε)

[
Gr(ε)−Ga(ε)

]
. (E.6)

By using equations (E.5) and (E.6) into Eq. (E.1), we recover the result in Eq. (3.56).
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F
Detailed calculations of the

implementation of TDNEGF and JMW
formalism in the quantum dot system

This appendix details all remaining commutators from chapter 4.

1. Calculation of
[
ĤS(t), d̂σ(t)

]
:

-It is easy to see that:

[
ĤM , d̂σ

]
=
∑
kασ

εkα(t)
[
ĉ†kασ ĉkασ, d̂σ

]
= 0. (F.1)

This is based on the fact that we always have
{
ĉ
(†)
kασ, d

(†)
σ

}
= 0 as they belong to different

Hilbert subspaces. For the next term, the device Hamiltonian, we have 1

[
ĤD, d̂σ

]
= ε0

∑
∆

[
d̂†∆d̂∆, d̂σ

]
+ U

[
n̂↑n̂↓, d̂σ

]
,

[
d̂†∆d̂∆, d̂σ

]
=
[
n̂∆, d̂σ

]
= d̂†∆

{
d̂∆, d̂σ

}
−
{
d̂†∆, d̂σ

}
d̂∆ = −

{
d̂†∆, d̂

†
σ

}
d̂∆ = −δσ∆d̂∆,

[
n̂↑n̂↓, d̂σ

]
= n̂↑

[
n̂↓, d̂σ

]
+
[
n̂↑, d̂σ

]
n̂↓ = −δ↓σn̂↑d̂↓ − δ↑σd̂↑n̂↓ = −d̂↑n̂↓.

It follows that

1Some useful identities for fermionic operators that are used from now onward [124], where the subscripts “±”
refer to the usual anticommutator (+) and commutator (−), are [ÂB̂, Ĉ] = Â[B̂, Ĉ]± ∓ [Â, Ĉ]±B̂ and [Â, B̂Ĉ] =
[Â, B̂]±Ĉ ∓ B̂[Â, Ĉ]±.
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[
n̂σn̂σ̄, d̂σ

]
= −d̂σn̂σ̄.

Putting it all together, we obtain[
ĤD, d̂σ

]
= ε0

∑
σ

−δσ∆d̂σ − Ud̂σn̂σ̄ = −ε0d̂σ − Ud̂σn̂σ̄. (F.2)

Similarly, we develop the tunneling Hamiltonian commutator:[
ĤT , d̂σ

]
=
∑
kα∆

Vkα

[
ĉ†kα∆d̂∆, d̂σ

]
+ V ∗

kα

[
d̂†∆ĉkα∆, d̂σ

]
,

[
ĉ†kα∆d̂∆, d̂σ

]
= ĉ†kασ

{
d̂∆, d̂σ

}
−
{
ĉ†kα∆, d̂σ

}
d̂∆ = 0,

[
d̂†∆ĉkα∆, d̂σ

]
= d̂†∆

{
ĉkα∆, d̂σ

}
−
{
d̂†∆, d̂σ

}
ĉkασ = −

{
d̂†∆, d̂σ

}
ĉkασ = −δσ∆ĉkασ.

Then: [
ĤT , d̂σ

]
= −

∑
kα

V ∗
kα ĉkασ. (F.3)

If we put together equations (F.1), (F.2) and (F.3), we obtain the first total commutator of
this section: [

ĤS(t), d̂σ(t)
]
= −ε0d̂σ − Ud̂σn̂σ̄ −

∑
kαα

V ∗
kαĉkασ. (F.4)

2. Calculation of
[
ĤS(t), ĉkασ(t)

]
:

-It’s easy to see that
[
ĤD, ĉkασ(t)

]
= 0.

-Next, we have the commutator for the Hamiltonian of the metals:[
ĤM , ĉkασ(t)

]
=
∑
qβ∆

εqβ

[
ĉ†qβ∆ĉqβ∆, ĉkασ

]
=
∑
qβ∆

εqβ

(
ĉ†qβ∆

{
ĉqβ∆, ĉkασ

}
−
{
ĉ†qβ∆, ĉkασ

}
ĉqβ∆

)
= −

∑
qβ∆

εqβ

{
ĉ†qβ∆, ĉkασ

}
ĉqβ∆ = −

∑
qβ∆

εqβδqkδαβδσ∆ĉqβ∆

= −εkαĉkασ.

-Now the tunneling Hamiltonian:
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[
ĤT , ĉkασ(t)

]
=
∑
qβ∆

Vqβ

[
ĉ†qβ∆d̂∆, ĉkασ(t)

]
+ V ∗

qβ

[
d̂†∆ĉqβ∆, ĉkασ(t)

]
,[

ĉ†qβ∆d̂∆, ĉkασ(t)
]
= ĉ†qβ∆

{
d̂∆, ĉkασ

}
−
{
ĉ†qβ∆, ĉkασ

}
d̂∆ = −

{
ĉ†qβ∆, ĉkασ

}
d̂∆

= −δqkδαβδσ∆d̂∆,[
d̂†∆ĉqβ∆, ĉkασ(t)

]
= d̂†∆ {ĉqβ∆, ĉkασ} −

{
d̂†∆, ĉkασ

}
= 0.

-Finally, we have:[
ĤT , ĉkασ(t)

]
=
∑
qβ∆

Vqβ

[
ĉ†qβ∆d̂∆, ĉkασ

]
= −

∑
qβ∆

Vqβδqkδαβδσ∆d̂∆ = −Vkασd̂σ.

-Putting all previous commutators together, we recover Eq. (4.7):[
ĤS(t), ĉkασ(t)

]
= −ϵkαĉkασ − Vkαd̂σ(t).

3. Calculation of the self-energy expression in Eq. (4.12).

-Recall that:

Grkα (t, t′) = −iθ (t− t′) exp
[
−i
∫ t

t′
εkα(τ)dπ

]
. (F.5)

-Recall that Vkα(t) = uα(t)Vα(ε
0
k). We write the sum in Eq. (4.12) as an integral over energy

by letting
∑

k →
∫
dε0k(t)ρ(ε

0
k)/2π and use εkα(t) = ε0k +∆α(t). By rewriting ε0k as simply ϵ

and recognizing the terms in Eq. (4.13) we immediately obtain:

Σr (t, t′) =
∑
kα

V ∗
kα(t)Grkα (t, t′)Vkα (t′)

=
∑
α

−iθ (t− t′)
∫
dε0k
2π

ρ(ε0k)uα(t)V
∗
α (ε

0
k) exp

[
−iε0k(t− t′)− i

∫ t

t′
∆α(τ)dτ

]
uα(t

′)Vα(ε
0
k)

= −iθ (t− t′)
∑
α

∫
dε

2π
e−iε(t−t′)Γα (ε, t, t′) .

(F.6)

Following an analogous procedure and employing Eq. (4.10), we obtain Eq. (G.8).

4. Calculating the commutator
[
ĤS,

(
d̂σn̂σ̄

)
(t)
]
. -We need to compute all three terms in:[

ĤS,
(
d̂σn̂σ̄

)
(t)
]
=
[
ĤM ,

(
d̂σn̂σ̄

)
(t)
]
+
[
ĤD,

(
d̂σn̂σ̄

)
(t)
]
+
[
ĤT ,

(
d̂σn̂σ̄

)
(t)
]
.

-Clearly
[
ĤM ,

(
d̂σn̂σ̄

)
(t)
]
= 0.
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-Now we calculate the device Hamiltonian commutator:[
ĤD,

(
d̂σn̂σ̄

)
(t)
]
= ε0(t)

∑
∆

[
d̂†∆d̂∆, d̂σn̂σ̄

]
+ U

[
n̂↑n̂↓, d̂σn̂σ̄

]
.

-We work on the terms in colors above:[
d̂†∆d̂∆, d̂σn̂σ̄

]
=
[
n̂∆, d̂σ

]
n̂σ̄ + d̂σ [n̂∆, n̂σ̄] =

[
n̂∆, d̂σ

]
n̂σ̄ = −δ∆σd̂∆n̂σ̄,[

n̂↑n̂↓, d̂σn̂σ̄

]
= [n̂↑n̂↓, n̂σ̄] d̂σ +

[
n̂↑n̂↓, d̂σ

]
n̂σ̄,[

n̂↑n̂↓, n̂σ̄

]
= n̂↑

[
n̂↓, n̂σ̄

]
+
[
n̂↑, n̂σ̄

]
n̂↓ = 0,[

n̂↑n̂↓, d̂σ

]
= n̂↑

[
n̂↓, d̂σ

]
+
[
n̂↑, d̂σ

]
n̂↓

= −δ↓σn̂↑d̂↓ − δ↑σd̂↑n̂↓

= −d̂σn̂σ̄,[
n̂↑n̂↓, d̂σn̂σ̄

]
= −d̂σn̂σ̄.

-The above commutators leads to:[
ĤD,

(
d̂σn̂σ̄

)
(t)
]
= ε0(t)

∑
∆

−δ∆σd̂∆n̂σ̄ − Ud̂σn̂σ̄,[
ĤD,

(
d̂σn̂σ̄

)
(t)
]
= −

(
ε0(t) + U

)
d̂σn̂σ̄.

-For the tunneling Hamiltonian we have:[
ĤT ,

(
d̂σn̂σ̄

)
(t)
]
=
∑
qβ∆

Vqβ

[
ĉ†qβ∆d̂∆, d̂σn̂σ̄

]
+ V ∗

qβ

[
d̂†∆ĉqβ∆, d̂σn̂σ̄

]
.

-Going term by term in the colored terms above:

[
ĉ†qβ∆d̂∆, d̂σn̂σ̄

]
=
[
ĉ†qβ∆d̂∆, d̂σ

]
n̂σ̄ + d̂σ

[
ĉ†qβ∆d̂∆, n̂σ̄

]
=
(
ĉ†qβ∆

{
d̂∆, d̂σ

}
−
{
ĉ†qβ∆, d̂σ

}
d̂∆

)
n̂σ̄ + d̂σ

(
ĉ†qβ∆

[
d̂∆, n̂σ̄

]
+
[
ĉ†qβ∆, n̂σ̄

]
d̂∆

)
= d̂σ ĉ

†
qβ∆

[
d̂∆, n̂σ̄

]
= δ∆σ̄d̂σ ĉ

†
qβ∆dσ̄

= −δ∆σ̄ ĉ
†
qβ∆d̂σdσ̄.
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[
d̂†∆ĉqβ∆, d̂σn̂σ̄

]
=
[
d̂†∆ĉqβ∆, d̂σ

]
n̂σ̄ + d̂σ

[
d̂†∆ĉqβ∆, n̂σ̄

]
=
(
d̂†∆

{
ĉqβ∆, d̂σ

}
−
{
d̂†∆, d̂σ

}
ĉqβ∆

)
n̂σ̄ + d̂σ

(
d̂†∆
[
ĉqβ∆, n̂σ̄

]
+
[
d̂†∆, n̂σ̄

]
ĉqβ∆

)
= −

{
d̂†∆, d̂σ

}
ĉqβ∆n̂σ + d̂σ

[
d̂†∆, n̂σ̄

]
ĉqβ∆

= −δ∆σ ĉqβ∆n̂σ + d̂σ

({
d̂†∆, d

†
σ̄

}
dσ̄ − d†σ̄

{
d̂†∆, dσ̄

}
ĉqβ∆

)
= −δ∆σ ĉqβ∆n̂σ̄ − δ∆σ̄d̂σd

†
σ̄ ĉqβ∆.

-With this, we have:[
ĤT ,

(
d̂σn̂σ̄

)
(t)
]
=
∑
qβ∆

(
−Vqβδ∆σ̄ ĉ

†
qβ∆d̂σdσ̄ − V

∗
qβδ∆σ ĉqβ∆n̂σ̄ − V ∗

qβδ∆σ̄d̂σd
†
σ̄ ĉqβ∆

)
=
∑
qβ

(
−Vqβc†qβσ̄d̂σdσ̄ − V

∗
qβcqβσn̂σ̄ − V ∗

qβd̂σd
†
σ̄cqβσ

)
,[

ĤT ,
(
d̂σn̂σ̄

)
(t)
]
=
∑
kα

−Vkαc†kασ̄d̂σdσ̄ − V
∗
kαĉkασn̂σ̄ − V ∗

kαd̂σd
†
σ̄ckασ̄.

-Finally, we recover Eq. (4.15):[
ĤS,

(
d̂σn̂σ̄

)
(t)
]
= −

(
ε0(t)+U

)(
d̂σn̂σ̄

)
(t)−

∑
kα

Vkα(t)c
†
kασ̄d̂σdσ̄+V

∗
kα(t)ĉkααn̂σ̄+V

∗
kα(t)d̂σd

†
σ̄ ĉkασ.

-Now let’s find
〈{(

d̂σn̂σ̄

)
(t), d̂†σ(t)

}〉
:〈{(

d̂σn̂σ̄

)
(t), d̂†σ(t)

}〉
=
〈
d̂σ

[
n̂σ̄, d̂

†
σ

]
+
{
d̂σ, d̂

†
σ

}
n̂σ̄

〉
= ⟨n̂σ̄(t)⟩ .

5. Calculating the hybrid higher-order commutator
[
ĤS, (ĉkασn̂σ) (t)

]
.

-We need to compute each commutator in:[
ĤS, (ĉkασn̂σ̄) (t)

]
=
[
ĤM , (ĉkασn̂σ̄) (t)

]
+
[
ĤD, (ĉkασn̂σ̄) (t)

]
+
[
ĤT , (ĉkασn̂σ̄) (t)

]
.

-First the metals Hamiltonian:[
ĤM , (ĉkασn̂σ̄) (t)

]
=
∑
qβ∆

εqβ

[
ĉ†qβ∆ĉqβ∆, ĉkασn̂σ̄

]
.
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-We work on the brown term as follows:[
ĉ†qβ∆ĉqβ∆, ĉkασn̂σ̄

]
=
[
ĉ†qβ∆ĉqβ∆, ĉkασ

]
n̂σ̄ + ĉkασ

[
ĉ†qβ∆ĉqβ∆, n̂σ̄

]
=
(
ĉ†qβ∆ {ĉqβ∆, ĉkασ} −

{
ĉ†qβ∆, ĉkασ

}
ĉqβ∆

)
n̂σ̄

+ ĉkασ

(
ĉ†qβ∆ [ĉqβ∆, n̂σ̄] +

[
ĉ†qβ∆, n̂σ̄

]
ĉqβ∆

)
= −

{
ĉ†qβ∆ĉkασ

}
ĉqβ∆n̂σ̄ = −δqkδαβδσ∆ĉqβ∆n̂σ̄.

-Then: [
ĤM , (ĉkασn̂σ̄) (t)

]
=
∑
qβ∆

εqβ (−δqkδαβδσ∆ĉqβ∆n̂σ̄) = −εkαĉkασn̂σ̄.

-Thus, the commutator for the metals is:[
ĤM , (ĉkασn̂σ̄) (t)

]
= −εkαĉkασn̂σ̄.

-For the device Hamiltonian, we have:[
ĤD, (ĉkασn̂σ̄) (t)

]
= ε0(t)

∑
∆

[
d̂†∆d̂∆, ckασn̂σ̄

]
+ U

[
n̂↑n̂↓, ckασn̂σ̄

]
.

-Working on the colored terms above we have:[
d̂†∆d̂∆, ĉkασn̂σ̄

]
=
[
d̂†∆d̂∆, ĉkασ

]
n̂σ̄ + ĉkασ

[
d̂†∆d̂∆, n̂σ̄

]
= ĉkασ

[
d̂†∆d̂∆, n̂σ̄

]
= 0,

[
n̂↑n̂↓, ĉkασn̂σ̄

]
=
[
n̂↑n̂↓, ĉkασ

]
n̂σ̄ + ĉkασ

[
n̂↑n̂↓, n̂σ̄

]
= 0.

-We easily see that: [
ĤD, (ĉkασn̂σ) (t)

]
= 0.

-For the tunneling Hamiltonian commutator, we have:[
ĤT , (ĉkασn̂σ̄) (t)

]
=
∑
qβ∆

Vqβ

[
ĉ†qβ∆d̂∆, ĉkασn̂σ̄

]
+ V ∗

qβ

[
d̂†∆ĉqβ∆, ĉkασn̂σ̄

]
.
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-For the term in purple we have:[
ĉ†qβ∆d̂∆, ĉkασn̂σ̄

]
=
[
ĉ†qβ∆d̂∆, ĉkασ

]
n̂σ̄ + ĉkασ

[
ĉ†qβ∆d̂∆, n̂σ̄

]
=
(
ĉ†qβ∆

{
d̂∆, ĉkασ

}
−
{
ĉ†qβ∆, ĉkασ

}
d̂∆

)
n̂σ̄ + ĉkασ

(
ĉ†qβ∆

[
d̂∆, n̂σ̄

]
+
[
ĉ†qβ∆, n̂σ̄

]
d̂∆

)
= −

{
ĉ†qβ∆, ĉkασ

}
d̂∆n̂σ̄ + ĉkασ ĉ

†
qβ∆

[
d̂∆, n̂σ̄

]
= −δkqδαβδσ∆d̂∆n̂σ̄ + δ∆σ̄ ĉkασ ĉ

†
qβ∆dσ̄.

-For the term in green we have:[
d̂†∆ĉqβ∆, ĉkασn̂σ̄

]
=
[
d̂†∆ĉqβ∆, ĉkασ

]
n̂σ̄ + ĉkασ

[
d̂†∆ĉqβ∆, n̂σ̄

]
= ĉkασ

[
d̂†∆ĉqβ∆, n̂σ̄

]
= ĉkασ

(
d̂†∆ [ĉqβ∆, n̂σ̄] +

[
d̂†∆, n̂σ̄

]
ĉqB∆

)
= ĉkασ

[
d̂†∆, n̂σ̄

]
ĉqβ∆ = ĉkασ

({
d̂†∆, d

†
σ̄

}
dσ̄ − d†σ̄

{
d̂†∆, dσ̄

})
ĉqβ∆

= −δ∆σ̄ ĉkασd
†
σ̄ ĉqβ∆.

-Finally, the commutator for the tunneling Hamiltonian is given by:[
ĤT , (ĉkασn̂σ̄) (t)

]
=
∑
qβ∆

Vqβ

(
−δkqδαβδσ∆d̂∆n̂σ̄ + δ∆σ̄ ĉkασ ĉ

†
qβ∆dσ̄

)
+ V ∗

qβ

(
−δ∆σ̄ ĉkασd

†
σ̄ ĉqβ∆

)
= −Vkαd̂σn̂σ̄ +

∑
qβ

ĉkασc
†
qβσdσ̄ −

∑
qβ

V ∗
qβ ĉkασd

†
σ̄cqβσ.

-With the above commutators we recover Eq. (4.18).

-Going back to equation of motion for Gr
kασ,U (t, t′) we obtain:

i∂tG
r
kασ,U (t, t′) =iθ (t− t′)

〈{
−εkα(t)

(
ĉkασn̂σ̄

)
(t)− Vkα(t)

(
d̂σn̂σ̄

)
(t), d̂†σ (t

′)
}〉

=εkα(t)
[
−iθ (t− t′)

〈{(
ĉkαn̂σ̄

)
(t), d̂†σ (t

′)
}〉]

+Vkα(t)
[
−iθ (t− t′)

〈{
(ĉkαn̂σ̄) (t), d̂

†
σ (t

′)
}〉]

=εkα(t)G
r
kασ,U (t, t′) + Vkα(t)G

r
σσ,U (t, t′) .

6. Third term in Eq. (4.28).∫
Gr0(t, τ)G̃rU (τ, t′) dτ =

∫
n̂σ̄ (t

′)Gr0(t, τ)Gr0 (τ, t′) exp
[
− iU (τ − t′)

]
dτ.
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-The term in red above can be further developed:

Gr0(t, τ)Gr0 (τ, t′) = −θ(t− τ)θ (τ − t′) exp
[
−i
∫ t

τ

ε0 (τ
′) dτ ′

]
exp

[
−i
∫ τ

t′
ε0 (τ

′) dτ ′
]

= −θ(t− τ)θ (τ − t′) exp
[
−i
∫ t

t′
ε0 (τ

′) dτ ′
]
.

-We can take implicit care of theta functions as their product only delimits the integrals to
lie from t′ to t as they do. Hence, we ignore them in what follows. Note that:∫ t

t′
exp

[
− iU (τ − t′)

]
dτ =

i

U
exp

[
− iU (τ − t′)

]∣∣∣∣t
t′
=

i

U

(
exp [−iU (t− t′)]− 1

)
.

-Then:∫
Gr0(t, τ)G̃rU (τ, t′) dτ = −nσ̄ (t

′) exp

[
−i
∫ t

t′
ε0 (τ

′) dτ ′
] ∫ t

t′
exp

[
− iU (τ − t′)

]
dτ

= −nσ̄ (t
′) exp

[
−i
∫ t

t′
ε0 (τ

′) dτ ′
]
i

U

(
exp [−iU (t− t′)]− 1

)
= −nσ̄ (t

′) exp

[
−i
∫ t

t′
ϵ0 (τ

′) dτ ′
]
i

U
exp

[
− iU (t− t′)

]
+ nσ̄ (t

′) exp

[
−i
∫ t

t′
ϵ0 (τ

′) dτ ′
]
i

U

=
1

U
G̃rU (t, t′)− 1

U
nσ̄ (t

′)Gr0 (t, t′) .

-We can then write:

U

∫
Gr0(t, τ)G̃rU (τ, t′) dτ = G̃rU (t, t′)− nσ̄ (t

′)Gr0 (t, t′) .

-Finally:

U

∫
Gr0(t, τ)GrU (τ, t′) dτ = GrU (t, t′)− Gr0 (t, t′) .
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G
Hubbard sub-bands procedure

In this appendix, we detail a trick only suitable to the one-level quantum dot for a closed
analytical solution of Green’s functions of the problem after the application of the so-called
wide-band limit [76]. First, we decompose our central region Green’s functions as Gr

σσ (t, t
′) =

Gr
σσ,0 (t, t

′)+Gr
σσ,U (t, t′) and write G̃r0 (t, t′) = Gr0 (t, t′)−nσ̄ (t

′)Gr0 (t, t′). We start from Eq. (4.29):

→ Gr
σσ,0 (t, t

′) +Gr
σσ,U (t, t′) = G̃r0 (t, t′) + G̃rU (t, t′) +

∫
Gr0 (t, τ) Σr(τ, τ ′)

(
Gr

σσ,0 (τ
′, t′) +Gr

σσ,U (τ ′, t′)
)
dτdτ ′

+

∫ (
GrU(t, τ)− Gr0(t, τ)

)
Σr (τ, τ ′)Gr

σσ,U (τ ′, t′) dτdτ ′,

→ Gr
σσ,0 (t, t

′) +Gr
σσ,U (t, t′) = G̃r0 (t, t′) + G̃rU (t, t′) +

∫
Gr0 (t, τ) Σr(τ, τ ′)Gr

σσ,0 (τ
′, t′) dτdτ ′

+

∫
GrU(t, τ)Σr (τ, τ ′)Gr

σσ,U (τ ′, t′) dτdτ ′,

→ Gr
σσ,0 (t, t

′) +Gr
σσ,U (t, t′) = G̃r0 (t, t′) +

∫
Gr0 (t, τ) Σr(τ, τ ′)Gr

σσ,0 (τ
′, t′) dτdτ ′ +Gr

σσ,U (t, t′) . (G.1)

From a close inspection of Eq. (G.1) we get an integral equation for Gr
σσ,0 (t, t

′) similar to Eq.
(4.27):

Gr
σσ,0 (t, t

′) = G̃r0 (t, t′) +
∫
Gr0 (t, τ) Σr(τ, τ ′)Gr

σσ,0 (τ
′, t′) dτdτ ′. (G.2)

By introducing two new Green’s functions

G̃r
σσ,0 (t, t

′) =
Gr

σσ,0 (t, t
′)

1− nσ̄ (t′)
, G̃r

σσ,U (t, t′) =
Gr

σσ,U (t, t′)

nσ̄ (t′)
, (G.3)

we note that equations (4.27) and (G.2) can be written as:

G̃r
σσ,0 (t, t

′) = Gr0 (t, t′) +
∫
Gr0 (t, t′) Σr(t, τ)G̃r

σσ,0 (t, t
′) dτdτ ′, (G.4)
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G̃r
σσ,U (t, t′) = GrU (t, t′) +

∫
GrU (t, t′) Σr(t, τ)G̃r

σσ,U (t, t′) dτdτ ′. (G.5)

The Green’s functions above constitute the Hubbard bands or Hubbard excitations discussed
in the main text.

By solving equations (G.4) and (G.5), we can obtain Gr
σσ(t, t

′) after a correct self-consistent
obtention of nσ̄(t) by noticing that we can re-write Eq. (4.29) as:

Gr
σσ (t, t

′) =
(
1− nσ̄ (t

′)
)
G̃r

σσ,0 (t, t
′) + nσ̄ (t

′) G̃r
σσ,U (t, t′) . (G.6)

Recall that nσ(t) = ImG<
σσ(t, t). Then an equation for G<

σσ(t, t
′) can be easily obtained from

the Keldysh equation Eq.(C.9) employed in section 3.1.3. We do this by defining new lesser Green’s
functions analogous to G̃r

σσ,0(U)(t, t
′):

G̃<
σσ,0(U) (t, t

′) =

∫
G̃r

σσ,0(U)(t, τ)Σ
<(τ, τ ′)G̃a

σσ,0(U) (τ
′, t′) dτdτ ′, (G.7)

where G̃a
σσ,0(U) (t, t

′) =
[
G̃r

σσ,0(U)(t, τ)
]∗
, and Σ< (t, t′) is the lesser self-energy given by (see appendix

F):

Σ< (t, t′) =
∑
kα

V ∗
kα(t)G<kα (t, t′)Vkα (t′) = i

∑
α

∫
dε

2π
e−iε(t−t′)fα(ε)Γ

α (ε, t, t′) . (G.8)

Above, Γα (ε, t, t′) is the level-width function given by Eq. (4.13) and fα(ε) the Fermi function of
the α = L,R macroscopic lead given by fα(ε) = f (ε− µα) = 1/

(
1 + exp [β (ε− µα)]

)
.

Finally, direct application of Eq. (C.9) leads to another equation from which we can obtain
nσ(t) after solving Eq. (G.7):

G<
σσ (t, t

′) =
(
1− nσ̄ (t

′)
)
G̃<

σσ,0 (t, t
′) + nσ̄ (t

′) G̃<
σσ,U (t, t′) . (G.9)
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H
Numerical Implementation of the

time-dependent JMW current

In this appendix, we elucidate the numerical implementation of Eq. (4.51) from which the total
current J(t) =

[
JL(t) − JR(t)

]
/2 follows. We start by rewriting equations (4.47) and (4.53) by

splitting the integral over t1 for A
0(U)
L/R (ε, t) and B

0(U)
L/R (ε, t) into two parts:

∫ t

−∞ =
∫ 0

−∞ +
∫ t

0
. Notice

that the retarded characteristic of G̃r
σσ,0(U)(t, t1) makes zero the integration in the interval t1 > t

(from the theta function θ(t − t1) in its definition). The first part is a simple integral of an
exponential, where the time dependent arguments are zero for t < 0, and clearly uL/R(t = 0) = 1.
This leads to the following expressions:

A0(U)
α (ε, t) =

exp
[
i
(
ε− ε0(U)

)
t
]

ε− ε0(U) +
iΓ
2

exp

[
−i
∫ t

0

dt1

(
∆(t1)−∆α (t1)−

iΓ (t1)

2

)]
− i

∫ t

0

dt1 exp [iε (t− t1)]uα (t1) exp
[
−i
∫ t

t1

dt2

(
ε0(U) (t2)−∆α (t2)− i

Γ (t2)

2

)]
,

(H.1)

B0
α(ε, t) =

(1− n0
σ̄) exp

[
i
(
ε− ε0(U)

)
t
]

ε− ε0(U) +
iΓ
2

exp

[
−i
∫ t

0

dt1

(
∆(t1)−∆α (t1)−

iΓ (t1)

2

)]
− i

∫ t

0

dt1 (1− nσ̄(t1)) exp [iε (t− t1)]uα (t1)

× exp

[
−i
∫ t

t1

dt2

(
ε0(U) (t2)−∆α (t2)− i

Γ (t2)

2

)]
,

(H.2)

BU
α (ε, t) =

n0
σ̄ exp

[
i
(
ε− ε0(U)

)
t
]

ε− ε0(U) +
iΓ
2

exp

[
−i
∫ t

0

dt1

(
∆(t1)−∆α (t1)−

iΓ (t1)

2

)]
− i

∫ t

0

dt1nσ̄(t1) exp [iε (t− t1)]uα (t1) exp
[
−i
∫ t

t1

dt2

(
ε0(U) (t2)−∆α (t2)− i

Γ (t2)

2

)]
.

(H.3)
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CURRENT

From here on, a numerical integration method is required to evaluate the integrals above.
In this work, we chose Simpson’s rule [133] and employed Julia programming language [132] to
compute the integrals numerically. It is worth mentioning that we could in principle solve the
integrals for the respective pulse modulation of this thesis to get analytical expressions for (4.47)
and (4.53). However, we do not consider here such analytical expressions but rather compute the
whole integrals using numerical integration methods for the pulses given in equations (4.55)-(4.56).

The algorithm to compute the total current from Eq. (4.51) is determined by 4 steps as shown
in the flowchart of figure H.1.

Figure H.1: Flowchart of the numerical algorithm for the time-dependent current J(t).

We can detail this steps as follows:

1. A function is built to compute A
0(U)
α (ε, t) for a given energy ε and at a given time t. The

time step dt1 in Eq. (H.1) is chosen such that the integrand is calculated at 1000 time points,
hence ensuring a numerical error of less than 0.1%. From here on, all integrals admit an error
of less than 0.1% as a criteria for the resolution of the integrals. However, dt2 determined
only 5 time points for all cases excluding the harmonic simulation (the numerical integral of
constants and steps functions required basically no time points), where the same criteria of
error determined a number of points greater than 100.

1.5 Evaluation of A
0(U)
α (ε, t) at different times for different energy values help determining

limits of integration of n
0(U)
α (t) in Eq. (4.50). In this substep we choose the limits as

−200 and 20 to ensure A
0(U)
α (ε, t) < 10−5. The number of zeros is doubled as we need

the square magnitude of A
0(U)
α (ε, t) times the product with the fermi function, which
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tends to zero very quickly for ε > µα for the usual temperatures of the problem. This
reduces the infinite limits of the analytical integral with a correct approximation of zero
for A

0(U)
α (ε, t) at 10−10. However, for ε < µα it tends to one very quickly. This explains

the larger lower limit −200. As it turns out, for all cases and parameters, the limits
−200 and 20 coincide with this criteria.

2. The energy grid of each energy integral (which is about 1000 points for each case) to be
computed for a given number of time points with time step steps ∆1 defined in a list of times
T1 (whose range is particular to every calculation), is chosen for n

0(U)
σ (t) by following the

same criteria as before and the additional criteria in incise 3.5 below. Hence, in this step
we compute nσ(t) at each time point by computing the integrand at each time point using

A
0(U)
α (ε, t), a defined function for the fermi function, and Eq. (4.49). This generates a two

column list with times in one column and values for nσ at the other. These values are stored
for later use. This process takes between 7 and 8 hours for all cases considered,
with 5000 time points up to 5 seconds.

3. By using the pre-computed list of nσ(t), in this step we create a function in Julia that

computes B
0(U)
α (ε, t) for a certain energy value ε and time t, analogous to the calculation of

A
0(U)
α (ε, t) while computing the integrands for the same time points defined in T1.

3.5 We note how the resolution of the integrals for B
0(U)
α (ε, t) is directly dependent on time

points of list T1, whose time step should guarantee enough time points for a given t′

to accurately compute B
0(U)
α (ε, t′) with the desire error of 0.1%. Since the final current

is calculated at a determined number of time points described by yet another list T2,
we obtain the criteria that T2 should have a step ∆2 such that ∆2 ≥ 10n∆1, n ∈ Z,
to ensure a correct numerical resolution in the calculation of the B

0(U)
α (ε, T2) energy

integrals, given a list of values for nσ(t) at different times in the T1 list. For the cases
considered we have n = 2, 3. This steps calculates the T2 time list.

4. A list of times with uniform time step ∆2 defining a time point list T2 is chosen according to
the criteria in 3.5 above for the calculation of each energy integral (with its predetermined

energy grid of 1000 points) for J
in(out)
α . It is immediate to obtain J(t) by using J(t) =[

JL(t) − JR(t)
]
/2 and Eq. (4.51). In this step, a function in Julia is created to perform all

previous calculations. This takes between 1 and 2 hours for 500 time points up to
5 seconds.

Finally, we note that calculating the pairs of curves nσ vs t and J(t) vs t in the figures of this
thesis takes between 9 and 10 hours in total. Calculations for all pair curves were compiled
simultaneously, such that each figure in this thesis takes between 9 and 10 hours in total. This
computation time could be further refined to less than 2 hours per figure by parallelization of the
integral calculations and refining memory usage of all quantities in the code.
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der quantenmechanik,” Zeitschrift für Physik 44, 455–472 (1927).

95J. Fransson, Non-Equilibrium Nano-Physics. A Many-Body Approach, Vol. 809 (Springer, Up-
pssala, 2010).

96A. Altland and B. D. Simons, Condensed matter field theory (Cambridge university press, 2010).

97A. Blandin and J. Friedel, “Propriétés magnétiques des alliages dilués. interactions magnétiques
et antiferromagnétisme dans les alliages du type métal noble-métal de transition,” J. phys.
radium 20, 160–168 (1959).

98U. Fano, “Effects of configuration interaction on intensities and phase shifts,” Physical review
124, 1866 (1961).

102 Jhoan Alexis Fernandez Sanchez

https://doi.org/10.1103/PhysRev.106.893
https://doi.org/10.1103/RevModPhys.89.015003
https://doi.org/10.1103/RevModPhys.89.015003


BIBLIOGRAPHY

99J. Kondo, “G-shift and anomalous hall effect in gadolinium metals,” Progress of Theoretical
Physics 28, 846–856 (1962).

100F. Haldane, “Scaling theory of the asymmetric anderson model,” Physical Review Letters 40,
416 (1978).

101A. Abrikosov, “Electron scattering on magnetic impurities in metals and anomalous resistivity
effects,” Physics Physique Fizika 2, 5 (1965).

102H. Suhl, “Formation of local magnetic moments in metals,” Physical Review Letters 19, 442
(1967).

103A. Ekimov and A. Onushchenko, “Quantum size effect in three-dimensional microscopic semi-
conductor crystals,” SPIE milestone series 180, 3–5 (2005).

104M. Reed, J. Randall, R. Aggarwal, R. Matyi, T. Moore, and A. Wetsel, “Observation of discrete
electronic states in a zero-dimensional semiconductor nanostructure,” Physical review letters
60, 535 (1988).

105V. Colvin, M. Schlamp, and A. Alivisatos, “Light-emitting diodes made from cadmium selenide
nanocrystals and a semiconducting polymer,” SPIE milestone series 180, 396–398 (2005).

106W. C. Chan and S. Nie, “Quantum dot bioconjugates for ultrasensitive nonisotopic detection,”
Science 281, 2016–2018 (1998).

107D. Loss and D. P. DiVincenzo, “Quantum computation with quantum dots,” Physical Review
A 57, 120 (1998).

108T. A. Fulton and G. J. Dolan, “Observation of single-electron charging effects in small tunnel
junctions,” Physical review letters 59, 109 (1987).

109G. T. Landi, D. Poletti, and G. Schaller, “Nonequilibrium boundary-driven quantum systems:
models, methods, and properties,” Rev. Mod. Phys. 94, 045006 (2022).

110R. Landauer, “Spatial variation of currents and fields due to localized scatterers in metallic
conduction,” IBM Journal of research and development 1, 223–231 (1957).

111Y. V. Nazarov and Y. M. Blanter, Quantum transport: introduction to nanoscience (Cambridge
university press, 2009).

112B. Van Wees, H. Van Houten, C. Beenakker, J. G. Williamson, L. Kouwenhoven, D. Van der
Marel, and C. Foxon, “Quantized conductance of point contacts in a two-dimensional electron
gas,” Physical Review Letters 60, 848 (1988).

113M. A. Kastner, “The single-electron transistor,” Reviews of modern physics 64, 849 (1992).

114K. Capelle, “A bird’s-eye view of density-functional theory,” Brazilian journal of physics 36,
1318–1343 (2006).

115X. Zheng, G. Chen, Y. Mo, S. Koo, H. Tian, C. Yam, and Y. Yan, “Time-dependent density
functional theory for quantum transport,” The Journal of chemical physics 133 (2010).

103 Jhoan Alexis Fernandez Sanchez

https://doi.org/10.1103/RevModPhys.94.045006


BIBLIOGRAPHY

116Y. Pavlyukh, E. Perfetto, D. Karlsson, R. van Leeuwen, and G. Stefanucci, “Time-linear scaling
nonequilibrium green’s function methods for real-time simulations of interacting electrons and
bosons. i. formalism,” Physical Review B 105, 125134 (2022).

117R. Van Leeuwen and G. Stefanucci, “Equilibrium and nonequilibrium many-body perturbation
theory: a unified framework based on the martin-schwinger hierarchy,” in Journal of physics:
conference series, Vol. 427, 1 (IOP Publishing, 2013), p. 012001.

118Y. Pavlyukh, E. Perfetto, and G. Stefanucci, “Interacting electrons and bosons in the dou-
bly screened gW̃ approximation: a time-linear scaling method for first-principles simulations,”
Physical Review B 106, L201408 (2022).

119Y. Pavlyukh, E. Perfetto, D. Karlsson, R. van Leeuwen, and G. Stefanucci, “Time-linear scaling
nonequilibrium green’s function method for real-time simulations of interacting electrons and
bosons. ii. dynamics of polarons and doublons,” Physical Review B 105, 125135 (2022).

120E. Perfetto, Y. Pavlyukh, and G. Stefanucci, “Real-time gw: toward an ab initio description
of the ultrafast carrier and exciton dynamics in two-dimensional materials,” Physical Review
Letters 128, 016801 (2022).

121Y. Pavlyukh, E. Perfetto, and G. Stefanucci, “Photoinduced dynamics of organic molecules
using nonequilibrium green’s functions with second-born, gw, t-matrix, and three-particle cor-
relations,” Physical Review B 104, 035124 (2021).

122M. Esposito, M. A. Ochoa, and M. Galperin, “Quantum thermodynamics: a nonequilibrium
green’s function approach,” Physical review letters 114, 080602 (2015).

123M. M. Odashima, B. G. Prado, and E. Vernek, “Pedagogical introduction to equilibrium Green’s
functions: Condensed-matter examples with numerical implementations,” Revista Brasileira de
Ensino de Fisica 39, 1–24 (2017), arXiv:1604.02499.

124J. J. Sakurai and J. Napolitano, Modern quantum mechanics, 3rd ed. (Cambridge University
Press, 2020).

125A. M. Zagoskin, Quantum theory of many-body systems, Vol. 174 (Springer, 1998).

126H. O. John W. Negele, Quantum Many-Particle Systems (Advanced Book Classics, 1998).

127G. B. Leo. P Kadanoff, Quantum Statistical Mechanics (CRC Press, New York, 1962).

128D. C. Langreth, “Linear and nonlinear response theory with applications,” in Linear and non-
linear electron transport in solids (Springer US, Boston, MA, 1976), pp. 3–32.

129A. Das, Quantum Field Theory (World Scientific, Rochester, 2008).

130A. Hewson, “Theory of localized magnetic states in metals,” Physical Review 144, 420 (1966).

131U. Weiss, Quantum dissipative systems (World Scientific, 2012).

132J. Bezanson, S. Karpinski, V. B. Shah, and A. Edelman, “Julia: a fast dynamic language for
technical computing,” arXiv preprint arXiv:1209.5145 (2012).

104 Jhoan Alexis Fernandez Sanchez

https://doi.org/10.1590/1806-9126-RBEF-2016-0087
https://doi.org/10.1590/1806-9126-RBEF-2016-0087
https://arxiv.org/abs/1604.02499
https://doi.org/10.1007/978-1-4757-0875-2_1
https://doi.org/10.1007/978-1-4757-0875-2_1


BIBLIOGRAPHY

133R. L. Burden and J. D. Faires, Numerical analysis (Brooks Cole, 1997).

134N. Bickers, D. Cox, and J. Wilkins, “Self-consistent large-n expansion for normal-state properties
of dilute magnetic alloys,” Physical Review B 36, 2036 (1987).

135A. Croy and U. Saalmann, “Nonadiabatic rectification and current reversal in electron pumps,”
Physical Review B 86, 035330 (2012).

136O. Eriksson, A. Bergman, L. Bergqvist, and J. Hellsvik, Atomistic spin dynamics: foundations
and applications (Oxford university press, 2017).

137J. Gukelberger, L. Huang, and P. Werner, “On the dangers of partial diagrammatic summations:
benchmarks for the two-dimensional hubbard model in the weak-coupling regime,” Physical
Review B 91, 235114 (2015).
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