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Abstract

The establishment of a topological phase is shown under the existence of Majorana fermions for
a superconducting nanowire with spin-orbit coupling and Zeeman coupling, which is modeled
as a one-dimensional Fermi gas in the continuum at zero temperature with a Hamiltonian in
the second quantization framework, and then it is solved with the Bosonization technique. The
signatures of the phase are observed via the density and pairing correlations and susceptibilities
in the strong interaction limit for attractive interactions and strong coupling limit for the
Zeeman coupling, and under the modulation of a chemical potential via the introduction of an
external harmonic trap. As a result, phase diagrams of the nanowire are obtained, where a
charge density phase and spin-singlet superconductivity of trivial topology can be established
for a dominant superconducting gap, while spin-singlet and spin-triplet superconductivity of
non-trivial topology can be established for a dominant magnetic gap.

Keywords: condensed matter, topological phase, bosonization, one-dimensional, correlations,
superconductivity.

Resumen

Se demuestra el establecimiento de una fase topolédgica bajo la existencia de fermiones de
Majorana en un nanohilo superconductor con acoplamientos de espin-6rbita y Zeeman, el cual
se modela con un Hamiltoniano en segunda cuantizacién de un gas de fermiones unidimensional
en el continuo a temperatura cero, y se resuelve por medio del método de Bosonizacion. Las
signaturas de la fase se observan por medio de las correlaciones y susceptibilidades de densidad
y emparejamiento del sistema en el limite de interaccién atractive fuerte y acoplamiento Zeeman
fuerte, y bajo la modulacién de un potencial quimico de acuerdo con una trampa arménica
externa. Como resultado, se obtienen diagramas de fase del nanohilo, en donde se pueden
establecer fases de densidad de carga y superconductividad tipo singlete de topologia trivial para
un gap superconductor dominante, mientras que se pueden establecer fases superconductoras
de tipo singlete y triplete de topologia no trivial para un gap magnético dominante.

Palabras clave: materia condensada, fase topoldgica, bosonizacion, unidimensional, correla-
ctones, superconductividad.
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Chapter 1

Introduction

Since the arrival of quantum mechanics in the 20th century, and the vast evidence for all
things to be made of fundamental entities which obey those mechanics [1-3], many problems
have arisen from the fact that the quantum physics contains unimaginable phenomena which
do not appear among the classic objects. Even so, many classical problems are so difficult
to solve that the most powerful nowadays tools simply do not work (such as supercomputers
or experimental setups). Known classical approaches seem to be exhausted, so throughout
the late 20th century, and during the course of the 21st century, there has been an increasing
interest in finding a way to use novel quantum approaches and built devices with some sort of
quantum control to tune different quantum phenomena, as a TV control displays the show a
person wants to watch. This work refers particularly to the approach of the quantum computer
and the quantum control concept of a quantum simulator.

Quantum computers are a hot topic these days, not only for physics but for many different
areas, even the ones not really close to science. For example, it has become usual that a
quantum mechanics lecture is taught in computer science programs although it has a heavy
content on physics [4]. That is because, it is so desirable to move from classical computers
to quantum ones as they offer quite remarkable improvements, such as speed-ups to many
tasks in computation and communication, and more secure information transmissions and
authentications [4,5]. Today, IBM has made great efforts along with other companies like
Microsoft, using different forms of developing those computers based on their basic concept [6].
So, how does it work? A quantum computer exploits the superposition principle of quantum
states, using every single one of them at the same time for doing a task whenever those states
remain coherent in time, and then via a measurement, the final result of the task is acquired [5].
If the system has only two levels (two possible states), that system is a qubit. The biggest
problem in this definition is the coherence because any perturbation from surroundings leads
the system to decoherence, where the superposition collapses and the expected information is
lost [5]. A measurement is a perturbation itself, so using the system implies damaging it as
well. The qubits need to be protected somehow or be constantly repaired [5]. The challenge
today is to get the most optimizations to develop at least a functional quantum computer that
can surpass the best supercomputers available.

On the other hand, quantum simulators try to reproduce phenomena that cannot be
easily realized or isolated even if there is a deep understanding of how it happens, making it
possible to solve hard problems associated with that phenomena if produced naturally (analog
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quantum simulators) or to have it in some device with effective couplings given that it is hard
to find it in nature (digital quantum simulators) [7]. In last years, many researchers have
proven quantum simulators to offer incredible utilities, like the production of pure unexpected
quantum many-body phenomena, this is, not described by thermodynamics as these systems
are affected by quantum fluctuations and not thermal fluctuations [7-9]. Because of it, the
expectation of creating new materials with exotic behavior in the macro-world is growing a
lot as time passes (for example with superconducting, topological, or transport efficiency) [7].
Researchers still working on improvements that lead to more possibilities for the future world,
which could mold how we understand quantum physics and all the technology we use [7]. The
fact is, quantum simulators can be used to emulate many phenomena for the desired building
of the quantum computer and also quantum computers can be used to simulate required
phenomena.

One of these improvements, by the usage of electronics, is that information and energy are not
lost by heating, desiring materials with less and less electric resistance up to the point it is zero.
The phenomenon where the electric resistance is zero is well known as superconductivity [5].
In 1911, Onnes [10] discovers that some metals suffer an electric resistance fall after cooling it
below a critical temperature (which reduced the electric resistance up to fourteen orders of
magnitude [11]). The theory that explains superconductivity in most metals emerges from
the interaction between electrons and vibrations of the lattice where the electrons belong [12].
The interaction is given by means of virtual phonon exchange, which causes electron pairs to
attract under an energy condition (BCS theory) [13]. In general, BCS theory (Barden, Cooper,
and Schrieffer in 1957) is not able to explain superconductivity in all metals [12], and yet it
is sufficiently simple for calculating thermal and electromagnetic properties of the system in
which is applicable, with good experimental results [12,13]. Hence, it is usually indispensable
for the building of quantum computers and not so accessible due to temperature conditions,
as it can be shown in highly coherent systems created with some quantum simulators such
as superconducting circuits and trapped ions [7], showing the importance of dropping the
resistance.

Alongside superconductivity, researchers have proposed to introduce the key feature of topology
to overcome the decoherence mechanism always present in realistic setups, emerging in this
way the introduction of topological phases. The system enters a topological phase when
some of its observable properties are invariant under soft deformations of the space-time where
the system exists, under low temperatures, low energies, and long wavelength conditions [14].
Recent theories and experiments show that a strong spin-orbit coupling (SOC) brings two and
three-dimensional systems to the topological superconducting phase, in which high coherent
modes are created at the edges [15]. In one dimension it is possible that, in addition to the strong
SOC, an external magnetic field and the standard s-wave superconducting coupling, may bring
a fermionic system to the superconducting topological phase [16,17], where the edge modes
are known as Majorana fermions (Majoranas). In this phase, the original fermions arrange
in pairs of spatially-separated Majoranas, being highly coherent under local perturbations,
useful to protect the information of the quantum computer, for example [16-18]. Although
there have been many efforts to find the Majoranas, it has been quite elusive for current
status experimental setups [17-19], or although measured there is no consensus of whether the
observed excitations are indeed Majoranas. Thus, the proposal of systems that could support
them, to have a final suitable setup, is a hot topic in physics these days.

To illustrate, one trending research from the past decade proposed one specific setup, showing



the existence of Majoranas theoretically and experimentally [20-24]. The system is based on a
one-dimensional gas of atoms coupled by SOC, made from a heterostructure of Indium and
Arsenide that is cut in a cylindrical form with a diameter in the scale of nm and a length-
to-width ratio of 1000 or more (an InAs semiconductor nanowire). The superconductivity
is induced by proximity putting the wire in contact with a superconducting material at low
temperatures and both are exposed to a uniform magnetic field created by coils, as shown in
figure 1.1.

BSOC

Figure 1.1: The drawing shows the setup used by Lutchyn, Oren, and Bakkers, where the
nanowire is the grey cylinder, the superconductor is the purple block, and the arrows are the
magnetic field lines. The uniform magnetic field is painted golden and goes lengthwise with the
wire, while the SOC can be interpreted as another inner magnetic field that is perpendicular
to the golden one (with an arrow painted blue), as explained further when describing the SOC
model. The phase transition from a non-topological to a topological phase is achieved with a
modulated chemical potential on the wire, where two black regions appear with Majoranas at
the edges (red points). As of the usage of InAs, the SOC energy scale is around 50ueV, the
superconducting gap around 250ueV so the theoretical expectation of the zero temperature
phase is at a magnetic field of 0.157" and below 1K temperature on the laboratory [22].

The objective of the present work is to solve a Hamiltonian model of the latter system and
show that it could support the Majorana fermions, which fundamentally is: a superconducting
fermionic system of spin 1/2 coupled with SOC and a magnetic field. The physics of the
system arises from the collective interactions of the particles since the system is made of
many bodies in one dimension, where that dimensionality plays an important role [25]. If the
system is a three-dimensional one, the perturbation theory can be applied, as short-range
interactions could be neglected if particles do not encounter themselves: they have enough
mean free path to escape the interaction range [25]. But strong interactions could be relevant
in one dimension for the sought phases [16,25], so the one-dimensional model may not accept
the perturbation theory framework as only collective excitations dominate the physics (Fermi
liquid theory does not hold). The bosonization technique constitutes an interesting choice for
the treatment of such strongly correlated systems, allowing the writing of the Hamiltonian
model into a quantum field theory [25]. Once the Hamiltonian is solved in terms of the fields,
the information of the phases is acquired from the calculation of correlations via the mode
decomposition of the fields by means of the Path Integral formalism [26-28], and are interpreted
from the Linear Response Theory (LRT) [25,26]. The information on the presented model
and techniques is expanded in the following sections.
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1.1 Second quantization

The most common and suitable description for a many-body system is given in the second
quantization formalism [1-3]. It establishes the re-quantization of first quantized operators
depending on whether the operator represents a one-particle or two-particle process [1-3].
One-particle processes refer to the scattering of one particle by means of an external coupling,
like for example a chemical potential, a magnetic field, a potential trap, or simply the kinetic
energy (dynamics information of one particle). The two-particle processes refer to the scattering
processes involving two particles, like the possible interaction potential among them which
produce collisions. If ¢ is a one-particle operator and @ a two-particle operator, the operators
are represented in second quantization as [1-3]:

T = "9l (il £]5) ¥;, (1.1)
ij
-1 PR .
U =g > b} (il alnm) dmin, (1.2)
ynm

where 1/}j (zﬂj) is the annihilation (creation) operator for a single-particle state [j) given a
quantum number j.

The particles are in a continuum for a Fermi gas, so the first quantum number is the position
x. Also, the particles have spin 1/2, and it introduces discrete quantum numbers: the two
projections o =1 (3) and o =] (—3%) (from here h = 1 is set). As position and spin reside
in different Hilbert spaces, the state in space coordinates is |j) = |zo), where (¢/2/|zo) =
d(x — 2')ds and then 1&} = 121;0 = 1&2(9@) (which represents a fermion of spin ¢ in position
2) [1-3], where fermions satisfy {ty(x), %], (')} = 6(2 — 2/)8yer and {5 (2), %V (1)} = 0.
On the other hand, the space coordinates and momentum coordinates are connected via a
Fourier transform as they are canonical variables, where the energy or dispersion relation is
determined in the momentum space [1-3]. In second quantization, once the system is described
by |xo) states, the momentum representation is given by the inverse Fourier transform of the
creation and annihilation operators, which is [1-3,29]:

_ L * eikx n
Vo (2) = m/_mdk Vo (k), (1.3)

for any spin index. In the transform, the hermitian conjugate state |ko) is defined, with k the
momentum, represented in space coordinates as k = —id,.

In the following, any operator is considered in second quantization and its treatment (to solve
the Hamiltonian) is based on it. In particular, the density number operator 7; = w;wj gives

the number of particles in the state j, so N = >_;fj is the number operator [1-3]. Here
must be clarified that the many-body state |j) is in fact |{j}), so the index j refers to the
occupation on that state among the many others in the set {j} of states, say |j) = |{j}) =
|71, J2, J3, -+ s, Js+1, ---). Hence, the operator n; counts the number of particles in one of the js
states and NV is the sum of all occupations in all possible states. The index s in js is suppressed
for simplification [1-3].

If the model is to be solved, in second quantization the solving method resides in making the
Hamiltonian proportional to the number operator (i.e. expressing it in quadratic forms), and
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when that proportion is given the Hamiltonian is diagonal [30]. For a general Hamiltonian, the
task of diagonalizing could be very difficult, and commonly it may need many approximations.
In any way, the fundamental form of the Hamiltonian to diagonalize is a quadratic one in
creation and annihilation operators, which can be reached using the bosonization technique, a
fundamental tool to address one-dimensional systems.

1.2 Bosonization formalism

For a free one-dimensional Fermi gas without spin, the Hamiltonian is:

kQ

om’

i = [ dke®i i), (1.4)

where the dispersion relation is a parabola. As quantum simulators have been idealized with
ultracold atoms in the last years [7], a low energy approximation is considered, where the
fermions arrange in all momenta up to the last particle, and the last momentum defines the
Fermi energy (Er, also called Fermi level or Fermi surface). In that state, all particles below
the Fermi energy are frozen, so it is a good approximation to consider the processes only around
this energy. Thus, the dispersion relation may be approximated as straight lines around the
Fermi momenta +kpr (Taylor expansion up to first order). The bosonization method consists
in extend those lines from (—o0, 00), defining chiral fermions for each linear dispersion relation
at left (around —kp) and right (around kp), and solving the model for the chiral fermions, as
it is simpler and captures the same original system at low energies, inside a cutoff, to keep the
validity of the approximation [25]. The schematic of the procedure is shown in the following
figure 1.2.

L R

Figure 1.2: Original dispersion relation of the free one-dimensional fermions (at left) and
the linearized dispersion relation (at right). The two lines define the dispersion relation for
the chiral fermions, where the L line is for the left-moving fermions and the R is for the
right-moving fermions. The figure also shows the Fermi energy and Fermi momenta, alongside
the grey blur which is the filled part of the dispersion relation.

The left-moving and right-moving particles are defined as separating the Hamiltonian into two
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parts that sum around the Fermi momenta:

o - /dke(k)z&*(k)zﬂ(k)

Q

—kp+A ~ R kp+A . ~
lim / dh e ()3T (k)P (k) + /k dker(R)DT(R)B(R),  (L5)

A—=0 —kp—A A

where A is a short interval around each of the Fermi momenta (as the limit specifies it), e (k)
and er(k) energies are the Taylor series expansion of ¢(k) up to first order (linearization)
around their respective Fermi momenta,

er(k) = e(—kp)+ (k—(—kp)) (ded(:)> . = FEp —vp(k+kp), (1.6)
ern(k) = elkp)+ (k—kp) (d;(:))k = Ep +vp(k — kp), (1.7)

defining the Fermi velocity as vp = Oge(k)k, = kr/m, that is by definition the velocity of the
particles that move in their respective branch (negative for the left-moving and positive for
the right-moving). If the energies are replaced in the approximated Hamiltonian of equation
1.5, it yields:

Q

R krp+A ~ ~
A~ Jm / B e k) (00

[ o
+/ dk (Ep + vr(k — kp))0T (k) (k)

bt —kp+A . . krp+A R R
— tw Ee [ kI 09000 + Er / dl ) (k)b (k)
A— —kp—A kp—A
—kp+A . R krp+A R R
[ e+ kS RG®) + [ dkve(s = k) (R)9(0)
—kp—A kp—A
A . . A R .
= 1{1_)1]% 2EF—/_ dpuppr(p—kF)¢(p—kF)+/_ dvapW(erkF)w(erkF)
=t 28 [ il o))+ [ dprepdhpint) (19)

where in the third line, the integrals with Er coefficient are considered the expected value
of the Hamiltonian ((lﬁl )) because they express the density number operators in the region
of integration, which in the limit of A — 0 are the particle number at the Fermi energy, i.e.
just one. Then, as those are the particles in —kr and kg, there are two particles at the Fermi
energy; hence the term reduces to 2FEr, a constant for every equilibrium state. Also in the
third line, a variable change is applied in both integrals to consider the variation k + kg, and
thus in the last line, the chiral fermion operators are defined according to &(p —kp) = U1 (p)
and @(p +kp)= 1[13(]9), setting now p = 0 as the point where both linear dispersion relations
meet each other.

Now, since the lines are extended along the R (so the limit A — 0 is no longer considered),
and the Hamiltonian is replaced for:

b= /dp &(p) (%(p)iﬁzz(p) —~ 1[}2(1?)%(19)) , &p) =vrp, (1.9)
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which is the Tomonaga-Luttinger model [31-33]. Note that the constant factor 2Er has been
removed since a constant will not affect the further analysis of the Hamiltonian by means
of the Path Integral approach (see the definition in 1.14). According to the Hamiltonian of
equation 1.9, the system space separates into two chiral spaces, so the chiral fermions commute,
[&g)(k),zﬂg)(k’ )] = 0 (the separability of the space and the commutator are shown in the
introduction of the appendix A) [25,34,35]. But, in contrast with the figure 1.2, the dispersion
relations touch at k£ = 0, so there is a point where the spaces converge. Then, the commutator
is not strictly zero, instead, it is considered that they commute by leaving aside that specific
point, and as it is just a point, the integral in equation 1.9 is not sensitive to it. This particular
choice means this work uses abelian bosonization. One important feature of this extension is
that if the Fermi energy is still there, then the system will be infinitely filled (the linearized
dispersion relation is not bounded from below, as shown in figure 1.2), so for example, the
constant term 2Fpr must be infinite now! In fact, there are many infinities arising from this
extension, like the expected number of particles on the ground state ((f(k)d(k)) — o).
Hence, as in quantum field theory, the normal ordering is introduced to deal with those
infinities, where it takes the form [25-28]:

A~ ~

P (R)D (k) = DT (k) (k) — (T (k) (k)) (1.10)

so only the normal ordered operators contribute (like ¢f(k)¢(k)) and others do not (like
Y(k)t(k)) [25-28]. The normal ordering of the operators are assumed from now on and it will
not be denoted to avoid extra notation (for example, the Hamiltonian is in fact :H:, but in the
document is simply denoted as H ). This consideration clearly has implications for calculations
that eventually are mentioned.

Now, one of the most useful relations in bosonization is the writing of the annihilation operator
in terms of the chiral fields in space coordinates. This is done using the Fourier transform of
equation 1.3 and only taking the contributions of the Fermi momenta, which follows:

1 oA kFJrA kFJrA o

A A
= i dp e P=Rr)ed(p — +/ dp " PEREIZ)(p 4 k
Pz m/_A pert k) e | e e k)

_ —ikpx ipx,] 1kpxi ipx,]
= e m/dpe Yr(p) +e m/dpe Yr(p)
e RET s () 4 eF TR (2). (1.11)

The extension is introduced in the third line of equation 1.11. The latter is the corresponding
mapping of the Fermi gas to the Tomonaga-Luttinger liquid, where that equation is vastly used
to bosonize a Hamiltonian, clearly depending on the dispersion relation. In the low energy
approximation, the rapid fluctuations are given by the phases e**#? while the chiral fields
are slow-varying ones. Then, the most relevant physics comes from fluctuations of the density
(p) and current (j ) operators, interesting physics arises when the Hamiltonian of equation
1.9 is written in terms of these operators (see appendix A, equations A.18 and A.19). The
revealing part which makes the technique be called bosonization, is that the defined densities
commute as bosons, so a theory written in these densities is a theory in a bosonic space: the
original fermionic system is mapped into a bosonic one, where the canonical bosonic fields
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¢(x,t) and 7(z,t) ([¢(z), 7(y)]i—0 = i6(z — y)) diagonalize the system via the fundamental

identity of bosonization:

n L ia2ymda(a)
a\T) = a€ A

Yal2) NIk

where a stands for chirality in £1 values (¢ = 1 means R and o = —1 means L), ¢ is a cutoff
parameter introduced by hand in calculations to make quantities converge, 7, are chiral Klein
factors and ¢ () are the chiral canonical fields (for the derivation of the theory in densities
and currents, the definition of the cutoff, Klein factors, canonical fields, and their chiral parts
see appendix A). With the bosonization identity, the free Fermi gas of equation 1.4 is mapped
as follows:

(1.12)

H= / dk (k)T (k)b (k) ~ %F / dx [(aqu(@)Q +ﬁ(x)2} . (1.13)

The mapping corresponds to the massless Klein-Gordon equation (the wave equation), in
which a mode decomposition of the fields is based, and it shows the final writing of the system
in terms of bosonic fields (see appendix A, equation A.58). Such decomposition is fundamental
for the approach of this work on the analysis of the Hamiltonian, and so the efforts are directed
to achieve the last diagonal form of the Hamiltonian in equation 1.13. This form, given by
a quantum field theory, is of widely use as it is universal [36], useful when reviewing lattice
models as when working in the continuum limit, since in both cases the same quantum field
theory analysis is valid [36]. Unfortunately, as in almost every theory, this form is not trivial
to get and there is much physics that arises in non-diagonal terms, like cosine functions of the
fields that appear in the interaction terms such as the operator in equation 1.2, which moves
the model from the Klein-Gordon to the sine-Gordon [37-39]. An analysis of those cosines and
possible treatments are given in the section A.4 of appendix A and section B.8 of appendix B.
The procedure allows us to calculate correlations if the Hamiltonian is quadratic. In order to
do so, a combination of the Path Integral formalism together with the Linear Response Theory
opens this possibility, hence in the following section the methodology is reviewed.

1.3 Correlations, Path Integral, and LRT

The information revisited for the sought phases resides on correlations, which are expected val-
ues of products of creation and annihilation operators following the structure (a'a - --). Accord-
ing to the bosonization technique, these correlations should be given in terms of the canonical
fields of the theory, defining the n-point correlation function (G(z1)d(22)d(x3) - - - d(2n)), and if
time evolution is considered, time order is introduced, so (Td(z1, t1)d(x2, ta)d(x3, 3) - - - (2, tn))
is a standard form of a correlation for the bosonized system. From now on, if the correlations
have time dependence, a time order operator is set in the correlations although it is not written

explicitly.

In this case, due to the mode decomposition of the fields in bosonic operators, and in general,
the 1-point correlation vanishes (($(z))) as it measures the expectation value of the field
amplitude. The first non-vanishing correlation is the 2-point one ((¢(x)¢(y))), where it is
conceived as a propagator in the sense that if the field represents some property at some
point, thus in the ground state, for example, the expectation value (¢(z)¢(y)) tells us how
that property in point x is somehow related with the property in another point y. Here is
when the name of those expected values as correlations start to have sense, as it measures how
a property value in one point is correlated with the same in another point as if the system
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starts to have a directory in which that property is given and it is not just random. It is said
the system begins to order.

The property by itself does not correlate, it needs an external coupling, say f(z,t) mediated
by a parameter A, so the Hamiltonian changes via the strength of that coupling [36,40,41].
In the low energy approximation, the coupling changes drastically the ground state if the
parameter approaches some critical value A, (which maps into a macroscopic change of a
system property), where is said such parameter tunes a different behavior of the system, it
goes through a transition. If only the ground state is considered, the transition occurs at
zero temperature, which is called a quantum phase transition, because it does not involve
thermal fluctuations. Relevant transitions of this kind discovered in past years are for example
the paramagnetic-ferromagnetic, superconductor-insulator, and superfluid-Mott insulator
transitions.

Fundamentally, tuning an external coupling provokes a breaking of some symmetry of the
system such that a local order starts to appear on a small region around the point of affection,
which can be extended via a high response of the system according to the tuning parameters
that break the symmetries. In the case of topological order, the coupling changes some non-
local parameters of long-range correlations on the ground state [40]. Thus, for the remaining
work, this is the procedure to establish if a phase appears: the correlation is associated with
some property, then it is calculated on the ground state via the mode decomposition of the
fields, and the condition for the parameters to cause a high response are found according
to the LRT [26,36]. In case of a topological phase, the non-local order will be captured by
Majoranas [16]. The conditions of the parameters are specific values that constitute a phase
diagram [25,34,35,42].

In this work, the correlations represent three properties: charge density (p), spin density (&),
and pairing (O) The first two are associated with ordering in charge and spin precisely, while
the pairings are associated with an ordering where particles arrange in pairs [12,13,25]. For
example, the spinless charge density is given as p(x) = ¢! ()4 (2), while the spin 1/2 charge
density is p(x) = zﬁ(mﬁ%(w) + Lﬁi(x)zh(x) According to [25], the interesting correlations to
study in this work are eight:

e Charge density

e Axial spin density (z axis).

Planar spin densities (x and y axes).

Spin-singlet pairing.

Axial spin-triplet pairing.
e Planar spin-triplet pairings.
All of them are presented and calculated generically in appendix B.

If the correlation is of the general sort of (f(¢(x1))g(¢(z2))), when assuming a thermal reservoir
it is calculated as [1-3,26]:

(FGla)g(Ba)) = 5T [FGa0)g(Ga)e ] = 2 [ DL ol )alba)e 0,

Z=Tr[e ] = /Dl 1 e BA Ly, (1.14)
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where the trace is calculated for some base |l), Z is the partition function, § = 1/kgT the
inverse temperature, and the Hamiltonian H is of the form of equation 1.13 in the fields.
Clearly, the base |I) must be the one that diagonalizes the Hamiltonian, then those have to be
the corresponding states |¢) and |r) of the fields. According to the mode decomposition of
the fields in appendix A (see equations A.59, A.60 and A.70), the states of the fields must be
given by coherent states, and using this specific basis the correlation takes the form:

(F0la)gGa) = 5 [ DoDr F(olar)a6la) (onl e lom). (L15)

which is pretty similar to the amplitude probability of evolution of a state from one position y
to x in time ¢, with (x| e~ |y) the propagator.

Feynman solves with the brilliant idea of the many paths which constitute the Path Integral
approach. This approach is used to calculate the propagator of the correlations, that in this
case is (¢, | e PH |, 7). The form is not exactly the same as the first propagator presented,
there are two things to analyze: the first is that the evolution is between (¢, 7| and |¢, ), so
it is an evolution with equal initial and final points (closed paths), and the second is that the
parameter 5 does the rol of a time in the evolution. This is solved by mapping 8 = ¢7 where
T is an imaginary time [26]. Hence, the correlations are calculated in imaginary time, where
the fields are evaluated in 7 = it, with ¢ the real time (Wick’s rotation). In order to analyze
solely the ground state properties, the zero temperature limit must be considered at the end
of the calculation (5 — o).

The latter presents how the Path Integral formalism is used in this calculation, but for in
this work it is useful to argue the apparition of imaginary time and separability, while the
calculations are done with the mode expansion presented in A.59, A.60 and A.70 of appendix
A for the ground state defined in the bosonization, which means the calculation is at zero
temperature.

Although complex elements are used in the calculations, such as imaginary time and zero
temperature, they can have real physical meaning. In fact, one has to recall that the problem
of thermal fluctuations is not that they vanish, is that the scale of energy for such fluctuations
is not relevant compared with quantum fluctuations. Thus, despite zero temperature being
impossible according to the third law of thermodynamics, quantum phase transitions can still
be observed in a laboratory at finite temperature by identifying the behavior of the phase
under the correct energy scale [36,41]. On the other hand, imaginary time correlations are not
the ones directly measured, but they are related to the real functions that enable experiments
to show the phases [41]. In this work, the approach is given by the LRT, where the correlations
can be used to calculate how the system responds to the external coupling f(x,t), which are
the susceptibilities.

To understand a bit more about the susceptibility, let us review the magnetic susceptibility X,
which is defined in linear coupling with the equation M = y,,,H [43]. M is the magnetization
of some sample when an external magnetic field H is applied. The tinier y,, the bigger H for a
given M, so it means there is a low response (as big magnetic fields are needed to magnetize the
sample). Instead, if x,, is big it means tiny H will cause big M, so the system responds highly.
In the case where an infinite susceptibility is triggered, according to the tuning parameter,
the system responds immensely to any H, no matter how tiny it is. When the susceptibility
diverges, the system “wants” to order [25], which means the corresponding property would
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take a constant value and not just a random one that averages to zero if there is a mechanism
that allows the ordering to happen (like some specific coupling which breaks a symmetry),
where in this magnetic example is the case for ferromagnets, where the magnetic field breaks
the axial symmetry of orientation of the spins.

In the most general case, LRT allows us to calculate the susceptibility in linear order coupling
corresponding to a correlation in equation 1.16 for a tiny external force (enough for a system
with high response) [25, 26],

O NG ) = [ dydt"x(a b9 Fnt") + O, (1.16)

To calculate the susceptibility from the latter equation, as the Hamiltonian in equation 1.13
is translational-invariant and time-invariant, the correlation will depend only on space and
time separation, no matter what the points are ((f(¢(z/,t))g(d(x,1))) = F(x, t;2/,t) =
F(Jx = 2'|,|t — t|) = F(x,t)). In this case, the Fourier transform of equation 1.16 gives a

simpler LRT equation [25,26]:

F(qaw) = X(qaw)f(q7w)’ (117)

where it is in complete analogy with the relation for the magnetic susceptibility, and the
functions evaluated in momentum q and frequency w are the Fourier transform of the same
functions in equation 1.16. An illustration of the susceptibility meaning is shown in figure 1.3.

Random 9000 000 /0
Sf(x0)

Low response X <<l
—(x,1)— (xt
J (%0

High response . { ) @— !
—(xH— (1)

Figure 1.3: Illustration of the susceptibility role on LRT, where it shows a one-dimensional
arrangement of particles in which a color is their respective property. At the top, no external
force acts so the displayed property is random, and it averages to zero locally (normalized to
zero by normal order in equation 1.10). At the center, the external force is introduced and,
according to equation 1.16, it acts on a region around the points of the evaluated correlation.
If the susceptibilities are tiny, the property tries to remain at zero average and does respond
little to the external force, hence partial random patterns appear. At the bottom of the figure,
as the susceptibilities are immense, the system responds highly to the external force such that
eventually, all particles fix their property according to the others in their vicinity, establishing
a long or quasi-long range order displaying a non-vanished local average.
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One important feature realized from figure 1.3 is the symmetry breaking, where before the
external force acts the property averages to zero anywhere on the system, afterwards there
is a color symmetry all around it. When there is a high response, this symmetry is broken
and there are different values for the color in different places [36,40,41]. If such symmetry
is not somehow broken by a real external coupling, then the order is not true although the
susceptibility diverges (that is why it was said the system wanted to order, not to order
indeed) [25].

One crucial relation between the calculated correlation and the real susceptibility is given
in equation 1.17, and from this equation the conditions for x(q,w) to diverge are derived,
happening at certain q and w (a maximum peak). The emerged peaks are not usually delta
functions (possible poles of the relation), as those peaks belong to well-defined quasiparticle-like
excitations [25,36], which do not exist purely because of the strongly correlated nature of
one-dimensional systems [25]. Instead, there is a dissipative continuum of critical excitations
outside the characteristic momentum and frequency of the low-energy process which enables
the ordering to happen, in which the process is associated with an external coupling or
interaction term [36]. The conditions for the latter behavior are of great importance in the
present work, as it is a generic property of a strongly coupled quantum critical point [36].
Finally, the conditions are usually compiled in a phase diagram, summarizing the purpose of
the work.

The present document is divided as follows: chapter 2 establishes the model with the cor-
responding terms discussed in this introduction, and afterwards the bosonization is applied
to each of them in chapter 3, according to the background of the theory given in appendix
A. In this chapter 3, the operators for the mentioned correlations are also bosonized, and
are calculated following the general results of the appendix B. In chapter 4, the analysis of
the susceptibilities and final results are presented, showing the behavior of the properties
of the system and all possible phase diagrams. At last, in chapter 5 some conclusions and
perspectives of the work are discussed.



Chapter 2

The model

The system to model is a Fermi gas in one dimension, with internal degrees of freedom of spin
1/2 that are coupled via an effective SOC and an external linear Zeeman field. Additionally, the
particles are subjected to an effective attractive interaction between opposite spins. Considered
at zero temperature, the Fermi level can be fixed by a chemical potential y, and the ensemble
could be in the presence of an external trapping potential V(x). Hence, when modeling each
part of the system, one gets a Hamiltonian H made of three fundamental parts:

H=Hp+ Ho + Hy, (2.1)
iy = /dm Wl (x) :—Zi + V() — M] Py, (2), (2.2)
He = /dk Wl (k) - :Z (ajk; + hj) ol | Uy (K), (2.3)
i =-U [ @(x_wj@wxww, (2.4)

where \ﬂ (z) = (dﬂ(m), @ZI($)> are the field operators in space representation, whereas \i’i (k)
in momentum representation, conveniently used for retrieving the second quantized form of
the one-and two-particle operators in one dimension, note the integral depending on one solely
component. It is understood the operators in the Hamiltonians of equations 2.2 and 2.3 are
multiplied by the 2x2 identity matrix, which in the following the matrix elemen‘fs are associated

s (L,1) = (1), (1,2) = (1)), (2,1) = (1) and (2,2) — (J,4) [1-3]. Hp contains the
kinetic energy, the trap, and the chemical potential. Ho are the couplings, including the SOC
with strengths o = (a, oy, ), and momentum k = (k,, ky, k) respectively, while the Zeeman
coupling strengths are denoted as h = (hy, hy, h.) with Pauli matrices o = (¢*,0Y,0%). This
term is a general one related to its experimental realization [44], however, in the present work
the SOC is considered in the é, direction (planar), and the Zeeman coupling will have planar
and a component in the é, direction (axial). Hj is the model of the attractive interaction,
commonly seen as the BCS superconducting term with strength U > 0. In the following, every
term is analyzed.

13
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2.1 The Hamiltonian terms

2.1.1 Space-varying chemical potential

The first thing to discuss is the role of the chemical potential and the external trap in Hp.
The term can be seen in two ways:

1.

o= 3 [ar | i) (2 + V@) doto) - wib@at@)]. 29

o=l

o= 3 [ | 0w (-2 ) bote) — - VED@EE)] o

o=T,}

Ergo, one can interpret the system of free fermions with a chemical potential p under the
presence of a trap, or it can be viewed as a system of free fermions with a chemical potential
that varies in space as u(x) = p — V(x) [45,46]. Both are equivalent of course, but the second
offers a way of tuning the system lengthwise. If we have N fermions, the trap introduces a
distribution of them in space that varies as the trap does, constituting regions of higher or
lower density, and decreasing at the edges due to the trap. The latter constitutes one way
of modeling the modulation of the chemical potential required in the experimental setup of
figure 1.1. Hereinafter Hp is understood as,

e = [ [l 0) (-2 - )) w0 1)

2m

2.1.2 Diagonalization of the couplings

The SOC refers to the coupling between the internal atomic pseudo-degrees of freedom of spin
and the external atomic degrees of freedom of movement (momentum) [47]. This leads to a
fine structure in the momentum of the atomic spectra, developing a certain dispersion relation
per spin species. In the case of the Zeeman coupling, it is a coupling between the same degrees
of freedom of spin and an external magnetic field, causing the fine structure of the spectra but
in energy. Thus, both are quite similar, in the sense that moving charges on an electric field
can be seen as perceiving an additional magnetic field in their rest frame, as it is shown in
classical electrodynamics [43].

The Zeeman coupling is modeled due to the coupling energy of a magnetic moment g and a
uniform magnetic field B, so the first quantized operator H is given as:

H; x p-Bxo-B=Bo?, (2.8)

where the magnetic moment is said proportional to the spin o and at the end B = Bé, is
assumed, so the effective energy has strength B (which is not the magnetic field strength but
more constants that resume the full coupling energy). This term appears in H¢ with the
coupling strengths h; in general. Now, in the case of particles with that magnetic moment but
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moving, if the magnetic field is internal to the structure where the particles exist, then it can
be related to an electric field E via B o< k x E in the rest frame of the laboratory, so the inner
Hamiltonian H;y,pner would be:

Himer x o - (kx E)=E- (o x k) = a(k x o) - , (2.9)

which is a form of the SOC operator [48], given as a one-particle coupling between the spin o
and momentum k, replacing again E = F'é, and summerazing the effective coupling strength
in the parameter «, so in He these kind of terms are given with the strengths «;. Notice that
in the system we are working charge is not considered, so the best way to represent SOC is
with the inner magnetic field denoted Bgoc, as represented in figure 1.1. With the latter form,
fundamentally as a coupling between the spin and a magnetic field, there is one specific feature
that generalizes its effect on the fermions, and it is that breaks inversion symmetries [48].
For example, in a one-dimensional free Fermi gas of spin 1/2, the dispersion relations for spin
1 and spin | are equal parabolas centered at k = 0, so they satisfy e+ = €, and also

€kt = €E_kt, €k = €k, (2.10)

which implies
€kt = €kl (2.11)

where the relations in equation 2.10 imply a spacial inversion symmetry for spin 1 and |, and
the equation 2.11 imply the time inversion symmetry of the system. It is certain that if an
axial effective Zeeman field is applied, then both dispersion relations are not equal anymore,
they separate vertically by a constant amount proportional to the coupling strength, breaking
the time inversion symmetry in consequence, and also the SOC couples the spin with some
specific momenta so the dispersion relations are displaced horizontally, breaking spacial and
time inversion symmetries.

Now, following the full couplings at the equation 2.3, only the planar momentum contribute.
In one dimension, it means we could write the equations for k, or k,, but the result would
not be different since both directions are equivalent with respect to the z axis. The Zeeman
coupling is taken in the way that one component is in the direction of the SOC coupling given
by the chosen momentum, and the other is axial, obeying the equal-weight Rashba-Dresselhaus
SOC as follows [44,47]:

N R h B -
_ T z z
He = /dk ol (k) [(ak + 2) o' =50 ] Uy (k), (2.12)
where XA = (,0,0), k = (k,0,0) and h = (h/2,0, —B/2). In the case of k,:
. -t h B |-
He= [ dkVsi (k) || ok + B o¥ — 57 Uy (k), (2.13)

with A = (0,,0), k = (0,k,0) and h = (0,h/2,—B/2). In any of the previous ways, the
physics will behave exactly the same, the only difference is the diagonalization of the couplings.
The planar SOC diagonalization would be different depending on whether the momentum is
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in the é, or é, direction (which is the diagonalization of either o® or ¢¥ Pauli matrices). o® is

diagonalized by what is denoted in this work as a C'S basis, given as:

b= 2 (i), b= (=),

dr= s (et de). = (b= ), (214)

either in space or momentum. And if it is o¥, the diagonalization comes in what it is denoted
in this work as the oe basis:

do= s (dr+idy) . = o (- ).

Pp =

1 /a A - 1 7 A
—— o+i o) :7<o_i o)- 215
75 (Geride), by =5 (d—id (2.15)
In any of those ways the matrices are transformed into %, so it is nothing else than a coordinate
system rotation, as illustrated in the figure 2.1. The attractive interaction term at equation
2.4 is not altered by such rotation, which is why it is not considered for this analysis. The
latter bases that diagonalize these matrices are often called helical states, which are the

center of many works on topological systems in recent years [49-53].

Spin projections

T»L T (—I_l)a l« ('1)

YTy X
CS

X
Helical projections Y

T (D, | (-1),
CTWQ s :

Figure 2.1: Rotation from a right-handed z,y, z fame to a left-handed z,y,z frame. This
rotation exchanges the = axis with the z axis but the y axis is inverted (y — —y). In the
right-handed frame, the Hamiltonian is diagonalized by the spin 1/2 basis (black). In the
left-handed frame, the Hamiltonian is diagonalized by the helical basis (red and blue). The
helical modes are just two quantum numbers with fermionic statistics, as the spin, so they often
are represented as arrows with red and blue colors, denoted in this work as C and S, or o and
e, or in other works are represented as a clockwise rotating helix (1) and a counterclockwise
rotating helix (]) [49-53].

The real problem comes with the simultaneous diagonalization of the axial Zeeman coupling
(of 0%), and either é, or é, planar SOC. None of the previous transformations at 2.14 and
2.15 would diagonalize both. Although it is desirable to find a transformation to diagonalize
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both couplings, it is a difficult task, on top of that, dealing these couplings and the interaction
term with such transformation in space representation increases the complications, turning
the theory in a complex formalism, while the objective is to solve it via a simple and known
formalism as it is the further bosonization and quantum field theory of the model. Thus, as
said previously, the é, planar SOC is chosen, and the H¢ term in equation 2.12 is transformed
to space representation by the Fourier transform of equation 1.3:

He /dk ol (k) [(ak + Z) ot — SUZ} Wy, (k)

- /d:c ol () [(—ia&p + Z) o® — 12302} Uy (). (2.16)

2.1.3 The interacting potential

The last Hamiltonian term is the attractive interaction one H 1, which is constructed from the
first quantization image of a two-particle interaction. This is, there is an energy potential
between pairs of particles that make them interact when they approach, so from the sencond
quantization picture, the operator most be modeled as a two-particle operator just as shown
in equation 1.2. If a space and spin basis is used, the interaction term is given as:

A 1 N A A N
Hy = 5 Z / dxdx’dac”da:"’wl (SU)Q/JL (x/) <x0’$/0/‘ i |x//0//’x///0///> wam(x///>w0” (x//)

O-O-/O-NO-IN

1 . . . .
= 5 Z / d(]}dl'/dx//dl'”/'lpi. (.%')’l/]l_, (I'I)U<l', [IJ/, I’H, x/”)(sa’a”(soa”’wo”’ (Jj'///)’(/}g// (a}//)

o-o-/o-//o-/ll

1 . . . .
- 2Z/dmdm’dw”dw”’wi(x)@bl,(x')U(w,x',x”,x”’)w(,(:):”’)z/zgf(x”), (2.17)

where it is assumed that the interaction does not depend on the spin of the particles but
just in their position, as usual. In general, the matrix element U(z, 2/, 2", 2"") is unknown,
but according to the set up in figure 1.1, the induced attractive interaction between pairs of
particles happen at an approximately equal and constant rate U along the longitude of the wire.
On the other hand, at low energies and that short scale the pairs are formed when particles
approach each other, not at long distances, and when the pair is formed it exist as whole in one
position, which reduces the matrix element as U(z, 2’, 2", 2"") =~ Ud(z —2"")é (2’ — 2" )d(x — 2'),
and:

~ A~

Hr = % Z / deda! dz" dz"" )] (37)1/32, (2VUS(x — 2"™)o(z' — 2")6(x — 2" )by (2" ) ()

A~

_ ;UZ / da ()0}, ()0 () (x)

= 5U [ do [H@d| @iy (@) + 9] @@ @) o)

— U [ awil@d] @iy @) (2.18)

where the latter and final form is achieved by using the anticommutation relations of the
operators by means of the spin. This term leads to the same consequences of the regular
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supercoductivity theory, where at higher dimensions the term is approximated again using a
mean field theory, for example, so the pairing gap appears as a A, or the superconductivity is
induced as a coupling between the wire and a superconductor just as shown in figure 1.1 [24].
In this work there is not such notation initially, the pair attraction strength is given by U, but
eventually when the bosonization is done a pairing gap proportional to U is defined, presenting
a one-dimensional version of the superconductivity at low energies.

Finally, wrapping all discussed terms, equations 2.7, 2.16 and 2.18, the full Hamiltonian in the
1] basis is given by:

. - o2 , R ., B .\ g g
H= /da: [‘I’h <—2m — u(z) + <—max + 2) 0"~ 5o > Uy, — Uﬂ@mw] . (2.19)
whereas transforming to the CS basis the model is

= fa o %yt (cioo,+ M) ot - Bor ) b - Uil . 220)
= X cs om px 100 9 g 20 cs c¥YsW¥WsWel| » .

where \ﬂs = \ilj;s(x) = (1&1(@,1@(35)), as all the fields are evaluated in position x. The

following procedure is for the Hamiltonian in the CS basis, translating the further results to
the 1| basis to understand the original physics of the spin 1/2 system.



Chapter 3

Bosonization of the model and
correlations

One must start with the Hamiltonian terms that get diagonalized in the CS basis, then U = 0
and B = 0 for the moment. On the other hand, the modulation of the chemical potential its
recovered for further analysis, so u(x) = p to simplify notation. The Fourier transform at
equation 1.3 is applied to the Hamiltonian in equation 2.20, where the detailed transformation
to momentum representation is given in the section C.1 of the appendix C, and the retrieved
expression is given by:

= [ [W—lm&—wh} BEk)Be()

om 2 2
— ma)? - N
# fan (B0 D2 — - B .0
- / dk (eolk) — pe) D (kYD) + / dk (ea(k) — o) D1 (R)da(k).  (3.1)

In the last line, we realize that dispersion relations for the CS degrees of freedom and their
chemical potentials are:

(k + ma)? (k — ma)?
(k) =—F—"—, €lk)=—F5—"—, 2
ec(k) 2 es(k) o (3.2)
1 1
uc=u+§ma2f% us=u+§ma2+g- (3.3)

This result shows that the SOC separates the degenerated 1| system into a C'S system with
dispersion relations horizontally displaced by an amount of ky = ma. There is also one last
term with a constant coefficient of p, = ma?/2 that comes from completing squares and acts
like an intrinsic chemical potential for the systemm, and in that sense the modulated chemical
potential p acts like a separation of the full chemical potential from that intrinsic chemical
potential, and h separates both u. and ps (as an effective axial Zeeman field does for 1 and |
spin), which can be seen as a vertical displacement of the curves in addition to the horizontal
displacement. In this case the Fermi momenta are (see section C.1 of appendix C):

ki, = —kp, — ko, kr. =kr —ko, kp =2mp+m2a—mh, (3.4)
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kL, = —kr, +ko, kr,=kr +ko, kr, =2mpu+m2a?+mh. (3.5)

With the latter defined Fermi momenta, the dispersion relation for the coupled Fermi gas is

shown in the next figure.
C S
\ \/ /,LH',Ua
\_A [,

NN

0o~
kro K kg,
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Figure 3.1: Dispersion relation of the 1] system with SOC. The curves split horizontally,
breaking the degeneration except for a critical crossing point. Again, the Fermi surface cut
the curves on points but because of the raised degeneration there are four in this case, that
are the same +kp but displaced up and down by the amount h/2, defining kr, and kp,, and
the two latter displaced to left and right by the amount kg, defining k1., kg,, ks and kg, .
This figure considers > 0 and h > 0, so the C dispersion relation is moved upwards and the
L dispersion is moved downwards. If h = 0, then kr, = kf,.

When B # 0, the coupling introduces a gap between two bands as illustrated in the figure 3.2.

B,=0

W\
vy

Figure 3.2: Dispersion relation of the 1| system with SOC and the axial Zeeman coupling. The
horizontally split curves mix to form the 0-band (blue colored) and 2-band (purple colored)
according to the notation in [45]. At the right, the curves show how the gap increases as the
magnetic field changes from By = 0 to Bs > 0, and at the left, the curves are shown together

When U # 0, the proximity coupling introduces the superconductive gap A precisely, which
results into another separation of the bands and thus another full diagonalization which has
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been avoided so far [45,54,55]. Instead, the procedure consists in bosonizing the diagonal
dispersion relation and map the non-diagonal terms with the bosonization mapping, which
means that the non-diagonal Hamiltonian terms appear as low energy deviations of the
quantum field theory from the quantum harmonic oscillator, as will be explained further.

The fermionic operators are expanded in chiral fields according to their kind and corresponding
momentum following the linearized dispersion relations display in figure 3.3, in accordance
with the expansion in equation 1.11 but twice, as now there are two quantum numbers leading
to two copies of the bosonized fields, the C and S fields:

~

te(w) = TRy ()4l Ere kT () = eI Rt ROIT)y ()4 elbr kg (2), (3.6)

l/)s(fﬂ) _ ei(—kps—i-ko)x,&Ls ($) + ei(sz—i_ko)xLZRs (.Z') _ e—i(k‘ps _ko)xlBLs (x) + ei(kFSJ'_kO)xl&Rs (.%')
(3.7)

k Le kLs ch kRs
L C L S RC RS

Zx —k

Figure 3.3: Linealization of the dispersion relations in figure 3.1. The chirality is associated
with the momenta defined in equations 3.4 and 3.5.

We make use of the bosonization identities from equations A.73, A.74, A.75, and 1.12, for
the two copies as it is shown for the spin 1/2 Fermi gas in appendix B, so the chiral fields
are:

- 1 —2/7dr,(x) i _ 1 2(/7hp, (z)

Vr(r) = Z=c » VRe(7) = o=e ,

- 1 —o/7d I 1 b

VL, (z) = e WIOL@) g (2) = \/T%e%ﬂims ), (3:8)

where the bosonic fields are given by:

~

Ge,s () = Or.,(¥) + PR, (2), Ocs(x) = oL, (2) = DR, , (),
bro@) = 5 (3ela) +0el@)) . (@) = 5 (Bela) — ul)) (39)
bro@) = 3 (3:0) +0.@)) ) I @) = 5 (dule) — Bu(a))

All the usual commutation relations are satisfied in every space, and the operators commute
between different spaces (mainly, see equation B.67). Having the identities, the rest is to map
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every Hamiltonian term. For this purpose, it is better to divide the Hamiltonian into three
specific parts, that are the digonal term, and the two other non-diagonal terms:

H = Hy+ Hg + Hy, (3.10)
= [T 000+ [ B gwim, e
fp = =5 [ do [Bl@)i@) + dla)ila)] (312)
fy = U [ deii@il@)b@)ia). (31

The fermionic densities are mapped and are added or multiplied according to the latter parts
of the Hamiltonian which is done in the appendix A and B (in equations A.95 and A.96, for
example). Hy is already mapped, as the low energy approximation comes from it (see the
equation 1.13), thus:

i - /dk’”’m)w Yok /dk"" £0)” 31 k)i ()

S {( 0,0u(x)) + (%(w))% [ [ 0ub(a))” + (axés(x))z],

(3.14)
where k+k ke —ko+ko K k+k
+ O‘RLC - _ F. — MO 0 — _ e = —V, + Ko |ch =V, (315)
m m m m
k — ko _—k’FS—i-k?o—ko_ sz_ k— ko _
- |k'LS = - == Vs, - |kRs = v, (3.16)
according with the analysis at the introduction (see equations 1.6 and 1.7), and 7(z ) 0(x)

(see section A.2 in appendix A). For the remaining terms, it is only needed to map wc( ) ()
(as 121];(:6)1]13(@ immediately would be mapped since an change of index ¢ — s is enough),
and 1) (z)1hs(x) (as i (2)tpe(2) would be mapped too for being the h.c of the latter). For a
complete expansion of the terms see section C.2 of appendix C, which results in:

Bl (@)e() = jgama%cm ¥ cos [2v/de(a) + 2kea] (3.17)
Dl (2))s(z) = \/17?8;,;&(95) + % cos [2\/7?@55(:1:) + 2kpsx] , (3.18)
P()Pa(r) = —e 02 VT 0:) cos [/ (dul) — b(e)) + (hr — k)]

%eakwem(a(@f@s@)) cos |7 (bel@) + d(@) ) + (k. + ke )2 (3.19)

Al(ch(x) _ %efﬁkoxe—iﬁ(éc(x)—és(x)) COS [\/7? ((ch(x) _ $5($)> + (kp, — sz)x}

—l—% —i2kow o —iv/T (0 (@) =0:(2)) (o [ﬁ (qgc(x) + $5($)> + (kr, + ]CFé).TJ:| : (3.20)
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Given the latter bosonized operators, Hp and ﬁU are bosonized as follows:
Hp = -2 / da [ 2hoz /T (02 0:0)) cos [ /7 (delw) = dy() ) + (kr, — kr)e]

L jizkoz iv/m(0e(2)~05(2)) og [\/} (¢c( )+ ¢s( )) (kr, +kr,)x }

7o

+
%67i2k0xe—iﬁ(éc(w)—és($)) cos [V (be(a2) — ba()) + (hr — k)]
)

1 . R ;
e~ i2koz o =ivA(0e(@)=0: (@) g [\/77 ( )+ bs(x)) + (kr, + kr,) } ]
o

— cos [ﬁ <éc(x) — és(w)> + 2k0x] cos [ﬁ ((ic(:c) — qAﬁS(ac)> + (kp, — sz)x}
—1—3 cos [ﬁ (éc(:c) — és(x)> + 2/€0$:| cos [ﬁ ((ﬁc(x) + qgs(x)> + (kp, + sz)x]

] : (3.21)
(

= —U/dl’ %8 ¢c( ) x&s(x)

+ (7r15)2 cos {2\/7@30(50) + ZkFc:c} oS {2\/7};38(93) + Qszx} ]
= U [ do | 0u0u(a)0.6.(2)
+(27?5)2 cos [Zﬁ (éc(x) - dA)S(a:)) + (kp, — kFS)x} ] , (3.22)

where in the last equation, the products between densities and cosines vanish because they
have odd powers of the bosonic operators (see a full explanation in section A.4 of appendix
A). Both bosonizations show the distinct canonical transformation of the fields in the cosines
(that is equivalent to the charge and spin separation in equations B.3 and B.4 for the model in
appendix B). In this case the separations are denoted as + and — according to:

~

b:0) = 5 (9u(0) £04(2)) 0 (o) = = () £ 01(2)) (323)

When applying the transformation to the bosonized terms in equations 3.14, 3.21 and 3.22,
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the final result is:

Hy

oo oo f - ]
YV [ da (0,604 (@006 (2) + 0,0, (2)0,0_(x)] (324

QB
= dx

28 o [0 ] s [0 3]

+ cos [\/ﬂé_(m) + QkOx} cos [\/ﬁ(&r(x) + (kp, + sz)x} ] ,  (3.25)

=—/dx 0.6:0)) + - [ (226-))’

(%5) /dx cos [qu (x) + (k:Fcsz)x}], (3.26)

U = V. + vs/2. Reuniting all the terms, the final bosonized Hamiltonian is:

Ju (202 ) (o (2 )
Je (a2

o 0064 ()00—(2) + 0284 ()00 ()]

2B

95 dz [cos {\ﬁ@ (z) + QkOm} cos [\/ﬂ(}g,(m) + (kp, — k:FS):v}

+cos [\/ﬂé, (z) + zkox} cos [\/ﬂgz3+(x) + (kg + kps)x] ]

(;r[g) /dx o8 [\ﬁ‘b (@) + (k. — /st)x} —

% [ L<1+ (ax<£+(x))2+K+ﬁ(a:)] T / dz {Kl_ <8x</3_(x))2+K_7%2(a;)]
Av / Ao [0, (2)000(2) + 0,4 (2)0,0_(2)]

2gB/da;

cos [\/ﬂé_ (x) + ZkOm] Ccos [\/%gz%_ () + (kr, — kps)a:}

+ cos [\/%HA_ (x) + 2kox} cos [\/ﬂ(ﬁr(x) + (kp, + kps)x] ]

g / dz cos [\/STT@%, (z) + (kr, — k;Fs)x} . (3.27)

The Luttinger parameters K1 and velocities v4+ in the Hamiltonian of equation 3.27 are given
in complete analogy with the ones derived for the model in the appendix B (see equations B.6
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and B.7). In this case:

V4 Ve + Vs U vy Ve + Vs
= — ZKy= 2
2K 1 Taop gt 1 (3.28)
Ve — Vs B A U
Av=—0— gp=5 5 u=755 A=_s (3.29)

The first set of equations in 3.28 solve for v4 and K4, which are:

ke, + k 2
Ve (a0, b, U) = 2t FS\/NFW( mt (3.30)

2m kFc‘i‘sz)’
1

VIF mm
The second set of equations (equations 3.29) define the strengths of the deviations from the
harmonic oscillator, this is, gg and gy, where gp/gy = B/A. A must not be confused with
Av and also the latter must not with A - v. A represents the one-dimensional superconductive
gap under the bosonization theory while Av is a distinctive parameter of the Zeeman coupling
of strength h. In fact, from the equation 3.24 it can be seen that the mean velocity 7 and
difference Av parameters emerge from the distinction between the Fermi momenta that h
introduces, which involves a whole different study aside of the topology and more related with

quantum magnetism of Fermi lattices [56,57|. Eventually, these solutions can be discarded as
they have nothing to do with the expected topological solutions.

Ki(:ua Oé,h,U) = (331)

If the cosine products are expanded, the Hamiltonian is now:
. v (1
H = = [dx

- [ae | (0rbei)) + (axé+<w>)2]

L= / dz Kl (8xq3_(x)>2+K_ (830@_@))2]

_(x)+0_(2)) + (kp, — kp, + 2k0)x: (3.32)

( )

(6-@) = 0-(@)) + (kr, — ki, — 2ho)a (3.33)
( (z) + e,(x)) + (kp, + kp, + 2]{0)90: (3.34)
(

+
&
|
~
—~
8
~
N——
+
—~
3
e
+
a3
A
|
[\
a3
(=)
~—
L H 1

(3.35)

dx cos b () + (kp, — kps)x} , (3.36)

- gu

which is the most general presented, as general as it is difficult to solve. There are particular
configurations of the parameters that lead to specific phenomena, but the central problem is
around the possibility to solve it, and it is known that the solution is not exact and simple
due to the cosine contributions [25]. For a simplification of the bosonization the processes of
the cosines are reviewed in the next section.
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3.1 Cosine processes

The following is to get to know the processes that the latter cosines introduce, which could
change critically the physics of the harmonic oscillator [25,34,35,45,55]. Next, all processes
are described by doing a refermionization of the terms, and then one can decide which of them
might be considered or not according to the topology and the bosonization formalism, where
the full calculations are given in section C.3 of appendix C:

a) The cosine from equation 3.32 satisfy

cos [\/ﬂ ((5_ (x) + é_(x)> + (kp, — kp, + 2k0)x]

0 i — x n n
= 0 eilhr b2k A gy P A0 (P (0) + P (3.37)
q~—kpys+ko

so it takes one particle from branch L, to the branch L. around the Fermi level with a
transferred momentum of |kp, — kg, +2ko|. The inverse process is given in its conjugated
hermitian, h.c.

b) The cosine from equation 3.33 gives

cos [\/ﬂ (é_(:c) - 67_(90)> + (kp, — kp, — 2ko)x

0 i —kp, — x n 7
= D eilhnhn =2k A ot P AT T] (PR, (q) + hc. (3.38)
q~kr,—ko

which is a process similar to the latter but between the right branches and a transferred
momentum of |kr, — kp, — 2ko|.

These two processes involve cosines of fields of the same quantum number —, and the jumps
are between equal chirality but not equal helicity, that in this work are refereed as lateral
flips, illustrated in the next figure.

>k
/\(?

: :
eeeps 2K a ik 2kl D

Figure 3.4: Lateral flips introduced by the Zeeman coupling, where the flip is illustrated with
the green arrows and the transferred momentum is shown below the curves.
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c¢) The cosine of equation 3.34 has the form
cos [v 27 ($+(x) + é_(x)> + (kp, + kp, + 2ko)x

g 7 T n n
_ S thr i 2k dpdg ] (p)vr,(q) + h.c. (3.39)

p~—kr,—ko

g~k +ko
This process involves an exchange among the external branches, with a transferred
momentum of |k, + kg, + 2ko|.

d) The last gp cosine in equation 3.35 is given as

cos [\/ﬂ ((;Aﬁ+(x) —0_ (a:)) + (kp, + kp, — 2ko)x}

0

= 5ei(lwﬁ-lm%—2k:o);v %,NkFSHCO dpdq 1])25 (p)r.(q) + h.c, (3.40)

q~kr,—ko
which is the opposite of the latter: an exchange among the internal branches (the closest
opposite branches, that are L and R.), with a transferred momentum of |k, + kg, — 2ko].

These processes involve cosines of fields with an opposite quantum number, so the jumps are
between different chirality, referred to in this work as external and internal flips. The
processes of equation 3.40 is related to the zero energy modes, since there is an internal flip of
zero-energy cost according to the crossing point of the two dispersion relations. The illustration
of these processes is given in the next figure.

LC LS RC RS
\

E/\Oy

| kFc+sz +2k0

C |kFc+sz'2k0| d

Figure 3.5: External and internal flips introduced by the Zeeman coupling. It can bee seen
that for the case d) there could be a configuration where the process happens at zero energy,
exactly at the crossing point.

e) The gy cosine in the last line of the Hamiltonian at the equation 3.36 satisfy
cos [\/ 8té_(x) + (kp, — kps):):}

02 A . . R
= L eitere—tn) %} ko dpdg dldussl (p)dh, (@)br. (1)vor, (u) + hec,
g~k +ko
Inkp, —ko
u~—kp,+ko

(3.41)
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which is a pairing process, moving two fermions from internal and opposite branches to
the external branches and still opposite, with a momentum transfer of |kr, — kr,|.

The illustration on the latter process is given in the next figure.

LC LS RC RS

| 2k g ——
|2k, | e

Figure 3.6: Pairing process introduced by the attractive interaction, commonly called the BCS
channel in one dimension. In fact, as long as the transferred momentum is |kg, — kg, |, it could
be done as shown in this figure or via the combination of the flipping processes a) and b), but
the unique process given by the attractive interactions is the no-flip one illustrated here.

By definition kg, , > 0, u > 0 and « > 0, thus the cosine process from equation 3.34 always
oscillate and does not contribute (kr, + kg, + 2ko > 0) [25-28]. The only way one cosine does
not oscillate for a gas system is when its phase is zero (not the case of the discrete lattice [25]),
and the possible configurations are based on those phases to become zero (see the explanation
of why some cosines contribute or not after the equation A.97 in the appendix A). In this case,
there are four configurations:

1. Consider p < %maz, h = £2a+/2mu, where kp, + kr, = 2kg is satisfied. Then the last
cosine of gp does not oscillate, but the others do. Also, kr, # kp, so the Av term
contributes. The Hamiltonian in this case is:

i = %* dz K1+ <8xg5+(3:)>2+K+ (aﬁg@ﬂ
v = [ I;_ (axqs_(x))2+z(_ (axé_(x)ﬂ
+ A / A (0.6 (2)0u6—(2) + Dby ()00 (2)]

— QB/dx cos [\/% (€5+($) - é—(l‘)ﬂ ~ (3.42)

2. Also could it be p > %maQ, h = £2a+/2mu, where kp, — kr, = F2ko is given. The
first gp cosine contributes for A > 0 and the second for h < 0, the others do not. Still
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kr, # kr, so Av appears too. The Hamiltonian is:

o= 2 [ [ (@) 4 i (00,0

+ %‘ dx K( 6 (2 ))2+K, (axé(x)ﬂ

4 8w [ do [0.04(2)0:6-(2) + 0.0, (0)0,6_(0)
- gB/dx cos [\/ﬂ (qg_(:v) + é_(x))} . (3.43)

3. Other case is when 1 > 0, h = 0, which implies kr, = kr,. No gp cosine contributes but
the gy cosine does. As the Fermi momenta of C' and S are equal, then Av = 0 and the
Hamiltonian is given as:

i - Y [ ! (04 (a ))2+K+ (amm(x)f]
w2 [ | (06-@) + K (20-0) ]
- gU/da: cos [\/8?@5_(37)} . (3.44)

4. The last case is when p = 0, h = 0, which implies kr, = kr, = ko. The last gp cosine
contributes along the one from gy with Av = 0. Thus, the Hamiltonian is:

go- / da {1 (20610)) "+ (aaﬂl@)ﬂ
+ 55 [ e [ (o0 ) +x- (00-0) |
~ g [ e cos[VER (3:0) ~ 0 (0)]

- gU/d:E cos [\/8771'&),(»%)} . (3.45)

The cases 1 and 2 have the big problem that the BCS channel of the attractive interaction
cannot contribute if the time-reversal symmetry of the helical system is broken (h # 0), so a
phase transition cannot occur [25]. In fact, looking at the case 4, in the strong interaction
limit of g — oo, the fields ¢4 () and f_(x) could be trapped, so the field ¢_(z) oscillate and
gu does not contribute, and as d,¢ (x) = 0 and 9,0_(z) = 0 notice that the system makes a
transition to the case 1 (see section B.8 of appendix B). On the opposite, if gy — oo then gp
does not contribute and the system makes a transition to the case 3. Hence, it is not necessary
to solve 1 and 3 separately, when in terms of the sought phase the case 4 has both.

Thus, the only relevant model for this work is the case 4, where the parameters reduce to:

kp,, kp, = V/2m -0+ m2a® £ m-0 = Vm2a? = ma = ko, (3.46)

ko mU _ U
U 1 ay/1F — 3.47
va(on U) = 1 F F (3.47)
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(3.48)

1 1
Ki(a,U) = = ,
JiFZ S1¥ L

and the dispersion relation changes to the one illustrated in the next figure.

C S
\ v / e
\/0\/
\ N/
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>k
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Figure 3.7: Dispersion relation of the Hamiltonian in the case 4. The external chiralities cut
the Fermi surface po in £2k¢ (symmetric Fermi momenta for those chiralities that form the
2-band, see figure 3.2, which means there is a spacial inversion symmetry), while the internal
chiralities cut it in £0 = 0 (the same inversion symmetry for the 0-band). Notice the cone
form of the linearized dispersion relation with the Ly and R, bands that touch exactly at the
Fermi level in £ = 0, which is a distinction of non-trivial topology in many systems, given by
these helical modes or with modes in other methods [16,17,20,21,49-53].

As the bosonization for the model is defined, with the extra condition of the case 4, the
following is to define the correlations and bosonize them as well.

3.2 Correlations of the model

The fundamental spin correlations are presented with full arguments and calculations in the
appendix B. What it is done in this section is to define the operators, bosonize them and
calculate the correlations in analogy with the analysis in that appendix.

First, the charge density operator is exactly the same in any of the bases, as fy + 0 = fi. + 7,
that is, the total density of excitations do not change by a rotation [1-3,26]. If the operators
have an extra notation of C'S, for example, the charge density of helical modes could be
denoted pes(x), so pes(z) = p(x) (see the definition in equation B.11).

Second, the spin density operators are changed according to the frame rotation (recall figure
2.1), so it is satisfied:

bru(a) = 67 (), 6%,(2) = 6%(a), G%(x) = —6" (). (3.49)

The 6.5(x) operators refer to a helical density, in complete analogy with the spin density, so
they are defined in terms of the fermionic operators 9. s(x) exactly in the same way as the
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spin density operators are defined in equations B.12, B.13 and B.14. In many works they
are usually called helical spin densities [58-60]. Although it is true that the system could
support helical density fluctuations, the equivalencies between those fluctuations and the spin
fluctuations in the equation 3.49 make it possible to do an analysis in terms of the spin.

Third and last, in the case of the pairing operators, it can be shown that the full on-site pairing
operator O(z) = wi(:c)wi(x) satisfy:

O@) = dl@ila) = 55 (¥i() + () 55 (¥i() — i(@))
1 A 1 A 1 - 1- A
= @@ - SH @) + 9@l - Sl @)
= SOl@BH@) + 5Pl = PP ) = Oule), (3.50)

if the helical pairing operator Ocs(x) is defined as in the last line, which shows that the spin
pairing and helical pairing are completely equivalent. Although that is true, in many systems
with these states the helical spin pairings are reported, and their apparition on a system
is completely related to topological superconducting phases and Majorana modes in higher
dimensions [61-63]. According to the equivalence, the four pairing operators for the helical
modes are defined exactly with the same form of the spin pairings in equations B.15, B.16, B.17
and B.18 of the appendix B, only the quantum numbers are changed as previously explained.
Also, it is important to notice that due to the SOC, some pairings, if can be established, would
have momentum because the operators have to be defined with an additional phase, in contrast
with the Fermi gas without SOC in the appendix B. The possible pairings are:

C

Re(k
L.(k
e(k

(

S

) s(k=0), = RcLs(k =0),
ko), Rs(k = 2ko), = LcRs(k=0),
) (k= —=2ko), = RecLc(k = —2ko),
ko), La(k = 0), — RyLy(k = 2ko). (3.51)

R
R

Thus, the helical spin-singlet pairings (HSS) and axial helical spin-triplet pairings (HTS-z)
are zero-momentum pairings still, while the planar helical spin-triplet pairings (HTS-z and
HTS-y) are non-zero-momentum pairings with k& = +2kg. Finally, with all the latter discussed,
the operators for the correlations are defined as:

pes() = Pl(@)de(x) + Pl (2)ds(2), 3.52
6%, (r) = Pl(a)e(a) — Pl(x)ds(z), 3.53

)
= k(@] m>¢<@2u>
=a%wW>@<

_ Z( z2kosz(
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The next step is to bosonize these operators, which is done following the bosonized operators in
equations B.21, B.22, B.23, B.24, B.25, B.26, B.27 and B.28, while comparing the Hamiltonian
in equation B.10 and of the case 4. The bosonized operators are:

Pes(x) = \/zax@(m) + % cos [\/ﬂ(ﬁ(m) + 2]€0$:| cos [\/ﬂ({ﬁ_ (a;)} , (3.60)

5 () = \/z&,;g?) (z) — % sin [V, (x) + 2o sin [VErd_(x)], (3.61)
oo (x) = % cos [\/%HA_ (x) + 2k0x] cos [\/%(5_ (x)]

—cos[ +2k0x] cos [W e )+2k0x}, (3.62)

59 (r) = —sm [F f_(x) + QkOx] cos [W d_(x )]
+% sin [\/ﬂé, (z) + Zka} cos [\/ﬂc?u(x) + 21@0@«} . (3.63)
Omss(z) = ms VI cos [Vard(x)|, (3.64)
Ojrrs(x) = m; NI in [V2r6- () (3.65)
0% rg(z) = M VIO (@) (o [F 0_(x )+2k0x], (3.66)
0Yrg(z) = 7r5 NI sin | V2mh_ () + 2hox | (3.67)

The last step is to calculate the correlations, which are the expected values of the products of
the latter operators, as shown and explained in the appendix B. According to the results in
sections B.3, B.4 and B.5, the correlations are given as:

(e )pee0) = {5y 08 2 (f)mK , (3.68)
e = apesehn (2) (3.569)
(GO0 = iy cos(2hue) (5)K+K (3.10)
(L0 = iy cos(2hue) (5)K+K , (3.1)
(Olss(MOnss®) = (2735)(5>K+K (3.72)
(O3lrs0iirs©) = o (5)K+K (3.73)
(Otirs(1Ors(0)) = 5255 contzhon) () e (3.74)
(OUrs(r)Olirs(0)) = (255)2 cos(2kox) (5) S (3.75)
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with r the distance from the origin, so the property of the operator is evaluated in two
different points and with the correlation it is seen how the ground state changes with distance,
with » >> §. This calculation is preliminary, since the cosines of the Hamiltonian are not
considered for it (see the introduction of appendix B). Part of the next analysis is how to
introduce them, that it is done via the strong interaction limit as it was mentioned before.
Hence, according to the calculations of this chapter, the analysis on the system can be
started, where the implications on the functional form of the correlations are reviewed, the
corresponding response is determined and the phases are unveiled, which is the subject of the
next chapter.
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Chapter 4

Analysis and results

The resultant correlations reaffirm the one-dimensional nature of the system as their decay is
given as a non-universal power law [25], and depend on the Luttinger parameters [25,32,40,41],
that according to the definitions in the equation 3.48, depend on the strength of the two-
particle interaction U and the SOC strength «. The behavior is completely expected, as the
correlation diverges if the point approach the origin (r — 0) and converge to zero as the point
separate from the origin (r # 0). The trigonometric phases introduce fluctuations in which the
correlation could be negative or positive. Those fluctuations indicate that in some regions of
the system the property decreases or increases lengthwise, while the others with no phase have
a constant ratio of change [36,40,41]. The fact that these correlations decay differently for
some values of the Luttinger parameters can show a change in the behavior of the system for
some critical values of the parameters in the model. It means that some correlations will decay
faster than others, so the information of some quantities spread longer (are more correlated),
indicating a possible transition [36,40,41]. This can be seen in figure 4.1, where a graph of the
latter correlations is made.
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Figure 4.1: Change in the behavior of the correlations (amplitude) in terms of the position x
(r =|z|), in the limit of repulsive interactions U < 0 (top) and attractive interactions U > 0
(bottom). In the repulsive case, the helical spin-singlet and axial helical spin-triplet pairing
correlations decays faster than the other correlations, so the charge density, helical spin density,
and planar helical spin-triplet pairing correlations are more relevant. In the attractive case
the most relevant decay is the helical spin-singlet pairing, where the system prefer to enter a
one-dimensional BCS superconducting phase.

The latter transition has been vastly explored, so the work focuses only on U > 0. The fact is,
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if only U > 0 is considered, then the transition must be defined via another parameter, which
in this system is the magnetic field B. The transition can be shown by including the cosine
terms in the strong interaction limit, and the analysis and results on that approach are given
in the following sections.

4.1 Strong interaction limit of the model

To see the effect of the cosines on the correlations, it must be noticed from the Hamiltonian
in the case 4 that the cosines of those fields are not the most suitable to do such analysis.
According to the section B.8 of appendix B, the limit g7, gg — oo means that the field on
the respective cosine gets pinned (it takes a constant value when it is trapped in one of the
minima of the cosine) [25]. For gy, ¢_(x) is pinned and 6_(z) oscillates rapidly, so the g
cosine is safely integrated falling into the case 2. For gg, ¢+ (z) — 0_ (x) is pinned, and there
could be many configurations for both fields. They could oscillate slowly at a rate that their
sum up as a constant, they could oscillate rapidly and still their sum is a constant, or both get
pinned, but from the point of view of the method, there is an indeterminacy. What it is
concluded is that the spin-charge separation is not suitable while introducing the cosines, and
so another transformation must be applied as reported in similar works [17,25,45, 56].

At this point introducing another transformation would mean the spin-charge separation was
useless (4 and — fields), since all the latter correlations were written in terms of those fields,
but it is shown that in fact, that writing is still correct to do the analysis. The transformation
is found seeking two things: the first rewrite ¢4 () — #_(z) into only one field, and the second
is that the fields remain canonical (see equation B.67). Also, the fields are renormalized by
a symmetry argument so the harmonic oscillator, associated with a massless Klein-Gordon
equation, are now associated to double sine-Gordon model [64,65]. The new basis is denoted
(1M and is proposed as:

() = = (fa(e) + 200(a).

(@) = s m(a). 0-(x) = —= (dole) ~20m(x) . (12)

Under this basis the processes are described by the 0-band and 2-band. It can easily be shown
that the commutation relations are preserved, according to the commutation relation between
the + fields established by the equation B.67, this is:

@ o] = [VEo @), 2 (-0 4 00) | = [0 6-00] + [ 0004 0)

= 0—csgn(z—y) = —gsen(e —y), (4.3)

(Om(z). Om(y)] = UQ (#+(@) = 0- () ,ms(y)] = |0-2),6-()] = [¢+(@). -)]
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while the others are zero. Once again the transformation is applied to the Hamiltonian so the
Luttinger parameters are derived, where the extended calculation is presented in section C.4
of appendix C. The result is:

H = /dac :(4;;,; + V_f_) ((%(55(36))2 +uvi Ky <8még(a:)>1
+ /d:L‘ :I/K (@@5.(:@)2 + <V+f+ + 4;;_> (3369.(:5))2}
+ / dx :V+K+axé|j(x)8xé.(az) - I/_K_axqgg(aj)axg?).(:c)}

- gB/dx cos [\/qul(x)] - gU/d:J: cos {\/Eé.(x)} : (4.5)

The Luttinger parameters and velocities have to be defined via the equations:

V0 vy v_K_ vgKpg

oK 4K, 4 0 2 Ut (46)
Um vmKn vy Ky V_

m K — . 47
oKkm T T 2 1 Tk (4.7)

In can be noticed that, in contrast with the equation 3.28, the Luttinger parameters in this
case satisfy inverse roles. There is a separation between the behavior of the [J and B fields.
The solutions are:

2 U
Ko = L, = av2y 1 — — (4.8)
U 2ra

2o

1 U U
Kg=—4/14+ — = 20/1 4+ —. 4.9
" V2V + 2ra’ vm = av2y/1+ 2T (4.9)

From the latter solutions, for example in the case of attractive interactions, K > v/2 and
Km > 1/v/2 (while Ky > 1 and K_ < 1). This means that now U does not control a
phase transition anymore, so the transformation shows that the system has moved on from
the repulsive and attractive transition to another one which is expected to be a topological
transition.

On the other hand, there is a coupling term between the fields that is proportional to
v Ky =v_K_ = «. This is expected since the 0-band and 2-band get coupled via the SOC.
This term can be discarded in the strong interaction limit, as if gg, gy — oo, that means when
gu > 9B, then 9,0m(z) = 0 and dm(z) as d.¢m(x) oscillate, and the coupling term can be
safely integrated. If g > gy, then 8,¢m(x) = 0 and Om(z) as O,0m(x) oscillate, and the term
is safely integrated again. Then, the criticality is around gy = gp, which would correspond
to the topological transition, and if that is the case, the coupling does not contribute in the
strong interaction limit (except for the critial point gy = g¢p, so it is said that both fields
om(x) and Om(z) are gapped [45]). With all the latter considerations, the critical Hamiltonian
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1s:

%D /dw [Klg (@:qgm(x)f + Kp (390@5(90))1
» / do [13. <8x<73.(:c))2+K. <8mé.(x))1
- gB/d:L‘ cos [\/qul(x)} - gU/dZL‘ cos [\/éﬁé.(x)} , (4.10)

which is exactly the same result as in [45,66,67], given by all the arguments up to this point,
and in general for a Hamiltonian with this criticality [25,64,65], which is the double sine-Gordon
model. Under that model the following is to see how the cosines affect the correlations in
the limit, which will define the relevant correlations for the transition gy = gg. At last, the
susceptibilities are calculated for those correlations, which is in fact what shows the topologic
transitions in the next sections.

4.2 Susceptibilities of the model

In the next analysis the response of the system to an external force is calculated via the
susceptibilities, which can show the behavior of the system in the two critical limits, A > B
and B > A for gy, gp — oo (since gg/gy = B/A). In there, the transition and its topological
nature can be concluded. It must be recalled that the susceptibilities are the Fourier transform
of the correlations, where a fully general calculation is given in section B.6 of appendix B. In
the next subsections those results are used to directly show the susceptibilities for the coupled
and interacting Fermi gas.

4.2.1 System dominated by the superconducting gap

For A > B the gp cosine does not contribute and the system falls in the case 3. In that sense
the analysis can be done with that Hamiltonian and the + basis, which is why it is still useful.
According to the equations B.112, B.113 and B.113, as U > 0, the energy is minimized if the
field is trapped into one of the cosine maxima:

A 2mn A ™
Om(z) = Vir ¢—(z) = VTS (4.11)

where n is any integer and the transformation in the equation 4.1 was used. So, ¢_(x) is
constant and 6_(x) oscillates, and the corresponding trigonometric functions satisfy:

<COS [\/%QZA),(Q:)}> = A, <sin [\/%55, (x)]> =0, (4.12)

<cos [aé_(x)b - <sin [aé_ (x)D =0, (4.13)

where A and a are constants. The correlations involving a trigonometric function of 6_(x)
vanish, either if there is a phase or not, because in the end the oscillating factor is eFiat—(z)

On the other hand, the correlations with a sine function of ¢_(z) vanish and with a cosine
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function are scaled by the constant A, so their K_ contribution to the power law disappear.
Hence, the only non-vanishing correlations are:

2 Ky

(er)pec0) = 2y cos(2h0) (1) (.19
N A 2 Ry

<O;{SS(T)OHSS(O)> = (227;4&2 <i> : (4.15)

This result means that, under dominant attractive interactions there is no order in spin or
helical spin-triplet pairings since the system will prefer to be in the one-dimensional BCS
superconducting phase and also a possible charge density order, where in general the system
will prefer the superconducting order due to the strong attractive interactions [20,21,25,66,68].
This is exactly the same result of the superconducting limit of the Fermi gas with repulsive-
attractive transition [25], so it is identified as the non-topological phase for this system . The
susceptibilities for the latter correlations are:

Xpes (P) <—I>Z_Kq+-<]>2_K;, (4.16)

lp — 2ko| lp + 2ko|

xHss(p) o (;’>2_K1+ : (4.17)

The susceptibilities show that, under strong attractive interactions, there could be an order
in charge density at the excitation momentum of p = +2kg, or a superconducting order with
helical spin-singlet pairs of p = 0 momentum.

4.2.2 System dominated by the Zeeman gap

For B > A the gy cosine does not contribute in the Hamiltonian of equation 4.10. With
B > 0, the energy is minimized if the field is trapped in one of the cosine maxima:
A _ 2mn

om(z) = T (4.18)

so ¢m(x) is constant and Om(x) oscillates. According to the transformation in the equation 4.1,
as ¢_(x) is proportional to Om(x) then ¢_(z) oscillates too, and it is satisfied:

<cos [\/E(Z;-(x)}> = A, <sin [\/Aﬁé.(x)}> =0, (4.19)

<cos [aé.(x)b - <sin [aé.(x)b =0, (4.20)
<Cos [an_ @)D - <sin [agzs_ (x)]> = 0. (4.21)

As in this case the trigonometric functions of QZAL (z) vanish, one could try to say that all the
correlations where the operators have a trigonometric function of qg_ (x) vanish, but in fact
one must be very careful because the transformation must be considered in every step. For
example, if one revisits the operators for the planar helical spin-triplet pairing in equations
3.66 and 3.67, there is not ¢_ () so it looks like they do not vanish, but it is not true: one
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should separate the trigonometric functions into exponential ones so the result has exponential
contributions of the field 64 (x) £ 6_(z), where it satisfies:

0, (x) +0_(z) < fm(x) + 200(x) + do(z) F ¢m(z), (4.22)

so indeed there is a contribution of the O (z) field. As in this limit of the theory the fields ¢ ()
and f(z) vary slowly and ¢m(x) is constant, the whole field oscillates due to the oscillation of
the Om (x) field, and the planar helical spin-triplet correlation vanishes. This example shows
that one should expand all the operators, transform them and evaluate the ones that do not
have Om (z) contributions. This does not have to be done explicitly, one just should look at
the product of exponential functions and recognize the two fields that will add or subtract,
apply the transformation, and see if there is no net é.(x) field. In the end, the non-vanishing
correlations will be the ones that when transformed have a term fg (x) — Om (x) = 0, which
means that although the fields on their own oscillate, the oscillations annihilate each other
when brought together (in normal order) [26-28].

With the latter analysis, the only non-vanishing correlations are the planar helical spin density,
the helical spin-singlet pairing, and axial helical spin-triplet pairing. This means that a
superconducting order could happen for both A > B and B > A according to the strong
attractive interactions, but for enough strong Zeeman coupling a spin order could happen as
well, which is expected according to [20,25,66,68]. The explicit calculation of the operators and
the correlations are given in the section C.5 of the appendix C, where the results are:

s =2 () eostamn) (£) 7+ () (123)

(62, ()6 (0) =2 (2;‘5) cos(4koz) (5)K ¥ (2;15) (1.24)

(O55(r)Omss(0)) = (2735)2 <71,) " ; (4.25)
(Ors(Ofrrs(O) = s (3) (4.26)

The resultant correlations show a crucial difference among the correlations for A > B and
B > A, and it is the constant contribution that does not depend on the Luttinger
parameters in the planar helical spin density correlations. Such contribution has never
appeared in any of the other revisited cases, and it is vital for the analysis of the topological
properties of this system. This is shown by calculating the susceptibilities of this case, which
are:

1 22K 1 22K
x — Y B S 4.2
Xo.,(P) = X5, (p) o <‘p_4k0> + (\p+4koy> +4(p), (4.27)
22

» 1 Kpg
x#uss(P) = Xars(p) < <|M> . (4.28)

The delta peak is the contribution from the constant correlation which manifest the topological
nature of the case B > A, it means, this case is called the topological phase of the system.
The susceptibilities can be analyzed in the next section according to the expanded analysis of
the phases in the appendix B.
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4.3 Analysis of the susceptibilities

The correlations and susceptibilities are illustrated in the figures 4.2 and 4.3.
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Figure 4.2: Functional form of the correlations under the two critical cases. For A > B, the
correlations decay as power laws where the helical spin-singlet pairing decay slower, and for
B > A there is a strong dominance of the planar helical spin density due to the constant
contribution. These results are obtained for § = 0.001, a = 0.5 and U = 0.4.
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Figure 4.3: Functional form of the susceptibilities. In the case A > B the curves show the two
power-law peaks of the charge density excitations around +2k¢ and the power-law peak of the
zero-momentum helical spin-singlet pairing. For B > A the orders of amplitude between the
planar helical spin density and helical spin pairings are too different, so the curves are shown
in different figures. The planar helical spin density at the left shows two non-peak branches
(non-diverging), while the peak at the center is the delta-like peak. The helical spin-singlet
and axial spin-triplet pairings at the right show a power-law peak that decays faster than the
pairing peak for A > B. These results are obtained for § = 0.001, a = 0.5 and U = 0.4.

From figure 4.2 it is clear that the helical spin-singlet pairing correlation decay slower than
the charge density correlation, indicating that if there is a possible ordering, then a 1D-
superconducting order is more likely than a charge density order. For B > A there is a
strong dominance of the planar helical spin density due to the constant contribution, while the
helical spin-singlet pairing decays faster than for A > B, which is expected since the Zeeman
gap reduces the effect of the superconducting gap. What is interpreted from the constant
contribution is that the spin excitations are always correlated for B > A (inside the Zeeman
gap where the internal-flip process occurs at the crossing point), because although r — oo,
there is still a finite contribution. This can happen if the particles are delocalized in space,
such that there is no definite space for the particles to really separate and not correlate. Hence,
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the system makes a transition at B = A from a localized to a delocalized state, where this
kind of transition to a highly delocalized state is characteristic of a topological phase transition
reported in many other works under the same conditions [20,21,45,66,67,69,70]. Although the
constant contribution is indeed greater, it decays faster than the helical spin-singlet pairing
correlation, which indicates that a superconducting order could happen in the presence of the
delocalized spin excitation, defining a novel superconducting state for B > A.

From figure 4.3, both susceptibilities are diverging for A > B, so the system is in a CDW phase
or a one-dimensional superconducting phase (see section B.7 of appendix B for a definition
and illustration of the CDW phase), which is in complete accordance with other systems of
similar characteristics [25,45,66]. For B > A the power-law contribution of the planar helical
spin density is non-diverging, so there is no helical spin density order (planar SDW). The only
peak that appears in that susceptibility is the delta one, where that peak implies that in
the region B > A there is quasiparticle-like excitation of zero energy [17,18,71],
as the peak corresponds to the internal spin-flip which has zero energy cost. These are the
zero energy modes of the system (Majoranas), such that in this region there is non-trivial
topology physics. On the other hand, the susceptibilities for the helical spin-singlet and helical
spin-triplet pairings are diverging, so there is an order in either spin-singlet pairs (|1)) — [}1))
or spin-triplet pairs (|1)) + [1})), but both could be established a topological phase, so the
novel superconductivity is a one-dimensional topological superconductivity. Although
the decay for both pairings are equal, since B > A the system will prefer to be in the triplet
state.

It has been shown that this system can support a quantum phase transition between a phase
without Majorana fermions (trivial topology), and a phase with Majorana fermions (non-trivial
topology), that under B > A the superconducting phase is protected by the robustness of the
topological phase [14,16,17]. In the following, a constructed phase diagram is given according
to the divergence of the susceptibilities, being one of the most relevant results of the present
work.

4.4 Phase diagram

The phases described in the latter analysis are given by some specific values of the attractive
interaction amplitude (U = 0.4) and SOC amplitud (a=0.5), which are not general. Next, the
task is to define all the possible values of U and « considering all possible parameters and in
this way establishing all possible phases, which we usually display as a phase diagram. As
discussed in the section B.7 in the appendix B, the susceptibility can diverge at the specific
low-energy excitation if the power law is positive. Thus, the conditions for the phases to
appear are:

e There is a CDW phase if 2 — K, >0 — K, < 2.
e There is 1D-superconducting phase if 2 — I%r >0— K > %
e There is a topological planar SDW phase if 2 — 2Kg > 0 — Ko < 1.

e There is a topological 1D-superconducting phase, either of spin-singlet or spin-triplet
pairs, ifQ—KiD>0—>KD>1.

As U,a > 0, then K. > 1 and K > /2, which means the only non-possible achievable
phase is the planar SDW phase of non-trivial topology for any values of U and «. Instead, a
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superconducting phase is always established, but for A > B is a superconducting phase of
trivial topology and for B > A is a superconducting phase of non-trivial topology. Although
both Luttinger parameters depend on U and «, a more fundamental dependence is the ratio
v = U/7ma, so in the phases the parameter satisfies:

1 1 3
<2=21l—9>—-—v<—, (4.29)

1
K+: =
\/1_Q VI—7 4 4

yes

while the others are given for any v < 1 (as the K diverges when ~ approaches 1). The
summary of the latter conditions is displayed in the phase diagram presented in figure 4.4.

2} N Phase diagram
1
E I
“TS
SS (SS)
(CDW)
0 > B//

1
Trivial topology : Non-trivial topology

Figure 4.4: Phase diagram for the one-dimensional Fermi gas with SOC, Zeeman coupling and
attractive interactions under the strong interaction limit. The most probable phase appears
first in any of the regions, while the less probable appears in parenthesis down the main phase.
The SOC coupling introduced the possibility for the CDW to happen, but when the attractive
interactions are strong enough as U > %7’[’& then the system becomes the one-dimensional
superconductor.

In figure 4.4, the many regions of the parameters are illustrated so when they are tuned, the
system should respond by ordering in the specific phases described previously. To finish, it
must be said that the quasiparticle-like excitation was associated with the Majoranas but that
has not been shown explicitly. In the framework of the Majorana fermions, these excitations
appear lengthwise at certain edges of the nanowire or system, which is illustrated for discrete
lattices, while it is not so straightforward with this continuous system. The method for the
edges to appear lies in the modulation of the phase transition along the system’s longitude,
which is achieved precisely with the modulation of the chemical potential 1 presented at the
start of the work. This specific feature is discussed in the next section where the behavior of
the Majorana fermions is exploited.

4.5 Display of the Majorana fermions

The reason why the modulation of the chemical potential can provoke the phase transition lies
on the analysis of the several cases presented for the Hamiltonian in the chapter 3, where it is
shown that the transition between the case 3 and 4 is around p = 0. Hence, i = 0 has the
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same effect of B > A and p # 0 the same effect of A > B. This connection can be explained
if one revisits the dispersion relation in figure 3.7, in which ¢ = 0 implies being exactly at the
verge between the two bands, while y # 0 means the chemical potential moves away from
the zero energy excitation. The problem with the topological setting in this way is that if
B, A and p are fixed then there is only one point in the dispersion relation where
the state appears, so it is an unstable point. But, if the chemical potential is modulated
for example with a harmonic trap V(x) = mw?x?/2, for fixed B and A the system makes a
transition from the region without the excitation when entering the Zeeman gap as shown in
the next figure.

Figure 4.5: Dispersion relation of the system with B > 0. On the left, the horizontal lines
represent the chemical potential at the point x of the wire, which cut the dispersion relation
in the green marks. Between the points, z; and x2, and x3 and x4, the chemical potential is
inside the gap. On the right, there is the space variation of the chemical potential, which is
parabolic due to the harmonic trap, where the maximum peak u is the established constant
chemical potential of the system.

A crucial characteristic of the topological states is displayed in figure 4.5. The figure shows
that the Majorana fermions carry with themselves a degeneration of the ground state related
to a symmetry. When the chemical potential enters the gap, the time-reversal symmetry
is restored, where the Fermi level cut the curve in two points, while outside the inversion
symmetry is broken as it cuts the curve in four points. Exactly at the edges, there are two cuts
but there is a virtual third cut of zero energy that corresponds to the Majorana fermions [46].
With the modulation of the chemical potential the topological states not only appear at u =0
but in a region between p(x1) = pu(x4) and p(xs) = u(xz), where the points are given as (see

section C.6 of appendix C):
/2 2 B /2 2 -
2 —mao” + b + 2 —ma” — b (4.30)
2u—ma2—B 2u — maQ—i—B
N e TN T e (4:31)

where p > pq + B/2 is the fixed and external chemical potential. Thus, from all the possible
cases of the Hamiltonian, the topological regions only exist for an horizontal short region in a
h vs. p figure, shown in figure 4.6.
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Figure 4.6: Relation between the on-plane Zeeman coupling h and the full chemical potential
u for fixed o. The dispersion relations is bounded from below with i, = —B? / 8ma?, where
there are two non-topological regions outside the gap, with a one-dimensional superconducting
phase (1D-BCS, blue), which is for the case 3 (hs3). In the middle, there is the topological
region inside the gap, with a one-dimensional superconducting phase is established (topological
1D-BCS, cian), which is for the case 4 (h4). The red and yellow curves are the physics for
h # 0 (cases 1 and 2, h; and hg respectively), that disrupt the superconducting phases.

A final image of the system with the phases displayed over its extension is given in figure 4.7.
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Figure 4.7: Display of the different phases lengthwise with the harmonic trap at the bottom. In
the cian-colored regions there are the topological phases, that when expanded in the upper box,
there could be a triplet pairing or singlet pairing between the fermions (black balls), between
the Majorana fermions ; and 7o at the edges of the topological regions. The short yellow
band shows when the fermions are paired. On the other hand, there are the non-topological
phases in the blue-colored regions, that when expanded in the top box there could be a singlet
pairing or a charge density wave, with no Majorana excitations between these fermions.

Notice that the phases are described with the spin degrees of freedom, because it was shown
that the helical charge density and helical spin pairing are equivalent. In the S.S case, the
particles arrange in singlet pairs with zero net spin lengthwise, while in the *T'S case the
singlet pairs array in such a way that locally there is a net spin of s = 1. The existence of the
Majorana fermions has been proven in this system theoretically, where expected experimental
realizations could be based in figure 1.1, hopefully in the near future with little modifications
presented during this work.
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Chapter 5

Conclusions and perspectives

The system is modeled in accordance with the multiple mentions of the topological states in the
literature, where the preliminary couplings with their parameters are the spin-orbit coupling «,
the planar Zeeman coupling h, the axial Zeeman coupling B and on-site attractive interactions
between opposite spins U. It is concluded that, for the purpose of establishing topological
states, the planar Zeeman coupling is not necessary as it was shown that this coupling breaks
the interplay between the attractive interactions and the axial Zeeman coupling, reported
vastly in the literature. This is because the planar Zeeman coupling breaks the time inversion
symmetry that can be preserved using the helical basis, so it is not convenient to change the
basis but keep that broken symmetry where in fact is the responsible of the phase transition.
Instead, its inclusion constitutes a different physics analysis, like it motivates the research
on the FFLO phase, for example, where it introduces the spin imbalance that can originate
non-zero momentum pairings. The problem with it is that in gases it drops the contribution of
the BCS channel of the on-site attractive interactions which allows the superconducting phase
for this system. This coupling can be introduced to have a spin imbalance, but somehow the
time-reversal symmetry must be restored, and many works in literature have suggested using
long-range interactions.

When h = 0 is considered, it is concluded that true phases can be established between the
interplay of gy and gp in the strong interaction limit (more specifically, between the interplay
of B gp and A o gr7). This is because, under the proper basis of the axial Zeeman coupling,
h = 0 enables both coupling and interaction to contribute with their full channels (cosines),
where those cosines are evaluated in canonical conjugated fields. This interplay, either with
bosonization or not, has been found in many systems that display Majorana fermions, like for
example the interplay between two kinds of hopping in lattices under chain couplings. In this
work, such interplay has been shown using the bosonization formalism.

On the other hand, as the strong interaction limit is used, the phases are given by the
correlations and susceptibilities under the LRT, where their behavior concludes that the
perturbative approaches fail to describe correctly these one-dimensional system. In those
approximations, related to the Fermi liquid theory, the decay is finite (well-defined peaks
where a finite region of excitations contribute to the spectra), meaning that those collective
systems are modeled as free quasiparticles. This cannot happen in one dimension, due to their
strong collectivity. Thus, under the low-energy approximation, the susceptibilities show that
any excitation has a finite response to an external coupling, where the density phase is reached
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at the exchange momentum between the particles in the Fermi surface, and for the pairing
excitations it happens at the net momentum of both fermions in the Fermi surface. The
response is less and less relevant as the momentum separates from the excitation momentum
of the Fermi surface, just as stated from the low-energy approximation, but it is never zero,
it always has a contribution that shows how strongly correlated the one-dimensional system is
when the fermions can interact.

From the eight possible orders considered in the present Thesis, it is concluded that in the
strong interaction limit only three of them can be established, which are the charge density
wave, the topological one-dimensional triplet superconducting phase, and the topological or
non-topological singlet superconducting phase, which have been arranged in a proper phase
diagram displayed in figure 4.4 as a key result of the present work. The strong attractive
interactions do not allow the system to order in spin density although the strong Zeeman gap
exists. This because it is more relevant in two finite region, while the superconducting gap
is more relevant in the rest of the physical parameters. Similarly, due to h = 0, the planar
triplet-pairing states cannot happen because the planar spin symmetry is not broken, as it
is shown by the correlations of the planar spin densities (they are equal). Within the latter
phases, the topological phase existence is concluded from the quasiparticle-like excitation that
appears in the B > A region, which is associated with the flipping excitation between the
internal fermions (fermions in the 0-band), which is of zero energy due to the time-reversal
symmetry exactly at the middel of the dispersion relation. This is usually described as a
ghost state because of its degeneracy nature of the state. It is of zero energy but indeed
exists and has been shown that it has a definite excitation. So, it is concluded that although
the Hamiltonian separates in H=H+ 0, that 0 contribution has a proper excitation which
provides striking physics to the system.

In the end, it is concluded that the system displays two topological regions under the modulation
of the chemical potential a harmonic trap, but that can also be achieved if a modulation
of the tuning parameter B/A is used experimentally. This system can be used to take
advantage of the protected states in those regions, for example as protected qubits, and also
to introduce protected superconductivity in any device that could disrupt such phase with
quantum perturbations.

5.1 Perspectives

There are three things that can be revisited in order to look for novel physics:

e To consider h # 0, so the physics of the cases 1 and 2 can be explored, where in the
literature those cases are reported for magnetic phases which could allow the study of
one-dimensional magnetization dynamics.

e To introduce thermal fluctuations. The given results are at zero temperature and are
valid if thermal fluctuations are not relevant compared to quantum ones, which does not
always happen. A more realistic system could have comparable thermal fluctuations, so
an experimental setup could be brought closer to the modeled system.

e To consider a general interplay between gg and gy, that is, to also consider them to be
finite, so the fields are not gapped and for example, a renormalization approach can be
used. There could be found finite critical values for the Zeeman gap and superconducting
gap, that are reported in the literature in more complex phase diagrams.



Appendix A

Quantum field theory of the
bosonization

Following the Tomonaga-Luttinger model (see equation 1.9), the excitations are defined in
terms of the chiral fermions 1[13 and zﬁL either in position or momentum space. To consider the
time evolution, the coordinate space is of position and time, 1& r..(z,t), and the conjugate space
of momentum and frequency, 1& r,.(p,w), where a more general Fourier transform is [1-3]:

. 1 it
Yr(z,t) = m/dpdw ePe twR’L(p,w). (A.1)

The normalization factor is not changed since next is shown that only the momentum variable
is needed [26,28]. The Fourier transform in equation 1.3 suppress the time variable, so
Yr,L(p) = YR 1L(p,t). Using the Heisenberg image, the time evolution of the chiral fermions
is:

Dro(r,t) = Mg 1 (2,0)e 1, (A.2)
with has H of the Tomonaga-Luttinger model. Hence, the Hamilton equation is:

8t¢R,L($7 t) =1 [ﬁv zﬁR,L (.T, t)] : (AS)

The commutator can be solved by replacing the Hamiltonian and the Fourier transform with a
suppressed time variable, that for R chiral fermions is done as:

(A, 9. t)] = Hin(w,t) —dn(z, )
= [ doven (Sht. 0001 = L0001 0.0) = [ dacinta.)
—\/12? dq € pp(q,t) / dpvpp (%(p, t)r(p,t) —@(p,t)%(p,t))

49



50 APPENDIX A. QUANTUM FIELD THEORY OF THE BOSONIZATION

= 127r [/dpdqueiqxﬂg(p, Obr(p, t)br(q, t) —/dpdunpeiq%z(p, bz (p, )r(g, 1)

o
—~ / dpdq vrpe ™ r(q, )L (p, )OR(p, t) + / dpdq vppe®Pr(q, t)0L (p, )1 (p, 1) |-

(A.4)

The next step is to recall the anticommutation relations for fermions. For same chirality the
fermions anticommute normally, this is {¢{r.1.(p), 1[12 (@)} =6d(p—q) and {ﬁg’)L (p), ﬁg’)L (@)} =
0 [1-3,25]. In the case of different chirality, the fermions do not have the same momentum
by any means (except at zero momentum, which is not considered), so they anticommute

{ﬁg) (p), 1&2“ ()} = 0. So, these anticommutations are used in the following way. In the first
integral:

S0, )R, )R(g,t) = —dh(p, wR( t)dr(p
~(6(p — q) — ¥r(g,1)
= —5(p—q)Ur(p,t) + g

ﬂi ))0r(p.t)
(0. )0h(p. ) Pr(p.t),  (A5)
and in the second:
D (0, 0L, )0R(a,t) = —0F (0, )0R(a, )DL (p,t) = Pr(a, OV (0, )L (1), (A6)
Replacing the anticommutations:

{ﬁ, Vg, f)}

- = [ [ dvdqvipe™ (=50~ ybulp,t) + bl )i tp. Odnlp. 0]

—~ / dpdq vEpe ™ Pp(q, )L (p, 1)L (p, )
—~ / dpdq vepe™Pr(q, )05 (p, ) dr(p,t) + / dpdq VFpeiq%R(q,t)@(p,t)%(p,t)]

1 . ~
i [—/dpuppe’pxwzz(p,t)

/ dpdq vepe' ™ PR (q, )L (p, )R (p,t) — / dpdq vppe g (g, )05 (p, )R (p, t)]

=~ [ dppemdp(p,t) = dp (~i0ze") P (p.t)

Vs \/
. 1 — .
= ZVFamE / dp ezpsz<p, t) = ZVFame(xa t)? (A7)
where pe* = —i0,e™* and the derivative is outside the integral by the differentiation under

integral sign [26]. Replacing the commutator in equation A.3, and recalling that for L fermions
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the velocity changes from vp to —vp, the evolution for the chiral fermions is:
(9,51/33(%, t) = _VFaJJQZJR(xa t) - (at + VFai)r(/}R(xv t) = 07 (AS)
6151&[1(.1',75) = VFaxlﬁL(xvt) - (615 - VFam)l;L(xvt) =0. (Ag)

The latter equations establish the independence of the chiralities. For the R fermions (equivalent
to L fermions but with —vp), if the Fourier transform of equation A.1 is replaced in equation
A8, thus:

. 1 . o
(0 + vpOp)YR(2,t) = (&H—I/Fax)m/dpdwewe_W%R(p,w)

- = [ dvds e — ) Hin(p.0) =0, (4.10)

so the solution is not trivial if vpp —w = 0 — w = vEp. This condition is satisfied proposing
Yr(p,w) = 0(vpp —w)Yr(p) (28], and when replaced in the Fourier transform of equation A.1
for R and L fermions, they satisfy:

brle,t) = jg / dpde €7 e (p, )

= o= [ e s — )il = —= [ dperre ()
- jﬂ / dp ePT—F D (p) = P(z — vpt), (A11)
Up(z,t) = Pp(z+ vrt). (A.12)

The latter conditions show that the fermions depend on independent variables in 1 + 1 spaces
(like a two-dimensional Minkowski space [25,72,73]), so they belong to independent spaces
where the operators commute, [@g) (r), 1[1(;)(7”)} =0 (r = [z, vpt] is the vector position in the
141 space), as presented in chapter 1 (if used in the derivation of equation A.7, the calculation
becomes simpler). Notice that the position space in fact depends on space and time, but as
the variable number reduces to only one (x + vpt), hence x or r is widely used in the fields
although it is not only x, just to avoid extra notation. In almost all of this document the
notation is given in x variable but time is introduced explicitly when needed. These results
are crucial to the diagonalization of the Hamiltonian in terms of densities and currents [25],
and it is because of the following two features.

First, the separability of the space. The grounds state is built by reiterated creation of
fermions in their respective branches, where the correlations for such fermions become trivial
and are not mutually affected by different chirality [25]. This means that:

(WL )r()) = L)) = Y(-p)d(p - p'), (A.13)
W)L @) = Wr@)PL®)) =Y ()d(p - 1), (A.14)

where the notation of Y (p) is the step function in the momentum variable. The latter
correlations simply mean that R fermions are annihilated and L fermions are created only if
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momentum is negative, as negative momentum is the filled part of the R dispersion relation
while it is empty for L fermions. On the other hand, R fermions are created and L fermions
annihilated only if momentum is positive. The delta function appears because the ket in the
correlation must have the same occupation of the bra so the inner product (|) is not zero. An
illustration of these correlations is given in the next figure.

L

WL )L @) = @r(p)dbh@) = Y (p)dlp —p)

Figure A.1: Possible own-branch scattering for chiral fermions. In the upper part, there is the
scattering at negative momentum while in the lower part, there is the positive momentum
one. It must be clear that the sign of momentum is related to the definition p = k + kp, so
the negative momentum is the one at the left side to the respective Fermi momenta of the
branches, and the positive is at the right side.

The second feature is the specific form of the equations of motion for the annihilation
and creation operators. Those equations are fundamental for the physics of the density and
current operators in an hydrodynamics theory, where the quantum field theory is sustained on
the continuity equation [25,26,28], as it is shown in the next section.
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A.1 Density and current formulation

The chiral current densities are defined as [25,42]:
Jrn(r) =k (NdrL(r):, (A.15)

with the explicit normal ordering, which is exploited later. Although it has a form of a charge
density, it is said a current due to the inherent directionality of the operators in this case. It
can be shown that the chiral densities satisfy the same equations A.8 and A.9 as follows:

(0 + Vp&c)jR(r) = (O + Vpax):ﬁzk(r)zﬁ]%(r):

= @+ vidy) [PV DR(r) — () da(r)]

= (9 + vr0e)Ph(r)da(r)

= [0+ vr0n) Bk ()| Pr(r) + Dh(r) | @+ vedr)br(r)]

= @+ ve0. b)) ) + ) 0

= 0-4¢p(r) =0, (A.16)
(8, — vpdy)Jr(r) = 0. (A.17)

On the other hand, the net charge and current densities of the system are defined as:

p(r) = Jr(r) + Jp(r), (A.18)
J(r) = vp (Jp(r) = Ju(r)), (A.19)

from where the continuity equation is derived in the following way. First, when applying the
derivative in position:

8y J(r) = By [VF (jR(r) . jL(r))} — Updy Jr(r) — vpdeJr (),

so by using equations the latter results for the chiral currents, vpdyJ r(r) = —8,J r(r) and
—vp0yJr(r) = —0,Jp(r) are replaced, and:

0pd () = vpOp (1) — vpdyJL(r) = —0Jr(r) — B (r) = —8, <jR(r) n jL(r)) =
DpJ (r) + dyp(r) = 0, (A.20)

which is the expected continuity equation. It is important to notice that the operators which
diagonalize the Tomonaga-Luttinger model in momentum are the chiral fermions, and their
equations of motion lead to the continuity equation in J and p operators, so it means those
are the real current and charge densities that summarize the collective behavior of the one-
dimensional system [25]. Hence, in position space those are the fundamental excitations, this is,
the Hamiltonian must be quadratic in charge and current densities. The quadratic
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form is written with the squared currents Jg(z)? and Ji ()2, where for the product of two
normal ordered operators they are given as [28]:

Jrp(@)?® = W (2)dr(@):
= @l ()R (2))

+ (k1 ( <>>

+ (Vr.L(@) R L(2))

+ (@ (@) R L (@) (VR

= W (@)dr L (z)0h
(@)dr.L(
(@) 1
(@)dr,L(

8
~—
-
~

8

E,L(x» J’T (x )%@R,L(x):
T
R

¥
V(e % (fv)z/JE,L(w: (@) (r@)r (@)
¥

+ <7/A}}L{L 95) R
+<¢RL )1 E
+ (@, (@)rL L(2)). (A.21)

The problem with the latter definition is that the last term diverges since a fermion is infinitely
correlated with itself in the same point, which is a common problem in the quantum field
theory. Thus, a useful technique is the point splitting [25-28,42], where the squared chiral
currents are defined for instance as:

Jr.r(x)? —hmJRL(x—e)J L(xz+e). (A.22)

Using the latter definition, the expansion is now:

Jrr(z)® = lim - Wk (@ — vr (e — €l (z+ € Prila+e)

= lim W (@ — OPrLlz — OP) (z+ OPrL(z +e)
+ @E,L(fﬂ - e)ﬂu(x +6) Wr(z — e )Ur Ll +e):
+ (P (2 — OV L(z + ) r (v — U, (x + €)
+(ro(r— Pk (v +€) bk (v — ©brL(z +e):
+(@WrL(z — )R Ll +€)) iﬂg,L(»’U - ﬁ)ﬂz,ﬂx +€):
+(h (= Pk (2 + €) (r (@ — dr @+ e)
+ (P (@ = OPr (@ + ) (r iz — bh (v + )

= —lim (o + Prile — ) wh (¢ — Prila+e)
- <1[}TR,L(:E — )Yr,L(x +€)) iﬂu(ﬂ? +e)dp,L(z —€)
— (h (@ — r Ll + ) (kL (z + il — ). (A.23)

The normal ordered product of four fields and terms with two annihilation (creation) operators
vanish as the splitting € approaches zero. The correlations for the fermionic fields in position
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space are calculated for both branches replacing the Fourier transform:

Whoinw) = (0= [ e [aemin)

1 —ipz i - ~ 1 v i
= o [t G)in@) = o [ dpdge ey (oo — g
- L ' dpe™ PPy = L[~ dp eP@Y) (A.24)
21 J_ oo 27 Jo ’

where the latter integral is not well defined. To calculate it properly, a convergence cutoff d is
introduced manually (the same cutoff in the definition of the bosonization identity of equation
1.12) [25,42], by introducing the function e ~°Pl in the argument where such integral converges
to the latter integral in the limit § — 0T, this is:

W () - L ood in(z—y) — 1/ood —0lpl gip(z—y)
(Wr(@)YR(Y)) om J, € s o ), e e
1 & *
= 61_i>r(§1+ 3 (/0 dp e %P cos[p(z — y)] + 2'/0 dp e sin[p(z — y)}) )

(A.25)

The resultant two integrals are solved via reiterated integration by parts and expecting a cyclic
integral, so both are:

o _ 0
/0 dp@ op COS(piE) = m, (A26)
00 bp . B T
/0 dpe °Psin(px) = T (A.27)
Replacing both in the correlation, it gives:
Wh(x)r(y)) = lim L 0 i Y = lim 1 ot+iw—y)
RVVRW)) = 0 o 2+ (x—y)?2 2+ (x—y)?) 502162+ (v —y)?’
1 1 ]
— lm ——— = lim ! . (A.28)

5o0+ 216 —i(x —y) 50+ 27[(x — y) + 4d]

where it is noticed that z = § +i(x — ) is a complex number, so |z|> = z*z = §% + (z — y)?
and then 0 +i(z —y) /6% + (v — y)? = 2/2*2 = 1/2* = 1/§ —i(x — y). On the other hand, the
limit is not trivial to evaluate because if x = y the correlation diverges as said previously, but
if they are different simply § = 0 works. The latter case is the one in the squared current of
equation A.23 since € approaches zero but is not zero, so:

, T Fy. (A.29)

N N )

(Wl (2)dr(y)) = @)

The case for the L branch is analogous to the R branch, the only change is a sign in the
argument, this is:

@i = (== [aemilor s [admi)

1 —ipx 1 N n 1 —ipx i

— 5 [ dvdae e G )ina) = o [ dpdae Y ()60 - )
1 & o 1 o -

= = dp e PTeiPy — / dp ePv=7), (A.30)
27 0 27 0
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So it is the same result for the R branch but with y — x instead of x — y, thus:

A 0P —— (A.31)

Jr(@)? = —lim (e + dr(x — o) p(r — )dr(z +¢)
— (Ph(x — r(@ + €) Pz + )r(a —¢)
— (h(z — )Pr(z + €)) (Dh(z + )dr(z —¢)
- 15% <27r(:1: + ;_ x+ e)> :&L(w ~n(e+o)
_ <27T(ZE — ;_ — €)> :1&2(56 + 6)1[)3(.%‘ —€):

e—0 27‘((26)
*a(aey R IO 0 (g
~ i i i: (1[12(:0 + )Rl —€) = Pz — ) dr(z + 6)) ) (A.32)

where the linear order in € is the only relevant and retained. The next step is to recognize the
definition of the derivative in terms of a limit, that is:

@) _ o far )= (@) . farh) = fe—h)

dx h—0 h h—0 2h

(A.33)

Such form can be achieved introducing @E(w — )hg(x —e€) — 1[1}%(37 — €)igr(x — €) in the result

A .32:

Jp(z)? ~ ——lim 2i: (@;@: + e )Ur(z —€) — Vh(z — )r(z —€)

—p(x —€) lim

e—0 2¢

. zﬁR(x+e)—z/}R(a:—e)]:

= o (0dh)dnte) — Fh(@)2udn(@)) - (A34)

The latter procedure shows how to deal correctly with the divergence and obtain the relevant
term which is clouded by higher and divergent irrelevant terms. For the L branch the only
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change is a global minus sign, so:

T % =5 (0.0 ()0 w) — B @) (@) - (A.35)

With the latter quadratic forms it can be proved that the Hamiltonian is diagonal in those
currents. For that, the first thing to do is to change the space of the Hamiltonian in equation
1.9 from momentum to position, where according to the second quantized one-particle operator
in equation 1.1 and the representation of momentum k = —id,, the Hamiltonian is [25]:

H=—ivp / dz [@g(x)ax%(x) - @}(g;)axq/}L(x)} . (A.36)

Using the product rule for derivatives, it is shown that:

H

~ivp [ dz [§}@)0sba(o) ~ 3] ()01(0)
— [ax (3h)bala)) - Ortla)in(o)
~0, (W] (eir(@)) + 3x¢2($)¢L($)l
— ive [ do [0.0}(x)dr(a) - 0,0} (@) (o)
v / dr [0, ($h()in(e)) — 0n (S} (@)dn ()]
— ive [ do [0,0}(x)0r(e) - 0:0L(@)bu(a)]. (A37)

due to the vanishing of the last integral in the third line because the fields are bounded, so at
the extremes of evaluation the fields vanish [25-28]. Replacing the chiral currents in equations
A.34 and A.35 on the Hamiltonian of equation A.37, then:

H = il/p/daj Omﬂj%(ac)&}z(‘f) —3&;2(55)%%(5”)]
— e / dr [0 (2)0, () — i2m 3(x) — i2m 3 () — D] (2)0,0 ()|

— v / dr [3f(0)0dn(x) — B @)0:00)| +2mvp [ o [Fh(a) + T ()]

= H+27Tl/p/dx z) + J2(x )}

H= ﬂup/dm [j]%(x) + jz(x)} . (A.38)

This last result is one of the most important equations in the bosonization technique, where
it is shown that the real collective current fields diagonalize the Hamiltonian. To finish
the construction, the bosonic fields are derived according to those currents and their mode
decomposition is shown in the next section.
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A.2 Formulation in bosonic canonical fields

The quadratic form of the Hamiltonian A.38 gives a lot of insight into the bosonic nature
of the system represented in this way, since the fermionic densities commute as bosonic
operators [26-28]. Although it is like it, the bosonic annihilation and creation operators have
not appeared explicitly, and this is be done in this section. Those operators are used to define
the canonical fields according to the mode decomposition, and the corresponding Klein-Gordon
equation can be proposed (quantum field theory in the harmonic oscillator). First, one has to
compute the commutators between the density operators in momentum representation, where
the inverse Fourier transform of the chiral currents is:

~

Inip) = <= [ e n (o) (A.39)

Using the definition A.15 and replacing the Fourier transform of the respective chiral fermionic
fields, then:

Jri(p) = r/dﬂﬁe P Jp, (@ \ﬁ/diﬁ "%RL( ), (x)
= m/d:ce_wx /dqe_zqm¢RL /deka¢RL( )

- \; / dpdk ( / dx e~ @@ Ha=k) ) Uk L (@) bR (k)

- r/dqdkapw— k)Gl 1 (@) bmn (k r/dkwmk P)r (k).
(A.40)

Hence, the Fourier component of the currents is nothing else than a collection of all possible
hole and particle excitations [25]. The latter definition allows showing that:

Thre) = \/1277 / dk ol 1 (R)dr.r(k —p)
1 N ~ R
= o / dk 1l (k+ p)r (k) = Jri(-p), (A.41)

which is a usual characteristic of the modes that decompose the canonical fields in the classical
Klein-Gordon equation [26-28]. It is expected that these densities commute somehow as
the bosonic annihilation and creation operators. To see it, a first commutator between
the chiral currents is computed as follows. First, the latter expression is replaced in the
commutator:

~

@) Jnil@)] = [\/%/dmh(k_p)%i(k)’\/%/dk/ B o (K _q)wm(k,)}
= % /dkdk/ [&E,L(k - p)qﬁR,L(k")ﬂ]};fiL(k’, — Q)?Z)Rl/(k’,)} . (A42)

In this step the inner commutator is calculated using the rule for the product of operators,
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this is:

[0hs (b = P)r (), 0] L = )bra(B)] = 0= p) [brr(k) By (K = @) dro(K)
(Ohn (k=) B (K = 0)| dm (k) (K)
@E,L(k/ - Q)Q;}Li[,(k —p) [J’R,L( ), UR,L( }

Pl = ) [ (k= p) s ()| . (K)
(A.43)

+

_l_

+

where the simpler commutators are computed using the anticommutation relations for the
fermions:

Dri ()0, W = @) = drp()b (K = a) = Of (W = )dr (k)
= 60K —q— k) =20} (W — ))m(h), (A.44)

[k = ) Bk 0 = a)| = Bl (k= )bl (K — ) = O, = )bl (k= p)
= 20k (K — gl 1 (k—p), (A.45)

[Vre(),dr oK) = Dro(k)dro(k) = Pro(k)drlk)
= —2¢p (K)Yr (k) (A.46)

Oholk=p)dri)| = Dk (k= p)britk) = bri(k)bl L (k—p)
= 20k (b~ p)drr(K) —o(k —p—K). (A.47)

Replacing the latter commutators in the fermionic commutator of equation A.43, it be-
comes:

[0k 10k = P)Prs (k) B L (F = )brs (k)] = 60K = g = KD 1 (k= p)brs (F)

1
_2¢RL(]‘7 p)wRL(k/ q) RL( )1[1 ( )_2¢RL( )ﬂz ( )TPR,L(k)Q;R,L(k,)
—200k (K — @), (k= p)or L (K )R L(k) + 20} [ (K — )b, (k — p)dr L (k)R L(k)
—6(k —p— Kk L (K — @)t (k)
=6(K — q— k)h (k= p)r (k) — 6(k —p — )Pl , (K — @)vbr L (k). (A.48)

The second and third lines vanish according to the anticommutation relations of the fermions.
Replacing the latter result in the equation A.42, the commutator takes the form:

Inso)drsla)] = oo [ dkai (504 — q - Rk k- dna ()
3k = p— K ) (K — ) dmn (k)]
1

= 5k [1/’1? Lk =p)brr(k+q) = (k—p- q)@@R,L(k)} .
(A.49)
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In the last step there must be very caution since it might appear that the commutator vanishes
using a simple change of variable for the integration (in fact it is an indeterminacy of the sort
o0 — 00). One has to recall the normal order, where the normal ordered operators vanish their
integrals safely. When replaced:

JrL(p), jR,L(Q)} = % /dk [11%7,;(7? —p)brr(k+q): — i@L,L(k’ o Q)lﬁR,L(k)i}
T / b [(Bh (k= p)bro(k + @) = (D (k= p = @)br (k)]

2T
= 1/dk[Y(p—k)é(k—p—k—q)—Y(p+q—k)5(k—p—q—k)]
= 2D [y o - 1) - Yo+ g )

= 22D [y - - v(-h)

27
= ‘S(I;;F(J)/Opdk - %5(p—l—q) =
k(P Tro(@)] = 3-0(p+q). (A.50)

The integral in the fourth line is reduced to the one in the fifth line using the delta function,
and the last integral is solved using the interval where the difference Y (p — k) — Y (—k) is not
zero. The first choice is when Y (p — k) = 1 and Y (—k) = 0 which happen in 0 < k < p if
p > 0. If p < 0 the latter integral vanish but the interval with Y (p —k) =0 and Y(—k) =1
gives the same result as with p > 0. The similarity with the commutation relation for bosonic
operators is clear, and in fact, using equation A.41 the operator J r,(q) can be changed into

jL7L(—q) and —q to ¢, so equation A.50 satisfies:

[jR,L(p)v Thila)] = %5(19 —q), (A.51)

which is closer to the commutation relation for bosons ([b(p), bt (¢q)] = 6(p — q), if b (p) are
bosonic annihilation (creation) operators in variable p). The two differences are that they
cannot be bosonic annihilation and creation operators since equation A.50 is not zero for
any p and ¢q. Also, equation A.51 has a factor p/2mr, which can be removed if the operators
are defined with a factor y/27/|p|. Thus, the bosonic operators are defined according to the
previous normalization and the chirality of the current densities as follows [26-28,42]:

b(p) = —i |2;‘ (fR(p)Y(p) — jL(—p)Y(—p)> ) (A.52)
i) =iy | 1 (Th@)Y )~ T} ()Y (). (A.53)
lp| \"F g

The definition is made so the bosonic operators satisfy the corresponding commutations, this
is, [b(p), b (p')] = 6(p — 1), [b(p), b(p')] = 0 and [b7(p), b (p')] = 0. The operator b(p) creates
an excitation in the R branch if p > 0 and in the L branch if p < 0. The factors such as ¢
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and the minus sign help to represent the branches as opposite hermitian processes in which it
was shown the system separates. Using Y (p) + Y (—p) = 1 and the equation A.41, the chiral
currents in momentum are given in bosonic operators as:

Jatw) = iy 2L (b (o)~ B ()Y (=) (A54)
i) =~y 2 (b(-p)¥ (o) ~ B (@)Y (1) (A.55)

which can be used to write the Hamiltonian in equation A.38 in terms of the bosonic operators.
First, the quadratic Hamiltonian in currents has to be written in momentum space:

A~

H = WVF/d$ [J%(x) +JA%(33)}

1 o o 1 o o
= WVF/dIB [271_/dpelszR(p)/dqelquR(q)—l— 2ﬂ_/dpelprL(p)/dqelquL(q)}

— wvr [ dpdg [5(0-+ ) Tn(e) Trla) + 50+ 01010

— wr [ dp [Ta(e)a(-p) + Ju0)Iu(-p)]. (A.56)
Second, the equations A.54 and A.55 are replaced, so the Hamiltonian becomes:

o= e dp[ 2Ly )~ 6 )y () ) iy 2 (b)Y () ~ B )Y ()

= 2 [ anlpl bl )Y () + - ()Y ()
5 (=p)b(=p)Y (—p) + B (P)b(0)Y (~p) . (A.57)
where Y (p)Y (—p) = 0 and Y (£p)? = Y (+£p) are use. Third and last, the normal order must

be recalled, where :b(p)b! (p): = b (p)b(p) and :bt(p)b(p): = bT (p)b(p), and also —p — p is set in
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some of the integrals in the following way:

= 2 [ aplolbeb )Y () + % [ dplplb(-p) (- o)
+y2F/dp [pl:6(=p)b(=p):Y (—p) +”2F/dp Ip|:6" (0)b(p):Y (—p)

= 2 [l o)y o) + % [ vl b)Y (-p)

2 @l b)Y )+ %7 [ dp ol @)oY (-p)

— / dp vrlplb (9)b(). (A.58)

The system is reinterpreted in an infinite amount of harmonic oscillators with a linear dispersion
relation, like for example an analogy with light could be made, where its linear dispersion
relation is €(p) = c¢p for photons [72, 73], while for these bosonic excitations the speed is
the Fermi velocity vp. The latter leads to the full construction of the quantum field theory
via the Klein-Gordon equation (wave equation in this case, because a mass term does not
appear like it happens with light), so the canonical fields ¢(z,t) and 7 (z,t), which satisfy
[0(x), 7 (y)]i—0 = 6 (2 — y), are expanded as [26,42]:

bz, 1) L [eirme=blvrty(p) 1 e=rreipiriyi(p)) (A.59)

V)
7z, t) = —i/dp\/ lf;‘ [eipxe_i|p|”Ftl;(p) - e_ipxei|p‘VFtl;T(p)] . (A.60)

The canonical Hamiltonian for the latter fields is trivial for a free Fermi gas (harmonic
oscillator), but in a more general system, like and interacting or coupled gas, there must
be specific relations between the fermionic fields and the bosonic fields, where the more
fundamental is the bosonization identity presented in equation 1.12. Its derivation is based on
the commutator between the chiral currents and the fermionic and bosonic fields. To go in
that direction, first one most relate the chiral currents with the bosonic fields (as the chiral
currents are directly related with the fermionic densities). To do so, the derivative 83;(%(33) is
computed:

0.0(0) = [ [ipebip) — ipe ()] = [ B (i) - e )

Var|p| ) anlp|

= i/dpsgn(p) Lp‘ [eiml}(p) - 67imeT(p)} ;

™
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and integrating over position coordinate to complete a Fourier transform, one first inverse
relation between the bosonic operators and the bosonic fields is:

\/%/dx e—iqx&yé(w) = i/dpsgn(p) ‘g’ [6(]3_ q)(;(p) _ 5(p+q)(3T(p)

= i\/gsgn(q) [B(Q) + 3*(—q)} , (A.61)

b(q) +b'(—q) = —is\g}?% dz e 78, ¢(x), (A.62)

where the sign function is defined as sgn(p) = p/|p| if p # 0. The reciprocal inverse relation is
derived with the field 7(z) in the following way:

o= [arerw) = i f dp\/@ 50— a)b(p) — 6 + ' (0)
= i/ iq) ~ b(~)]. (A.63)

2
b(q) —b'(—q) = #(). (A.64)

i / ap—
Vgl

When adding or subtracting equations A.62 and A.64, the corresponding bosonic operators in
terms of the fields are given as:

b(p) = ‘wfﬁ / dr e [sn(p),0(x) — #(2)] (A.65)

bi(p) = ;|p‘ /dw e'P* [sgn(p)@zé(x) - fr(a:)] . (A.66)

W

Finally, equaling respective equations A.52 and A.65, and A.53 and A.66, the equation for
bosonic fields in terms of the chiral currents in momentum is obtained, and later the Fourier
transform is applied, so it is shown that:

Jn(z) = 2;? (0:0(2) (). (A.67)
Ji(2) = 2\1/77 (0:0(2) + (). (A.68)

These equations connect the real densities of the system with the bosonic fields (recall the
definition of J(z) and p(z)), where the relations are:
1 ~ 124 2N

pla) = ﬁ&:qﬁ(m), J(z) = —ﬁﬂ(m), (A.69)

which means that the variation of the q@(m) field gives the charge density of the system while
7(x) the corresponding current density. Second, on the developing of the bosonization identity,
there are other fields that are important: the field 6(z), which is defined to write a symmetry
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Hamiltonian in equation 1.13 with #(z) = 9,0(x), and the form which satisfies this equation
is:
O(x,t) = ap () [eipxe*ilp‘"ﬁz}(p) + e PreilPlvEtp (p) | (A.70)

_ [ ap )
VA~ |pl

Other fields are the chiral bosonic fields &R, r(x), that can be defined by separating the
integration interval of ¢(x), where the R field is for excitations of positive momentum and L
for negative [25,42]:

. < dp e ilnints ipe_ilpluptit

or(z,t) = —— | ePremiPlvrty(p) P lPVET ()| | (A.71)
0 +/4r|p| [ }

2 0 dp ipx —i|p|lvpt], —ipx i|plvptnt

dula,t) = [ L [ermem ity (p) o eminlrrt )] (A.72)
—oc \/4mp|

and thus the ¢(x) and 6(z) fields separates as:

d(z) = pr(z) + dr(x), 0(x) = dr(z) — dr(x). (A.73)

With these latter relations it is more clear that the bosonic excitations are correctly separated
via the ¢(z) and 0(z) fields, which is not straightforward with the #(x) field although by
construction it is the respective canonical field of the theory, so é(:L') it is said and works as an
auxiliar canonical field. With the latter, the relation between the chiral fermionic densities
and the chiral bosonic fields is derived as:

dle) = 5 () ~ 0@)) . dule) = 5 (d(a) +6(@)) (A74)
Th(e)in(e) = Z=0hdn(a). UL@)n(a) = —=0ds(a), (A.75)

where it must be recalled that the latter densities are in normal order. These last equations
are as important as the bosonization identity to bosonize a Hamiltonian and correlations.
Now, the last and third step is to determine the bosonization identity by calculating the
commutation relations using the chiral currents, chiral fermionic fields and chiral bosonic fields,
all previously defined and related.

A.3 The bosonization identity

To disclosed the possible relation, let us calculate the commutator between the corresponding
chiral currents and chiral fermionic fields as follows:

ri@)dniw)] = [Pho@inclo), briy)]
= k(@) {@R,L(l’)ﬂﬁR,L(y)} + [@E,L(l’)ﬂﬁR,L(y)} br,L(x)
= =20}, (@)rL(Y)drL(z) + (QI@E,L(@@R,L@) — 6z — y)) e
= =0z —y)YrL(2). (A.76)
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On the other hand, the commutator between the chiral current and chiral bosonic fields
is:

1

[jR,L(l“)aQASR,L(y)} = [18x§£R,L(:L‘),QASR7L(y)] =~

J Oz [éR,L(x), éR,L(y)} ; (A.77)

where the commutator of the chiral bosonic fields is computed as follows:

2 2 1 > dpd ipT i, —ipz} iqy? —iqy7,
[dr)dr)] = 4| %[ew%@m P15 (p), e b(q) + e~ (q)]
1 [ dpdq

= = PP (p — q) — e P (p — q)
4r Jo V/Ipdl ( )

_ 1 [Ty (eip(:v—y) — e—ip(r—y)>

dm o P
o dp . i * dp .
= 5 [ Leinlpa )= 1 [ Psinfplo—y)
— 1= @eip(r*y) _ 1/0O @eﬂ‘p(x*y)
8T ) oo P 8T ) o P
_ L [T iy _ (] /OO 2\ ip(a—y)
 4m ,Oope 4 \2rm 7oodp ip c
i
= gsenlz —y), (A.78)
du(2).61(y)] = —Jsenla—y), (A.79)

where the commutator for L fields is analogous to the R fields but in the same steps a minus sign
appears [74]. Replacing the commutator of chiral bosonic fields with the initial commutator,
then:

[jR(w%(Z;R(y)} = \/1778:5 (isgn(l’ - y)) = le/Eaxsgn(x —y)=——

[ u)] = J20n (= famnte =) = Ot — ) =~ =00 -y
(A.81)

with Ozsgn(x — y) = 25(z — y). It can be seen that the commutators of equations A.76, A.80
and A.81 are similar except for one operator in equation A.76. This gives the idea of using the
following identity:

{A, eé} = {A, B] eB, (A.82)

for A and B operators that satisfy [[121, B], B] = 0, like operators in which their commutator is
a scalar, just as the previous two. The identity can be proved using a Taylor expansion for the
exponential function, taking out the sum from the commutator and showing by induction that
[/1, B”] = [A, B]nE”fl, and the Taylor expansion of the exponential is reconstructed. This
identity is useful because if one uses an exponential function of the chiral bosonic fields, then
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according to that identity and equations A.80 and A.81, the commutator will be identical to
the one in equation A.76, this is:

|[Jr(@), eV R0 = 2/ [ Jp(x), brly)| 2/70RW) = iny/7 (2%5@—@) /2R ()

= —b(z — y)e2VTORW), (A.83)

[jL(x),e—ﬂﬁéL(y)} = (z —y)e VTILW), (A.84)

Given that the commutators are the same as in equation A.76, it is proposed that [25,35,
42]:

~

Dr(z) = Cllpe®/™r@® | i)y () = Cpe " 2Vmor@), (A.85)

in which C' is a constant that has to be determined to put these definitions in accordance with
the rest of the developed theory so far, and 7 ;, are the Klein factors. The Klein factors have
to be set in the definition because the exponential operator preserves the number of particles,
it is not directly an annihilation or creation operator, which also has to recover the statitics of
the fermionic fiels. Finally, C' could be found calculating the same correlation in equations
A.29 and A.31 but using the latter identities. It can be shown that the constant is equal for
both chiralities (as stated), so the calculation is done only for R fermions as follows:

(Wh(@)Pr(y)) = (Cige V™R ClRpeVTrW)) = 02 (¢~ 2VTOr() 2VTOR(V))
(A.86)

where the Klein factors disappear as the factor ﬁ}L_-iﬁR does not change the number of particles.

The product of exponentials is treated using the Baker—Campbell-Hausdorff formula, this
is:
eeB = eAJrBe%[A’B], (A.87)

that is valid when the operators A and B have a scalar commutator, such as the case of the
¢r,1(x) fields. When applied to the previous correlation, it holds:

<¢E(J»‘)¢A}R(y)> — 2 <e—i2\/7?(¢3R(:v)—¢3R(y))> o3[~ i2VTOR(2)i2V/ToR ()]
_ CQGi%sgn(:vfy) <e*l’2ﬁ(¢§R(z)*<}3R(y))> . (A88)

The exponential of the sign function can be solved if = # y, and it satisfies e?2%8@—¥) —
isgn(z — y), so the expected solution for the correlation is the one in equation A.29. On the
other hand, the expected value of the exponential operator is one of the terms that appear in
the encouraged correlations of appendix B and the analysis of chapters 2 and 3. Hence, here
the solution is merely presented but the calculation is given explicitly in the next appendix. It
is:

<e—i2\/7?(¢33(w)—<z3R(y))> 0 # y. (A.89)

B
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Replacing both solved exponentials into the correlation for the fermionic operator, the final
result is:

- - . 0 elr—yl ¢
@Z)T 2)Yr(y)) = iC%sgn(z —y = iC?
1
= 22 (A.90)
T —y
Then, from direct comparison with the equation A.29, it can be concluded that:
1 1
2
C 53 —C 55 (A.91)

With that said, the bosonization identity is given as it was presented in chapter 1 in equation
1.12 for both chiralities. These are the fundamental identities used in the document with
their respective argument, which is almost the most important result of the appendix. This
part must be clear to understand the rest and agree with other works based in bosonization
as [20,25,34,35,42,45,55,66] that could use different notations, but the physics must be the
same. As a final quote, the fact that in equation A.86 the Klein factors disappear is the
argument to simply not consider them explicitly in the fundamental identity. This is the
reason why in chapter 2 and the rest of the document they are not written explicitly.

At this point it could be confusing the fact that the limit § — 0" is not considered in the
bosonization identity, and the argument behind leaving the cutoff as a finite quantity comes
from the fact that the interactions considered are on-site interactions, which means they
happen at one point. This is not exactly physical since realistic interactions among particles
are defined via a scattering length €, which can be introduced and it is shown that it replaces
the cutoff J in the equations, being finite and real [25]. The limit ¢ — 0 can be recovered for
the continuum, but on the basis € is finite, not as § in general which is introduced by hand.
Hence, the cutoff is preserved as it represents a physical quantity, so its introduction is an
ansatz made according to that knowledge.

The next section shows an example of how to proceed with the bosonization of a quartic term,
which is relevant for the approximation of interactions at low energies in one dimension.

A.4 Bosonization of a quartic term

After the development of the identities, an example of one of the utilities of the bosonization is
to reduce complex terms into simpler ones. To show it, consider a Fermi gas with spin 1/2 in
which particles interact with intensity U when two opposite spins approach the same position,
where the Hamiltonian term is [54]:

A~

V=0 [ dobl(w)is )il (2 (a). (4.92)

This term can be bosonized if the pair of densities are bosonized individually and then they
are multiplied. But before, it must be noticed that the system is in fact two copies of the
spinless Fermi gas, so the bosonization identities will have two copies as well, one for spin 1
and the other for spin |. This means that:

o (z) = e Mo, () + €M g, (), (A.93)
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h e’ 1 N T
wRU(‘T}) - \/ﬁ 2f¢RG wLU( )— \/ﬁe 2T Lo ), (A.94)

for o =7,J, and where for a general case, the Fermi momenta are considered different for
each spin species (that happens for example when an external magnetic field is applied to the
system). Now, the densities are bosonized as follows:

B @)bo (@) = [Pl (@) + eTorem Bl (2)] [Py (@) + P tin, (@)
= Plo (@) P10 (@) + O, (2)dRo (@) + €] () bpo () + €7, (2)10 ()

]_ N elszo' leFg . - . N
_ 7893¢g($) 12f¢Lg(x) z2f¢>Rg(ﬂc) + 76—12\/7?¢Ra(x)6—22ﬁ¢m(x)
NZS 27ms 27
'LZk o —i2kps .
= L b (w) + e i mb(a) . T iz (@)
Nz om0 27
1, - 1 A
= ﬁ&v@ba(m) + —5 s [\/ A ps () + 2kpax] , (A.95)

where the first cosine function appears due to the products of operators with different chirality
(which represent a jump from R branch to L branch and vice versa (of same spin), called
backscattering process). On the other hand, the density term is precisely the collective diagonal
excitations (derivative of the bosonic field), called forward scattering process. Next, the
product of the densities can be done in the following way:

~

Ol (@) (2) ] ()i, (96)
_ (\/17? 01(z) + — cos [V (@) + 2kpra )
<ﬁaxq3¢( )+—cos [xﬁm +2kF¢x>
= 0,61 (2)001(2) + ——=04hy(w) cos [VTd (@) + 2krsa]
- 51\/7? cos [Vmd(x) + 2hpra] 0, (2)
+ (wis)2 cos [Vardy(2) + 2krs2] cos [Vard, (2) + 2kr2] (A.96)

Replacing the product of fermionic densities and applying the identity 2cos(a)cos(8) =
cos(a + ) + cos(aw — ), the resultant interaction Hamiltonian term is:

Vo= o [ dwouby@nine) + == [ deody(@)cos [Vimdy(a) + 2kra]

+7r5f/dxcos \/Eng(x)—i-%Fix} 0x ) ()

/dx cos ¢T( )+$¢(m)) +2(kpt + kpy) m}

%5 /dz cos ¢T( ) — $¢(m)> + 2 (kpy — kpy) x} : (A.97)
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In chapter 1 is said that the phases that had the Fermi momenta were rapidly oscillating in
contrast to chiral fermionic operators. As the chiral fermionic operators relate directly with
the bosonic fields via the bosonization identity, the bosonic fields are slowly varying in contrast
with the phases that appear in the cosine (2kp, or kpy £ kpy) [25]. As the phases make the
cosines oscillate rapidly, the integral vanishes safely according to the normal order [25-28].
The only way those integrals not vanish in the continuum is if the phase is zero (in contrast
with proportional values of m when the periodicity of a lattice exist, for example). If one looks
at the terms in the middel, they are always oscillating since the Fermi momenta cannot be
zero, and also kg + kg could not be zero as kp, > 0. This is the reason why those terms are
never considered in the bosonization of the Hamiltonian, and for the gas in general. Hence,
the interaction term reduces to [25]:

Y dxaméT(x)8x<;3¢(a:)+(;Tg)2 [ da cos [V (91() = du(a)) + 2y — ) o
(A.98)

Also, if definitely kpy # kpy, then the other cosine will not contribute as well, and simply
the interaction term is quadratic. The most interesting case is when the cosine stays, which
happens if kpy = kp) = kp, so the term is:

v~ 2 dxax@<x>aw¢z¢<x>+(;g)2 [ e cos [V (91(2)  du(a) ] (2.99)

in where the analysis of the one-dimensional superconducting Fermi gas is based [25], so
it is said the cosine term is the BCS channel of the interaction term, while the quadratic
product of densities is the forward scattering channel [45]. The method has to deal with
these trigonometric functions which change the system from a Klein-Gordon one to a sine-
Gordon [25,34,35,45]. From the point of view of the bosonization, it must be clear that the
only thing that can be done is to analyze when those cosines could contribute or not. In fact,
this work presents one approach to it, as many representatives of the theory could have other
approaches in that sense, like [20,21,25,34,35,42, 55,66, 75] and certainly many others.

From the point of view of the correlations, in the following appendix they can be easily
calculated for quadratic terms such as the ones presented in this appendix, but for the cosine
functions it is impossible to get an exact solution [25]. Instead, there are two ways of dealing
with them, that are presented in the next appendix and used in chapter 4, while in general all
the useful correlations and susceptibilities in this work are generally presented and calculated
by means of the bosonization already done in this appendix.
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Appendix B

(Generalities on correlations and
susceptibilities

In this appendix the full derivation of the correlations and susceptibilties is presented, where
the procedure is valid for any other bosonized Hamiltonian like the main one in chapter 2. We
keep doing the analysis for the spin 1/2 Fermi gas presented in the previous appendix, where
the expanded fermionic operators are given in equation A.93 and the bosonization identities in
equations A.94. Adding the kinetic energy, the Hamiltonian is:

= [ae[ile) (2 ) dito) + 0](0) (—2 ) dato) OB ()] )t . (B

The interaction term has changed into —U thinking in an attractive interaction if U > 0 and
a repulsive one if U < 0. According to equations 1.13 and A.99, the bosonized Hamiltonian
is:

i = VQF/dx [(amngT(x)f —I—frT(;U)Q] + VQF/d:c [(695@(:6))2 +fu(w)1

- 5[ 0@ - s [ cos [Vim (érl0) = ay@)] . (B2

where vp = kp/m. From the form of the Hamiltonian, it can be seen that the basis 1 is not
suitable as the fields remain coupled in the interaction term. Hence, it is said that the spin
1/2 Hamiltonian separates into charge (c¢) and spin (s) excitations [25] according to the next
transformation:

bula) = 5 (31(0) + 1)) . dule) = = () = du(@)) (B.3)

bi(@) = 5 (3ela) + (@) . dix) = —= (dela) ~ du(a)) (B.4)

and exactly the same for the 7,(z) fields. When the latter transformation is applied to the

71
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Hamiltonian, it takes the form:
_ Vi ~ 2 . 9 vp ~ 2 R 9
H = 5 dx [<8x¢c(x)> + 7e(x) } + 5 /dz {((%gbs(:c)) + 7s(x)
U - 2 - 2 2U -
_ 27T/dac [(81@(:):)) — (8m¢s(x) } — Gm0)? /d:): cos [\/87r¢s(x)}

= [ (- DY (0,600)) + Lto(e)?
[ | (% - 55 ) (0dete)) + o
4 / d KVQF + 2U ) (@) + VQF@(@-)Q] _ (;g)z / di cos [V8mda()]

(B.5)

Here the Hamiltonian is simplified by defining the Luttinger parameters, which are set when
terms, such as the interaction term, alter the parameters that multiply the fields, so the diagonal
form of the Hamiltonian is recovered by renormalizing the fields with those parameters [25].
The equations to define them are:

Ve 143 U v.K. vp
_F_ Y - B.6
2K, 2 27’ 2 2’ (B.6)
Vg vp U vsK; vp
_F Y - B.7
2K 2 + 2’ 2 2’ (B.7)
with K. the Luttinger parameters and v, s the new velocities. The solutions are:
1 1
KC = 7U, Ks == 7U’ (B.8)
1-— ;’”‘TF 1+ ;”TF
k k
o= Fr fpomU o ke mU (B.9)
m kg m mkp

It must be noticed how U determines how much the Luttinger parameters alter the renormal-
ization of the fields. If U = 0 the parameters are equal to one, so there is no renormalization,
but if U # 0 there is a net effect of the interaction term in the normalization of the fields,
which also alters the physicial quantity they represent, such as the charge or spin of the system.
Finally, recalling the fields 9675(56), the final bosonized Hamiltonian is:

ﬁ:% dx[

i (0n(@)” 4 . (0.0.0))'|

+ 2 da L; (azqzs(mu K, (azés(x)ﬂ B (23:;)2 / dx cos [VBrd, ()]
(B.10)

The full diagonal form is reached with the explicit renormalization ¢, s(x) = be(x)/ /K s
and 5578 (x) = GAQS (x)y/Kcs. Although the excitations separate in charge and spin, only the

charge part is described by the massless Klein-Gordon equation, so the ¢.(x) and 0.(z) fields
are expanded according to equations A.59 and A.70 respectively, with v, the velocity. The
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spin part could not be in that way due to the cosine term, so the expansion of their fields is
unknown and impossible to solve exactly. Instead, in the strong interaction limit applied later,
the cosine is expanded around a minimum so the spin fields satisfy a massive Klein-Gordon
equation. The next procedure consists in consider the mass term as a correction, and thus the
same massless expansion is assumed for v, the velocity in case of the spin, the correlations are
calculated in a standard form, and in the end the correlations are corrected by the massive
part.

According to the discussion in the introduction, the eight operators of the correlations (the
charge density p(z), the axial spin density 6*(z), the planar spin densities 6*(x) and 6¥(x),
the spin-singlet pairing Ogs(x), axial spin-triplet pairing OA%S(CL‘), and the planar spin-triplet
pairings Of.¢(z) and O%S(a:)), are defined as follows [25]:

pla) = D)) + B (@) (@), (B.11)
(@) = Pl@r(@) - @)y @), (B.12)
6"(x) = Bl@)dy (@) + D] (@) (@), (B.13)
@) = i (D]@)r(@) - b)), (B.14)
Oss(a) = (@), (x) —dfy(@)iy (), (B.15)
Ops(a) = Vly(@)bl, (@) + 0L (@) (@), (B.16)
Ops(@) = Vly(@)bly(2) + 0L (@00 (@), (B.17)
Ofs(a) = i (], @)dfy (@) = (@)}, (@) (B.18)

The pairings are given in terms of the chiral fields since the complete pairing operator of two
opposite spins O(az) = 1&1(33)12}1(:6) is expanded, and it have products of opposite branches,
like in equation B.15, and of same branches like RR or LL. In the case kpy = kp| = kp the
opposite branches have opposite momentum and those pairings have net zero momentum, but
the ones of the same branches have +2kr momentum. That momentum appears as a phase in
the operators, so those pairings are less relevant than the zero-momentum pairings because
their correlations decay faster than the others in the presence of attractive interactions [25].
The following is to bosonize the latter operators in the same way the interaction was bosonized
in equation A.96, so first the opposite-spin densities are given as:

H@)y (@) = [0l (@) + e MR (@)] [ H Ty (@) + ey (2)
= 14 (@)r (2) + Dy (@) bRy (2) + E2F07D] (@) dpy () + eGP (2)dr (x)
_ L A3 @)+0:@) iV (B @) +0,@) L iV (91 @)-0:(@) i (dy ()0, ()

276 2mé
2kpx R . R . —i2kpx R . R N

LT VA1 @)+0y (@) iV (S@)-0,@) | T —iv/R(31(@) 04 (@) —iv/(By (@) 46, ()
276 276

= %eimés(x) cos [\/ 27r<55(:):)] + %ei‘/ﬂés(x) cos [\/ 2m () + 2kpx} , (B.19)
7r 7r

Bl (@) () = %e—i@ésm cos [Vardy(z)] + %e—“/m@) cos [Vardo() + 2]
(B.20)
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Using the bosonized densities in equation A.95 as well, the bosonization of the operators is
shown in the following lines:

pla) = \}%axw) + — cos [Vmdi(z) + 2k

+ \/1%895%(96) + 7%5 cos [\/E@(x) + 21<:in

- \/zaxéc(x) + % cos [m&c(x) + 2/{in cos [\/%és(x)} , (B.21)
() = \}%&Eq%(x) + — cos [VTdt(z) + 2kpa

— \/1%%@(33) - % cos :\/E@(x) + 2kFx:

- ﬁms( )~ 2 sin mw + 2k sin [VEru(z)] (B.22)

6%(z) = 7r5 eiV2r0s(2) g [\ﬁgbs( )] 7T5 eiV2m0:() o [\ﬁd)c( )+2kpx}

+ 764\/%9;(;5) coS \/ﬂqgs(x)} e~ V20a(@) g [\ﬁﬁéc( )+ QkFx}

o 71'5

= % cos [v 27rés(:1:)_ cos [\/ 27‘((255(.1‘)] + % cos [v QWés(x)} cos [\/ 2m () + 2kpx} ,
T ] T
(B.23)
a¥(x) = %e‘imés(z) Ccos -\/27r¢;5(:1:)} 5 e~ V210:(®) ¢ [\/ Too(x )+2kpx}
s ks
— eiV2r0:(2) g [\/ Ths(x )] — L eiV2mha(@) o [\/ The(x) + Qkpl'}
7T(5 7T(5
9 . . . .
= sin [\/ 27r95(33)} cos [v 27rd)s(:v)] + ﬁ sin [\/27r95(:v)} cos [v 21 () + Qkpx} ,
(B.24)
Ogs(z) = o~ VT (61(2) =01 (2)) yiv/T(y (2)+6, (2)) _|_ieiﬁ(%(zﬂér(m))e*iﬁ(dﬁ(?ﬁ)*éi(x))
27T(5 2md
_ 7r5 z\/ﬂﬁc(z cos [\/7(;58( )}’ (B.25)
)% = iAo @-0@) ivA(bu@+u@) L iV @+05 @) =iV A (i) —0u(@)
OFg(z) 27T56 e 53¢ e
_ _7T5 oV 2mbe(@) o) [\ﬁ%( )}, (B.26)
o _ L oimne@) ivabin@) L ivade () -ivmdn (@)
Ofg(z) = 5.5° e + 5-5¢ e
- %eimécm cos [V (x)| (B.27)
s
o _ L iVmon@) mivEdny (o) _ L —2i/mon(2) givEdrs (2)
OF¢(x) 53¢ e 53¢ e
1 .
= —56’@95(%’) sin [\/ 27r03(x)} . (B.28)
T

These forms are standard in many physical systems described by the bosonization, the only
differences are the phases in the trigonometric functions, such as the introduction of a Zeeman
field where kpy # kp, or the SOC where a phase kg = ma appears, which is reviewed in
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chapter 2. With the bosonized operators, the correlations can be calculated using the mode
expansion of the fields, but before two fundamental identities have to be proved.

B.1 Fundamental identities

There are two fundamental identities to use in the upcoming calculations: the first is the
separability of the Hamiltonian, and the second is the exponential correlation for bosonic
fields.

As the system has separated collective excitations into charge and spin, which means its
Hamiltonian can be written as H = H, + ﬁs, then the correlation of products of fields with
different quantum number is equal to the product of the correlations for each one of them, simply
those two modes are not coupled and the expected values can be calculated separately [9].
This separation is not the only one given in the theory, for instance the main system of this
work has its own separation, and it is quite different from the regular charge and spin due to
the external couplings such as the Zeeman field or SOC [25]. To show this identity, suppose
the correlation to calculate is <ACBS>, where A, is an operator with fields of the charge part
and B, with fields of the spin part. Using the Path Integral formulation of the correlation in
equation 1.15 and the corresponding propagator in [26], the correlation is:

<ACBS> = ;/ H D¢O¢D7TOL AC BS eza:c,s fdx Oﬁ dT(’iﬂa(CE,T)a-,—(f)a(I,T)—Ha(CC7T))

a=c,s

_ ;/D¢CDWCD¢3D7‘—5 Ac Bs ef dx foﬁ dr(ime(z,7)0r pe(x,7)+ins (2,7)Or s (z,7)—He(x,7)— Hs (2,7))
_ l / DQSCDTI'C Ac ef dx fOB dr(ime(2,7)0r pc(x,7)—He(2,7))
Z

/ DDy B, ef 40 Jf dr(ims (2.0, 04 (a0)~ . (7). (B.29)

where the space-time dependent Hamiltonian is the term inside the integral of the bosonized
Hamiltonian in equation B.10, H = [ dzdr H(z, 7). It can be shown that the partition function
separates in the following way:
2= / DéoDroDeps Dy ) 42 o d7(ime(w,1)0rde(w,r)+ims (2,7)0r b (2,7) = Helw,r) —Hi (7))
_ /D¢CDWC 6f dz foﬁ dr(ime(z,7)0r pe(x,7)—He(2,7))

/D(JSSDTI'S €f dx foﬁ dr(ims (x,7)0r ¢s(x,7)—Hs(z,7)) _ Z.Z,. (BBO)

Replacing the partition function and using the separability of the integrals, the (ACES>
correlation results in:

<121ch> _ Zi /D¢CD7FC Ac efdxfoﬁ dr(ime(z,7)0r pc(x,7)— He(2,7))

1 / DéuDry By el 2 I8 drlim (@10 6u(a,1)~Huw.7))
Zs

= <Ac> <Bs> , & (B'?’l)



76 ~ APPENDIX B. GENERALITIES ON CORRELATIONS AND SUSCEPTIBILITIES

which is the expected separability of the correlation.

About the second property, since the wide usage of the bosonization identity in equation 1.12,
the correlations are summarized in correlations of exponential functions. Those correlations
can be calculated using the following identity [25,26,28,42]:

(ef80)y = 3(£(30)%) (B.32)

that is proved using Taylor’s expansion of the exponential function. The net expansion is the
sum of expected values of the n power of the function f (qg, é), but as it is a function of the
bosonic fields, it can be expanded as [ dp (apb(p) + v,bT(p)), and thus only even powers will
contribute to the sum:

=2 nl => 2;), (f($,0*"), (B.33)
n=0 n=0 ’
(f($,0)°") = (f(6,0)f(5,0)£(5,0)--- f(,0)). (B.34)

In the last expected value the operators are repeated 2n times, or a pair is repeated n times.
At this point is where the bosonic nature of the fields is important since Wick’s theorem can
be used without the introduction of Grassmann variables [28]. According to the theorem, the
2n products of operators can be rewritten into normal ordered terms and contractions (the
contraction pairs operators as (f (gZS, é) f (gg, é)>, and multiply all possible pairings), so the full
expected value is the sum of terms that are the product of n contractions. Such pairing can be
done in many ways, but as all the contractions are equal, the term repeats C times, so:

(f(6,0)*™ =C(f(e,0)f(0,0)) (B.35)

The problem now is to find C, which is equivalent to finding in how many ways the 2n operators
can be paired given that there are n pairs. This is a combinatorics problem, where that number
is equal to [9,76]:

(2n)!
~ onp!”

(B.36)

Replacing the latter relations, the matrix element (f(¢,8)?") is written as:

0" = G = 2R (Gr@ar) . @)

=
o
>
~—
=
AS
=
|

(f(,0)*") =

In the end, replacing the matrix element into the expansion of equation B.33, the identity is
proved:

o0y = Y O (L)

L. (B.38)
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These two identities are widely exploded to calculate the correlations, as they are repetitively
used. In that direction, one last previous step is to calculate three fundamental correlations
that appear in the argument of the exponential function, which are presented in the next
section.

B.2 Fundamental correlations

There are three fundamental correlations that appear in all the others to calculate:

((be.m = b)), (B.39)

<(é(x, ) —0(y, 7'/))2> : (B.40)
(@(2)0(y)) , (B.41)

which are defined for a Hamiltonian of equation 1.13 (without quantum numbers, as the index
only refers to the respective Fermi velocity and Luttinger parameter). For this calculation
it is supposed the velocity is vp and the Luttinger parameter K, so the fields transform as
d(z,t) = ¢(x,t)/VK and 0(x,t) = O(x,t)VK. The last correlation is done without time
evolution since the full form is not trivial, but also is not necessary to argue anything else in
that direction [25]. On the other hand, 7 is an imaginary time according to the path integral,
where the mapping 7 = it is considered with ¢ the real time. The first step in the calculation
of the first correlation is the following:

()= 30m)") = ()i, ) - 200,130 ) + bl 7))

= (P, 7)d(x,7)) = 2(d(x, T)(y, 7)) + (Sly, T)o(y, 7)) ,
(B.42)

so only the correlation (¢(x,7)¢(y, 7)) is needed. As the calculation is at zero temperature,
the bracket is the ground state and thus the tilde fields satisfy the mode expansion in equation
A.59. Next, that mode expansion is replaced:

A~

(v, ™)) = (VEd(@, WE(y, 7)) = K {3z, 7)o (y, 7))
d [eipxe_“p‘yFTi)(p) +e—ipm€i\p|z/p7'i)”[(p)}
d

xT)qAS T
:K<|/\/Z%’m
NG

~

(o(z,

e lorTh(g) + emimelilve b (g) ] )

_K / dpdg <eipwe—iIPIVFTe—iqyeiIQIVFT’[)(p)gT(q)+e—ipxeilplvweiqye—iIq\VFT’(;T(p)g(q)>7
4r ) /Ipa]

(B.43)

where the cross products are not considered because the correlations (b (p)b()(¢)) vanish
because the effect of the creation (annihilation) operators could never be equal in the bra
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and the ket for any momentum. For the remaining terms, only the normal ordered terms
contribute, this is:

(b (@) = |
(Bpbla)) = ('

So, the correlations takes the form:

) . dpdq - . . o /
(O, 7)oy, ™)) = bl e~ TPt ity =il 5 (p — g)
= |dp| e~ SilplvET iy o —ilplvET
p
= K |dp’ e~ T o= plvrt Jipy o|plvet’
p
Cbm P —51p| = ip(a—y) o~ lplvr (1) (B.45)

50+ 471' \p|

where the mapping 7 = it is replaced. Although the cutoff is introduced, this does not mean
that the integral converges, and it is due to the time exponential. The integral converges if
t —t' > 0, and this is the same as considering that the correlation is time ordered, but it could
happen that it is not. That is why the time ordering is introduced, and for bosonic operators
is given as [26]:

(D, 1)y, 7)) = (Tdlx, )y, 7)) = Y (t =) ($z, 7)d(y, 7)) + Y (' —t) {(y, T’)é(ﬂg]ﬁ) |
46

The correlations is calculated for the time ordered operators instead of the operators without
the order. This could have been prevented in the start, as it is expected in a quantum field
theory, but the latter shows the necessity of these tools, as without them the results are
plagued with divergences. Now, the integral to calculate is:

(To(x,7)p(y, 7)) = lim Y(t—t) K/dp Il p—ip(z—y) o~ lplvp (1)
d—0+
+ Y —t K/dp —68lpl ,—ip(y—2) o= Iplvr (¢ 1)
||
= lim Y(t—t)K dpe—5lp\ —ip(z—y) o= lplvr|t—t'|
6—0t ’ ‘

n y(t/_t)ﬁ / ﬂe—awme—ip(xfy)ef\pwp\t’ft\

b dp Il =t/ 46) g —ip(a—y) (B.47)

50+ A 47r 1

where it was used that in the term with Y (¢ — '), then t — ¢’ = |t — ¢/| and in the term with
Y (' —t), then t' —t = |t'—t| = |t—t'|, in the second integral a change p — —p is made so the two
integrals are equal (the integrated function preserves its + sign), and Y (¢t —t') + Y (¢’ —t) = 1.
The integral can be solved using a similar approach to the differentiation under the integral
sign, but with an integral (integral under the integral sign), because it is satisfied:

—e 0Pl = / ds e0lPl, (B.48)
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When the latter is replaced, the integral is calculated directly:

) by, 7)) = — il [Pl (vrlt—t'|+6) ,—ip(z—y)
(Tota o) = ~ tim o [ a5 [dpe
— lim B Ipl(vr[t—'|+6)
Pt 47r/d5/dpe cos[p(z —y)]
= — 1 _ dé d p(vp|t—t'|+0) .
st 2 / / pe cos[p(x — y)]

_ 4!
— _ lim /dd( vplt —t'| 46

5—0+ 27 vplt =t +6)? + (x — y)?
K
= I In [(af — y)2 + (vplt — t/! + 5)2] . (B.49)

The inner integral appears because the complex exponential is expanded with the Euler’s
formula and only the even part does not vanish, and it is solved with the identity in equation
A.26. The last integral in ¢ is solved using the change of variable z = (x —y)% + (vp|t —t'| +6)?,
so it takes the form of a logarithm. The limit § — 0T is suppressed because the result is
not convergent for every set of (z,y,t,t') if § = 0, again it is more convenient to leave the
parameter as it could be tiny enough, but not zero. Now, replacing the latter result in the
equation B.42; the correlation is given as:

<(¢3(%7) — &(y,f’))2> = 0 A [0%] + fln [(z —y)* + (velt —t'| +6)*] — g In [67]
K (x —y)? + (vp|t —t'| + )2
= 5-In [ = (B.50)

For the second correlation, it can be noticed from the Hamiltonian in equation B.10 that the
charge part has an exchange symmetry, this is, to change gZA)(:U) > é(m) and K <> 1/K results
in the same Hamiltonian. Thus, the correlation for 6(z) fields is the same as of ¢(z) but with
1/K instead of K, which gives:

<<é(az,7)—é(y,7’))2> S 1n[($_y)2+(2§“_t/|+5)2]. (B.51)

2rK

The third correlation has to be calculated explicitly in the following way:

153

G)i(y) = <ﬁ£<x>¢}5<y>>—<¢<x>é<y»

— _% \d/; jdq‘sgn(q) <eipxe_iqyla(p)y(q) + e_ipxeiquT(p)g(Q)>
1 dp 1 dp
—@p(xfy) — 7”7(% y)
. |sgn( ple e / (B.52)

When doing the change p — —p and recovering the integral form of the sign function used in
equation A.79, the correlation is:

dp

G@i) = 3= [ L = Lsgna ) (8.53)
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The form of the latter fundamental correlations are used in all the other correlations of
this appendix. It is pretty important to notice that those correlations only depend on the
spatial and time separation, which is a consequence of the space-time invariance of the
Hamiltonian (Lorentz invariant [72,73]). In the following sections the specific correlations are
calculated.

B.3 Charge density correlation
To start with the calculations, in addition to the latter fundamental relations there are some

tiny details which are explained during these earlier calculations to make the last ones clearer.
The first correlation is the charge density one, given as:

Bl = \/zaréc(xﬁ) + 2 cos [Vamdee, 7) + 2ke] cos [Varda(a,7)]
\/Zaygsc(y, ) 2 cos [VaRduly. ™) + 2hpy] cos [Varda(y7)] |
= 2 (2uula, )0, (0. 7))
+ <7725> : (| cos [Varde(e,7) + 2kpa] cos [Vamdy(z,7)]
cos [V2rGu(y, 7') + 2hry | cos [Vardy(y. )] I

= 2 (Bueler. 10yl 7))

4 (7;) ’ <cos [\/ﬂéc(x, )+ 2kpx} cos [x/ﬂéc(y, ) + 2k:Fy} >

(cos [Vamdu(e,7)] cos [Vardu(w, 7] ). (B.54)

The crossed products vanish because they contain odd powers of bosonic operators. Although
the first term would contribute to the correlation (the derivatives of the fields), it will not
contribute to the phase analysis under the LRT as it decays in an universal square power
law [25,26] (this argument is clearer when the susceptibilities are calculated). Then, the
correlation reduces to:

(p(z,7)p(y, ")) = (73(5)2 <cos [\/%(zgc(x, T)+ 2kpa:} cos [\/ﬂ({)c(y, ) + 2kFy]>
<cos [\/%435(3:, 7')} Cos [\/ﬁ(]gs(y, 7'/)} > (B.55)

The cosine correlations has to be calculated, but notice it is enough to calculate the first, as
the second is a reduction of it (set ¢ — s and kp = 0). First, the product is separated using
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2 cos(a) cos(B) = cos(a + ) + cos(a — [3), this is:

<cos [\/ﬁ o(z,7) + 2ksz} cos [\ﬁ(bc(y, )+ 2kFy}>

= 3 (cos [Vam (Bular, 1) + b, ™)) + 2kl +9)] )
+§ (cos [Vr (delar, ) — dely. 7)) + 2k — )] )
- ZQkF(ﬂC+y)< iv2r(de(e, T)+¢C(yr))> n % o~k (z+y) <efi 2w(éc(x,T)+éc(y,Tf))>
%eizmx—y) <eimwc<m>—¢3a<w’>)> " ie—mF(z—y) <e_i 2w(<£c<x,r>—<£c<y,7’>)>

—iQkF($+y)e%<[7i 27r(<£c(:r,r)+<ﬁc(y,7/))]2>

_ leeiQkF(:chy)e%<[im(éc(177)+$c(977/))]2> + ie

1 i2kp (z—y) e % < [Zm(écw»’r) —e (?Jﬂ'/))] 2>

+3¢ L ik (a—y), 5[~V (de(z)~dew.)]")

+1€

_ %eim(Hy)e—w<(<z3c(x,r>+<z‘>c<y,r'>)2> n ie_isz(Hy)e—w<(éc<x,r>+éc<y,r'>)2>

i2kp(xfy)e—”<(‘lgc(5577')_‘1;0(3/77',))2> + 1efiQkF(:vfy)6_7"<(€f;C($a7’)_€?’0(yv7”))2>
4

R
—€
4

—n((del@:)+de(y))) —r((de(@m)=de(w.)")

1 1
= 5 cos 2kp(z+y)le + 5 cos [2kp(x —y)]e

(B.56)

This correlation, and for all the remaining, has a part that depends on the sum of the fields
and another on the difference of the fields. The correlation of the difference is given in equation
B.50, but the sum part can be shown to vanish by changing the + sign to a — sign of the
middle term in the first line of that equation, so the correlation is:

<(gz>(x,f) +<Z>(y,r'>)2> = —%ln [5%] - ;1 (@ —9)* + (vrlt =¥ +6)°] - gln (%]
= B (- )+ el ¥ 0)2)] (B.57)
(G tbew)’) sk ((z — )2 + (wplt — ¢+ 6)2) %7 = 0, (B.58)

in the limit § — 0". This shows that this kind of correlations can be safely discarded in the
rest of correlations. Under the latter detail, the cosine correlation reduces to:

<cos [\/ﬂﬁf;e(ax T)+ 2]43}7‘%} cos [\/%qgc(y, )+ 2kF?J}>

. o
= %cos [2kp(z —y)] 6_”<(¢c(fﬁ)—¢c(y,r )

1 _nKey [<z—y>2+<uc|t—t’\+s>2}
= 5 cos 2kp(z —y)]e T o2

K.
1 J
= 5 cos 2kp(z —y)] <\/(x Eyn e pA T 5)2> . (B.59)
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And thus, the cosine correlation for the spin part is:

K,
<cos [m(is(l’,’l’)} cos [\/ﬁés(yﬁl)b = % <\/(a: —2+ (61/8|t )+ 5)2> . (B.60)

If |z — yl, [t — ¢'] >> ¢ (the correlation is evaluated for separated points, not the same point),
the cutoff in the squared root of equations B.59 and B.60 can be neglected, which means those
functions define a space-time distance denoted as [72,73]:

re =/ (z —y)2 + 12|t — '], (B.61)
re = \/(:B—y)2+ys2]t—t’\2. (B.62)

With the latter notation, the final form of the charge density correlation for separated points

e - (3 e (33

(70)? Te T

Notice that if the correlations are time-independent (¢t = ¢’ = 0) then simply 7. = rs =r =
|z —y| (an argument on using time-independent correlations was already given, that the system
is Lorentz invariant, but it will be used in further analysis). One question that might arise
in all the analysis is, if it was said that the sum of fields correlation in equation B.57 vanish
due to the limit 6 — 0", why does not the functional form §/r vanish? This is because r can
still approach zero so the behavior is not generally convergent when both § and r approach
zero. The latter correlation describes the possible charge excitations for the system under
given values of U, which as said before it indeed changes the behavior of it by means of the
Luttinger parameters.

B.4 Spin density correlations

B.4.1 Axial spin density correlation

The next correlation is for the axial spin density, given as:
(6* (@, m)o*(y, 7)) = \/faxqzsm, r) — —sin [Vard(e,7) + 2kpa] sin [VETdu(z,7)]
2 n / 2 . n / . n !
\[ray@(ym ) = = sin [V210e(y, ') + 2kpy| sin [ V2rd(y.7)| |
2 R R
= = (065, 7)0ybs(y, 7))

+
7 N\
| o
N————
N
T~
2.
=
5
3
<

oz, 7) + 2kF:1:} sin [\/ﬂgfsc(y, )+ 2kpy]>

<sin [\/%J?s(x, T)} sin [\/ﬁqgs(y, T/)] > .
<

2
=
:
3
S

o(x,7) + 2kFCL':| sin [\/ﬁéc(y, )+ QkFy]>

sin [\/%QBS(SE,T)} sin [\/%QASS(Q/,T’)] > . (B.64)
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The first term does not contribute to the susceptibilities, and the second term corresponds to
correlations of sine functions, which could look different than the cosine correlations of the
charge density, but as 2sin(«)sin(8) = cos(a — ) — cos(a + f3), then the difference of fields
term is the same, which means the correlation is exactly the same:

cos [2kr (z — 1)] <5)KC <5>K5 . (B.65)

B.4.2 Planar spin density correlations

1
&0 =

The next is the correlation for the spin density in = direction, expanded in the following
way:

_ (:5) (cos [V3rb. (2,7)] cos [VERbu(z,7)] cos [VErb(y, 7)) cos [VErd(y.™)] )
(2 oo [V 017 con [V, t0] o [V B0
(cos [Vardely, 7') + 2kry] )
n (;)2 <cos :\/%és(x,f)] cos [\/%és(y,w)] cos [x/%cﬁs(ym’)b
(cos [Varde(w, ) + 2kpa] )
# () (eos [V, 7] o [ Va0,
<cos :\/%z@c(x, )+ QkFx} cos [\/ﬂcﬁc(y, ) + 2kFy} > . (B.66)

To calculate these correlations, it is important to look at the first cosine correlation, which
contains four cosine functions and mix é(l‘) and QAS(x) fields. In the previous correlations, the
cosine ones always had functions of only one field, but not both. Hence, since those fields
commute with themselves, the identity e4e? = e85 was used indiscriminately, according to
the Baker—Campbell-Hausdorff formula in equation A.87. This is not the case for f(x) and

é(x), so the commutator [¢(x), A(y)] is calculated as follows:

o ~ _ dp ipz; —ipzit . Sgn(q) iqy7. —iqy 7t ]
x),0 = e'’P*h e b , d e e "%Yp
(6(2),6(»)] [ T [ b )]~ [ dg T [ i)+ e (o)
1 dpdq ipz —iqy 7, 7 —ipT LiqY [} b
= g [t (e~ [b(p), bl (a)] + e~ P[5 (p), b(g)

= /sgn lp(a? ) /sgn —zp:t Y)
47T pl [p]

dp |p’ezp (z—y) dp |p’ezp (z—y)
[p] p ol »

— Z €Z — . B.
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Using the latter commutation relation, the four-cosine correlation is calculated in the next
form:

+% {eim(wyw—és(w’)) pe 2”(¢3s<yf/>‘és(y”/))} ) )
_ 1% <| (ei\/ﬂ(és(z77)+é5(z,f)) —{—672’ QW(QBs(x,T)*Fés(I,T))

+6i QW(és(x,T)—és(z,T))_’_e—i 27r(q§s(ar,7')—é5(:c,T)))
(eimwsw')ws(y,m) VIR (dow ) s (7))
VIR (sl 0sr) eiﬁ(a@s<y,7’>é5<w'>)> )

~ 1 V27 (s (2,7)+0s (2,7)) ,—iv/27 (s (y, ) +0s (y,7'))
{Ile e
16

_|_6—i 27r(q35(x,7')+és (J:,T))ei\/ﬂ(qgs (y,7")+0s (y,T’))
+ei 27F((£5(x77')—é5(l‘,7'))6—i 27r<<z;5(y,7")—és(y,7")>

—|—€7i 271'((2)5(:1:,7')és(x,r))ei\/ﬂ(és(yﬁ’)és(y,‘r’))> |> ’ (B68)

where in the last line only the products resulting in correlations of difference of fields are
considered. The product of exponential functions in the latter expression can be operated
using the Baker—Campbell-Hausdorff formula, where the commutator is:

[iV2r ($(2) £0(@)) —iv2r (d) £0)) | = 2r |d(x) £ 0(x). (y) £ 0(y)]

= Fi2wsgn(z — y). (B.69)

Hence, when using the formula into the product of exponential functions of equation B.68, the
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term is now:
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_ _;6—7r<[<£s(a:w)—éss<y77'>]2>6—w<[és<x,r>—és<y,r’>]2>
(e—w«és(x,ﬂ—das(y,T'»(és(cw)—és<y,r'>)+<és(z,T>—és(yn'))(azs(zﬁ)—és(y,T'»)
+ew<<4ss(m>aés(yx’))(és(x,r)és<y,7'>>+<és(m>és<y,T/>)<¢33<x,T>és<y,f'>>>)

_ _;e—7r<[¢35(m)—és(y,T'>]2>e—w<[és<w,r>—és<y,7'>]2>
(ew«z%s(w)és(y,f')>ew<<z‘>5(w’)@g(:c,f)>ew<és<x,r>q$s(y,r')>ew<és<y,f'>q§s(x,r)>
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where in the line 4 (equation B.70), eFimsen(r—y) — _1 if x # y is used. In the last line the
commutator in equation B.67 is used to invert the correlations HAQAS into qgé Then, it can be
realized that any of the contributions from the correlations (¢(z)0(y)) has its inverse form,
so they always cancel (due to the odd nature of the sign function). In the end, the full term
in parenthesis of last line reduces to a constant of 2! This happens in all the four-cosine
correlation that have terms of difference of fields, so from now on one should not bother with
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the (¢(x)0(y)) terms. At last, the four-cosine correlations takes the form:

<cos [\/%és($,7'):| coS [\/%(ZBS(ZL‘,T)} coS [\/ﬁés(y,r')} CoS [\/ﬁqgs(yml)]>
1 —n([beam=d ] o~ [0s(en) 0]
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B 16771’%111{(2—&4) +<1;s2\t—t [+6) } 771_2TF1KS ln[(z—y) +(1;sg\t—t |+48) }
4

1756 Kot g0
_ > B.72
; () , (B.72)

for |z —yl, |t — t'| >> 0. Next, the correlations for the intermediate terms in the equation
B.66 are computed. Although in this case all those functions have even powers of bosonic
operators, the separation leaves a correlation of only one cosine. Those correlations of only
one trigonometric function have the same form as the sum of fields, so they vanish exactly for
the same reason:

<COS |:1 /27T¢EC($, 7—) + 2]{7Fx:| > — % (ei2ker_7T<(Z)c(va)q§c(I:T» + e_iZker_ﬂ'<¢;c(9377')¢;c(x77)>>
= COS(QkFx)GW%In(J) =% cos(2kpx) — 0. (B.73)

Hence, the other net contribution is from the last term in equation B.66, which can be solved
directly since it is formed of two-cosine correlations already calculated before, that results
in:

<cos [\/ﬂés(mm)} cos [\/ﬁés(y, 7")}>
<cos [\/%(ch(x, T)+ 2kFa:} cos [\/ﬂé)c(y, ')+ 2kpy]>

(6)* e ()"

1
2
— L cos [2ke( — ) (5) “ <5>K , (B.74)

Tc

for |z —y|, |t —t'| >> 0. Wrapping both terms, the planar spin density correlation in the z

direction is:
1 SN\ (8\F 1 6\
R A S A B ) . (B.
EHE cos [2kp(z —y)] (7“(;) (7'3> (md)? (%) (B

In contrast with the previous correlations, there are two contributions to this correlation. In
the stationary case, the two functions can be compared by their power laws, so one term
could decay faster than the other in some cases, which allows us to discard one in further
analysis [25].

<ox($, 7)o" (y, T’)> =

The last correlation to calculate is for the planar spin density in the y direction, but it can be
shown that it is equal to the correlation for the planar spin density in the x direction with the
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following expansion:

sin [\/ﬂés(xﬂ')} coS [\/ﬂ(lgs(l'ﬂ')} sin [\/ﬂés(y, 7'/):| coS [\/ﬂéﬁs(yﬂ")}>

<
<sin [\/ﬂés(aﬁﬂ')] sin [\/ﬂés(y, T/)]>
<COS [\/ﬂflgc(w, T)+ 2kpw} cos [\/ﬂ({ﬁc(y, )+ ZkFy}> : (B.76)

So, using the commutator in equation B.67 and the identity 2sin(«)cos(f) = sin(a + ) +
sin(a — f3), the first term equals the four-cosine correlation of the same fields, while the last
term equals the last in the correlation for the planar spin density in the x direction if the
product of sine functions is expanded as well (is equal in terms of the difference of fields, as
they do not vanish). Hence, the result is repeated:

(7" (2. 7)0"(0. ) = g5z 008 2k (o — )] (5)K (2) . — (5>Km§5 @)

The equality on the planar spin densities tells about the planar symmetry of the system, which
is exploded in chapter 2 by selecting an arbitrary axis to describe the SOC.

These correlations are basic to describe the possible spin density orders of the system at low
energies, where the system tries to order in this feature according to a transition, fundamental
in the critical behavior described in all the analysis of the phases [26,36,40,41]. The following
is to calculate the pairing correlations.

B.5 Pairing correlations

According to the latter explanations no how to calculate the correlations, this section starts
with the clarification of why the considered pairing operators are of that form, which come
from the full on-site pairing operator O(x) = 1%((:6)7#1(1’), bosonized as:

Ox) = dl@)d](@) = [eFrogl (@) + e *rog] (@)] [e®ro] (2) + ol ()]

= YL @) (2) + e Hr il (@)l (@) + DL @by (@) + B (@)D (@),
(B.78)

The first two terms are the non-zero momentum pairings that contribute to the full pairing,
while the last two are of the form previously presented. The momentum of the pair is —2kp
for a LyL, pair, and 42k for a R4+R| pair. The zero momentum pairings are the two last
terms, which have no phase and are of opposite branches [25]. Now, using the bosonization



88  APPENDIX B. GENERALITIES ON CORRELATIONS AND SUSCEPTIBILITIES

identity in addition, the operator takes the form:

O(x) = 7P (2)i] (x) + e 2Hredh () (2) + DL ()], (@) + Phy (2) 8] (@)
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21 276
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2md 2md
= %eimeﬁ(”) cos [\/ 277@2)6(33) + 2krpx} + %ei‘/ﬂec(’”) COS [\/ 27rqgs(x)} , (B.79)

To show that indeed the last term is more relevant than the first, the correlation is calculated,
but not directly. Instead, as the structure is of (Of(z,7)O(y, 7)) (correlation of creating and
destroying a pair in two different points), the first resulting term of the product have the form
of a four-cosine correlation, just that the part of éc(x) fields is directly exponential, while the
last term separates in two correlations, one for 0.(z) fields and the other for ¢,(z) fields. As 0
fields contribute with the 1/K parameter and (;AS with K, the correlation have the form:

<Of(x,7)é(y,7’)> ~ (i)Kcﬂgc + (Z)KS (i) - . (B.80)

If the correlation is stationary, the first correlation decays as K.+ 1/K. and the second as
K 4+ 1/K., in which, if the interactions are attractive (U > 0), then K. > 1 and K, < 1,
so K. > K, and the non-zero momentum contribution decays faster. This is the argument
behind discarding the non-zero momentum contributions, but it works generally to discard
the own-branch pairings. With this clarification, the pairing correlations are calculated in the
next sections, starting with the spin-singlet pairings.

B.5.1 Spin-singlet pairing correlation

The singlet pairing is defined according to the spin-singlet state |1]) —|]1), with the operator in
equation B.15 and its bosonized form in equation B.25, so the correlation takes the form:
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JRCHE >
As the form of the pairing operators are directly given in chiral fields, the calculation is more
simple and allows to use all the previos results. The next correlation is for the axil spin-triplet

o o
1 —n{(ear)~be(u:7)))
RSN CAL S VRS BN C AR A A (B.81)
()2 \re 2 \ ry -~ (276)2 \ rs e ’ '
pairings.
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B.5.2 Axil spin-triplet pairing correlation

The axial triplet is defined according to the spin-triplet state in the S, basis, which is [1]) 4] 1),
with the operator in equation B.16 and its bosonized form in equation B.26, so the respective
correlation is given as:

(071075 (7))
_ <<i€_i\/m(x,7) “in [\/ﬂq@s(m)}) (_iéeim@c(m sin [m@s(ym)}»

) T
1

— W <672' 27r(éc(m,f)féc(y,f’))> <sin [\/ﬂﬁgs(m’m)} sin [\/ﬂés(yﬂ-’)}>

() ()"

which is equal to the correlation of the spin-singlet pairing. This is similar to the equality
between the correlations of charge density and axial spin density, but in fact the correlations
can involve different orders although their functional form is equal [25]. The last correlations
are fot the planar spin-triplet pairings.

B.5.3 Planar spin-triplet pairing correlations

The planar spin-triplet pairings are defined according to the states |11) and |]J), with operators
given in equations B.17 and B.18, and bosonized form in equations B.27 and B.28, so the
correlations have the form:

(07ly(w, ) OF 55,7 )
1

N W <6_im(éc(zﬁ)_éc(yﬁ'))> <COS [\/ﬁés(ﬂcm)] cos [\/ﬂés(yﬂ")]>

w2 -

1 <6_im<éc<x,r>—éc<y7r’>)> <Sm [\/ﬂés(x, T)] sin [\/%és(y, r’)} >

() ()

From the previous results, the planar symmetry is again manifested on the pairings.

To this point, all the correlations are calculated and their respective forms are power laws.
The one-dimensional nature of the system emerges from these calculations as the correlations
exhibit distinct decays given by the Luttinger parameters [25]. These correlations have a
simpler functional form in the stationary case as discussed before, and according to the Lorentz
invariance of the system, then a coordinate system change can be used, so under a scaling the
spatial separation is only considered, where such scaling will not change the decay, the analysis
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is completely equivalent with or without time separation [72,73]. Also, that the correlations
depend only on the separation means that one field can be evaluated at the origin and the
other at any other point, so all the correlations of this work, with all the conditions previously
discussed up to this point, are:

R R 1 5 K+Ks
G0 = peosihen) (1) (B.55)
Kc+Ks
(6%(r)6*(0)) = (7735)2 cos (2kpx) <r> , (B.86)
. - B 1 1)
@) = o

)KﬁKlS , (B.87)
) , (B.88)

(05s0s50)) = o (5>K+K (B.89)
(05n055(0) = (5)K+K (B.90)
(05410750) = G5 (5)K+ B.91)
(0n0Ls0) = G (5)K+K (B.92)

with r = |z|, given r >> §, and K. > K. Notice that in the planar spin density correlations
there is not the /™ phase that appeared in the equation B.72. That phase can be fixed by
recalling the Klein factors and doing the anticommutations which will result in an extra e’".
The behavior is regular in the sense that, as r grows the correlation tends to zero (points
too separated), while it diverges close to r = 0 (points too close). The distinction of this
behavior is the way they decay, and it is fundamental for the prediction of phases under the
LRT. The direct observables considered for this system, and the system of chapter 2, are the
susceptibilities, which are presented and calculated in the next section.

B.6 Susceptibilities

According to the LRT, the correlation is connected with the susceptibility via the equation
1.17. As the external force that perturbs the random order of the system could be of any kind,
it is not specified in the calculation. Instead, it is said that the susceptibility is equal to the
Fourier transform of the correlation, although it is not strictly true [25,77]. Recalling the
simile with the magnetic susceptibility done in the introduction, the order is established if the
susceptibility diverges at the determined excitation momentum, it does not matter whether
the force appears at the equation or not, a minimum introduction of it makes the susceptibility
diverge [25,26].

In this section, the Fourier transform of all the correlations calculated in the latter section
is computed, but not in a complete calculation since that all the correlations have the same
functional form, a power law. Definitely the resultant transforms are not exactly the same for
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each property of the system, but the power law is the one that controls the decay and hence
the behavior, more than any other feature. Thus, is is enough to evaluate how the transform
of a power law is and how it behaves according to the divergence, which does not have to do
anything with the constants, or external parameters outside the decay. That is why the only
direct calculation is done for a function f(r) = e¢r™®, where a > 0 is the power law and ¢ is a
constant.

For a power law function f(r) = er—, they satisfy f(A\r) = A= f(r) with A a constant. It can
be shown that the Fourier transform of a power law satisfy the same property, so the Fourier
transform of a power law is a power law too. First, the Fourier transform for the function f(r)
is written according to the equation 1.3 as follows:

o) =5 [ drsme . (5.93)

in which the elements are vectors in general, this is, 7 = (z,vt) and p' = (p,w). Using the
rotational symmetry f(7) = f(r), so the easier coordinate system to solve the integral is the
polar system, where - 7 = rpcos ¢ and di = rdrdy, with p = |p] the norm of the momentum
vector. The Fourier transform is now:

~ 1 0o p2m irpcoso i > 2m —irpcosy __ f
f(ﬁ)_%/o /0 rdrdep f(r)e”""? @_27r/0 Tde(T)/O dipe™"P*P% = f(p). (B.94)

Due to the rotation symmetry of the function f(r), the integral separates into (r, ¢) perfectly,
and the remaining variable is p, so its Fourier transform is also rotational invariant in the
reciprocal space [25,29,78]. Second, the condition to be a power law is proved by scaling the
argument:

_ oo 2w )
fp) = 2177/0 /0 rdrdgaf(r)e_")‘pms“". (B.95)

Next, a change of variable u = Ar is set, so u € (0,00), 7 = u/\, dr = du/X and f(r) =
f(u/X) = (1/X)"“f(u). Then, the latter integral becomes:

B 27 u du u) 2 3
f()\p) — / / )\ a)e upcosp __ )\2 — 27r / / ududgpf( ) UP COS P
= A (B.96)

It has been shown that the Fourier transform of a power law is also a power law with
B =2 —a > 0 the power law in the momentum space [25,29,78]. This is used find the
behavior of the susceptibilities given the correlations, without any explicit calculation. To give
an example, it can be done explicitly for the correlation of the planar spin density in the z
direction, reviewing the equation B.87. In that case, the correlation is written as:

(0 (1)o7 (0)) = er~ o7 ) o o= (Kot 55 (B.97)

where the susceptibilites are denoted with a sub index of the property and super index of its
direction, and in this case ¢ = §%s*1/Ks /(15)2. Notice that it does not matter if the constant
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has the Luttinger parameters, the relevant form is the function of r. In fact, at the end the
proportion is written because the constant is not relevant to the decay. In this correlation the
power law is a = K + 1/ K, so the corresponding susceptibility is given as:

o(p) ocp (Kot ), (B.98)

in which no constant is set, as the power law is the main feature for the decay, so in the
following susceptilities they are only given as proportions (see [78] for a direct derivation of the
constant). The latter calculation is the same for many of the correlations which only have the
functional form of a power law, but there are others that have also a cosine function, like for
the charge density or axial spin density in equations B.85 and B.86 respectively. In that case,
the cosine is expanded in its exponential parts so the Fourier transform has two contributions
exponential contributions in product, like e*2*FZr= and the transform of such product is
equal to the transform of the power law but displaced by the phase of the exponential [29]. The
fact is that the exponential e®*2*#® does not depend explicitly on |z| = r, so the displacement
is only on the momentum component. Considering the stationary correlations, in the Fourier
space only the momenta is considered (not frequencies), so it can be applied in that part.

With all the latter said, the susceptibilities for the correlations are:

Xo(p) o <’;|>2_(KS+KZ), (B.101)
) o (,;)2(&%), (B.102)
xss(p) o (,;)Q%Kﬁﬂa (B.103)
X7s(p) o <’;‘>2_(KS+I§C>, (B.104)
X1s(p) o (,;)2_(&%(), (B.105)
Xrg(p) o (,;)MKIJKC) (B.106)

With the given forms of the susceptibilities, they are analyzed to conclude the possible phases
that could exist in the system under certain values of the parameters, which is the discussed
matter in the next section.

B.7 Analysis of the possible phases

Recalling that the power law decay indicates that the system wants to order, hence the
previous condition of § =2 — « > 0 is the one discussed in the introduction that makes the
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susceptibilities diverge, as the power law is positive. For the latter susceptibilities, the possible
orders and their conditions are:

e The system wants to order in charge density or axial spin density if 2 — (K, + Kj) >
0> K.+ Ky <2.

e The system wants to order in planar spin density if 2 — (K + I%) >0— K+ K% < 2.

e The system wants to order in spin-singlet pairs or axial spin-triplet pairs if 2— (K 5+%C) >
0— K+ 3= <2

e The system wants to order in planar spin-triplet pairs if 2— (K% + Kic) >0— I% + I% < 2.

This is the reason of why the behavior of the system depends on the values of the Luttinger
parameters [25]. According to their definitions in the equation B.8, if the interactions are
attractive K. > 1 and K, < 1, and if the interactions are repulsive K. < 1 and K > 1. Notice
then that there is a critical change around U = 0, which means there is a transition between
such behaviors at zero temperature, this is the quantum phase transition of the system [25]. It
can be seen that in the attractive case, the only susceptibility that diverges for any U > 0
is for the spin-singlet pairing and the axial spin-triplet pairing, the others will depend on
specific values of U. The bosonization procedure shows the superconducting behavior of the
one-dimensional system as with any other methods in higher dimensions [25, 34, 35]. But,
one has to be careful, because that phases are possible which does not mean they indeed
happen, for the true establishing of the phases there are still two analyses to do, that is to
show how the divergence of the susceptibility implies the order, and how the orders of the
same susceptibilities are distinguished.

The divergence implies a high response of the property associated with the susceptibility, so
that property does not average to zero anymore. For example, in the case of the correlation
for the charge density, its susceptibility diverges and so the charge wants to take a constant
value. Using the definition of the charge density in terms of the fields in equation A.69, and
using the transformation of charge and spin excitations in equations B.3 and B.4, it is shown

that: .
be(z) = \/z /_ N dz'p(z'). (B.107)

This means that the charge field of the theory evaluated in the point z is the total charge
of the system from the left end of the one-dimensional gas up to the point . As the charge
wants to order, this field takes a constant value a (the charge deviates from the mean charge),
SO gZA)c(x) = a. If this condition is satisfied, then one must revisit the bosonized operators, that
in this case gives:

plx) = \/Zﬁméﬁc(x) + % cos [@&c(x) + 2/<:Fx] cos [\/%és((ﬁ)}

_ 2 cos [\/ﬂa + 2kpm} cos [\/ﬂﬁf;s(x)}
o
x cos[2kpz + af, (B.108)

where the last form is possible considering that if the charge field is constant then v/27wa = «
is just a phase, and as the spin field is not ordered, it just introduces some fluctuations to the
main functional form of the operator. The final form of the operator means that the charge is
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oscillating around the average with an inverse wavelength of 2k as illustrated in figure B.1,
in which is said that the system enters in a charge density wave phase, denoted as a CDW
phase [25].

No phase ] Po

CDW R I

Y \
A 7

Figure B.1: Tlustration of the CDW phase. The top figure, where there is no phase, shows
that the charge is equally distributed (cyan contour), so the box has a graph where there are
quantum fluctuations of the charge around the average pg. In the bottom figure, there is a
CDW phase, so the charge is greater and minor in some regions according to the oscillating
form of the box, which also has little fluctuations from the q@s(x) field.

In the case of the correlation of the axial spin density, the resultant ordering is the same but
in terms of the spin fluctuations, and it is said that the system enters an axial spin density
wave, which is denoted as a SDW phase [25].

Taking advantage of the latter two correlations discussed, it was shown that they have the
same form, so the remaining question is: how the system finally orders in one or the other?
When the system is not ordered, then there is a translational symmetry for those properties,
this is, no matter what region is, the average charge and spin in that region is the mean charge
density and spin density multiplied by the size of the region, respectively. When there is a
CDW phase, that translational symmetry would be broken, there is more charge in one part
than others, and if there is a SDW phase there is more spin 1 in some regions and more spin |
in other regions. The problem with these orders are that symmetries have to be spontaneously
broken by the transition, but that cannot happen in one-dimensional systems at finite
temperature according to the Mermin-Wagner theorem [25-28], the perfect order is disrupted
by the strong quantum fluctuations of these systems. Then, if one wants one of the orders to
really happen, that symmetry has to be broken from the start or to be discrete, otherwise
the order is called a quasi-order. The translation spin density symmetry could be broken by
introducing modulated magnetic fields, and the charge density symmetry with a modulated
chemical potential, for example. Also, the broken spin symmetry in terms of the oscillations
implies that the charge density symmetry is preserved, so the system would tend to go from
one phase to the other depending on the strength of the couplings that break the symmetry.
This is how the system really enters some phases, although the susceptibilities are equal.

Finally, after all the previous analysis for the correlations and susceptibilities, the second
and last analysis is the real order of the system by means of its interaction term, that so
far is incomplete because the cosine term in the Hamiltonian of equation B.10 has not been
included. It is time to discuss the way of introducing it for the purpose of this work in the
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next section, and hence revealing the real phase transition of the system by means of the
interaction term.

B.8 Strong interaction limit

According to previously mentioned, the cosines are introduced in two limits: the weak
interaction limit and the strong interaction limit.

The weak interaction limit considers that the amplitude of the cosine is infinitesimal, that is,
U — 0, and the cosine contribution of the Hamiltonian is expanded up to first or second order
in the correlations from the approach of the Path Integral in the equation B.31. Hence, the
correlations calculated before are corrected by perturbative terms that change the Luttinger
parameters K to others that are said effective, K.y¢. This procedure resumes the renormal-
ization group method, which is not explored in this work for the phase diagram of the main
system, and thus not developed.

The strong interaction limit considers the opposite, that the amplitude of the cosine tends to
infinity, U — 400, so the field of the cosine gets trapped in one its minima [25]. Then, an
expansion of the cosine around one of those minima can be done as follows:

s [ o cos [VERa)] ~ - ey [ 1= 4 (VRb) ]
2nU

- o5 / dz dy(z)? + ¢, (B.109)

where the constant c is just part of the expansion that does not depend on the field. Notice
that now there is a quadratic contribution of the field to the Hamiltonian, so it takes the
form:

Q

i g/dx fi(x‘f’c )2+Kc(axéc<x))1
(

2
+ % dz ( xgbs(x))Q + (&cés@))z + Zgﬁgsw] . (B.110)

Hence, it can be seen that the spin part of the Hamiltonian acquires a gap, that is the meaning
of the quadratic contribution [25]. This is because from the point of view of the Klein-
Gordon equation, the quadratic term introduces a mass in the spectra since the Hamiltonian is
H = [da][(VO(x))?+ (V(x))? + m3¢(x)?] [26-28]. The mass term would be in this case:

M, = 47TK U K U

(B.111)

This means that, under strong attractive interactions, the system enters a massive phase, it
makes a phase transition from a massless phase (repulsive interactions, renormalization solu-
tion), to a massive phase (attractive interactions, strong interaction limit solution) [25].
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In this scheme, the correlations change by expanding the cosine around zero, which is a
maximum of the cosine, not a minimum. This is done because the amplitude in U — +o0 is
negative (it has a global minus sign), so there is a gap if the cosine takes a positive extreme
value, which is 1 (the expansion depends on the specific global sign of the term). Hence, the
field in the cosine gets pinned to the values that make it to be 1, which are:

cos [VBT,(2)] = 1 = VBTAs(2) = 0+ 27n — by(a) = \2/7% U— 400,  (B.112)

for any integer n. As the ¢, (z) field is constant, then its reciprocal field 0, (z) oscillates, so
the expected values of their trigonometric functions satisfy:

<cos [\/ﬂgfgs(ac)}> =0, <sin [\/%QASS(:U)}> =0, <cos [aés(:c)}> = <sin {aés(x)}> =0,
(B.113)

where b is a constant and a could be any constant parameter in the trigonometric functions of
the fields. These expected values are replaced while calculating the correlations. For example,
any term that has trigonometric functions of 6,(z) vanish, and only cosine functions of ¢g(z)
fields contribute. In fact, also the power law changes because ¢, (x) does not contribute with
its Luttinger parameter K, since its expected value is just a constant that does not change
the decay behavior of the other fields (¢.(z) and f.(x)) [25].

So, if one checks all the correlations, it can be seen that:

e The correlations for the spin densities in equations B.64, B.66 and B.76, and the spin-
triplet pairings in equations B.82, B.83 and B.84, vanish due to the direct vanishing of
either the sine function of the ¢(z) field or the trigonometric functions of the ;.

e The only correlations that decay as power laws are for the charge density and the
spin-singlet pairing.

Thus, in the massive region of the phase diagram there can only be a charge density order or
a one-dimensional superconducting order. The two phases could overlap in the phase diagram,
but as there is a BCS channel from the interaction term (the cosine function), then the system
will prefer to be in the superconducting state, so it becomes a real phase (not quasi-order) [25].
It also must be mentioned that in the case where U — —oo, the minimum is reached if the
field is trapped in one of the minima of the cosine function, so the constant value of the field
is:
- s 2mn

ps(x) = N =+ e

for any integer n. In this case the averages are given as:

<cos [\/%Qgs(x)b =0, <sin [\/gqgs(a:)b =0, <cos [aés(a:)D = <sin [aés(x)b =0,
(B.115)

(B.114)

which means the behavior is exchanged, the system prefer to be in spin density orders and
axial spin-triplet pairings, while the charge density and spin-singlet correlations average to
zero. This is the real phase transition of this system we want to get for the system of chapter
2, where all the previous analyses in this appendix are used to make the calculations quicker
and easier to understand that system. This appendix and the previous appendix A summarize
most of the fundamental analysis that has to be done when starting to solve and characterize
a system using bosonization.



Appendix C

Extended calculations

This appendix presents the extended or full calculations of many results presented along the
document, where it refers to the equation and then shows the complete procedure.

C.1 Determination of the dispersion relation of the coupled
Fermi gas

The first procedure is from the result of equation 3.1, achieved as follows:

i farit (<2 (a8 o)
. 92 h\ - . 0?2 h\ -
= [wlitw (-2 -+ ) et + ) (22 - - 5) o)
ianl{(0)0,)2(o) + i} (@)0ri (o)
_ ikx,) 82 h 1 —iqz, ],
= /d:c[\ﬁ/dke Pl )(—m—quQ)m/dqe he(q)
- ikx 71 _7»"5 o h) L —iqz,),
/dke ws(k)< m \ﬁ/dqe ¥s(q)
. ikx T —1iqT
ia = / dk e / dg e~ (g
+ia Nz / dk et (k) / dg e~ (q }

= /dx 1/dkd etk —ig—ma sl et (k)ihe(q)
= o q om x — M 9 c c\q

+1/dkd ik —a—i’ﬂ' o —p— —i92 )t (k)y(q)
o e om T HT g ) PsEEs

97
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1 . 2 h\ -~ -
— /daz [% /dkdq ew(k=a) (2qm +aq—pu+ 2) DI (k)de(q)
1 . 2 h\ ~ -
—1—% /dkdq eiz(k—a) <2qm —aq—u— 2) w;r(k)%(Q)]
1 . 2 h\ - -
— /dkdq{ (277 /daz em’f—q)) <2qm +ag—p+ 2> DI (k)be(q)

. 2 ~ ~
+ (;ﬂ /dm e””““”) <2qm —aq—p— ;L) ¢;r(k)¢s(Q)}

_ /dkdq 5(k - q) [ (;; +ag—p+ g) Pl (k)e(q)

(& a5 ) B

om )
= [ (B B dwa
w (Bt 2 dhwio]
= [T D B b +
+ / dk [W - %moﬂ — - Z] DL (k) s (k)
= [k teeh) o) B0 + [ b () ) D)0 (1)

The Fermi momenta of the coupled Fermi gas in equations 3.4 and 3.5 are derived equaling
the energy of the dispersion relation with the Fermi energy, which are the chemical potentials.
When doing it, due to the root square there are two solutions, so every curve has two points,
which in total are four different points (in contrast with the free system that has two different
points). The explicit calculation is the following:

kE+ ko)? 1 h
ec(k‘):uc—>(42_m0):,u—|—2moz2—2—>k:+l<:0::t\/2mu—|—m2a2—mh::|:krpc,
(k — ko)?

1 h
:u+fm042—|———>k—kozi\/2mu+m2a2+mh:j:kps,

es(k) = ps > = 2 2

that leads to the same definition of kg,, k1., kg, and kr, in chapter 3.

C.2 Bosonization of the fermionic-field densities

The C and S densities are mapped by expanding the bosonization map of the fermionic fields
in equations 3.6 and 3.7, where the resultant expansions are shown in equations 3.17 and 3.18.
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The extended calculation is:
Dl (@)e(z) =
e ket (2) el ()] [y (a) 4 0 ()

= (@)dr () + O} (@)dr, () + e PRl (@), () + 2Rl (2)dp, ()

1 A 1 N
efiQkFcz . R eiZkch R .
+ e 2VTOR(2) o =2vTOL.(2) | 2VTOL (%) 2V TR, (2)
2mé 2mé
1 R efi2kpca: 5 . eiQkFcz .
- —2v/Toc(2) 2V e ()
ﬁamqbc(x) * o ¢ * o1 ©
1 - 1 u
= 20 ela) + 5 cos 2V e() + 2.2, (C.2)
A N 1 A 1 -
Ol (x)ihs () = ﬁ(‘)x(bs(:c) + —5 cos {2\/%%(33) + 2szx} , (C.3)

where the normal ordered densities are replaced, given in terms of the fields in the equation
A.75. Notice the similarity with the calculation done in the equation A.95 of the appendix A,
the quantum numbers of the fields and phases simply are changed, but the form is the same.
On the other hand, for the cross densities (products of C' and S fermionic fields) in equations
3.19 and 3.20, the complete expansion is:

lﬁi(x)TﬂS(x) =
e*i(’“FcMO)%L(x) I efi(kpcfko)xlﬁ;rzc(x)} |:ei(fkps+k0)$1[}[/s (z) + eilbrstho)ey . (q;)]
_ Gi(kFc_sz)meiQkOm@;zc(x)l;LS (z) + ei(kFc-Fsz)w@iZkO%&L (1:)1&35 (x)

+eibretke)reiZhon il (p)i)y, (w) + e ek )TeiZbon il (1) (x)

= %ei%weiﬁ@c@)f@s(z)) cos [V/7 (belw) = d(2)) + (kr, — kr)e]

+—¢' OweZ”AchSx cos |7 [ de(x) + bs(z)) + (k. + kp ) C4
ooV RO @0) cos [V (del) + Bu(@)) + (r, + ki )a] (C4)
o

P()bele) = oo WVTIE6) cos [ (Fulw) — b)) + (hr, — ke

+%efﬂkoxe—iﬁ(éc(w)—és(m)) cos [ﬁ (éc(x) + (&S(x)) + (kFC + ]{;Fs>x} . (C5)



100 APPENDIX C. EXTENDED CALCULATIONS

C.3 Refermionization of the cosine terms

In chapter 3 the resultant cosine terms of the bosonized Hamiltonian are refermionized to
understand the processes they introduced to the model which separates the solutions for the
system from the harmonic oscillator. The extended calculation of that refermionization is
given in the next equations. The refermionization of the cosine in equation 3.37 is done as
follows:

cos [\/ﬂ ( ) — kr, + 2ko)x

oi(kr.—kp,+2ko)z i 27r( —(x)+6- (w)) T he
(k‘Fc kFé+2]€0)27 Z\/i((z)c(l') ¢s( )+éc($)_és($)) +hC

1
2
1
2
_ L ithr, ko 2k0)2 2R (1o (0)=d. () |y .

2

27r5 ei(kr.—kps+2ko)z 1 L i2VTL(a) 1 eiiQﬁ‘g’Ls(x)—i—h.c
2 V2ré 27

A~

= Wdei(kpc*k&“ko)zz[}zc (x)¥r,(z) + h.c

3

g i — T n n
=S¢ (kr.—kFy+2ko) Arvkpcko dp dq Q/JL (p)¢¥r,(q) + h.c. (C.6)
q~—kr,+ko

For the case of the cosine term in equation 3.38, the extended calculation is:

cos [\/ﬂ ( ) (kp, — kp, — 2k0)x]

oi(kr.—kr,—2ko)z i 271'( —(x)—6_ (x))+h'c
(kFL krs—2ko)x zf(qﬁc(:c) ¢S( )— QC($)+éS($)) + h.c

1
2
1
~9°
_ L ithr,—kn,~2k0) 2R (bre (@) -0m, () 4 0

~9°

_ 270 itk —hry—2ho)e L —ivymn, )L iavmde.@) | .
2 \V2md V2rd

= ﬂ'éei(kFcisz 72’{0)11&}—%8 ([[‘)'l;RC(]:) + h.c

0 i —kp,— x 7 7
= 56 (kp,—kFs—2ko) /kaF5+k0 dp dq wks (p)Yr.(q) + h.c. (C.7)

q~kr,—ko

It can be noticed from the two last examples, that what it is done is to replace the exponential
form of the cosine, taking care of the possible commutations of the fields, then re-arranging
the terms to write the fermionic fields and then at last the Fourier expansion of the fields is
replaced, so the term is written as the collection of the different excitations the term introduce,
which is what is called a process. The same is done for the remaining cosine terms.
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In the case of the cosine term in equation 3.39, the full calculation is:
cos [\/ﬂ (gﬁ(m) +0_ (x)) + (kp, + kp, + 2ko)z
_ ; (TS N CI O GO) I
; i(kp, i, +2K0)2 yiv/F($e ()4 (@)+:(2)=05(@)) | . 0
; ik +2K0)2 2V (d10 @)+ DR, (2)) | o
2

7T($ (kFc+sz +2k0)x 1 eiQﬁquc (1‘)
2 V27h 2

= Wéei(kFchkFSHkO)xz/}zc(:c)l/AJRS () + h.c

ei2VToR, (@) + h.c

-

0 * . .
= Deilhn 4200 % gy AP A9 DL (), (@) + D (C.8)
q~kp,+ko

For the cosine term in equation 3.40, the calculation is done in the following way:

cos |V2r (64(2) = () + (kr, + k. — 2ko)z
_ }ei(kpCJrk:FS—2ko)xei\/ﬂ($+(x)*é—(w)) + hoe
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q~kr.—ko

At last, the cosine term in equation 3.41 is done as:

cos [\/ sté_(x) + (kr, — kps)a;}
_ %ei(kF;sz)xeiqu(m) 4 e
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(C.10)



102 APPENDIX C. EXTENDED CALCULATIONS

C.4 Hamiltonian in the 0-band and 2-band basis

In the chapter 4 it is analyzed that for the correct introduction of the cosine terms in the
correlations, another change of basis needs to be applied. The transformation in equation 4.2
is replaced in the Hamiltonian of equation 3.45, which results in:
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C.5 Correlations for dominant magnetic field

The results of the equations 4.23, 4.24, 4.25 and 4.26 are computed in this section of the
appendix, which are the specific functional form of the relevant correlations for gg > gy.
First, the corresponding bosonized operators are rewritten to replace the transformation of
the equation 4.2, done as follows:

oo (xr) = % cos [\/%QA_ (x) + 2]{04 cos [\/%<IB+($) + 2kox]
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T

where the operators 6% and O%TS are not calculated explicitly since both planar helical spin
density correlations are equal, and the spin-singlet and axial spin-triplet correlations are equal,
according to the results in the appendix B. The calculation of the correlations are done as
follows:

- A 1 o 1
<OJTLISS(UC)OHSS(QJ)> = <e"m95(f‘)el\/‘ﬁ95(y)>
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1 5\ 75
ATz Nz - O
Olirs@iars)) = oz (st ) (©15)

For the non-vanishing pairing correlations, using the identity in equation B.32 of the appendix
B. For the planar helical spin densities, separating the terms and using the same identity, the
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correlations are:
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C.6 Edge points of the Majorana fermions in the wire

To calculate the edge point of the topological regions one must know that the Zeeman coupling
split the bands vertically in B/2, so the gap is between the energies [uo — B/2, io + B/2]
according to the figure 4.5. Equaling the upper and lower energy to the space-varying chemical
potential, the points are:

2.2 1 B
b mw'z” 1 2, B
2 2 2
mw?z? = 2u—ma®F B
20 — ¥ B
po= P EE (C.17)
mw

where the four different solutions are illustrated in figure 4.5 and presented in equations 4.30
and 4.31.
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